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Introduction

® in high energy scattering, sometimes
masses may be neglected; symmetry
enhanced from Poincare to conformal
symmetry

® broad applications: gauge theories, Yukawa
vertices, ¢*; > in D=6 dimensions

® most studies so far deal with correlation
functions in position space; what are the
consequences for on-shell scattering
processes!



Symmetry for finite hard functions
L . V. HIGHARD FEYNMAN
® application: complicated e
amplitudes from symmetry? vg‘ e
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® two quantum sources of symmetry breaking:
soft/collinear and ultraviolet effects

[Figure: L. Dixon, |.Phys
A44 (2011) 454001]

® this talk: study effect of symmetry on finite
‘remainder functions , i.e. hard processes



Plan of the talk

(Loop-level) conformal Ward identities

Application: bootstrapping 5-particle integrals

Superconformal symmetry: from 2nd order
PDE to Ist order PDE

First result for a non- \

trivial hexa-box integral < /\

/




Conformal symmetry

® important in many areas: string theory,
AdS/CFT, conformal bootstrap, solid state
physics, mathematics

® all local (re)scalings of the measure
- Poincare group,
- dilations, x* — xx*

xP — pHx?

- special conformal boosts x* - T 2(b x) 1 2

— conformal map —

® powerful symmetry!



Conformal symmetry: momentum space

® off-shell special conformal generator K,

KZ — _q,u q —|— 2q”6’qu5’qu —I— 2(D — A)ﬁqu

Conformal dimension A
® amputate external legs; on-shell generator K,

® in D=4, simple spinor-helicity form  [Witten 2003]
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® conformal invariance:

(ZK“) (p1,...pn) =0




Examples of conformal interactions

® at classical level ¢4 , e.g. six-particle scattering

5(6>(Z¢Pi)
Tg = '
(p1 + p2 + p3)

1
K To = 69() p;) K* =0
° (ZL:}? ) (p1 + P2 + p3)”

® 3|l tree-level gluon amplitudes
KAZ(pr - pn) = 0
® Questions:

— what modifications are needed at loop level?

— how powerful are these symmetries?



Holomorphic anomaly

® tree-level MHV amplitude of n gluons

v _ (12269 (550 0, %)

n,tree <23> <34> o <n1> <U> — )\I'Oéeaﬁ)\jﬁ
® hO|OmOI"PhiC anomaly [Cachazo, Svrcek, Witten 2004]
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® anomaly of tree amplitudes is localized on collinear

configurations of particles (contact terms)
[Beisert et al. 2009]

® studied at level of cuts (discontinuities)

of IOOP amplitudes [Korchemsky and Sokatchev, 2009]
[Beisert et al. 201 0]

® here: study directly for loop corrections



6D vertex function ¢’
[Chicherin and Sokatchey, 201 8]

® mixed off-shell/on-shell object

¢ # 0 p? =0
>— = (9(q) o(—=a—p) | (P) )g
(g +p)* #0

1
(g* +i0)((g + p)? + i0)
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6D vertex function ¢’
[Chicherin and Sokatchey, 201 8]

® mixed off-shell/on-shell object

¢* #0 p? =0
>— = (¢(q) (=g —p) | #(p) )g
(q+p)*>#0

1

Koz ) (@ i0)(a + P22+ 10)

1
— 4in3 i / de €(1 — €)6®(q + £p)
0

® anomaly is contact type and lives p .

on collinear configurations g~ p o



Conformal Ward identities
[Chicherin and Sokatchey, 201 8]

® contact anomaly localizes loop integration

/d%ﬁ-@.. — /1 de&(1-€)Z(qg = —€p, ...)
q 0

® system of inhomogeneous 2nd order PDE



Example
[Chicherin and Sokatchey, 201 8]

® consider 6-D two-mass box
(corresponds to finite part of 4-D box)

built from conformal ¢° vertices

® conformal anomaly (2nd-order inhom. DE)
K=K+ Ky +K§ + K

( P1 P2 \ p?\ /]92 p1\\ P2
K* @ = + ,
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Bootstrap of multi-loop integrals

® 2nd order DE are difficult to solve, but they
are efficient for the bootstrap! b b

P2

® example: 6-D scalar penta-box

— 5-particle scattering: 3| -letter "

pP1

alphabet [Gehrmann, JMH, Lo Presti, 2015] [Chicherin, JMH, Mitey, 2018]

— ansatz of weight-5 integrable symbols

S(Ls) = —= Z Cir..is (Wi @ ... @ W), A = det(p; - p))

— |61 free coefficients; uniquely fixed by just
onhe projection

(n-K)S(Zs) = (n-p1)A1 + (n- p3)As, (n-pi)=0 at i=2,4,5



Summary of this part

® Conformal symmetry: anomalous Ward
identities for K, are 2nd order DE that are
hard to solve

® knowing the function alphabet (and leading
singularities) we can bootstrap the answer

Next:

® Superconformal symmetry yields Ist order PDE

® They can be integrated directly! No assumptions
about alphabet!



