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•    Feynman integrals are crucial ingredients of scattering 
amplitudes, which in turn enter cross sections

•    They evaluate to “special functions” which contain the  
physics in their analytic structure

•    Most well studied case: Multiple Polylogarithms (MPLs)
(all 1-loop examples and most 2-loop examples without internal masses)
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Intro

This paper is organized as follows. In Section 2 we give a short review of ordinary MPLs

and their symbol calculus. In Section 3 we review the class of eMPLs relevant in this paper,

and we present a simple and compact formula for their total differential. The knowledge of

the differential can be turned into the definition of a symbol, similar to the case of ordinary

MPLs. In Section 4 we present Brown’s general construction of symbols and a coaction on

certain classes of periods. We apply this construction to the case of eMPLs in Section 5, and

we discuss some simple examples of how to use our formalism to derive functional relations

among eMPLs in Section 6. In Section 7 we give a short introduction to iterated integrals of

modular forms, and we show how one can apply Brown’s construction to define a coaction

and a symbol map on these integrals. We then use our results in Section 8 to show that

eMPLs evaluated at rational points can always be expressed in terms of iterated integrals

of Eisenstein series for a certain congruence subgroup. In Sections 9 and 10 we present two

applications of our formalism. In particular, we obtain representations for hypergeometric

functions and for the sunrise integral in terms of iterated integrals of Eisenstein series.

In Section 11 we draw our conclusions. We include various appendices where we present

technical details that are omitted throughout the main text.

2 Multiple polylogarithms

Before we discuss how to extend (some of) the algebraic properties of polylogarithms

beyond genus zero, we present in this section a concise review of ordinary multiple polylog-

arithms, as well as their symbols and coaction and how to use them to work out relations

among MPLs. The material in this section is well known, see, e.g., ref. [76] for a pedagogical

review.

2.1 Multiple polylogarithms and their symbols

Multiple polylogarithms (MPLs) are defined by the iterated integral [4, 15, 77]

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t) , (2.1)

and the recursion starts with G(; z) ≡ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1

n!
logn z . (2.2)

The number n of integrations in eq. (2.1), or equivalently the number of ai’s, is called

the weight of the multiple polylogarithm. A product of two MPLs with the same upper

integration limit can be written as a linear combination of MPLs. More precisely, MPLs

form a shuffle algebra,

G(a1, . . . , ak; z)G(ak+1, . . . , ak+l; z) =
∑

σ∈Σ(k,l)

G(aσ(1), . . . , aσ(k+l); z) , (2.3)

where Σ(k, l) denotes the set of all shuffles of (a1, . . . , ak) and (ak+1, . . . , ak+l), i.e., the

set of all permutations of their union that preserve the relative orderings within each set.
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Lots of nice properties:

Shuffle algebra:

Total differential:
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the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the

– 6 –



•   MPLs:    Weight = number of integrations

G(a1, . . . , an; z)
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⇣n = �G(~0n�1, 1; 1)
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This paper is organized as follows. In Section 2 we give a short review of ordinary MPLs

and their symbol calculus. In Section 3 we review the class of eMPLs relevant in this paper,

and we present a simple and compact formula for their total differential. The knowledge of

the differential can be turned into the definition of a symbol, similar to the case of ordinary

MPLs. In Section 4 we present Brown’s general construction of symbols and a coaction on

certain classes of periods. We apply this construction to the case of eMPLs in Section 5, and

we discuss some simple examples of how to use our formalism to derive functional relations

among eMPLs in Section 6. In Section 7 we give a short introduction to iterated integrals of

modular forms, and we show how one can apply Brown’s construction to define a coaction

and a symbol map on these integrals. We then use our results in Section 8 to show that

eMPLs evaluated at rational points can always be expressed in terms of iterated integrals

of Eisenstein series for a certain congruence subgroup. In Sections 9 and 10 we present two

applications of our formalism. In particular, we obtain representations for hypergeometric

functions and for the sunrise integral in terms of iterated integrals of Eisenstein series.

In Section 11 we draw our conclusions. We include various appendices where we present

technical details that are omitted throughout the main text.

2 Multiple polylogarithms

Before we discuss how to extend (some of) the algebraic properties of polylogarithms

beyond genus zero, we present in this section a concise review of ordinary multiple polylog-

arithms, as well as their symbols and coaction and how to use them to work out relations

among MPLs. The material in this section is well known, see, e.g., ref. [76] for a pedagogical

review.

2.1 Multiple polylogarithms and their symbols

Multiple polylogarithms (MPLs) are defined by the iterated integral [4, 15, 77]

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t) , (2.1)

and the recursion starts with G(; z) ≡ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1

n!
logn z . (2.2)

The number n of integrations in eq. (2.1), or equivalently the number of ai’s, is called

the weight of the multiple polylogarithm. A product of two MPLs with the same upper

integration limit can be written as a linear combination of MPLs. More precisely, MPLs

form a shuffle algebra,

G(a1, . . . , ak; z)G(ak+1, . . . , ak+l; z) =
∑

σ∈Σ(k,l)

G(aσ(1), . . . , aσ(k+l); z) , (2.3)

where Σ(k, l) denotes the set of all shuffles of (a1, . . . , ak) and (ak+1, . . . , ak+l), i.e., the

set of all permutations of their union that preserve the relative orderings within each set.
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ai 2 C
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i⇡ = log(�1)
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MPLs are pure



What do you mean “Pure”? 

•   Definition based on total differential

A pure function of weight n is a function whose 
total derivative can be expressed in terms of pure 
functions of weight n-1 (times algebraic one-forms) 

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the

– 6 –

weight

algebraic

weight

— Henn ’13 — 

# of integrations

n n − 1



What do you mean “Pure”? 

•   Definition based on residues

An integral is pure if all of its non-vanishing 
residues are the same up to a sign

— Arkani-Hamed, Bourjaily
Cachazo, Trnka ’12 — 

•   Ex: 4-mass box

“Integrals with unit leading singularity” 

=
2

st


1

✏2
� log(st)

✏
+ log(�s) log(�t)� 2⇡2

3

�
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What do you mean “Pure”? 

•   Definition based on residues

An integral is pure if all of its non-vanishing 
residues are the same up to a sign

— Arkani-Hamed, Bourjaily
Cachazo, Trnka ’12 — 

“Integrals with unit leading singularity” 

•   Pure Feynman Integrals, when properly normalised

•    Are expressible in terms of pure functions

•    Satisfy a differential equation system in canonical form



Pure integrals evaluate to pure functions

Differential equations in canonical form

Vector of master integrals

Matrix of “dlog” forms

For MPLs: 
Natural solution in terms of 

pure functions G as an expansion in  

What to do when the integral cannot 
be evaluated in terms of MPLs?

dF = ✏ dAF
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Ex: 2-loop massive sunrise in d=2

1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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First master integral satisfies a 2nd order DE:

(complete elliptic integral 
of the 1st kind)  

Sqrt of quartic polynomial

K(x) =

Z 1

0

dtp
(1� t2)(1� xt2)
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Homogeneous solution:

Two of the master integrals satisfy a coupled system



By now we know lots of examples that don’t fit into the 
MPL framework:

Goal: Develop a class of functions which is applicable in 
general for FI of the elliptic kind (next-to-simplest):

•   Elliptic generalisations of MPLs to functions on 
the elliptic curve w/ log singularities

•    Well defined notion of weight / purityO
ut

li
ne

[see Jake’s talk]

1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =
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Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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Purity: Why bother?

•    Meaning not entirely understood even in the MPL case

•    Nevertheless, shows underlying structure
    Eg. N=4 SYM: 

L-loops Weight 2L functions↔

•     Organisational principle:
     functional identities among functions of fixed weight

•     “Maximal transcendentality principle”

“Uniform transcendentality” 

anomalous dimensions, amplitudes,
    certain form factors, etc

— Kotikov, Lipatov, Onishchenko, Velizhanin ’04 — 



Total differential:

Symbol:

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the
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•     Taming analytical expressions, functional identities

•     Symbol bootstrap with MPL ansatz in N=4 SYM

— Goncharov, Spradlin, Vergu, Volovich ’10 — 

— Caron-Huot, Dixon, Drummond, Duhr, Harrington, Henn, 
McLeod, Papathanaseou, Pennington, Spradlin, von Hippel — 

Purity: Why bother?



Differential equations in canonical form

Vector of master integrals

Matrix of “dlog” forms

For MPLs: natural solution in terms of pure functions G

To-do: develop a general framework also for elliptic integrals

Purity: Why bother?

dF = ✏ dAF
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— Adams, Weinzierl / Adams, Chaubey, Weinzierl ’18 — 



The real world: N=4 Super Yang-Mills

Conjecturally of uniform (maximal) weight

Elliptic integrals (and beyond) are known to appear:

We’d like to give an elliptic meaning to these statements!

2

These dual points are associated with the (Poincaré) dual
of the Feynman graph, which we will label by

, (3)

with each `i attached to the corresponding loop. Notice
that (ai, ai+1) = (bi, bi+1) = 0 for i = 1, . . . , L�1, corre-
sponding to the requirement that the external particles
are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L)
⌘

Z
d4L~̀

QL
j=0(aj , bj)

(`1, a0)
hQL

j=1(`j , `j+1)(`j , aj)(`j , bj)
i , (4)

where `L+1 ⌘ b0 for notational compactness. The factor
in the numerator of (4) has been introduced to ensure
that the result is dual-conformally invariant (that is, con-
formally invariant in dual-momentum x-space). As such,
the integral should depend exclusively on dual-conformal
cross-ratios

(ab;cd)⌘
(a, b)(c, d)

(a, c)(b, d)
. (5)

Following the methods described in ref. [25], we
Feynman-parameterize the integral (4) within the em-
bedding formalism one loop at a time to obtain

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

QL
j=0(aj , bj)⇥

(R1, R1) · · · (RL, RL)
⇤
(RL, b0)

, (6)

where

R0⌘↵0(a0), Rk⌘(Rk�1)+↵k(ak)+�k(bk), (7)

and
⇥
dL~↵

⇤
represents the projective integration measure

over the L+1 Feynman parameters {↵0, . . . ,↵L}. Note

that the ~� integration is not projective here (but could
be projectivized using the Cheng-Wu theorem [26, 27]).
Rescaling these parameters,

↵k 7!↵k
(a0, bk)

(ak, bk)
, �k 7!�k

(a0, ak)

(ak, bk)
, (8)

and defining

fk⌘
1

2
(Rk, Rk)

(ak, bk)

(a0, ak)(a0, bk)
, gL⌘

(RL, b0)

(a0, b0)
, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L)=

1Z

0

⇥
dL~↵

⇤
dL~�

1�
f1 · · · fL

�
gL

, (10)

where

fk⌘(a0ak�1;akbk�1)(ak�1bk;bk�1a0)(akbk;ak�1bk�1)fk�1

+↵0(↵k+�k)+↵k�k +

k�1X

j=1

h
↵j↵k(bja0;ajak)

+↵j�k(bja0;ajbk)+↵k�j(a0aj ;akbj)+�j�k(a0aj ;bkbj)
i
,

gL⌘↵0 +

LX

j=1

h
↵j(bja0;ajb0)+�j(a0aj ;b0bj)

i
. (11)

For the remainder of this work, we will de-projectivize the
(otherwise projective) ~↵ integrations by setting ↵0 ! 1.
The form derived above can be easily seen to match the
representation of ref. [15] for L=2 exactly.
Although the collection of cross-ratios arising in (11)

are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratios—that is, the dimension of the
space of dual-conformal configurations in x-space. In this
case, the integral T(L) should depend on (6L�5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) configurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY

The fact that (10) has (L+1) factors in its denomina-
tor immediately implies that it has residues of codimen-
sion (at least) (L+1)—signaling at least this degree of
‘polylogarithmicity’. To see that no further residues ex-
ist (without restricting kinematics), it su�ces to take the
codimension (L+1) residue

Res
{fi=0}
gL=0

 
dL~� d↵L

(f1 · · · fL)gL

!
=

1p
Q(↵1, . . . ,↵L�1)

(12)

and observe that Q is generically an irreducible quartic
in ↵L�1, and of strictly higher degree in all of the other
parameters. Transforming this quartic Q (in ↵L�1) into
its Weierstraß representation, we have

1p
Q(↵1, . . . ,↵L�1)

7!
1p

4x3�xg2(~z)�g3(~z)
, (13)

where ~z denotes the remaining zi⌘↵i for i=1, . . . , L�2.
This shows that the residue (12) results in an integral
over an elliptically fibered algebraic variety of dimension
(L�1),

T(L) =

Z
dx dL�2~zp

4x3�g2(~z)x�g3(~z)
G0(x, ~z), (14)

where G0 should be some combination of weight-(L+1)
hyperlogarithms—which we expect will depend in no sim-
ple way on the space parameterized by x, ~z.

