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The Diagrammatic Coaction: Motivation

• Many Feynman diagrams evaluate to Multiple polylogarithms (MPLs). 
MPLs admit a coaction, which maps complicated objects into simpler ones.  
The coaction has many applications including simplifying expressions and taking 
discontinuities. 


• Can Feynman integrals themselves be endowed with a coaction?  
 
The idea that there should be a Hopf Algebra on Feynman graphs / integrals that reproduces 
the one on MPLs was an inspiration for research over many years [Kreimer, Brown].  

• At one loop we now have an explicit construction in dimensional regularisation with a 
simple graphical interpretation involving contractions and cuts.  

• This algebraic structure encodes the analytic properties of the integrals.  
It facilitates e.g. performing analytic continuation and deriving differential equations.  
It also provides a new perspective on cuts and Master Integrals.


• Can it be extended to higher loops?



Coaction on Multiple Polylogs
• Multiple Polylogarithms (MPLs) are iterated integrals of the form: 

 

• They form an algebra with the action               :


• Define a coaction: 
 
 
 
 
 
 
 
 

• This allows to derive functional identities by simple algebra.  
 
                                        Goncharov, Brown,  Goncharov-Spradlin-Vergu-Volovich, Duhr, …
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(keeping the original contour).
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right: modify the contour to  
encircle the poles in   

(keeping the original integrand)



The Master Formula

• Inspired by the coaction on MPLs we define a coaction on integrals: 
 
 

• We have inserted a complete set of master integrands       and corresponding 
master contours      — these basis elements are paired according to: 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�i
<latexit sha1_base64="SiGlyxRz5DZnNSiSGnWQWYAkShA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY8OKxgv2QNpTJdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYXFh7emWFn3jDhTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKPjVBHaJjGPVS9ETTmTtG2Y4bSXKIoi5LQbTm/zeveJKs1i+WBmCQ0EjiWLGEFjrcfBGIXAIasMqzWv7i3kroNfQA0KtYbVr8EoJqmg0hCOWvd9LzFBhsowwum8Mkg1TZBMcUz7FiUKqoNssfDcvbDOyI1iZZ807sL9PZGh0HomQtsp0Ez0ai03/6v1UxPdBBmTSWqoJMuPopS7Jnbz690RU5QYPrOARDG7q0smqJAYm1Eegr968jp0GnXf8v1Vrdko4ijDGZzDJfhwDU24gxa0gYCAZ3iFN0c5L86787FsLTnFzCn8kfP5AzeXj/U=</latexit><latexit sha1_base64="SiGlyxRz5DZnNSiSGnWQWYAkShA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY8OKxgv2QNpTJdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYXFh7emWFn3jDhTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKPjVBHaJjGPVS9ETTmTtG2Y4bSXKIoi5LQbTm/zeveJKs1i+WBmCQ0EjiWLGEFjrcfBGIXAIasMqzWv7i3kroNfQA0KtYbVr8EoJqmg0hCOWvd9LzFBhsowwum8Mkg1TZBMcUz7FiUKqoNssfDcvbDOyI1iZZ807sL9PZGh0HomQtsp0Ez0ai03/6v1UxPdBBmTSWqoJMuPopS7Jnbz690RU5QYPrOARDG7q0smqJAYm1Eegr968jp0GnXf8v1Vrdko4ijDGZzDJfhwDU24gxa0gYCAZ3iFN0c5L86787FsLTnFzCn8kfP5AzeXj/U=</latexit><latexit sha1_base64="SiGlyxRz5DZnNSiSGnWQWYAkShA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY8OKxgv2QNpTJdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYXFh7emWFn3jDhTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKPjVBHaJjGPVS9ETTmTtG2Y4bSXKIoi5LQbTm/zeveJKs1i+WBmCQ0EjiWLGEFjrcfBGIXAIasMqzWv7i3kroNfQA0KtYbVr8EoJqmg0hCOWvd9LzFBhsowwum8Mkg1TZBMcUz7FiUKqoNssfDcvbDOyI1iZZ807sL9PZGh0HomQtsp0Ez0ai03/6v1UxPdBBmTSWqoJMuPopS7Jnbz690RU5QYPrOARDG7q0smqJAYm1Eegr968jp0GnXf8v1Vrdko4ijDGZzDJfhwDU24gxa0gYCAZ3iFN0c5L86787FsLTnFzCn8kfP5AzeXj/U=</latexit><latexit sha1_base64="SiGlyxRz5DZnNSiSGnWQWYAkShA=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY8OKxgv2QNpTJdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYXFh7emWFn3jDhTBvP+3ZKG5tb2zvl3cre/sHhUfX4pKPjVBHaJjGPVS9ETTmTtG2Y4bSXKIoi5LQbTm/zeveJKs1i+WBmCQ0EjiWLGEFjrcfBGIXAIasMqzWv7i3kroNfQA0KtYbVr8EoJqmg0hCOWvd9LzFBhsowwum8Mkg1TZBMcUz7FiUKqoNssfDcvbDOyI1iZZ807sL9PZGh0HomQtsp0Ez0ai03/6v1UxPdBBmTSWqoJMuPopS7Jnbz690RU5QYPrOARDG7q0smqJAYm1Eegr968jp0GnXf8v1Vrdko4ijDGZzDJfhwDU24gxa0gYCAZ3iFN0c5L86787FsLTnFzCn8kfP5AzeXj/U=</latexit>