N=I1 matter supergraphs with on-shell states
® W.Z model in 4D; off-shell super fields

B(x,0) = ¢(x)+0"a(x)+(0)*F(x), D(x,0) = ¢(x)+0a9* (x)+(0)*F(x)

N e

i
Sy = / d*x d20d29 <T>q>+% / d*x d20 3 +% / d*x d29 3

® Classical superconformal symmetry su(2,2]|1)

® Two superstates with 7 = \;0¢

state || [¢) | @) | ) | [¥) V(p,n) = [) +n|d)
®(p,n) = |¢) + nlv)

helicity || =3 | 0 | 0 | 2



helicity classification

® superamplitudes N=m+n,m &(p,n) ,n V(p,n)
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five-particle AV superamplitudes

we consider f‘nite amplitude supergraphs

o
ANMHV *Q — 5(®)(P) 5<2>(Q) = Z({\,X})
O Rcharge 3

supercharges Qo =2 MNas Qo= Nags

unique superinvariant at five points

R==0 = =ik = nilik] + nilki] + nklif] [i] == Rae®X;
— single bosonic function (Feynman integral) 7 !

S-susy gives rise to twistor collinearity operator

(Sa 2 S} = (Fidar = DKo+ [kl =+ [if] 2

% oxe " ane

[Witten 2003]



Ward identities for 5-point integrals

. . . . . [Arkani-Hamed, Bourjaily,
® integrals with magic numerators =, ..o Tinka 2010]

4

ANMIY — <}\ — IO = 2
ANMHV < /\+ . 2(2)({)\ )\} ‘<> A

® S-variation of 4 anomalous
® PDE for Feynman integral z!”({),1}) with
collinearity operator

= ) )\O‘/ de AU=D (g, {\ A}

r=1,2,3,4




Solving the DE for the non-planar hexa-box

® five-particle kinematics Z = Z(x1, x2, X3, xa)

x1=—1— >4 ., o Xo = —1— >14 X3 = [12][34] . [23][45]

S5 S5 T 231e1] Tt [34][52]

® \Ward identity

aI(xl,xz,X3,x4) — a1 dlog x1 + as dlog x

\ 4
= - 2 = +ap dlo 1 —x1 %)
- 2 4108 T50) 06— Dxa +(1+x1) (e —1)
/1

~ 1—x7x0
a3 d10g oy T e

where d = dx; Ox, + dx2 Ox, ; ak — anomaly of k-th leg, weight-3 pure functions

® boundary conditions |
— I(xa= -1, =-1)=0,l.e.at Sia = 0

— OR: from absence of unphysical cuts !
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Current status hexa-box integrals

® first result for a non- \

trivial hexa-box integral N /\
[Chicherin, JMH, Sokatchey, 2018] \/
in agreement with conjectured non-

planar pentagon function alphabet [Chicherin, JMH, Mitev, 201 8]

—

/

® |BP reductions [Bohm, Georgoudis, Larsen, Schonemann, Zhang, 2018]

e differential equations for all hexa-box integrals
[Abreu, Page, Zeng, 2018]

e differential equations and solution
[Chicherin, Gehrmann, Lo Presti, [MH, Mitev, Wasser, 201 8]

agrees with result for superconformal integral



Further applications

® six-particle M HV supergraphs (single bosonic function)

+ D1
q4 q1
Dé \ / P2 Ql q3
s S 0 f AN De / qz G
* P4

® six-particle NMHYV supergraph (two bosonic functions)

Pe T / P1
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Summary
® Conformal symmetry (2nd order PDE)

— anomalous Ward identity of Feynman diagrams

— efficiently solved using bootstrap assumptions
—> [see talk at Loops & Legs 2018 by S. Zoia]

® Superconformal symmetry (lst order PDE)

— 4-D Wess-Zumino model of N=1 matter

— Ward identities easy to solve, no assumptions needed

® Future directions:

— include N=1 gauge sector

— study interplay with beta function



Thank you!