GEOMETRY OF THE ELLIPTIC FIBRATION

We have seen that the traintrack integral (1) generally
involves integration over a space defined by the Weier-
straß equation

y2 = 4x3
�g2(~z)x�g3(~z), x, y2C , (15)

where the complex numbers ~z can be seen as a�ne co-
ordinates on PL�2, so that the geometry of the space
S defined by (15) is that of a complex algebraic variety
elliptically fibered over PL�2.
Let us first consider the three-loop instance of (15); we

would like to show that the surface S is in fact a K3.

The elliptic double box, 
and more generally traintracks

— Bourjaily, He, McLeod, von Hippel, Wilhelm ’18 — 

— Caron-Huot, Larsen ’12 / Nandan, Paulos, Spradlin, Volovich ’14 /  
Bourjaily, McLeod, Spradlin, von Hippel, Wilhelm ’17— 



Define pure elliptic MPLs (eMPLs)

•   We seek to generalise the following to the elliptic case:

A function is called pure if it is unipotent and its 
total differential involves only pure functions and 
one-forms with at most logarithmic singularities.  

the literature [6–10]. Here, we follow the folklore in the physics literature and define the

‘symbol of a transcendental function Fw of weight w’ as follows: assume that the total

differential of Fw can be written in the form

dFw =
∑

i

Fw−1,i d logRi , (2.9)

where the Fw−1,i are transcendental functions of weight w − 1 and the Ri are algebraic

functions. We define the symbol of Fw by the recursion

S(Fw) =
∑

i

S(Fw−1,i)⊗Ri , (2.10)

and the recursion stops at S(F0) = F0. Let us make an obvious observation at this point:

the recursive definition of the symbol only makes sense if the differential equation (2.9)

does not have a homogeneous term, because otherwise the recursion does not close. Said

in different words, not every function admits a symbol, and we can only define symbols for

functions that satisfy a differential equation with trivial homogeneous part (such functions

are often referred to as pure functions in the physics literature).

It turns out that the total differential of MPLs indeed takes the form of eq. (2.9). More

precisely, we have [4]

dG(a1, . . . , an; z) =
n∑

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai−1 − ai
ai+1 − ai

(2.11)

where the hat indicates that the corresponding argument is absent, and we set a0 = z and

an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL

satisfies the recursion

S(G(a1, . . . , an; z)) =
n∑

i=1

S(G(a1, . . . , âi, . . . , an; z))⊗
ai−1 − ai
ai+1 − ai

, (2.12)

and the recursion stops at S(G(; z)) = S(1) = 1. The symbol map has various well-known

algebraic properties. In particular, it is linear and it maps any product of MPLs to the

shuffle product of their symbols,

S(a · b) = S(a)⨿⨿S(b) . (2.13)

Finally, the recursive definition shows that the symbol map sends constants to zero, because

the differential of any constant vanishes.

The symbol is in fact closely connected to the coaction ∆MPL. Indeed, we can apply

the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-

ciativity implies that different ways of doing so lead to the same result. We can iterate

this construction, and again coassociativity ensures that the result is unique. The itera-

tion stops once we have decomposed an MPL of weight w into a w-fold tensor product of

logarithms. From eq. (2.8) it is easy to see that this tensor satisfies the same recursion as

the symbol given in eq. (2.10), and so we can identify the symbol of an MPL with the
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Pure

Log singularities

Unipotent

(Unipotent: total diff has no homogeneous term)
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!2
<latexit sha1_base64="B2ZGkg20GLo3ZeTzl9lbt/AKnNI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjNF0JUU3LisYB/QDiWTudOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeKQpPGPFadgGjgTELTMMOhkyggIuDQDkZ3M789BqVZLB/NJAFfkIFkEaPEWKnTiwUMSL/WL1fcqjsHXideTiooR6Nf/umFMU0FSEM50brruYnxM6IMoxympV6qISF0RAbQtVQSAdrP5nmn+MIqIY5iZY80eK7+3ciI0HoiAjspiBnqVW8m/ud1UxPd+BmTSWpA0sVDUcqxifHs8zhkCqjhE0sIVcxmxXRIFKHGVrR0Uzhmic5TPy1il2xJ3mol66RVq3pu1Xu4qtRv87qK6Aydo0vkoWtUR/eogZqIIo5e0Ct6c56dd+fD+VyMFpx85xQtwfn6BQwPnXw=</latexit><latexit sha1_base64="B2ZGkg20GLo3ZeTzl9lbt/AKnNI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjNF0JUU3LisYB/QDiWTudOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeKQpPGPFadgGjgTELTMMOhkyggIuDQDkZ3M789BqVZLB/NJAFfkIFkEaPEWKnTiwUMSL/WL1fcqjsHXideTiooR6Nf/umFMU0FSEM50brruYnxM6IMoxympV6qISF0RAbQtVQSAdrP5nmn+MIqIY5iZY80eK7+3ciI0HoiAjspiBnqVW8m/ud1UxPd+BmTSWpA0sVDUcqxifHs8zhkCqjhE0sIVcxmxXRIFKHGVrR0Uzhmic5TPy1il2xJ3mol66RVq3pu1Xu4qtRv87qK6Aydo0vkoWtUR/eogZqIIo5e0Ct6c56dd+fD+VyMFpx85xQtwfn6BQwPnXw=</latexit><latexit sha1_base64="B2ZGkg20GLo3ZeTzl9lbt/AKnNI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjNF0JUU3LisYB/QDiWTudOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeKQpPGPFadgGjgTELTMMOhkyggIuDQDkZ3M789BqVZLB/NJAFfkIFkEaPEWKnTiwUMSL/WL1fcqjsHXideTiooR6Nf/umFMU0FSEM50brruYnxM6IMoxympV6qISF0RAbQtVQSAdrP5nmn+MIqIY5iZY80eK7+3ciI0HoiAjspiBnqVW8m/ud1UxPd+BmTSWpA0sVDUcqxifHs8zhkCqjhE0sIVcxmxXRIFKHGVrR0Uzhmic5TPy1il2xJ3mol66RVq3pu1Xu4qtRv87qK6Aydo0vkoWtUR/eogZqIIo5e0Ct6c56dd+fD+VyMFpx85xQtwfn6BQwPnXw=</latexit><latexit sha1_base64="B2ZGkg20GLo3ZeTzl9lbt/AKnNI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjNF0JUU3LisYB/QDiWTudOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeKQpPGPFadgGjgTELTMMOhkyggIuDQDkZ3M789BqVZLB/NJAFfkIFkEaPEWKnTiwUMSL/WL1fcqjsHXideTiooR6Nf/umFMU0FSEM50brruYnxM6IMoxympV6qISF0RAbQtVQSAdrP5nmn+MIqIY5iZY80eK7+3ciI0HoiAjspiBnqVW8m/ud1UxPd+BmTSWpA0sVDUcqxifHs8zhkCqjhE0sIVcxmxXRIFKHGVrR0Uzhmic5TPy1il2xJ3mol66RVq3pu1Xu4qtRv87qK6Aydo0vkoWtUR/eogZqIIo5e0Ct6c56dd+fD+VyMFpx85xQtwfn6BQwPnXw=</latexit>

⇤ = Z!1 + Z!2
<latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit><latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit><latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit><latexit sha1_base64="1LT+zos9pFSV9/KWTcQ2mg9lnOk=">AAACOHicbVBPS8MwHE3nvzn/VT16CQ5BEGY7BL0oAy8ePExwf3AtJU2zLSxpS5IOR9nH8MvoVT+EN2/idZ/AdOvBbT4IPN77/ZKX58eMSmVZn0ZhZXVtfaO4Wdra3tndM/cPmjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB7eZ3xoSIWkUPqpRTFyOeiHtUoyUljzz3LnXwwGC19DhSPV9P30aOxEnPeTZZ0tS1TPLVsWaAi4TOydlkKPumRMniHDCSagwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaIk6km04/NoYnWglgNxL6hApO1b8bKeJSjrivJ7OkctHLxP+8TqK6V25KwzhRJMSzh7oJgyqCWUswoIJgxUaaICyozgpxHwmEle5y7qZgSGOZp36exS7pkuzFSpZJs1qxrYr9cFGu3eR1FcEROAanwAaXoAbuQB00AAYv4A28gw/j1fgyvo2f2WjByHcOwRyMyS9o1q2l</latexit>

C/⇤
<latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit><latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit><latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit><latexit sha1_base64="GJFeAv6+2IXQ3SGGWKnntQa/YrI=">AAACG3icbVDLSsNAFL2pr1pfsS7dBIvgqiYi6EoK3bhwUcE+oAllMpm2QyeTMDMpLaGfolv9D3fi1oW/4Rc4abOwrQcGDufce+dw/JhRqWz72yhsbG5t7xR3S3v7B4dH5nG5JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/VM/89pgISSP+pKYx8UI04LRPMVJa6pllN0Rq6PtpfXbpPui9APXMil2157DWiZOTCuRo9MwfN4hwEhKuMENSdh07Vl6KhKKYkVnJTSSJER6hAelqylFIpJfOs8+sc60EVj8S+nFlzdW/GykKpZyGvp7MkspVLxP/87qJ6t96KeVxogjHi4/6CbNUZGVFWAEVBCs21QRhQXVWCw+RQFjpupYuBWMayzz1ZBG7pEtyVitZJ62rqmNXncfrSu0ur6sIp3AGF+DADdTgHhrQBAwTeIFXeDOejXfjw/hcjBaMfOcElmB8/QJ+pKHs</latexit>

SL(2,Z)
<latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit><latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit><latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit><latexit sha1_base64="381gsOtNq3ohUE8IPF1wMJN5G84=">AAACIHicbVDLSsNAFJ3UV62vqgsXboJFqCAlKYKupODGhYuK9oFNKJPJpB06eTBzU1pCfka3+h/uxKV+hl/gtM3Cth4YOJxz78yZ40ScSTCMLy23srq2vpHfLGxt7+zuFfcPmjKMBaENEvJQtB0sKWcBbQADTtuRoNh3OG05g5uJ3xpSIVkYPMI4oraPewHzGMGgpG7xyAI6guThLi1Xzy0fQ99xkqf0rFssGRVjCn2ZmBkpoQz1bvHHckMS+zQAwrGUHdOIwE6wAEY4TQtWLGmEyQD3aEfRAPtU2sn0A6l+qhRX90KhTgD6VP27kWBfyrHvqMlJRLnoTcT/vE4M3pWdsCCKgQZk9pAXcx1CfdKG7jJBCfCxIpgIprLqpI8FJqA6m7vJHbJIZqlHs9gFVZK5WMkyaVYrplEx7y9Kteusrjw6RieojEx0iWroFtVRAxGUohf0it60Z+1d+9A+Z6M5Lds5RHPQvn8BJcmj0A==</latexit>

Elliptic Polylogarithms on the torus         
— Brown, Levin ’11, Broedel, Mafra, Matthes, Schlotterer ’14 — 



Elliptic Polylogarithms on the torus         

Kernels defined through generating function:

— Brown, Levin ’11, Broedel, Mafra, Matthes, Schlotterer ’14 — 

F (z,↵, ⌧) =
1

↵

X

n�0

g(n)(z, ⌧)↵n =
✓01(0, ⌧)✓1(z + ↵, ⌧)

✓1(z, ⌧)✓1(↵, ⌧)
<latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit><latexit sha1_base64="nhCIr27M1fHvmNd4Ku6Jo+sv8m0="></latexit>

�̃( n1 ... nk
z1 ... zk ; z) =

Z z

0
dz0g(n1)(z0 � z1)�̃(

n2 ... nk
z2 ... zk ; z)

<latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit><latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit><latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit><latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit>

ni 2 N
zi 2 C [ {1}

<latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit><latexit sha1_base64="BrXsPXRBfWcDd0/B4x8o8LlYAE4="></latexit>

Odd Jacobi theta function

Kernels have at most simple poles at lattice points

�̃
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Elliptic Polylogarithms on the torus         

Kernels defined through generating function:

— Brown, Levin ’11, Broedel, Mafra, Matthes, Schlotterer ’14 — 
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Kernels have at most simple poles at lattice points
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More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],
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where the functions f (n) are defined by the generating series
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The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs
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and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form
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for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)
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one-forms w/
 log singularities

eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}

We stress that this factorisation is based on a choice, because we have singled out !1 with

respect to !2. While from a purely mathematically standpoint there is no natural way to
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Important:                   have at most simple poles forg(n)(z, ⌧)
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z = m+ n⌧, m, n 2 Z
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Total differential without homogeneous term (= unipotent)
— Broedel, Duhr, Dulat, Penante, Tancredi, 2018— 



Like MPLs,       satisfy nice properties �̃
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More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalizations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11)

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12)

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalization of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eqs. (2.9) and (2.10).