Pss

✓Z

�i

!j

◆
= �ij ,

<latexit sha1_base64="6+hBjlXl96B/JI6O4pkbbVJjTps="></latexit><latexit sha1_base64="6+hBjlXl96B/JI6O4pkbbVJjTps="></latexit><latexit sha1_base64="6+hBjlXl96B/JI6O4pkbbVJjTps="></latexit><latexit sha1_base64="6+hBjlXl96B/JI6O4pkbbVJjTps="></latexit>

Pss
<latexit sha1_base64="c8x5KqhOs5cBW0HWczgIE4d67B4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0Ey2CqzJTBF0W3LisYC/SDiWTZtrQJDMkGaEMfQo3LhRx6+O4823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTol11mOzfzbIjJmVB5WqV/PmwqvgF1CFQs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zlURDITZPOFZ/jCOUMcxdo9ZfHc/T2REWnMVIauUxI7Nsu13Pyv1kttdBNkXCWpZYouPopSgW2M8+vxkGtGrZg6IFRztyumY6IJtS6jPAR/+eRVaNdrvuP7q2qjXsRRglM4h0vw4RoacAdNaAEFCc/wCm9Ioxf0jj4WrWuomDmBP0KfPwnaj9g=</latexit><latexit sha1_base64="c8x5KqhOs5cBW0HWczgIE4d67B4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0Ey2CqzJTBF0W3LisYC/SDiWTZtrQJDMkGaEMfQo3LhRx6+O4823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTol11mOzfzbIjJmVB5WqV/PmwqvgF1CFQs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zlURDITZPOFZ/jCOUMcxdo9ZfHc/T2REWnMVIauUxI7Nsu13Pyv1kttdBNkXCWpZYouPopSgW2M8+vxkGtGrZg6IFRztyumY6IJtS6jPAR/+eRVaNdrvuP7q2qjXsRRglM4h0vw4RoacAdNaAEFCc/wCm9Ioxf0jj4WrWuomDmBP0KfPwnaj9g=</latexit><latexit sha1_base64="c8x5KqhOs5cBW0HWczgIE4d67B4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0Ey2CqzJTBF0W3LisYC/SDiWTZtrQJDMkGaEMfQo3LhRx6+O4823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTol11mOzfzbIjJmVB5WqV/PmwqvgF1CFQs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zlURDITZPOFZ/jCOUMcxdo9ZfHc/T2REWnMVIauUxI7Nsu13Pyv1kttdBNkXCWpZYouPopSgW2M8+vxkGtGrZg6IFRztyumY6IJtS6jPAR/+eRVaNdrvuP7q2qjXsRRglM4h0vw4RoacAdNaAEFCc/wCm9Ioxf0jj4WrWuomDmBP0KfPwnaj9g=</latexit><latexit sha1_base64="c8x5KqhOs5cBW0HWczgIE4d67B4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0Ey2CqzJTBF0W3LisYC/SDiWTZtrQJDMkGaEMfQo3LhRx6+O4823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTol11mOzfzbIjJmVB5WqV/PmwqvgF1CFQs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zlURDITZPOFZ/jCOUMcxdo9ZfHc/T2REWnMVIauUxI7Nsu13Pyv1kttdBNkXCWpZYouPopSgW2M8+vxkGtGrZg6IFRztyumY6IJtS6jPAR/+eRVaNdrvuP7q2qjXsRRglM4h0vw4RoacAdNaAEFCc/wCm9Ioxf0jj4WrWuomDmBP0KfPwnaj9g=</latexit>

•        is a semi-simple projector: it retains semi-simple objects   
including      and rational functions (and complete elliptic integrals) but 
eliminates logs and polylogs.