In order to apply the recursion, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

some of them are regular everywhere. In the next subsection we give the general formula

for the total di↵erential and the resulting symbol map, and we discuss some of its basic

properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and A[0]

i ⌘ Ai , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
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A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14)
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one-forms w/
 log singularities

A function is called pure if it is unipotent and it 
has at most logarithmic singularities.  

�̃
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are pure!

Total differential without homogeneous term (= unipotent)
— Broedel, Duhr, Dulat, Penante, Tancredi, 2018— 



So, we can use as guiding principle

An elliptic Feynman integral is pure if it is pure 
when expressed in terms of  

Linear combination of       with coefficients being 
rational numbers
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=

Why bother defining another version of eMPLs?



Periods:

y2 = (x� a1)(x� a2)(x� a3)(x� a4) ⌘ P4(x)
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� =
(a1 � a4)(a2 � a3)

(a1 � a3)(a2 � a4)
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!1 = 2c4

Z a3

a2

dx

y
= 2K(�) !2 = 2c4

Z a2

a1

dx

y
= 2 iK(1� �)
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Elliptic curves

c4 =
1

2

p
(a1 � a3)(a2 � a4)
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Vector of branch points of      :y
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~a = (a1, a2, a3, a4)
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y2 = (x� a1)(x� a2)(x� a3)(x� a4) ⌘ P4(x)
<latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit><latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit><latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit><latexit sha1_base64="UpP6M8p244Y0Pq5LUI7i9OmcEQc="></latexit>

vs.

It can be shown that every elliptic curve defined over the complex numbers (which

means that we are looking for complex solutions to the polynomial equation y
2 = P4(x))

is isomorphic to a complex torus, i.e., the quotient of the complex plane C by a two-

dimensional lattice ⇤. In our case the relevant lattice is the lattice !1Z + !2Z spanned

by the two periods. We can perform a rescaling without changing the geometry, and from

now on we will always be working with the torus defined by the lattice ⇤⌧ = Z+ ⌧Z, where

⌧ = !2/!1 denotes the ratio of the two periods, with Im ⌧ > 0. In other words, every ⌧ in

the upper half-plane H = {⌧ 2 C : Im ⌧ > 0} defines a two-dimensional lattice, and thus an

elliptic curve. Di↵erent values of ⌧ may still define the same elliptic curve. One can show

that ⌧, ⌧
0
2 H define the same elliptic curve if and only if they are related by a modular

transformation, i.e., a Möbius transformation for SL(2,Z). The space of geometrically-

distinct tori (the so-called moduli space) can then be identified with the quotient of the

upper half-plane H by the modular group SL(2,Z).

The map from the torus C/⇤⌧ to the curve defined by the polynomial equation y
2 =

P4(x) can be explicitly realised. One can show that there is a function (.,~a) : C/⇤⌧ ! C

which satisfies the di↵erential equation (c40(z,~a))2 = P4((z,~a)), and the image of the

torus under  can be identified with the elliptic curve y
2 = P4(x). The explicit form of

 is not important in the following, and we refer to ref. [121] for its explicit definition.

Here we only mention that  is a meromorphic function of z and it is doubly-periodic, that

is (z + 1,~a) = (z + ⌧,~a) = (z,~a). A function satisfying these properties is called an

elliptic function. Moreover,  is an even function of z, and it maps the half-periods to the

branch-points ai,

(0,~a) = a1 , (⌧/2,~a) = a2 , (1/2 + ⌧/2,~a) = a3 , (1/2,~a) = a4 . (3.9) {eq:kappa_half_periods}

The inverse map to  is called Abel’s map and is defined in the following way. If [X,Y, 1] 2

CP
2 is a point satisfying Y

2 = P4(X), then its image on the torus is

zX =
c4

!1

Z X

a1

dx

y
=

p
a13a24

4K(�)

Z X

a1

dx

y
. (3.10) {eq:Abel}

In the following an important role will be played by the image z⇤ on the torus of the point

x = �1, defined by

z⇤ =
c4

!1

Z �1

a1

dx

y
=

p
a13a24

4K(�)

Z �1

a1

dx

y
. (3.11) {eq:zstar_int}

It is possible to obtain a closed analytic expression for z⇤ in terms of elliptic integrals of

the first kind. In the case where the branch points a1 < a2 < a3 < a4 are all real and the

branches of the square root are chosen according to eq. (3.4), we can evaluate the integral

in terms of elliptic integrals of the first kind (see Appendix A). We find

z⇤ = Z⇤(↵,�) ⌘
1

2
�

F(
p
↵|�)

2K(�)
, ↵ =

a13

a14
, (3.12) {eq:zstar}

where F denotes the incomplete elliptic integral of the first kind,

F(x|�) =

Z x

0

dtp
(1� t2)(1� �t2)

. (3.13) {eq:F_def}

– 8 –

Kappa function

(x, y) = ((z), c4
0(z))
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Abel’s map

(x, y) 7! z ⌘ c4
!1

Z x

a1

dx

y
mod ⇤
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⌧ =
!2

!1
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Elliptic Curves and Torii

y2 = P4(x)
<latexit sha1_base64="f5KFiKXRIJNrI8WZdNs/xiOgPUQ="></latexit><latexit sha1_base64="f5KFiKXRIJNrI8WZdNs/xiOgPUQ="></latexit><latexit sha1_base64="f5KFiKXRIJNrI8WZdNs/xiOgPUQ="></latexit><latexit sha1_base64="f5KFiKXRIJNrI8WZdNs/xiOgPUQ="></latexit>

(c4
0(z))2 = ((z)� a1)((z)� a2)((z)� a3)((z)� a4)

<latexit sha1_base64="XoSxa5IPkAn8hec+g7V6jUUnbkg="></latexit><latexit sha1_base64="XoSxa5IPkAn8hec+g7V6jUUnbkg="></latexit><latexit sha1_base64="XoSxa5IPkAn8hec+g7V6jUUnbkg="></latexit><latexit sha1_base64="XoSxa5IPkAn8hec+g7V6jUUnbkg="></latexit>



Desired properties for eMPLs:

Feynman integrals are more naturally studied on the elliptic curve
(simpler functions of kinematic dof)

1. Pure eMPLs on the elliptic curve

Integrands are rational functions, result should not depend on
choice of branch for the square root

2. Definite Parity

(x, y) ! (x,�y)
<latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit><latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit><latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit><latexit sha1_base64="TvHFjGy5QNvEIgrFxB1bG+SnRt0=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaEFLIoIei148VrAf0Iay2W7apZtN2J2oodSLf8WLB0W8+i+8+W/ctjlo9cHA470ZZub5seAaHOfLyi0sLi2v5FcLa+sbm1v29k5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+8nPjNW6Y0j+QNpDHzQtKXPOCUgJG69l7p/igt447i/QEQpaI7bJTjtNy1i07FmQL/JW5GiihDrWt/dnoRTUImgQqiddt1YvBGRAGngo0LnUSzmNAh6bO2oZKETHuj6QdjfGiUHg4iZUoCnqo/J0Yk1DoNfdMZEhjoeW8i/ue1EwjOvRGXcQJM0tmiIBEYIjyJA/e4YhREagihiptbMR0QRSiY0AomBHf+5b+kcVJxnYp7fVqsXmRx5NE+OkAl5KIzVEVXqIbqiKIH9IRe0Kv1aD1bb9b7rDVnZTO76Besj29dXJWJ</latexit>

z ! �z
<latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit><latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit><latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit><latexit sha1_base64="MkjtBs3cQsyvgn5cfwuslv/ZTAU=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXBD0WvXisYD+gXUo2zbah2WRJZivt0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/sH7uFRw6hUU1anSijdColhgktWBw6CtRLNSBwK1gyHdzO/OWLacCUfYZywICZ9ySNOCVip67oT3NG8PwCitXrCF5OuW/Yq3hx4lfg5KaMcta771ekpmsZMAhXEmLbvJRBkRAOngk1LndSwhNAh6bO2pZLEzATZ/PIpPrNKD0dK25KA5+rviYzExozj0HbGBAZm2ZuJ/3ntFKKbIOMySYFJulgUpQKDwrMYcI9rRkGMLSFUc3srpgOiCQUbVsmG4C+/vEoalxXfq/gPV+XqbR5HEZ2gU3SOfHSNquge1VAdUTRCz+gVvTmZ8+K8Ox+L1oKTzxyjP3A+fwAh/ZNR</latexit>↔

Basis of        does not have definite parity�̃
<latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit><latexit sha1_base64="0MBguqIcqerpClkIgJ4kU8iQ9xg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oYtlsNu3S3U3Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wdD31O49UaZbIezNOaSDwQLKYEWys9OAbxiOa+zdYCDzpV2tu3Z0BLROvIDUo0OxXv/woIZmg0hCOte55bmqCHCvDCKeTip9pmmIywgPas1RiQXWQz66eoBOrRChOlC1p0Ez9PZFjofVYhLZTYDPUi95U/M/rZSa+DHIm08xQSeaL4owjk6BpBChiihLDx5Zgopi9FZEhVpgYG1TFhuAtvrxM2md1z617d+e1xlURRxmO4BhOwYMLaMAtNKEFBBQ8wyu8OU/Oi/PufMxbS04xcwh/4Hz+AMOkkqs=</latexit>

y2 = P4(x)
<latexit sha1_base64="Br4JQ6vVIiL2SuBjJnbUsTCQodA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSCnoRil48VrAf0May2W7apZtN2N2IIfRvePGgiFf/jDf/jZs2B219MPB4b4aZeV7EmdK2/W0V1tY3NreK26Wd3b39g/LhUUeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vQm87uPVCoWinudRNQN8FgwnxGsjTRIHuroCrWGjerT+bBcsWv2HGiVODmpQI7WsPw1GIUkDqjQhGOl+o4daTfFUjPC6aw0iBWNMJniMe0bKnBAlZvOb56hM6OMkB9KU0Kjufp7IsWBUkngmc4A64la9jLxP68fa//STZmIYk0FWSzyY450iLIA0IhJSjRPDMFEMnMrIhMsMdEmppIJwVl+eZV06jXHrjl3jUrzOo+jCCdwClVw4AKacAstaAOBCJ7hFd6s2Hqx3q2PRWvBymeO4Q+szx+xMZAk</latexit><latexit sha1_base64="Br4JQ6vVIiL2SuBjJnbUsTCQodA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSCnoRil48VrAf0May2W7apZtN2N2IIfRvePGgiFf/jDf/jZs2B219MPB4b4aZeV7EmdK2/W0V1tY3NreK26Wd3b39g/LhUUeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vQm87uPVCoWinudRNQN8FgwnxGsjTRIHuroCrWGjerT+bBcsWv2HGiVODmpQI7WsPw1GIUkDqjQhGOl+o4daTfFUjPC6aw0iBWNMJniMe0bKnBAlZvOb56hM6OMkB9KU0Kjufp7IsWBUkngmc4A64la9jLxP68fa//STZmIYk0FWSzyY450iLIA0IhJSjRPDMFEMnMrIhMsMdEmppIJwVl+eZV06jXHrjl3jUrzOo+jCCdwClVw4AKacAstaAOBCJ7hFd6s2Hqx3q2PRWvBymeO4Q+szx+xMZAk</latexit><latexit sha1_base64="Br4JQ6vVIiL2SuBjJnbUsTCQodA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSCnoRil48VrAf0May2W7apZtN2N2IIfRvePGgiFf/jDf/jZs2B219MPB4b4aZeV7EmdK2/W0V1tY3NreK26Wd3b39g/LhUUeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vQm87uPVCoWinudRNQN8FgwnxGsjTRIHuroCrWGjerT+bBcsWv2HGiVODmpQI7WsPw1GIUkDqjQhGOl+o4daTfFUjPC6aw0iBWNMJniMe0bKnBAlZvOb56hM6OMkB9KU0Kjufp7IsWBUkngmc4A64la9jLxP68fa//STZmIYk0FWSzyY450iLIA0IhJSjRPDMFEMnMrIhMsMdEmppIJwVl+eZV06jXHrjl3jUrzOo+jCCdwClVw4AKacAstaAOBCJ7hFd6s2Hqx3q2PRWvBymeO4Q+szx+xMZAk</latexit><latexit sha1_base64="Br4JQ6vVIiL2SuBjJnbUsTCQodA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSCnoRil48VrAf0May2W7apZtN2N2IIfRvePGgiFf/jDf/jZs2B219MPB4b4aZeV7EmdK2/W0V1tY3NreK26Wd3b39g/LhUUeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vQm87uPVCoWinudRNQN8FgwnxGsjTRIHuroCrWGjerT+bBcsWv2HGiVODmpQI7WsPw1GIUkDqjQhGOl+o4daTfFUjPC6aw0iBWNMJniMe0bKnBAlZvOb56hM6OMkB9KU0Kjufp7IsWBUkngmc4A64la9jLxP68fa//STZmIYk0FWSzyY450iLIA0IhJSjRPDMFEMnMrIhMsMdEmppIJwVl+eZV06jXHrjl3jUrzOo+jCCdwClVw4AKacAstaAOBCJ7hFd6s2Hqx3q2PRWvBymeO4Q+szx+xMZAk</latexit>