�(x) = x⌦ 1
<latexit sha1_base64="t3lA5B5J6CTLPKeDkaoE7jfLbYg=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1E1JiqAboaALlxXsBZpQJtNJO3QyCTMn0hIKvoobF4q49Tnc+TZO2yy09YeBj/+cwznzB4ngGhzn21pZXVvf2CxsFbd3dvf27YPDpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDOttx6Z0jyWDzBOmB+RvuQhpwSM1bWPvVsmgJRH59cjLwYeMY3dYtcuORVnJrwMbg4llKvetb+8XkzTiEmggmjdcZ0E/Iwo4FSwSdFLNUsIHZI+6xiUxOzxs9n5E3xmnB4OY2WeBDxzf09kJNJ6HAWmMyIw0Iu1qflfrZNCeOVnXCYpMEnni8JUYIjxNAvc44pREGMDhCpubsV0QBShYBKbhuAufnkZmtWKa/j+olSr5nEU0Ak6RWXkoktUQ3eojhqIogw9o1f0Zj1ZL9a79TFvXbHymSP0R9bnD4ERlHk=</latexit><latexit sha1_base64="t3lA5B5J6CTLPKeDkaoE7jfLbYg=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1E1JiqAboaALlxXsBZpQJtNJO3QyCTMn0hIKvoobF4q49Tnc+TZO2yy09YeBj/+cwznzB4ngGhzn21pZXVvf2CxsFbd3dvf27YPDpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDOttx6Z0jyWDzBOmB+RvuQhpwSM1bWPvVsmgJRH59cjLwYeMY3dYtcuORVnJrwMbg4llKvetb+8XkzTiEmggmjdcZ0E/Iwo4FSwSdFLNUsIHZI+6xiUxOzxs9n5E3xmnB4OY2WeBDxzf09kJNJ6HAWmMyIw0Iu1qflfrZNCeOVnXCYpMEnni8JUYIjxNAvc44pREGMDhCpubsV0QBShYBKbhuAufnkZmtWKa/j+olSr5nEU0Ak6RWXkoktUQ3eojhqIogw9o1f0Zj1ZL9a79TFvXbHymSP0R9bnD4ERlHk=</latexit><latexit sha1_base64="t3lA5B5J6CTLPKeDkaoE7jfLbYg=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1E1JiqAboaALlxXsBZpQJtNJO3QyCTMn0hIKvoobF4q49Tnc+TZO2yy09YeBj/+cwznzB4ngGhzn21pZXVvf2CxsFbd3dvf27YPDpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDOttx6Z0jyWDzBOmB+RvuQhpwSM1bWPvVsmgJRH59cjLwYeMY3dYtcuORVnJrwMbg4llKvetb+8XkzTiEmggmjdcZ0E/Iwo4FSwSdFLNUsIHZI+6xiUxOzxs9n5E3xmnB4OY2WeBDxzf09kJNJ6HAWmMyIw0Iu1qflfrZNCeOVnXCYpMEnni8JUYIjxNAvc44pREGMDhCpubsV0QBShYBKbhuAufnkZmtWKa/j+olSr5nEU0Ak6RWXkoktUQ3eojhqIogw9o1f0Zj1ZL9a79TFvXbHymSP0R9bnD4ERlHk=</latexit><latexit sha1_base64="t3lA5B5J6CTLPKeDkaoE7jfLbYg=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1E1JiqAboaALlxXsBZpQJtNJO3QyCTMn0hIKvoobF4q49Tnc+TZO2yy09YeBj/+cwznzB4ngGhzn21pZXVvf2CxsFbd3dvf27YPDpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geDOttx6Z0jyWDzBOmB+RvuQhpwSM1bWPvVsmgJRH59cjLwYeMY3dYtcuORVnJrwMbg4llKvetb+8XkzTiEmggmjdcZ0E/Iwo4FSwSdFLNUsIHZI+6xiUxOzxs9n5E3xmnB4OY2WeBDxzf09kJNJ6HAWmMyIw0Iu1qflfrZNCeOVnXCYpMEnni8JUYIjxNAvc44pREGMDhCpubsV0QBShYBKbhuAufnkZmtWKa/j+olSr5nEU0Ak6RWXkoktUQ3eojhqIogw9o1f0Zj1ZL9a79TFvXbHymSP0R9bnD4ERlHk=</latexit>

⇡
<latexit sha1_base64="AaOvRKa3hf+wAefGSgag7W3DaDE=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+ikvDypVv+YvRNYhKKAKhZqDyld/mLBMorJMUGN6gZ/acEa15UzgvNzPDKaUTegIew4VlWjC2WLXObl0zpDEiXZPWbJwf0/MqDRmKiPXKakdm9Vabv5X62U2vg1nXKWZRcWWH8WZIDYh+eFkyDUyK6YOKNPc7UrYmGrKrIsnDyFYPXkd2vVa4PjhutqoF3GU4Bwu4AoCuIEG3EMTWsBgDM/wCm+e9F68d+9j2brhFTNn8Efe5w+ANI3R</latexit><latexit sha1_base64="AaOvRKa3hf+wAefGSgag7W3DaDE=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+ikvDypVv+YvRNYhKKAKhZqDyld/mLBMorJMUGN6gZ/acEa15UzgvNzPDKaUTegIew4VlWjC2WLXObl0zpDEiXZPWbJwf0/MqDRmKiPXKakdm9Vabv5X62U2vg1nXKWZRcWWH8WZIDYh+eFkyDUyK6YOKNPc7UrYmGrKrIsnDyFYPXkd2vVa4PjhutqoF3GU4Bwu4AoCuIEG3EMTWsBgDM/wCm+e9F68d+9j2brhFTNn8Efe5w+ANI3R</latexit><latexit sha1_base64="AaOvRKa3hf+wAefGSgag7W3DaDE=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+ikvDypVv+YvRNYhKKAKhZqDyld/mLBMorJMUGN6gZ/acEa15UzgvNzPDKaUTegIew4VlWjC2WLXObl0zpDEiXZPWbJwf0/MqDRmKiPXKakdm9Vabv5X62U2vg1nXKWZRcWWH8WZIDYh+eFkyDUyK6YOKNPc7UrYmGrKrIsnDyFYPXkd2vVa4PjhutqoF3GU4Bwu4AoCuIEG3EMTWsBgDM/wCm+e9F68d+9j2brhFTNn8Efe5w+ANI3R</latexit><latexit sha1_base64="AaOvRKa3hf+wAefGSgag7W3DaDE=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+ikvDypVv+YvRNYhKKAKhZqDyld/mLBMorJMUGN6gZ/acEa15UzgvNzPDKaUTegIew4VlWjC2WLXObl0zpDEiXZPWbJwf0/MqDRmKiPXKakdm9Vabv5X62U2vg1nXKWZRcWWH8WZIDYh+eFkyDUyK6YOKNPc7UrYmGrKrIsnDyFYPXkd2vVa4PjhutqoF3GU4Bwu4AoCuIEG3EMTWsBgDM/wCm+e9F68d+9j2brhFTNn8Efe5w+ANI3R</latexit>
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<latexit sha1_base64="ipOCTJsoUIXg5CaOjwAJBBtzKPg="></latexit><latexit sha1_base64="ipOCTJsoUIXg5CaOjwAJBBtzKPg="></latexit><latexit sha1_base64="ipOCTJsoUIXg5CaOjwAJBBtzKPg="></latexit><latexit sha1_base64="ipOCTJsoUIXg5CaOjwAJBBtzKPg="></latexit>