�̃( n1 ... nk
z1 ... zk ; z) =

Z z

0
dz0g(n1)(z0 � z1)�̃(

n2 ... nk
z2 ... zk ; z)

<latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit><latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit><latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit><latexit sha1_base64="cJJwJ9cZ+dbQ5eYuVeUnxcVAl1g="></latexit>

g(n)(�z, ⌧) = (�1)ng(n)(z, ⌧)
<latexit sha1_base64="lTj2oohf2aTrrAGDcJVq1qucZK8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VIxZZEBN0IRTcuK9gHtGmZTCft0MkkzEyEGvoPbvwVNy4UcevGnX/jtE1BWw9cOJxzL/fe40WMSmXb30ZmaXlldS27ntvY3NreMXf3ajKMBSZVHLJQNDwkCaOcVBVVjDQiQVDgMVL3Btdjv35PhKQhv1PDiLgB6nHqU4yUljrmca+dWLwwsooPJy2F4gK8hFbRKbQ5nDkzo2Pm7ZI9AVwkTkryIEWlY361uiGOA8IVZkjKpmNHyk2QUBQzMsq1YkkihAeoR5qachQQ6SaTn0bwSCtd6IdCF1dwov6eSFAg5TDwdGeAVF/Oe2PxP68ZK//CTSiPYkU4ni7yYwZVCMcBwS4VBCs21ARhQfWtEPeRQFjpGHM6BGf+5UVSOy05dsm5PcuXr9I4suAAHAILOOAclMENqIAqwOARPINX8GY8GS/Gu/Exbc0Y6cw++APj8we1D5rm</latexit><latexit sha1_base64="lTj2oohf2aTrrAGDcJVq1qucZK8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VIxZZEBN0IRTcuK9gHtGmZTCft0MkkzEyEGvoPbvwVNy4UcevGnX/jtE1BWw9cOJxzL/fe40WMSmXb30ZmaXlldS27ntvY3NreMXf3ajKMBSZVHLJQNDwkCaOcVBVVjDQiQVDgMVL3Btdjv35PhKQhv1PDiLgB6nHqU4yUljrmca+dWLwwsooPJy2F4gK8hFbRKbQ5nDkzo2Pm7ZI9AVwkTkryIEWlY361uiGOA8IVZkjKpmNHyk2QUBQzMsq1YkkihAeoR5qachQQ6SaTn0bwSCtd6IdCF1dwov6eSFAg5TDwdGeAVF/Oe2PxP68ZK//CTSiPYkU4ni7yYwZVCMcBwS4VBCs21ARhQfWtEPeRQFjpGHM6BGf+5UVSOy05dsm5PcuXr9I4suAAHAILOOAclMENqIAqwOARPINX8GY8GS/Gu/Exbc0Y6cw++APj8we1D5rm</latexit><latexit sha1_base64="lTj2oohf2aTrrAGDcJVq1qucZK8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VIxZZEBN0IRTcuK9gHtGmZTCft0MkkzEyEGvoPbvwVNy4UcevGnX/jtE1BWw9cOJxzL/fe40WMSmXb30ZmaXlldS27ntvY3NreMXf3ajKMBSZVHLJQNDwkCaOcVBVVjDQiQVDgMVL3Btdjv35PhKQhv1PDiLgB6nHqU4yUljrmca+dWLwwsooPJy2F4gK8hFbRKbQ5nDkzo2Pm7ZI9AVwkTkryIEWlY361uiGOA8IVZkjKpmNHyk2QUBQzMsq1YkkihAeoR5qachQQ6SaTn0bwSCtd6IdCF1dwov6eSFAg5TDwdGeAVF/Oe2PxP68ZK//CTSiPYkU4ni7yYwZVCMcBwS4VBCs21ARhQfWtEPeRQFjpGHM6BGf+5UVSOy05dsm5PcuXr9I4suAAHAILOOAclMENqIAqwOARPINX8GY8GS/Gu/Exbc0Y6cw++APj8we1D5rm</latexit><latexit sha1_base64="lTj2oohf2aTrrAGDcJVq1qucZK8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VIxZZEBN0IRTcuK9gHtGmZTCft0MkkzEyEGvoPbvwVNy4UcevGnX/jtE1BWw9cOJxzL/fe40WMSmXb30ZmaXlldS27ntvY3NreMXf3ajKMBSZVHLJQNDwkCaOcVBVVjDQiQVDgMVL3Btdjv35PhKQhv1PDiLgB6nHqU4yUljrmca+dWLwwsooPJy2F4gK8hFbRKbQ5nDkzo2Pm7ZI9AVwkTkryIEWlY361uiGOA8IVZkjKpmNHyk2QUBQzMsq1YkkihAeoR5qachQQ6SaTn0bwSCtd6IdCF1dwov6eSFAg5TDwdGeAVF/Oe2PxP68ZK//CTSiPYkU4ni7yYwZVCMcBwS4VBCs21ARhQfWtEPeRQFjpGHM6BGf+5UVSOy05dsm5PcuXr9I4suAAHAILOOAclMENqIAqwOARPINX8GY8GS/Gu/Exbc0Y6cw++APj8we1D5rm</latexit>



To summarise:

We define a basis of eMPLs on the elliptic curve such that

1. They form a basis for all eMPLs

2. They are pure

3. They have definite parity

4. They manifestly contain ordinary MPLs



Meet the pure eMPLs on the elliptic curve:

ni 2 Z
<latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit>

Infinitely many kernels,         but only  
             typically appear in explicit problems

 n
<latexit sha1_base64="01MQvtKGy9xEqWdt1aGbIF4glU4=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUomk2ljM5mQZIpl6DfoVv/Dnbj1G/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFTJ6kitEESnqh2gDXlTNCGYYbTtlQUxwGnrWB4O/VbI6o0S8SDGUvqx7gvWMQINlZqduua9USvXHGr7gxolXg5qUCOeq/80w0TksZUGMKx1h3PlcbPsDKMcDopdVNNJSZD3KcdSwWOqfazWdoJOrNKiKJE2SMMmql/NzIcaz2OAzsZYzPQy95U/M/rpCa69jMmZGqoIPOHopQjk6Dp11HIFCWGjy3BRDGbFZEBVpgYW9DCTeGISZ2nfprHLtmSvOVKVknzoupZfn9Zqd3kdRXhBE7hHDy4ghrcQR0aQOARXuAV3pxn5935cD7nowUn3zmGBThfv7QenMc=</latexit><latexit sha1_base64="01MQvtKGy9xEqWdt1aGbIF4glU4=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUomk2ljM5mQZIpl6DfoVv/Dnbj1G/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFTJ6kitEESnqh2gDXlTNCGYYbTtlQUxwGnrWB4O/VbI6o0S8SDGUvqx7gvWMQINlZqduua9USvXHGr7gxolXg5qUCOeq/80w0TksZUGMKx1h3PlcbPsDKMcDopdVNNJSZD3KcdSwWOqfazWdoJOrNKiKJE2SMMmql/NzIcaz2OAzsZYzPQy95U/M/rpCa69jMmZGqoIPOHopQjk6Dp11HIFCWGjy3BRDGbFZEBVpgYW9DCTeGISZ2nfprHLtmSvOVKVknzoupZfn9Zqd3kdRXhBE7hHDy4ghrcQR0aQOARXuAV3pxn5935cD7nowUn3zmGBThfv7QenMc=</latexit><latexit sha1_base64="01MQvtKGy9xEqWdt1aGbIF4glU4=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUomk2ljM5mQZIpl6DfoVv/Dnbj1G/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFTJ6kitEESnqh2gDXlTNCGYYbTtlQUxwGnrWB4O/VbI6o0S8SDGUvqx7gvWMQINlZqduua9USvXHGr7gxolXg5qUCOeq/80w0TksZUGMKx1h3PlcbPsDKMcDopdVNNJSZD3KcdSwWOqfazWdoJOrNKiKJE2SMMmql/NzIcaz2OAzsZYzPQy95U/M/rpCa69jMmZGqoIPOHopQjk6Dp11HIFCWGjy3BRDGbFZEBVpgYW9DCTeGISZ2nfprHLtmSvOVKVknzoupZfn9Zqd3kdRXhBE7hHDy4ghrcQR0aQOARXuAV3pxn5935cD7nowUn3zmGBThfv7QenMc=</latexit><latexit sha1_base64="01MQvtKGy9xEqWdt1aGbIF4glU4=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUomk2ljM5mQZIpl6DfoVv/Dnbj1G/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFTJ6kitEESnqh2gDXlTNCGYYbTtlQUxwGnrWB4O/VbI6o0S8SDGUvqx7gvWMQINlZqduua9USvXHGr7gxolXg5qUCOeq/80w0TksZUGMKx1h3PlcbPsDKMcDopdVNNJSZD3KcdSwWOqfazWdoJOrNKiKJE2SMMmql/NzIcaz2OAzsZYzPQy95U/M/rpCa69jMmZGqoIPOHopQjk6Dp11HIFCWGjy3BRDGbFZEBVpgYW9DCTeGISZ2nfprHLtmSvOVKVknzoupZfn9Zqd3kdRXhBE7hHDy4ghrcQR0aQOARXuAV3pxn5935cD7nowUn3zmGBThfv7QenMc=</latexit>

|n|  2
<latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit><latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit><latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit><latexit sha1_base64="1hQnaa8pxlPAHZd7QlAiCDb7N0A=">AAACD3icbVDLTgIxFL3jE/GFunQzkZi4IjPERFeGxI1LTOSRACGdzh1o6HTGtkMkAx+hW/0Pd8atn+Bv+AUWmIWAJ2lycs697enxYs6Udpxva219Y3NrO7eT393bPzgsHB3XVZRIijUa8Ug2PaKQM4E1zTTHZiyRhB7Hhje4nfqNIUrFIvGgRzF2QtITLGCUaCM1x2Lc5vhY7haKTsmZwV4lbkaKkKHaLfy0/YgmIQpNOVGq5Tqx7qREakY5TvLtRGFM6ID0sGWoICGqTjrLO7HPjeLbQSTNEdqeqX83UhIqNQo9MxkS3VfL3lT8z2slOrjupEzEiUZB5w8FCbd1ZE8/b/tMItV8ZAihkpmsNu0TSag2FS3c5A9ZrLLUT/PYeVOSu1zJKqmXS67h95fFyk1WVw5O4QwuwIUrqMAdVKEGFDi8wCu8Wc/Wu/Vhfc5H16xs5wQWYH39AnY7nbw=</latexit>