Properties of the coaction
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<latexit sha1_base64="MKTQ03TqZQxi51AdlcprXQL6L5Q="></latexit><latexit sha1_base64="MKTQ03TqZQxi51AdlcprXQL6L5Q="></latexit><latexit sha1_base64="MKTQ03TqZQxi51AdlcprXQL6L5Q="></latexit><latexit sha1_base64="MKTQ03TqZQxi51AdlcprXQL6L5Q="></latexit>

!i
<latexit sha1_base64="7apFN/BZbOnVMcYYLMFy1Xc6qRg=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuCozRdBlwY3LCvYi7VAyaaYNzWVIMkIZ+hRuXCji1sdx59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVPereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepvXu09UG6bkg50lNBR4LFnMCLbOehwoQcd4yCrDas2v+wuhdQgKqEGh1rD6NRgpkgoqLeHYmH7gJzbMsLaMcDqvDFJDE0ymeEz7DiUW1ITZYuE5unDOCMVKuyctWri/JzIsjJmJyHUKbCdmtZab/9X6qY1vwozJJLVUkuVHccqRVSi/Ho2YpsTymQNMNHO7IjLBGhPrMspDCFZPXodOox44vr+qNRtFHGU4g3O4hACuoQl30II2EBDwDK/w5mnvxXv3PpatJa+YOYU/8j5/AEDvj/s=</latexit><latexit sha1_base64="7apFN/BZbOnVMcYYLMFy1Xc6qRg=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuCozRdBlwY3LCvYi7VAyaaYNzWVIMkIZ+hRuXCji1sdx59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVPereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepvXu09UG6bkg50lNBR4LFnMCLbOehwoQcd4yCrDas2v+wuhdQgKqEGh1rD6NRgpkgoqLeHYmH7gJzbMsLaMcDqvDFJDE0ymeEz7DiUW1ITZYuE5unDOCMVKuyctWri/JzIsjJmJyHUKbCdmtZab/9X6qY1vwozJJLVUkuVHccqRVSi/Ho2YpsTymQNMNHO7IjLBGhPrMspDCFZPXodOox44vr+qNRtFHGU4g3O4hACuoQl30II2EBDwDK/w5mnvxXv3PpatJa+YOYU/8j5/AEDvj/s=</latexit><latexit sha1_base64="7apFN/BZbOnVMcYYLMFy1Xc6qRg=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuCozRdBlwY3LCvYi7VAyaaYNzWVIMkIZ+hRuXCji1sdx59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVPereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepvXu09UG6bkg50lNBR4LFnMCLbOehwoQcd4yCrDas2v+wuhdQgKqEGh1rD6NRgpkgoqLeHYmH7gJzbMsLaMcDqvDFJDE0ymeEz7DiUW1ITZYuE5unDOCMVKuyctWri/JzIsjJmJyHUKbCdmtZab/9X6qY1vwozJJLVUkuVHccqRVSi/Ho2YpsTymQNMNHO7IjLBGhPrMspDCFZPXodOox44vr+qNRtFHGU4g3O4hACuoQl30II2EBDwDK/w5mnvxXv3PpatJa+YOYU/8j5/AEDvj/s=</latexit><latexit sha1_base64="7apFN/BZbOnVMcYYLMFy1Xc6qRg=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuCozRdBlwY3LCvYi7VAyaaYNzWVIMkIZ+hRuXCji1sdx59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVPereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepvXu09UG6bkg50lNBR4LFnMCLbOehwoQcd4yCrDas2v+wuhdQgKqEGh1rD6NRgpkgoqLeHYmH7gJzbMsLaMcDqvDFJDE0ymeEz7DiUW1ITZYuE5unDOCMVKuyctWri/JzIsjJmJyHUKbCdmtZab/9X6qY1vwozJJLVUkuVHccqRVSi/Ho2YpsTymQNMNHO7IjLBGhPrMspDCFZPXodOox44vr+qNRtFHGU4g3O4hACuoQl30II2EBDwDK/w5mnvxXv3PpatJa+YOYU/8j5/AEDvj/s=</latexit>
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• Discontinuities act on the first entry 

      
    — this is useful for taking discontinuities.

• Differentiation acts on the second entry 
 
 
 
 
— useful for deriving differential equations.

• Given a basis of paired integrand       and contour        the coaction on 
integrals is defined by  
 
 
 
reproducing the properties of the coaction on MPLs.
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Diagrammatic Coaction at one loop
• To translate the coaction   

 
to Feynman diagrams we need to fix a basis. 


• At one loop, a convenient basis of uniform weight Feynman integrals is:

eJn = e�E✏

Z
dDk

i⇡D/2

n�1Y

j=0

1

(k � qj)
2 �m2

j

, D = 2
ln
2

m
� 2✏
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• Next we need to identify the corresponding contours encircling poles,  
defining the second entries. These are cuts! 
First guess: cut all propagators that aren’t contracted in the first entry.

• This fixes the basis for the first entries in the coaction: for a given integral  
these are the diagram itself and all its possible contractions.
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Diagrammatic Coaction at one loop — 
example: the three-mass triangle

• We see how the 3 channel discontinuities are captured by the 3 bubbles.