ci 2 C
<latexit sha1_base64="XT3iUU9X7XNVe4NHkkWLFuQ4CTo=">AAACG3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0JUUunFZwT6gLWEymbRDJ5MwMyktoZ+iW/0Pd+LWhb/hFzhps7CtBwYO59x753C8mDOlbfvbKmxt7+zuFfdLB4dHxyfl00pbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO964kfmdCZWKReJJz2I6CPFQsIARrI3klivEZajPBOqHWI88L23M3XLVrtkLoE3i5KQKOZpu+afvRyQJqdCEY6V6jh3rQYqlZoTTeamfKBpjMsZD2jNU4JCqQbrIPkeXRvFREEnzhEYL9e9GikOlZqFnJrOEat3LxP+8XqKDu0HKRJxoKsjyoyDhSEcoKwL5TFKi+cwQTCQzWREZYYmJNnWtXPInLFZ56ukydsmU5KxXskna1zXH8Mebav0+r6sI53ABV+DALdThAZrQAgJTeIFXeLOerXfrw/pcjhasfOcMVmB9/QIuIqG+</latexit><latexit sha1_base64="XT3iUU9X7XNVe4NHkkWLFuQ4CTo=">AAACG3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0JUUunFZwT6gLWEymbRDJ5MwMyktoZ+iW/0Pd+LWhb/hFzhps7CtBwYO59x753C8mDOlbfvbKmxt7+zuFfdLB4dHxyfl00pbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO964kfmdCZWKReJJz2I6CPFQsIARrI3klivEZajPBOqHWI88L23M3XLVrtkLoE3i5KQKOZpu+afvRyQJqdCEY6V6jh3rQYqlZoTTeamfKBpjMsZD2jNU4JCqQbrIPkeXRvFREEnzhEYL9e9GikOlZqFnJrOEat3LxP+8XqKDu0HKRJxoKsjyoyDhSEcoKwL5TFKi+cwQTCQzWREZYYmJNnWtXPInLFZ56ukydsmU5KxXskna1zXH8Mebav0+r6sI53ABV+DALdThAZrQAgJTeIFXeLOerXfrw/pcjhasfOcMVmB9/QIuIqG+</latexit><latexit sha1_base64="XT3iUU9X7XNVe4NHkkWLFuQ4CTo=">AAACG3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0JUUunFZwT6gLWEymbRDJ5MwMyktoZ+iW/0Pd+LWhb/hFzhps7CtBwYO59x753C8mDOlbfvbKmxt7+zuFfdLB4dHxyfl00pbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO964kfmdCZWKReJJz2I6CPFQsIARrI3klivEZajPBOqHWI88L23M3XLVrtkLoE3i5KQKOZpu+afvRyQJqdCEY6V6jh3rQYqlZoTTeamfKBpjMsZD2jNU4JCqQbrIPkeXRvFREEnzhEYL9e9GikOlZqFnJrOEat3LxP+8XqKDu0HKRJxoKsjyoyDhSEcoKwL5TFKi+cwQTCQzWREZYYmJNnWtXPInLFZ56ukydsmU5KxXskna1zXH8Mebav0+r6sI53ABV+DALdThAZrQAgJTeIFXeLOerXfrw/pcjhasfOcMVmB9/QIuIqG+</latexit><latexit sha1_base64="XT3iUU9X7XNVe4NHkkWLFuQ4CTo=">AAACG3icbVDLSsNAFL2pr1pftS7dDBbBVUlE0JUUunFZwT6gLWEymbRDJ5MwMyktoZ+iW/0Pd+LWhb/hFzhps7CtBwYO59x753C8mDOlbfvbKmxt7+zuFfdLB4dHxyfl00pbRYkktEUiHsmuhxXlTNCWZprTbiwpDj1OO964kfmdCZWKReJJz2I6CPFQsIARrI3klivEZajPBOqHWI88L23M3XLVrtkLoE3i5KQKOZpu+afvRyQJqdCEY6V6jh3rQYqlZoTTeamfKBpjMsZD2jNU4JCqQbrIPkeXRvFREEnzhEYL9e9GikOlZqFnJrOEat3LxP+8XqKDu0HKRJxoKsjyoyDhSEcoKwL5TFKi+cwQTCQzWREZYYmJNnWtXPInLFZ56ukydsmU5KxXskna1zXH8Mebav0+r6sI53ABV+DALdThAZrQAgJTeIFXeLOerXfrw/pcjhasfOcMVmB9/QIuIqG+</latexit>

is a label

indicate punctures (for               )ni 6= 0
<latexit sha1_base64="nJB2Wy6wX28uXsObaQpmULaG3QQ=">AAACEXicbVDLTgIxFL3jE/GFunTTSExckRljokuiG5eYyCPChHQ6F2jodMa2QySEr9Ct/oc749Yv8Df8AgvMQsCTNDk559729ASJ4Nq47rezsrq2vrGZ28pv7+zu7RcODms6ThXDKotFrBoB1Si4xKrhRmAjUUijQGA96N9M/PoAleaxvDfDBP2IdiXvcEaNlR5km5OWxEfitgtFt+ROQZaJl5EiZKi0Cz+tMGZphNIwQbVuem5i/BFVhjOB43wr1ZhQ1qddbFoqaYTaH00Tj8mpVULSiZU90pCp+ndjRCOth1FgJyNqenrRm4j/ec3UdK78EZdJalCy2UOdVBATk8n3ScgVMiOGllCmuM1KWI8qyowtae6mcMATnaV+msXO25K8xUqWSe285Fl+d1EsX2d15eAYTuAMPLiEMtxCBarAQMILvMKb8+y8Ox/O52x0xcl2jmAOztcv36yd5A==</latexit><latexit sha1_base64="nJB2Wy6wX28uXsObaQpmULaG3QQ=">AAACEXicbVDLTgIxFL3jE/GFunTTSExckRljokuiG5eYyCPChHQ6F2jodMa2QySEr9Ct/oc749Yv8Df8AgvMQsCTNDk559729ASJ4Nq47rezsrq2vrGZ28pv7+zu7RcODms6ThXDKotFrBoB1Si4xKrhRmAjUUijQGA96N9M/PoAleaxvDfDBP2IdiXvcEaNlR5km5OWxEfitgtFt+ROQZaJl5EiZKi0Cz+tMGZphNIwQbVuem5i/BFVhjOB43wr1ZhQ1qddbFoqaYTaH00Tj8mpVULSiZU90pCp+ndjRCOth1FgJyNqenrRm4j/ec3UdK78EZdJalCy2UOdVBATk8n3ScgVMiOGllCmuM1KWI8qyowtae6mcMATnaV+msXO25K8xUqWSe285Fl+d1EsX2d15eAYTuAMPLiEMtxCBarAQMILvMKb8+y8Ox/O52x0xcl2jmAOztcv36yd5A==</latexit><latexit sha1_base64="nJB2Wy6wX28uXsObaQpmULaG3QQ=">AAACEXicbVDLTgIxFL3jE/GFunTTSExckRljokuiG5eYyCPChHQ6F2jodMa2QySEr9Ct/oc749Yv8Df8AgvMQsCTNDk559729ASJ4Nq47rezsrq2vrGZ28pv7+zu7RcODms6ThXDKotFrBoB1Si4xKrhRmAjUUijQGA96N9M/PoAleaxvDfDBP2IdiXvcEaNlR5km5OWxEfitgtFt+ROQZaJl5EiZKi0Cz+tMGZphNIwQbVuem5i/BFVhjOB43wr1ZhQ1qddbFoqaYTaH00Tj8mpVULSiZU90pCp+ndjRCOth1FgJyNqenrRm4j/ec3UdK78EZdJalCy2UOdVBATk8n3ScgVMiOGllCmuM1KWI8qyowtae6mcMATnaV+msXO25K8xUqWSe285Fl+d1EsX2d15eAYTuAMPLiEMtxCBarAQMILvMKb8+y8Ox/O52x0xcl2jmAOztcv36yd5A==</latexit><latexit sha1_base64="nJB2Wy6wX28uXsObaQpmULaG3QQ=">AAACEXicbVDLTgIxFL3jE/GFunTTSExckRljokuiG5eYyCPChHQ6F2jodMa2QySEr9Ct/oc749Yv8Df8AgvMQsCTNDk559729ASJ4Nq47rezsrq2vrGZ28pv7+zu7RcODms6ThXDKotFrBoB1Si4xKrhRmAjUUijQGA96N9M/PoAleaxvDfDBP2IdiXvcEaNlR5km5OWxEfitgtFt+ROQZaJl5EiZKi0Cz+tMGZphNIwQbVuem5i/BFVhjOB43wr1ZhQ1qddbFoqaYTaH00Tj8mpVULSiZU90pCp+ndjRCOth1FgJyNqenrRm4j/ec3UdK78EZdJalCy2UOdVBATk8n3ScgVMiOGllCmuM1KWI8qyowtae6mcMATnaV+msXO25K8xUqWSe285Fl+d1EsX2d15eAYTuAMPLiEMtxCBarAQMILvMKb8+y8Ox/O52x0xcl2jmAOztcv36yd5A==</latexit>
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In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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are the kernels of the eMPLs Recall:



roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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Meet the pure eMPLs on the elliptic curve:

roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)
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.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions
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<latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit><latexit sha1_base64="MpdxAlfNZrXYHtUD6l1fhXLVsiU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnBPrAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBF3epJSP8ZDwSJGsDZSYNdEwDwmkBdjPQrD/H4a2HWn4cyAlolbkjqUaAX2lzdISBZToQnHSvVdJ9V+jqVmhNNp1csUTTEZ4yHtGypwTJWfz6JP0YlRBihKpHlCo5n6eyPHsVKTODSTRUK16BXif14/09GlnzORZpoKMj8UZRzpBBU9oAGTlGg+MQQTyUxWREZYYqJNW1VTgrv45WXSOWu4TsO9Pa83r8o6KnAEx3AKLlxAE26gBW0g8AjP8Apv1pP1Yr1bH/PRFavcOYQ/sD5/AD4dk/o=</latexit>



Making it explicit

g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx
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, c 6= 1 . (4.10)
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Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relationship

to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that there

is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Section 3.

Using the results of ref. [121] we can give an explicit representation of the kernels that

appear in eq. (4.7). We present here explicitly the formulæ up to n = 1. The extension to

higher values of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =
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. (4.12) {eq:pure_psi0}

For n = 1, we have (with c 6= 1)
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,
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The corresponding formulas for n = 2 are given in Appendix B. The quantity G⇤(~a) in the

last equation corresponds to the image of z⇤ under the function g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}

In eq. (3.12) we have seen that z⇤ can be expressed in terms of elliptic integrals of the first

kind. Similarly, it is possible to derive a closed analytic expression for G⇤(~a) in terms of
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and

In general transcendental, but simplify in specific applications

and for other configuration of the branch points (or complex complex ones), z⇤ may pick

up a minus sign depending on the conventions for the branches of the square root. Finally,

the kernels entering the pure eMPLs depend on the function G⇤(~a) which is simply the

image of the point z⇤ under g(1) (see eq. (2.18)),

G⇤(~a) ⌘
1

!1
g(1)(z⇤, ⌧) . (2.23) {eq:G_infty_def}{eq:G_infty_def}

As shown in ref. [3], G⇤ can also be written in terms of known (incomplete) elliptic integrals

of the first and second kinds. In the situation where the branch points ~a are real and ordered

according to a1 < a2 < a3 < a4 we have

G⇤(~a) =

✓
2⌘1
!1

�
�

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.24) {eq:G_infty_KE}{eq:G_infty_KE}

In the special case where the point z⇤ is of the form1

z⇤ = a+ b ⌧(�) , (2.25)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵0(�) + ↵]p

↵(1� ↵)(1� ↵�)
� b

2⇡i

!1
. (2.26)

At last, we are ready to lay down the expressions for the kernels.

For n = 0, there is only one kernel,

 0(0, x,~a) =
c4
!1 y

. (2.27) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4
y
, (2.28) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = �Z4(x,~a)
c4
y
,

 �1(1, x,~a) =
x

y
�

1

y
[a1 + 2c4G⇤(~a)] ,

1The situation with a, b 2 Q is common in applications, and a point of this form is called a rational

point.
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           Transcendental function     
with pole at c ! 1
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g
(n)(zx ± zc, ⌧). Since the latter define the basis of eMPLs e�, there is a one-to-one map

between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))

dx 1(c, x,~a) =
dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
= G(c1, . . . , ck;x) , ci 6= 1 . (4.11) {eq:cE4_to_G}{eq:cE4_to_G}

Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relation-

ship to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that

there is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Sec-

tion 3. Using the results of ref. [121] we can give an explicit representation of the kernels

that appear in eq. (4.7). We present here explicitly the formulæ up to n = 1, and the

corresponding formulas for n = 2 are given in Appendix B. The extension to higher values

of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)

�
 0(0, x,~a) =

x

y
�

1

y
[a1 + 2c4 G⇤(~a)] .

The quantity G⇤(~a) in the last equation corresponds to the image of z⇤ under the function

g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}{eq:G_infty_def}
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between the functions E4 and e�, and so the iterated integrals in eq. (4.7) define a basis for

the space of all eMPLs. Second, since the coe�cients in eq. (4.9) are all ±1, the functions

E4 can be written as a Q-linear combination of e� functions, and so the E4 functions are

pure. Third, it is easy to see that eq. (4.9) has definite parity under changing the sign of

zx. Hence, the E4 functions define a pure basis of eMPLs with definite parity. Finally, the

term proportional to a Kronecker � is conventional, and added so that (cf. eq. (3.29))
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dx

x� c
, c 6= 1 . (4.10)

In this way we make manifest that ordinary MPLs are a subset of eMPLs,

E4
�

1 ... 1
c1 ... ck ;x,~a

�
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Given the properties that the iterated integrals in eq. (4.7) fulfil, we argue that this class of

functions is very well suited to express Feynman integrals that can be written in terms of

eMPLs. We will illustrate this on several non-trivial elliptic Feynman integrals in Section 5.

In the remainder of this section we study in more detail the properties of the E4 functions.