 

• Can be verified, order-by-order in    to reproduce the coaction on MPLs✏
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• Defining  
    

• The diagrammatic coaction for a three-mass triangle with massless 
propagators (to all orders in dimensional regularisation):

At leading order in ✏ : T (z, z̄) = �2Li2(z) + 2Li2(z̄)� ln(zz̄) ln
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Diagrammatic Coaction at one loop — 
example: the three-mass triangle 

• The diagrammatic coaction for a three-mass triangle:

 • The trivial term with the full triangle on the second entry is recovered (to 
all orders) though the “pole-cancellation identity”: 
 
 
 
 
 
which in general takes the form:

� [T (z, z̄)] = T (z, z̄)⌦ 1 + 1⌦ T (z, z̄) + ln
�
�p22

�
⌦ ln

1� z̄

1� z
+ ln

�
�p23

�
⌦ ln

z

z̄
+ ln(�p21)⌦ ln

z̄(1� z)

z(1� z̄)
<latexit sha1_base64="orQeOU7p1UyxxrSfDkxAoQnEoQg="></latexit><latexit sha1_base64="orQeOU7p1UyxxrSfDkxAoQnEoQg="></latexit><latexit sha1_base64="orQeOU7p1UyxxrSfDkxAoQnEoQg="></latexit><latexit sha1_base64="orQeOU7p1UyxxrSfDkxAoQnEoQg="></latexit>

X

i2[n]

Ci eJn +
X

i<j2[n]

Ci,j
eJn = �✏ eJn mod i⇡

<latexit sha1_base64="dRDQ+AWmabHPT0ku3F2Q/qISS5o="></latexit><latexit sha1_base64="dRDQ+AWmabHPT0ku3F2Q/qISS5o="></latexit><latexit sha1_base64="dRDQ+AWmabHPT0ku3F2Q/qISS5o="></latexit><latexit sha1_base64="dRDQ+AWmabHPT0ku3F2Q/qISS5o="></latexit>



The Diagrammatic Coaction at one loop: 
the general case
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• Translating the coaction on integrals    
 
 
 
to Feynman diagrams

JGC
<latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit>

JGC
<latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="M9TjJgbVl8izu2Rmxd6U60vBzyw=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpdKG4qmAf0A5DJr3ThiaZIckIZeiPcONCEf+TO/+N6WOhrQcCH+ck5N4TZ4Ib6/vfXmlre2d3r7xfOageHh3XTqodk+aaYZulItW9mBoUXGHbciuwl2mkMhbYjSfNed59Rm14qp7sNMNQ0pHiCWfUOqv7EBV3UXMW1ep+w1+IbEKwgjqs1IpqX4NhynKJyjJBjekHfmbDgmrLmcBZZZAbzCib0BH2HSoq0YTFYtwZuXDOkCSpdkdZsnB/vyioNGYqY3dTUjs269nc/C/r5za5CQuustyiYsuPklwQm5L57mTINTIrpg4o09zNStiYasqsa6jiSgjWV96EzlUjcPzoQxnO4BwuIYBruIV7aEEbGEzgBd7g3cu8V+9jWVfJW/V2Cn/kff4AwaKN8Q==</latexit><latexit sha1_base64="M9TjJgbVl8izu2Rmxd6U60vBzyw=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpdKG4qmAf0A5DJr3ThiaZIckIZeiPcONCEf+TO/+N6WOhrQcCH+ck5N4TZ4Ib6/vfXmlre2d3r7xfOageHh3XTqodk+aaYZulItW9mBoUXGHbciuwl2mkMhbYjSfNed59Rm14qp7sNMNQ0pHiCWfUOqv7EBV3UXMW1ep+w1+IbEKwgjqs1IpqX4NhynKJyjJBjekHfmbDgmrLmcBZZZAbzCib0BH2HSoq0YTFYtwZuXDOkCSpdkdZsnB/vyioNGYqY3dTUjs269nc/C/r5za5CQuustyiYsuPklwQm5L57mTINTIrpg4o09zNStiYasqsa6jiSgjWV96EzlUjcPzoQxnO4BwuIYBruIV7aEEbGEzgBd7g3cu8V+9jWVfJW/V2Cn/kff4AwaKN8Q==</latexit><latexit sha1_base64="HglTLCs35cEMotDA5ksaY4U33uU=">AAAB7nicbZBNS8NAEIYnftb6VfXoZbEKnkriRY+FHhRPFewHtCFstpt26WYTdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adecNUCoOu++2srW9sbm2Xdsq7e/sHh5Wj47ZJMs14iyUy0d2QGi6F4i0UKHk31ZzGoeSdcNyY1TtPXBuRqEecpNyP6VCJSDCK1urcB/lt0JgGlapbc+ciq+AVUIVCzaDy1R8kLIu5QiapMT3PTdHPqUbBJJ+W+5nhKWVjOuQ9i4rG3Pj5fN0pubDOgESJtk8hmbu/J3IaGzOJQ9sZUxyZ5drM/K/WyzC68XOh0gy5YouPokwSTMjsdjIQmjOUEwuUaWF3JWxENWVoEyrbELzlk1ehfVXzLD+41fp5EUcJTuEMLsGDa6jDHTShBQzG8Ayv8Oakzovz7nwsWtecYuYE/sj5/AHkSI8o</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit><latexit sha1_base64="KOJVwQR7YlEWMg2Nwc41THOu6A4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6EHxVMF+QBvCZrttl242YXcilNAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdMpDDout9OYW19Y3OruF3a2d3bPygfHrVMnGrGmyyWse6E1HApFG+iQMk7ieY0CiVvh+P6rN5+4tqIWD3iJOF+RIdKDASjaK32fZDdBvVpUK64VXcusgpeDhXI1QjKX71+zNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetahoxI2fzdedknPr9Mkg1vYpJHP390RGI2MmUWg7I4ojs1ybmf/VuikObvxMqCRFrtjio0EqCcZkdjvpC80ZyokFyrSwuxI2opoytAmVbAje8smr0LqsepYfriq1szyOIpzAKVyAB9dQgztoQBMYjOEZXuHNSZwX5935WLQWnHzmGP7I+fwB5YiPLA==</latexit>

• The first entry in the diagrammatic coaction are       :  graphs whose edges 
that are not in the subset C are contracted.