4.3 Integration kernels defining pure eMPLs

So far we have defined the kernels  ±n in eq. (4.9) only implicitly through their relation-

ship to the coe�cients of the Eisenstein-Kronecker series. In ref. [121] it was shown that

there is a one-to-one map between the g
(n) functions and the kernels  ±n defined in Sec-

tion 3. Using the results of ref. [121] we can give an explicit representation of the kernels

that appear in eq. (4.7). We present here explicitly the formulæ up to n = 1, and the

corresponding formulas for n = 2 are given in Appendix B. The extension to higher values

of n is straightforward. For n = 0, we find

 0(0, x,~a) =
1

!1
 0(0, x,~a) =

c4

!1 y
. (4.12) {eq:pure_psi0}{eq:pure_psi0}

For n = 1, we have (with c 6= 1)

 1(c, x,~a) =  1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =  �1(c, x,~a) + Z4(c,~a) 0(0, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (4.13) {eq:pure_psi1}{eq:pure_psi1}

 1(1, x,~a) = � 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =  �1(1, x,~a)�


a1

c4
+ 2G⇤(~a)
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 0(0, x,~a) =
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[a1 + 2c4 G⇤(~a)] .

The quantity G⇤(~a) in the last equation corresponds to the image of z⇤ under the function

g
(1),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (4.14) {eq:G_infty_def}{eq:G_infty_def}
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yc =
p

P4(c)
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Length and weight
For MPLs, notion of weight and length are straightforward

For eMPLs, they are not the same!

Length = weight = # of integrations (except for    )iπ

Unipotent: total differential has no homogeneous term

Semi-simple periods have length 0

Unipotent periods have length = # of integrations
Roughly speaking:

where we have introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the

weight and the length of eMPLs. Second, there is a closed formula for the total di↵erential

of an eMPL which is very reminiscent of the total di↵erential of an ordinary MPL in

eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}{eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}{eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}{eq:US_matrix}
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with g
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ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).
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case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}{eq:US_matrix}
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where we have introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the

weight and the length of eMPLs. Second, there is a closed formula for the total di↵erential

of an eMPL which is very reminiscent of the total di↵erential of an ordinary MPL in

eq. (2.5). The formula for the total di↵erential reads [125],

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!

(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!

(np�r)
p,p+1

#
,

(3.19) {eq:gamma_differential}{eq:gamma_differential}

where similarly to the case of MPLs the hat indicates that the corresponding argument is

absent, and we have introduced the shorthands

A
[r]
i ⌘

�
ni+r
zi

�
and A

[0]
i ⌘ Ai . (3.20)

In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we use the

convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms !

(n)
ij are given

by

!
(n)
ij ⌘ !

(n)(zj � zi) = (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g
(n+1)(zj � zi, ⌧) , (3.21) {eq:empl_letter}{eq:empl_letter}

with g
(�1)(z, ⌧) = 0. We note here that both ordinary and elliptic MPLs satisfy a dif-

ferential equation without homogeneous term, as can be seen from eqs. (2.5) and (3.19).

Functions of this type are called unipotent. The di↵erential equation satisfied by unipotent

functions serves as the basis to define a symbol map and a coaction on them [157]. The

coaction decomposes every MPL (elliptic or not) into a tensor product whose first entry is

itself an MPL, while the second entry is interpreted as a symbol of sorts. In the non-elliptic

case, this coaction is closely related to the coaction on ordinary MPLs [149, 158, 159] (see

also ref. [12, 18]). Details about this construction in the case of eMPLs can be found in

ref. [125].

Not all the functions encountered when working with elliptic curves are unipotent. In

particular, the periods and quasi-periods in eq. (3.1) and (3.5) give rise to non-unipotent

functions. To see how they arise, it is convenient to combine the periods and quasi-periods

into a 2⇥ 2 matrix

P =

 
!1 !2

⌘1 ⌘2

!
, (3.22)

The Legendre relation in eq. (3.8) reduces to detP = �i⇡. We can write this matrix as

the product of two matrices, P = SU , with

S =

 
!1 0

⌘1 �i⇡/!1

!
and U =

 
1 ⌧

0 1

!
. (3.23) {eq:US_matrix}{eq:US_matrix}

– 10 –
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quasi-periods
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Table 1.
tab:summary
Weight and length of the di↵erent building blocks encountered when working with elliptic

Feynman integrals.

In Section 5 we have illustrated the use of these pure eMPLs in the context of elliptic

Feynman integrals. We have analysed analytic results for elliptic Feynman integrals with up

to four external legs. If one (or more) of the scales vanish, the integrals can be expressed

in terms of ordinary MPLs of uniform weight. In all cases we observe that this weight

agrees with the weight of the eMPLs in the elliptic case. This is the first time that a

notion of uniform weight is observed in the context of Feynman integrals that evaluate

to eMPLs. Given the important role played by pure functions of uniform weight for non-

elliptic Feynman integrals, we believe that our findings will have an impact on future studis

of elliptic Feynman integrals, both for practical computations and for our understanding of

the mathematics of multi-loop integrals and scattering amplitudes in perturbation theory

in general.

Let us conclude this paper by commenting on possible implications of our work for

scattering amplitudes in the N = 4 Super Yang-Mills (SYM) theory. It is known that there

is a specific component of the two-loop 10-point N3MHV super-amplitude which is equal to

a double-box integral which cannot be expressed in terms of ordinary polylogarithms [96,

97, 119]. In ref. [119] this double-box integral was written as a one-fold integral, which can
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Weight:

We’ll see in applications that using these definitions, results
are of uniform weight
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F(
p

↵(�)|�) and E(
p

↵(�)|�) in terms of ⌧ and its derivative. Substituting these results

into eq. (4.14), we are left with

G⇤(~a) = �
�(�� 1)↵0(�)p
↵(1� ↵)(1� ↵�)

�
↵(�� 1)p

↵(1� ↵)(1� ↵�)
� 2 b�(�� 1)!1⌧

0(�) (4.19)

where 0 indicates the derivative with respect to �, and we suppressed the dependence of ↵

on �. It is very easy to compute ⌧
0(�) as

⌧
0(�) = i

d

d�

K(1� �)

K(�)
=

i⇡

(�� 1)�!
2
1

(4.20)

such that the expression above becomes

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (4.21) {eq:G_start_algebraic}{eq:G_start_algebraic}

Let us make some comments about eq. (4.21). First, we stress that eq. (4.21) is only valid

when the branch points are real and the branches of the square root are chosen according

to eq. (3.4). In other cases the formula holds up to a sign and complex conjugation, see

Appendix A. Second, eq. (4.21) assumes that ↵ and � are not independent, and that in

addition z⇤ takes the special form in eq. (4.16). Once the exact relation between ↵ and �

is known (which of course depends on the problem considered), eq. (4.21) becomes explicit

and can be used to derive the expression for G⇤(~a). In physics applications, both ↵ and

� are usually algebraic functions of the external kinematics, in which case G⇤(~a) reduces

to an (explicitly computable) algebraic function of the external kinematic data, up to the

term proportional to i⇡/!1. We will see an explicit example of this in the next section,

when we discuss results for some Feynman integrals that evaluate to pure combinations of

elliptic polylogarithms.

4.4 Properties of pure eMPLs

Before we discuss examples of Feynman integrals that can be expressed in terms of the

pure basis of eMPLs defined in the previous subsection, we summarise here some of their

properties. Most of these properties are inherited from the corresponding properties of the

E4 and e� functions, but we collect them here for completeness.

Shu✏e algebra. Just like ordinary MPLs (and iterated integrals in general), the E4

functions form a shu✏e algebra,

E4(A1 · · ·Ak;x,~a) E4(Ak+1 · · ·Ak+l;x,~a) =
X

�2⌃(k,l)

E4(A�(1) · · ·A�(k+l);x,~a) , (4.22) {eq:shuffle_cE4}{eq:shuffle_cE4}

with Ai = ( ni
ci ).

Rescaling of arguments. Just like ordinary MPLs, the E4 functions are invariant under

a simultaneous rescaling of the arguments (cf. eq. (2.3)),

E4(
n1 ... nk
p c1 ... p ck ; p x, p~a) = E4(

n1 ... nk
c1 ... ck ;x,~a) , p, ck 6= 0 . (4.23)
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≡

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1

n!
logn z .Analogue of
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x is a Feynman parameter that still needs to be integrated over the range [0, 1]. In order

to perform the integral over x, it is useful to cast this logarithm in the form of an integral

where x only appears as the upper integration limit. Since eq. (6.10) defines an elliptic

curve, it is easy to see that such an integral representation will involve eMPLs. Indeed, we

find,

f(x) = log µ2 + E4(�1
1 ;x,~a)� E4

⇣ �1
µ2

µ2�µ1
;x,~a

⌘
� E4

��1
0 ;x,~a

�

� E4
��1

1 ;x,~a
�
� 4⇡i E4( 0

0 ;x,~a) .
(6.12) {eq:kite_example}{eq:kite_example}

We see that every term in the right-hand side has weight one, just like the logarithm in

eq. (6.9). We stress that it is crucial that the weight is not identified with the number of

integrations, because otherwise the last term in eq. (6.12) would not have weight one. We

have derived a large variety of identities of this type up to weight three, and in all cases we

observe that the weight is conserved. We therefore conjecture that this observation holds

in general, and extends the corresponding property for ordinary MPLs.

Name Unipotent Length Weight

Rational Functions No 0 0

Algebraic Functions No 0 0

i⇡ No 0 1

⇣2n No 0 2n

⇣2n+1 Yes 0 2n+ 1

log x Yes 1 1

Lin(x) Yes n n

G(c1, . . . , ck;x) Yes k k

!1 No 0 1

⌘1 No 0 1

⌧ Yes 1 0

g
(n)(z, ⌧) No 0 n

h
(n)
N,r,s(⌧) No 0 n

Z4(c,~a) No 0 0

G⇤(~a) No 0 0

E4(
n1 ... nk
c1 ... ck ;x,~a) Yes k

P
i |ni|

e�( n1 ... nk
z1 ... zk ; z, ⌧) Yes k

P
i ni

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
Yes k

P
i ni

Table 1.
tab:summary
Weight and length of the di↵erent building blocks encountered when working with elliptic

Feynman integrals.

7 Conclusion
{sec:conclusions}

In this paper we have introduced a generalisation of the notion of pure functions that goes

beyond the case of ordinary MPLs studied in the literature [14, 23]. This definition of

– 31 –



Applications

1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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•    2-point functions

•    3-point functions

•    4-point functions

— Broedel, Duhr, Dulat, Penante, Tancredi (to appear) — 

— Aglietti, Bonciani ’07 — — Tancredi, von Manteuffel ’17 — 

— Henn, Smirnov ’13 — 
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Step by step

1. Start from Feynman parametric integral

2. Do as many integrals as possible in terms of MPLs G

3. Reach a representation of the type

4. Rewrite                       as 

5. Integrate in terms of eMPLs

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

Lin(z) = G(0, . . . , 0, 1; z)
<latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit><latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit><latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit><latexit sha1_base64="FpUzpUbKp9xZEWgab/spI/zXRoU="></latexit> I =

Z 1

0

dx

y
⇥ (bunch of Gs)

<latexit sha1_base64="C5EixwqzwR4Z+o/+GzpL3KWzlQE="></latexit><latexit sha1_base64="C5EixwqzwR4Z+o/+GzpL3KWzlQE="></latexit><latexit sha1_base64="C5EixwqzwR4Z+o/+GzpL3KWzlQE="></latexit><latexit sha1_base64="C5EixwqzwR4Z+o/+GzpL3KWzlQE="></latexit>

(bunch of Gs)
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roots, the original integrand is a purely rational object. Hence, the final analytic

result including square roots must be independent of the choice of the branch of the

root. This implies that the pure function part must have definite ‘parity’ with respect

to the operation of changing the sign of the root. For example, we see that the one-

loop bubble integral in eq. (2.7) is independent of the sign of the square root, and

both the algebraic prefactor and the pure function part are odd functions. In the case

of eMPLs, changing the sign of the square root corresponds to the operation (x, y) $

(x,�y). Since (x, y) = ((z,~a), c4 0(z,~a)), this operation corresponds on the torus

to changing the sign of z. We would thus like to have a basis of pure functions that

have definite parity under this operation. The basis e� does not have this property,

and we prefer to work with an alternative basis that makes this symmetry manifest.

2. From the mathematical point of view, elliptic curves and the functions associated

to them are most naturally studied in terms of complex tori and the coordinate z.

Feynman integrals, however, are more naturally expressed in terms of the variables

(x, y), because these variables are more directly related to the kinematics of the

process under consideration. We would therefore like to have a basis of pure eMPLs

formulated directly in terms of the variables (x, y).

4.2 Pure elliptic multiple polylogarithms
{sec:pure_eMPLs}

In this section we introduce a new class of iterated integrals on the elliptic curve defined

by the polynomial equation y
2 = P4(x) with the following properties:

1. They form a basis for the space of all eMPLs.

2. They are pure.

3. They have definite parity.

4. They manifestly contain ordinary MPLs.

The definition reads

E4(
n1 ... nk
c1 ... ck ;x,~a) =

Z x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) , (4.7) {eq:cE4_def}

with ni 2 Z and ci 2
bC. Equation (4.7) is of course equivalent to the di↵erential equation,

@xE4(
n1 ... nk
c1 ... ck ;x,~a) =  n1(c1, x) E4(

n2 ... nk
c2 ... ck ;x,~a) . (4.8) {eq:cE4_derivative}

The length and the weight are specified in analogy with the case of the E4 functions in

eq. (3.24). The integration kernels are defined implicitly through the identity (for n � 0)

dx ±n(c, x,~a) (4.9) {eq:Psi_to_gh}

= dzx

h
g
(n)(zx � zc, ⌧)± g

(n)(zx + zc, ⌧)� �±n,1

⇣
g
(1)(zx � z⇤, ⌧) + g

(1)(zx + z⇤, ⌧)
⌘i

.

It is easy to check that the class of functions defined in this way satisfies the four properties

outlined above: First, there is a one-to-one map between the kernels  ±n and the functions

– 15 –

 n(. . . , x,~a)E4(. . . ;x,~a)
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Ex 1: Sunrise first master

3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.

5.2 The two-loop sunrise integral
{sec:pure_sunrise}

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find

S1(p
2
,m

2) = �
!1

(p2 +m2) c4
T1(p

2
,m

2) , (5.1) {eq:pure_sunrise}

with

T1(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
1 + ✏T

(1)
1 +O(✏2)

i
, (5.2) {eq:T1_def}

and

T
(0)
1 = 2E4

�
0 �1
0 1 ; 1,~a

�
+ E4

�
0 �1
0 0 ; 1,~a

�
+ E4

�
0 �1
0 1 ; 1,~a

�
, (5.3) {eq:sunrise_1_T}

T
(1)
1 = �4E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a1 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a2 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a3 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a4 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 1 ; 1,~a

�

+ 2E4
�

0 �1 1
0 1 0 ; 1,~a

�
+ 2E4

�
0 �1 1
0 1 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 0 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 1 1 ; 1,~a

�

� 2E4
�

0 �1 1
0 0 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 0 1 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 1 ; 1,~a

�

+ 6i⇡E4( 0 0 1
0 0 0 ; 1,~a) + 6i⇡E4( 0 0 1

0 0 1 ; 1,~a) + 3E4
�

0 1 �1
0 0 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 0 1 ; 1,~a

�

+ 3E4
�

0 1 �1
0 1 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 1 1 ; 1,~a

�
+ ⇣2 E4( 0

0 ; 1,~a) .

The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in

1
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Semi-simple Unipotent

3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.

5.2 The two-loop sunrise integral
{sec:pure_sunrise}

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find

S1(p
2
,m

2) = �
!1

(p2 +m2) c4
T1(p

2
,m

2) , (5.1) {eq:pure_sunrise}

with

T1(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
1 + ✏T

(1)
1 +O(✏2)

i
, (5.2) {eq:T1_def}

and

T
(0)
1 = 2E4

�
0 �1
0 1 ; 1,~a

�
+ E4

�
0 �1
0 0 ; 1,~a

�
+ E4

�
0 �1
0 1 ; 1,~a

�
, (5.3) {eq:sunrise_1_T}

T
(1)
1 = �4E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a1 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a2 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a3 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a4 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 1 ; 1,~a

�

+ 2E4
�

0 �1 1
0 1 0 ; 1,~a

�
+ 2E4

�
0 �1 1
0 1 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 0 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 1 1 ; 1,~a

�

� 2E4
�

0 �1 1
0 0 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 0 1 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 1 ; 1,~a

�

+ 6i⇡E4( 0 0 1
0 0 0 ; 1,~a) + 6i⇡E4( 0 0 1

0 0 1 ; 1,~a) + 3E4
�

0 1 �1
0 0 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 0 1 ; 1,~a

�

+ 3E4
�

0 1 �1
0 1 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 1 1 ; 1,~a

�
+ ⇣2 E4( 0

0 ; 1,~a) .

The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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Let us discuss eq. (5.1). First, we see that eMPLs in eq. (5.3) have uniform weight.

It is natural to assign weight one also to !1 = 2K(�), because lim�!0 K(�) = ⇡
2 . If we

assign weight �1 to the dimensional regularisation parameter ✏, we see that all the terms

in eq. (5.1) have uniform weight two. This is in agreement with the weight of the sunrise

integral with at least one massless propagator, which can be expressed in terms of ordinary

MPLs. Second, the prefactor multiplying the pure eMPLs in eq. (5.1) corresponds to the

maximal cut of the sunrise integral computed in two dimensions,

Cut[S1(p
2
,m

2)|D=2] = �
!1

(p2 +m2) c4
. (5.4)

In other words, we find that the sunrise integral can be cast in a form which is very

reminiscent of the non-elliptic case, cf. eq. (2.10),

S1(p
2
,m

2) = Cut[S1(p
2
,m

2)|D=2]⇥ T1(p
2
,m

2) . (5.5)

In ref. [114] also the master integral S2 defined in eq. (4.2) was computed in terms of

the eMPLs E4. Performing the same steps as for S1, we find the following representation

for the three-propagator master integrals for the sunrise family,
 
S1(p2

,m
2)

S2(p2
,m

2)

!
=

 
⌦1 0

H1 �
2

m2(p2+m2)(p2+9m2) ⌦1

! 
T1(p2

,m
2)

T2(p2
,m

2)

!
, (5.6)

where the entries in the matrix in the right-hand side are semi-simple objects,

⌦1 = �
!1

c4 (m2 + p2)
,

H1 = �
4c4⌘1

m2 (9m2 + p2)
�

!1
�
15m4 + 12m2

p
2 + p

4
�

6c4m2 (m2 + p2)2 (9m2 + p2)
.

(5.7)

We note that the function H1 is precisely the maximal cut of the second master integral,

Cut[S2(p
2
,m

2)|D=2] = �
1

3

@

@m2
Cut[S1(p

2
,m

2)|D=2] = H1 . (5.8)

The structure of this matrix is very reminiscient of the matrix of semi-simple periods in

eq. (3.23). The function T1 is the pure part of S1 defined in eq. (5.9). The function T2 is

a new pure building block given by

T2(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
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(5.10) {eq:sunrise_2_T}

[CD: Need to add O(✏) of 2nd master.]

Let us conclude this section with a few comments. First, we see that all the arguments

of the elliptic polylogarithms are drawn from the set {0, 1,1, a1, . . . , a4}. For concreteness

we work in the Euclidean region where the branch points in eq. (4.4) are pairwise complex
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MPLs. Second, the prefactor multiplying the pure eMPLs in eq. (5.1) corresponds to the

maximal cut of the sunrise integral computed in two dimensions,

Cut[S1(p
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2)|D=2] = �
!1

(p2 +m2) c4
. (5.4)

In other words, we find that the sunrise integral can be cast in a form which is very

reminiscent of the non-elliptic case, cf. eq. (2.10),
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2) , (5.5)

where T1 is a pure function of uniform weight.

In ref. [115] also the master integral S2 defined in eq. (4.2) was computed in terms of

the eMPLs E4. Performing the same steps as for S1, we find the following representation

for the three-propagator master integrals for the sunrise family,
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where the entries in the matrix in the right-hand side are semi-simple objects,
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We note that the function H
(0)
1 is precisely the maximal cut of the second master integral,
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@

@m2
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1 . (5.9)

The matrix has been determined empirically through order ✏1 . The structure of this matrix

is very reminiscient of the matrix of semi-simple periods in eq. (3.23). The function T1 is

the pure part of S1 defined in eq. (5.2). The function T2 is a new pure building block given

by

T2(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
2 + ✏T

(1)
2 +O(✏2)

i
, (5.10)
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Just like
non-elliptic

case



3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.

5.2 The two-loop sunrise integral
{sec:pure_sunrise}

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find

S1(p
2
,m

2) = �
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2) , (5.1) {eq:pure_sunrise}

with

T1(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
1 + ✏T

(1)
1 +O(✏2)

i
, (5.2) {eq:T1_def}
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The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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4.1 Motivation

A priori, it is not entirely clear how to extend the definition of pure functions to the elliptic

case, thus we approach the issue by analysing available results for Feynman integrals that

evaluate to eMPLs. A naive definition of a pure elliptic Feynman integral could consist

in considering Q-linear combinations of elliptic polylogarithms E4 of the same length or

weight. Such a naive definition, however, soon reaches its limits, as we now demonstrate.

In ref. [115] the two-loop sunrise integral in D = 2 � 2✏ with three equal masses was

computed in terms of E4 functions. More precisely, consider the family of integrals

Sn1n2n3(p
2
,m

2) = �
e
2�E✏

⇡D

Z
d
D
k d

D
l

(k2 �m2)n1(l2 �m2)n2((k + l + p)2 �m2)n3
, (4.1)

with ni 2 N. Using IBP identities, every integral in this family can be written as a linear

combination of the following three master integrals,

S0(p
2
,m

2) = S110(p
2
,m

2) ,

S1(p
2
,m

2) = S111(p
2
,m

2) ,

S2(p
2
,m

2) = S112(p
2
,m

2) .

(4.2)

S0 is the product of two one-loop tadpole integrals and will not be discussed any further.

For now, we focus only on the master integral S1, and we return to S2 in Section 5. The

result for S1 reads [115]

S1(p
2
,m

2) =
1

(m2 + p2)c4

"
1

c4
E4( 0 0

0 0 ; 1,~a)� 2E4
�
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�
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�
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�

� E4
�

0 �1
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�
� E4( 0 1
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#
+O(✏) ,

(4.3)

where the vector of branch points ~a is

~a =

✓
1

2
(1 +

p
1 + ⇢),

1

2
(1 +

p
1 + ⇢),

1

2
(1�

p
1 + ⇢),

1

2
(1�

p
1 + ⇢)

◆
. (4.4)

with

⇢ = �
4m2

(m+
p
�p2)2

and ⇢ = �
4m2

(m�

p
�p2)2

. (4.5)

The result for S1 in eq. (4.3) is not pure (not even up to an overall algebraic factor),

because not all the E4 functions are multiplied by rational numbers, but the first term

in square brackets is multiplied by the algebraic function 1/c4. There is, however, strong

motivation to believe that the two-loop sunrise integral in D = 2 � 2✏ dimensions should

define a pure function of some sort: First, while eq. (4.3) was obtained by integrating

the Feynman parameter representation for S1, the corresponding result obtained from

dispersion relations can be written as a Q-linear combination of E4 functions, and no

additional algebraic prefactor is needed [115]. Second, in the case where at least one

propagator is massless, the integral can be evaluated in terms of pure linear combination
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3. The non-planar three-point functions (fig. 1c&d) in D = 4� 2✏ were first considered

in ref. [94, 115]. We have evaluated them in terms of a pure combination of eMPLs

of uniform weight four [146], in agreement with the case of massless propagators,

which is known to give rise to non-elliptic functions of uniform weight four [163–166].

We will illustrate this in detail in Section 5.3 on the example of the graph shown in

fig. 1d.

4. The four-point function in fig. 1e in D = 4 � 2✏ was computed in ref. [30] in terms

of Chen iterated integrals of logarithmic one-forms of weight four. We find that it

can also be expressed in terms of eMPLs of uniform weight four [147]. This is in

agreement with the observation that in the non-elliptic case four-point functions in

four dimensions give rise to functions of weight four.

We believe that these examples give strong evidence that there is a natural way to extend

the notion of Feynman integrals of uniform weight beyond the case of ordinary MPLs, and

this notion of weight agrees with the weight known in non-elliptic cases. In the remainder

of this section we illustrate this on some simple examples.