?

•  What is the corresponding contour       defining the second entry?�C
<latexit sha1_base64="Qzv4Q+QJb3tGohQotkeQLy5Ngmk=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY6MVjBfsB7VJm02wbmmTXJCuU0j/hxYMiXv073vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySacqaNBGJ7kRomOCKNS23gnVSzVBGgrWjcX1ebz8xbXiiHuwkZaHEoeIxp2id1ekNUUrs1/ulsl/xFyLrEORQhlyNfumrN0hoJpmyVKAx3cBPbThFbTkVbFbsZYalSMc4ZF2HCiUz4XSx74xcOmdA4kS7pyxZuL8npiiNmcjIdUq0I7Nam5v/1bqZjW/DKVdpZpmiy4/iTBCbkPnxZMA1o1ZMHCDV3O1K6Ag1UusiKroQgtWT16FVrQSO76/LtWoeRwHO4QKuIIAbqMEdNKAJFAQ8wyu8eY/ei/fufSxbN7x85gz+yPv8Acavj7s=</latexit><latexit sha1_base64="Qzv4Q+QJb3tGohQotkeQLy5Ngmk=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY6MVjBfsB7VJm02wbmmTXJCuU0j/hxYMiXv073vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySacqaNBGJ7kRomOCKNS23gnVSzVBGgrWjcX1ebz8xbXiiHuwkZaHEoeIxp2id1ekNUUrs1/ulsl/xFyLrEORQhlyNfumrN0hoJpmyVKAx3cBPbThFbTkVbFbsZYalSMc4ZF2HCiUz4XSx74xcOmdA4kS7pyxZuL8npiiNmcjIdUq0I7Nam5v/1bqZjW/DKVdpZpmiy4/iTBCbkPnxZMA1o1ZMHCDV3O1K6Ag1UusiKroQgtWT16FVrQSO76/LtWoeRwHO4QKuIIAbqMEdNKAJFAQ8wyu8eY/ei/fufSxbN7x85gz+yPv8Acavj7s=</latexit><latexit sha1_base64="Qzv4Q+QJb3tGohQotkeQLy5Ngmk=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY6MVjBfsB7VJm02wbmmTXJCuU0j/hxYMiXv073vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySacqaNBGJ7kRomOCKNS23gnVSzVBGgrWjcX1ebz8xbXiiHuwkZaHEoeIxp2id1ekNUUrs1/ulsl/xFyLrEORQhlyNfumrN0hoJpmyVKAx3cBPbThFbTkVbFbsZYalSMc4ZF2HCiUz4XSx74xcOmdA4kS7pyxZuL8npiiNmcjIdUq0I7Nam5v/1bqZjW/DKVdpZpmiy4/iTBCbkPnxZMA1o1ZMHCDV3O1K6Ag1UusiKroQgtWT16FVrQSO76/LtWoeRwHO4QKuIIAbqMEdNKAJFAQ8wyu8eY/ei/fufSxbN7x85gz+yPv8Acavj7s=</latexit><latexit sha1_base64="Qzv4Q+QJb3tGohQotkeQLy5Ngmk=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY6MVjBfsB7VJm02wbmmTXJCuU0j/hxYMiXv073vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySacqaNBGJ7kRomOCKNS23gnVSzVBGgrWjcX1ebz8xbXiiHuwkZaHEoeIxp2id1ekNUUrs1/ulsl/xFyLrEORQhlyNfumrN0hoJpmyVKAx3cBPbThFbTkVbFbsZYalSMc4ZF2HCiUz4XSx74xcOmdA4kS7pyxZuL8npiiNmcjIdUq0I7Nam5v/1bqZjW/DKVdpZpmiy4/iTBCbkPnxZMA1o1ZMHCDV3O1K6Ag1UusiKroQgtWT16FVrQSO76/LtWoeRwHO4QKuIIAbqMEdNKAJFAQ8wyu8eY/ei/fufSxbN7x85gz+yPv8Acavj7s=</latexit>

�C =

⇢
�C1 for |C| odd
�C for |C| even

<latexit sha1_base64="UMwadJBQ9rQm8UWT0/YDlc7Sk/Q="></latexit><latexit sha1_base64="UMwadJBQ9rQm8UWT0/YDlc7Sk/Q="></latexit><latexit sha1_base64="UMwadJBQ9rQm8UWT0/YDlc7Sk/Q="></latexit><latexit sha1_base64="UMwadJBQ9rQm8UWT0/YDlc7Sk/Q="></latexit>

• The general solution: 
 
where       encircles the poles in C while         encircles in addition the branch 
point at infinite momentum (it’s a second type Landau singularity). 