5.2 The two-loop sunrise integral
{sec:pure_sunrise}

We start by rewriting the two-loop equal-mass sunrise integral in eq. (4.3) in terms of pure

eMPLs. In order to do this, we invert the relations in eq. (4.12) and eq. (4.13) to express

 0 and  ±1 in terms of  0 and  ±1. We find

S1(p
2
,m

2) = �
!1

(p2 +m2) c4
T1(p

2
,m

2) , (5.1) {eq:pure_sunrise}

with

T1(p
2
,m

2) =

✓
m

2

�p2

◆�2✏ h
T

(0)
1 + ✏T

(1)
1 +O(✏2)

i
, (5.2) {eq:T1_def}

and

T
(0)
1 = 2E4

�
0 �1
0 1 ; 1,~a

�
+ E4

�
0 �1
0 0 ; 1,~a

�
+ E4

�
0 �1
0 1 ; 1,~a

�
, (5.3) {eq:sunrise_1_T}

T
(1)
1 = �4E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a1 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 4E4

�
0 1 �1
0 a2 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a3 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a3 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a1 1 ; 1,~a

�

� 2E4
�

0 1 �1
0 a4 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a4 1 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 0 ; 1,~a

�
� 2E4

�
0 1 �1
0 a2 1 ; 1,~a

�

+ 2E4
�

0 �1 1
0 1 0 ; 1,~a

�
+ 2E4

�
0 �1 1
0 1 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 0 1 ; 1,~a

�
+ 6E4

�
0 1 �1
0 1 1 ; 1,~a

�

� 2E4
�

0 �1 1
0 0 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 0 1 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 0 ; 1,~a

�
� 2E4

�
0 �1 1
0 1 1 ; 1,~a

�

+ 6i⇡E4( 0 0 1
0 0 0 ; 1,~a) + 6i⇡E4( 0 0 1

0 0 1 ; 1,~a) + 3E4
�

0 1 �1
0 0 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 0 1 ; 1,~a

�

+ 3E4
�

0 1 �1
0 1 0 ; 1,~a

�
+ 3E4

�
0 1 �1
0 1 1 ; 1,~a

�
+ ⇣2 E4( 0

0 ; 1,~a) .

The entries in the vector ~a are given in eq. (4.4). We work in a region where the branch

points are pairwise complex conjugate, so that P4(x) = (x � a1) . . . (x � a4) is positive

definite for real x. We choose the branches of the square root in that region such thatp
P4(x) > 0 for all real values of x.
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case, thus we approach the issue by analysing available results for Feynman integrals that

evaluate to eMPLs. A naive definition of a pure elliptic Feynman integral could consist

in considering Q-linear combinations of elliptic polylogarithms E4 of the same length or

weight. Such a naive definition, however, soon reaches its limits, as we now demonstrate.
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S0 is the product of two one-loop tadpole integrals and will not be discussed any further.

For now, we focus only on the master integral S1, and we return to S2 in Section 5. The

result for S1 reads [115]
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The result for S1 in eq. (4.3) is not pure (not even up to an overall algebraic factor),

because not all the E4 functions are multiplied by rational numbers, but the first term

in square brackets is multiplied by the algebraic function 1/c4. There is, however, strong

motivation to believe that the two-loop sunrise integral in D = 2 � 2✏ dimensions should

define a pure function of some sort: First, while eq. (4.3) was obtained by integrating

the Feynman parameter representation for S1, the corresponding result obtained from

dispersion relations can be written as a Q-linear combination of E4 functions, and no

additional algebraic prefactor is needed [115]. Second, in the case where at least one

propagator is massless, the integral can be evaluated in terms of pure linear combination
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The second master

Let us discuss eq. (5.1). First, we see that eMPLs in eq. (5.3) have uniform weight.

It is natural to assign weight one also to !1 = 2K(�), because lim�!0 K(�) = ⇡
2 . If we

assign weight �1 to the dimensional regularisation parameter ✏, we see that all the terms

in eq. (5.1) have uniform weight two. This is in agreement with the weight of the sunrise

integral with at least one massless propagator, which can be expressed in terms of ordinary

MPLs. Second, the prefactor multiplying the pure eMPLs in eq. (5.1) corresponds to the

maximal cut of the sunrise integral computed in two dimensions,
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. (5.4)

In other words, we find that the sunrise integral can be cast in a form which is very

reminiscent of the non-elliptic case, cf. eq. (2.10),
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In ref. [114] also the master integral S2 defined in eq. (4.2) was computed in terms of

the eMPLs E4. Performing the same steps as for S1, we find the following representation

for the three-propagator master integrals for the sunrise family,
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1 Triangle with massive loop

In this first application, we consider the two-loop non-planar triangle integral with a

massive loop shown in Figure 1. This integral involves two massless propagators and a

massive loop with four propagators with mass m. Two external legs are massless, i.e.

p21 = p22 = 0 and we set our kinematic variable S = �2(p1 · p2). The two loop integral

in question is then

I =

Z
ddk1d

dk2
(i⇡)4

1
Q6

i=1 Di

, (1.1)

where

D1 = k2
1 �m2, D3 = (k1 � p1)

2 �m2, D5 = (k1 � k2 � p1)
2,

D2 = k2
2 �m2, D4 = (k2 � p2)

2 �m2, D6 = (k2 � k1 � p2)
2.

(1.2)

Figure 1. Triangle with massive loop.

The family of integrals related to (1.1) was studied in [] by means of the di↵erential

equations method and written as integrals over elliptic integrals of the first and second

kinds multiplied by ordinary polylogarithms and rational functions.

Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in

terms of MPLs. In order to perform the last integration, we rewrite the integrand as

kernels of the elliptic multiple polylogarithms introduced in []. We present our result in

terms of elliptic polylogarithms defined on the elliptic curve and also on the torus. Part

of the result, when written as a function on the torus, depends on rational points for

the congruence subgroup �(4) ⇢ SL(2,Z), which can be expressed as iterated integrals

over Eisenstein series [].

Our task is to find an order of integration of the Feynman parameters so that linear

reducibility is achieved and all integrals apart from the last one can be performed in
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Here we perform a direct integration over the Feynman parametrisation of this

integral and show that all integrations up to the penultimate can be performed in
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of the result, when written as a function on the torus, depends on rational points for
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Our task is to find an order of integration of the Feynman parameters so that linear
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2 �m2, D5 = (k1 � k2 � p1)

2,

D2 = k22 �m2, D4 = (k2 � p2)
2 �m2, D6 = (k2 � k1 � p2)
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— Tancredi, von Manteuffel ’17 — Ex 2:      productiont t̄

a = m2/S
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In terms of pure eMPLs       :E4
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and we have introduced the shorthands

r± =
1

2
(1�

p
1± 4a) . (5.27)

We see that the functions T0 and T± have uniform weight three. Recalling that we had

assigned weight one to the period !1, we see that T has uniform weight four, at least for

the leading term in the ✏ expansion, though we believe that this holds in general. This

agrees with the case of massless propagators, which is known to give rise to a function of

uniform weight four [163–166].

6 Pure building blocks

The aim of this section is to provide a concise summary of the length and weight of the

di↵erent building blocks of uniform weight that we have encountered in our work, together

with the motivation why this weight or length is assigned to a given object.

6.1 The length of a period

We start by analysing the length of a period. In the case of MPLs, both ordinary and

elliptic, we have defined the length as the number of integrations. Here we present an

alternative definition which seems more widely applicable and reduces to the naive defi-

nition as the number of iterated integrations in the case of MPLs and eMPLs. Loosely

speaking, the length is defined as the minimal number of iterated di↵erentiations needed

to annihilate a given unipotent period. The discussion is inspired by, and follows closely,

the construction of the coradical filtration in Section 2.5 of ref. [157].

We start by recalling that we can define a coaction on unipotent periods. We only

present the main points, and we refer to ref. [126, 157] for a more detailed exposition.

Let us consider a vector (U1, . . . , Up)T of unipotent periods. By definition, it satisfies a

unipotent di↵erential equation, i.e., a di↵erential equation without homogeneous term. In

other words, we can write

dUi =
pX

j=1

AijUj , (6.1)

– 29 –
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to annihilate a given unipotent period. The discussion is inspired by, and follows closely,

the construction of the coradical filtration in Section 2.5 of ref. [157].
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present the main points, and we refer to ref. [126, 157] for a more detailed exposition.
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where we defined ⇠ = 1/(1�z). As it is easy to see, the result is expressed in terms of MPLs

and eMPLs of uniform weight three. We stress that, in spite of the explicit imaginary parts

in eq. (5.22), the result is real for 0 < z < 1. We have checked eq. (5.22) agrees numerically

with the Feynman parameter representation for the kite integral. We observe that z⇠ is

not a rational point, so individual eMPLs in eq. (5.22) cannot be expressed in terms of

iterated integrals of modular forms, even though it is known that this is the case for the

kite integral [145]. We stress that this is not a contradiction, and the ⇠-dependence can

cancel in the combination in eq. (5.22). Since the purpose of this paper is only to show

that the kite integral evaluates to a pure function of weight three, we do not investigate

this further.

5.4 Elliptic two-loop three-point functions

In this section we consider a three-point function with a massive closed loop in D = 4� 2✏

dimensions (see fig. 1d),

T (q2
,m

2) = (5.23)

�
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k d
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,

with

p
2
1 = p

2
2 = 0 , (p1 + p2)

2 = q
2
.

This integral contributes to tt̄ production at two loops, as well as to two-loop processes like

the production of a pair of photons or jets, or a massive weak or Higgs boson in association

with a jet. It was computed for the first time using the di↵erential equations technique

in ref. [116], where it was expressed in terms of iterated integrals over complete elliptic

integrals. We now show that this integral can be expressed in terms of eMPLs in a natural

way. The details of the computation will be presented elsewhere [147], while here we only

present the final result. Seen as a function of q2, T (q2
,m

2) develops a discontinuity as

q
2
� 0 and as q

2
� 4m2. For the scope of this paper, we limit ourselves to consider the

Euclidean region where q
2
< 0, and we find
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Uniform weight 4!

In terms of pure eMPLs       :E4
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Back to the real world

The elliptic double box of N=4 SYM

In Section 5 we have illustrated the use of these pure eMPLs in the context of elliptic

Feynman integrals. We have studied analytic results for elliptic Feynman integrals with up

to four external legs. If one (or more) of the scales vanish, the integrals can be expressed

in terms of ordinary MPLs of uniform weight. In all cases we observe that this weight

agrees with the weight of the eMPLs in the elliptic case. This is the first time that a

notion of uniform weight is observed in the context of Feynman integrals that evaluate

to eMPLs. Given the important role played by pure functions of uniform weight for non-

elliptic Feynman integrals, we believe that our findings will have an impact on future studies

of elliptic Feynman integrals, both for practical computations and for our understanding of

the mathematics of multi-loop integrals and perturbative scattering amplitudes in general.

Let us conclude this paper by commenting on possible implications of our work for

scattering amplitudes in the N = 4 Super Yang-Mills (SYM) theory. It is known that there

is a specific component of the two-loop 10-point N3MHV super-amplitude which is equal to

a double-box integral which cannot be expressed in terms of ordinary polylogarithms [96,

97, 119]. In ref. [119] this double-box integral was written as a one-fold integral, which can

schematically be represented as (cf. eq. (2) of ref. [119]),

I
ell
db ⇠

Z
d↵p
Q(↵)

G3(↵) , (7.1)

where Q(↵) denotes a quartic polynomial in ↵ whose coe�cients depends on the dual

conformally invariant cross ratios, and G3(↵) denotes a pure combination of MPLs of weight

three. So far it is not known if this integral can be evaluated in terms of eMPLs, because

the arguments of the MPLs in G3(↵) are algebraic functions of ↵ that involve not only the

square root
p
Q(↵), but also additional square roots with a quadratic dependence on ↵.

We can, however, use results from this paper to analyse the weight of Iell
db. We can write

I
ell
db ⇠

!1

c4
T

ell
db with T

ell
db =

Z
d↵ 0(0,↵)G3(↵) , (7.2) {eq:edb}{eq:edb}

where !1 denotes one of the periods of the elliptic curve defined by the polynomial equation

�
2 = Q(↵) and  0(0,↵) is defined in eq. (4.12). We see that T ell

db defines a pure function of

length four and weight three. Since !1 has weight one, we conclude that Iell
db has uniform

weight four. This is in agreement with known results for two-loop amplitudes in N = 4

SYM that evaluate to ordinary MPLs, and hints towards the fascinating possibility of an

extension of the principle of uniform transcendentality beyond the the case of ordinary

MPLs.
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Using

— Caron-Huot, Larsen ’12 / Nandan, Paulos, Spradlin, Volovich ’14 /  
Bourjaily, McLeod, Spradlin, von Hippel, Wilhelm ’17— 

 0(0, x,~a) =
c4
!1y
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Conclusions

•   First step into defining a concept of purity and uniform weight in the 
elliptic case, worked out several examples

•    Both conceptual and practical relevance — in the end we are interested 
in computing amplitudes and obtaining reliable analytical expressions

•   Purity is of great relevance in the MPL case (differential equations), 
hopefully soon we will have a similar understanding for elliptic Feynman 
integrals too

•   Not the end, integrals with multiple elliptic curves, more complicated 
geometries, etc.

•    Lots to do still, but we are definitely moving forward!

[Jake’s talk]— Adams, Chaubey, Weinzierl ’18 — 
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Grazie! 🍕
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