�C
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Coaction for one loop Feynman diagrams
• It turns out contours that encircle the branch point at infinite momentum at 

one loop can be recast in terms of ordinary cuts!
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• This is owing to the (homology) relations:

For even |C|:

For odd |C|:

D. Fotiadi and F. Pham (1966); Abreu et al. 1702.03163
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• The diagrammatic coaction at one loop:

aC =

8
<

:

1
2 if |C| is odd

0 if |C| is even
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Coaction for one loop Feynman diagrams
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• The diagrammatic coaction at one loop, expressed in terms of cuts:

aC =

8
<

:

1
2 if |C| is odd

0 if |C| is even
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• Example: bubble with two massive propagators 



Coaction for one loop Feynman diagrams: 
the two-mass hard box
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• The diagrammatic coaction for the two-mass hard box:

aC =

8
<

:

1
2 if |C| is odd

0 if |C| is even
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withDiagrammatic coaction: example – the 2-mass hard box

The diagrammatic coaction on the two-mass-hard box is:

�


e4

e2

e3

e11

2
�
= 1 1

e2

e1

⌦ e4
e2

e3

e11

3

4

2

+ 2 2
e3

e2

⌦ e4
e2

e3

e11

3

4

2

+ s s
e3

e1

⌦ e4
e2

e3

e11

2

+ t t
e4

e2

⌦ e4
e2

e3

e11

2

+
s

2

1

e3

e1

e2 ⌦ e4
e2

e3

e11

2

+

(
e4

e2

e3

e11

2

+
1

2

 
s

2

1

e3

e1

e2 +

e3

e1

e4
s

+
t

1e4

e2

e1 +
t

2e4

e2

e3

!)
⌦ e4

e2

e3

e11

2

Einan Gardi (Higgs Centre) Coaction on Feynman Integrals 21 March 2017 14 / 16



Differential equations from the coaction
• Given that differentiation only acts on the second entries: 

 
 
 
 
 
we can derive differential equations from the diagrammatic coaction by 
focusing on the weight 1 component on the second entry.


•  For example, for a pentagon we get:
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Coaction on hypergeometric functions
• We have seen that the diagrammatic coaction holds order-by-order in   ,  

recovering the coaction on MPLs.
✏
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• Can it be established directly for the Hypergeometric functions? Yes! 
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<latexit sha1_base64="YV9IYKJmtdvcl1wPbyofT1mQDk4=">AAACKHicbZDNSgMxFIUz9b/+VV26CRZBkZaJCLoRRTcuFWwttLVk0ts2mEmGJCOtQx/Hja/iRkQRtz6JaR2kth4IHL57Lzf3BJHgxvr+p5eZmp6ZnZtfyC4uLa+s5tbWy0bFmkGJKaF0JaAGBJdQstwKqEQaaBgIuAnuzgf1m3vQhit5bXsR1EPalrzFGbUONXInNRVCmzbIcfc2oTWIDBdK9ndIobt7mxTIXjDKHgaQ/RLc7DZyeb/oD4UnDUlNHqW6bORea03F4hCkZYIaUyV+ZOsJ1ZYzAf1sLTYQUXZH21B1VtIQTD0ZHtrH2440cUtp96TFQzo6kdDQmF4YuM6Q2o4Zrw3gf7VqbFtH9YTLKLYg2c+iViywVXiQGm5yDcyKnjOUae7+ilmHasqsyzbrQiDjJ0+a8n6R+EVydZA/PUvjmEebaAvtIIIO0Sm6QJeohBh6RM/oDb17T96L9+F9/rRmvHRmA/2R9/UNhUumQg==</latexit><latexit sha1_base64="YV9IYKJmtdvcl1wPbyofT1mQDk4=">AAACKHicbZDNSgMxFIUz9b/+VV26CRZBkZaJCLoRRTcuFWwttLVk0ts2mEmGJCOtQx/Hja/iRkQRtz6JaR2kth4IHL57Lzf3BJHgxvr+p5eZmp6ZnZtfyC4uLa+s5tbWy0bFmkGJKaF0JaAGBJdQstwKqEQaaBgIuAnuzgf1m3vQhit5bXsR1EPalrzFGbUONXInNRVCmzbIcfc2oTWIDBdK9ndIobt7mxTIXjDKHgaQ/RLc7DZyeb/oD4UnDUlNHqW6bORea03F4hCkZYIaUyV+ZOsJ1ZYzAf1sLTYQUXZH21B1VtIQTD0ZHtrH2440cUtp96TFQzo6kdDQmF4YuM6Q2o4Zrw3gf7VqbFtH9YTLKLYg2c+iViywVXiQGm5yDcyKnjOUae7+ilmHasqsyzbrQiDjJ0+a8n6R+EVydZA/PUvjmEebaAvtIIIO0Sm6QJeohBh6RM/oDb17T96L9+F9/rRmvHRmA/2R9/UNhUumQg==</latexit><latexit sha1_base64="YV9IYKJmtdvcl1wPbyofT1mQDk4=">AAACKHicbZDNSgMxFIUz9b/+VV26CRZBkZaJCLoRRTcuFWwttLVk0ts2mEmGJCOtQx/Hja/iRkQRtz6JaR2kth4IHL57Lzf3BJHgxvr+p5eZmp6ZnZtfyC4uLa+s5tbWy0bFmkGJKaF0JaAGBJdQstwKqEQaaBgIuAnuzgf1m3vQhit5bXsR1EPalrzFGbUONXInNRVCmzbIcfc2oTWIDBdK9ndIobt7mxTIXjDKHgaQ/RLc7DZyeb/oD4UnDUlNHqW6bORea03F4hCkZYIaUyV+ZOsJ1ZYzAf1sLTYQUXZH21B1VtIQTD0ZHtrH2440cUtp96TFQzo6kdDQmF4YuM6Q2o4Zrw3gf7VqbFtH9YTLKLYg2c+iViywVXiQGm5yDcyKnjOUae7+ilmHasqsyzbrQiDjJ0+a8n6R+EVydZA/PUvjmEebaAvtIIIO0Sm6QJeohBh6RM/oDb17T96L9+F9/rRmvHRmA/2R9/UNhUumQg==</latexit><latexit sha1_base64="YV9IYKJmtdvcl1wPbyofT1mQDk4=">AAACKHicbZDNSgMxFIUz9b/+VV26CRZBkZaJCLoRRTcuFWwttLVk0ts2mEmGJCOtQx/Hja/iRkQRtz6JaR2kth4IHL57Lzf3BJHgxvr+p5eZmp6ZnZtfyC4uLa+s5tbWy0bFmkGJKaF0JaAGBJdQstwKqEQaaBgIuAnuzgf1m3vQhit5bXsR1EPalrzFGbUONXInNRVCmzbIcfc2oTWIDBdK9ndIobt7mxTIXjDKHgaQ/RLc7DZyeb/oD4UnDUlNHqW6bORea03F4hCkZYIaUyV+ZOsJ1ZYzAf1sLTYQUXZH21B1VtIQTD0ZHtrH2440cUtp96TFQzo6kdDQmF4YuM6Q2o4Zrw3gf7VqbFtH9YTLKLYg2c+iViywVXiQGm5yDcyKnjOUae7+ilmHasqsyzbrQiDjJ0+a8n6R+EVydZA/PUvjmEebaAvtIIIO0Sm6QJeohBh6RM/oDb17T96L9+F9/rRmvHRmA/2R9/UNhUumQg==</latexit>

!2 = xa✏(1� x)b✏(1� zx)�1+c✏dx
<latexit sha1_base64="MQmKgNTjTPP7p9BQMXvKvhbI9Xo=">AAACKHicbZDLSgMxFIYz9V5vVZdugkVQpGVGBN2IohuXFewFOrVk0tM2mEmGJCOtQx/Hja/iRkSRbn0SM20Rrf4Q+PnOOZycP4g408Z1h05mZnZufmFxKbu8srq2ntvYrGgZKwplKrlUtYBo4ExA2TDDoRYpIGHAoRrcXab16j0ozaS4Mf0IGiHpCNZmlBiLmrkzX4bQIc3D095tQnyINONSDPa8Qm//Ngl+goeUFLwD+g1xq9fM5d2iOxL+a7yJyaOJSs3cq9+SNA5BGMqJ1nXPjUwjIcowymGQ9WMNEaF3pAN1awUJQTeS0aEDvGtJC7elsk8YPKI/JxISat0PA9sZEtPV07UU/lerx6Z90kiYiGIDgo4XtWOOjcRparjFFFDD+9YQqpj9K6Zdogg1NtusDcGbPvmvqRwWPbfoXR/lzy8mcSyibbSD9pCHjtE5ukIlVEYUPaJn9IbenSfnxflwhuPWjDOZ2UK/5Hx+AZFxpkM=</latexit><latexit sha1_base64="MQmKgNTjTPP7p9BQMXvKvhbI9Xo=">AAACKHicbZDLSgMxFIYz9V5vVZdugkVQpGVGBN2IohuXFewFOrVk0tM2mEmGJCOtQx/Hja/iRkSRbn0SM20Rrf4Q+PnOOZycP4g408Z1h05mZnZufmFxKbu8srq2ntvYrGgZKwplKrlUtYBo4ExA2TDDoRYpIGHAoRrcXab16j0ozaS4Mf0IGiHpCNZmlBiLmrkzX4bQIc3D095tQnyINONSDPa8Qm//Ngl+goeUFLwD+g1xq9fM5d2iOxL+a7yJyaOJSs3cq9+SNA5BGMqJ1nXPjUwjIcowymGQ9WMNEaF3pAN1awUJQTeS0aEDvGtJC7elsk8YPKI/JxISat0PA9sZEtPV07UU/lerx6Z90kiYiGIDgo4XtWOOjcRparjFFFDD+9YQqpj9K6Zdogg1NtusDcGbPvmvqRwWPbfoXR/lzy8mcSyibbSD9pCHjtE5ukIlVEYUPaJn9IbenSfnxflwhuPWjDOZ2UK/5Hx+AZFxpkM=</latexit><latexit sha1_base64="MQmKgNTjTPP7p9BQMXvKvhbI9Xo=">AAACKHicbZDLSgMxFIYz9V5vVZdugkVQpGVGBN2IohuXFewFOrVk0tM2mEmGJCOtQx/Hja/iRkSRbn0SM20Rrf4Q+PnOOZycP4g408Z1h05mZnZufmFxKbu8srq2ntvYrGgZKwplKrlUtYBo4ExA2TDDoRYpIGHAoRrcXab16j0ozaS4Mf0IGiHpCNZmlBiLmrkzX4bQIc3D095tQnyINONSDPa8Qm//Ngl+goeUFLwD+g1xq9fM5d2iOxL+a7yJyaOJSs3cq9+SNA5BGMqJ1nXPjUwjIcowymGQ9WMNEaF3pAN1awUJQTeS0aEDvGtJC7elsk8YPKI/JxISat0PA9sZEtPV07UU/lerx6Z90kiYiGIDgo4XtWOOjcRparjFFFDD+9YQqpj9K6Zdogg1NtusDcGbPvmvqRwWPbfoXR/lzy8mcSyibbSD9pCHjtE5ukIlVEYUPaJn9IbenSfnxflwhuPWjDOZ2UK/5Hx+AZFxpkM=</latexit><latexit sha1_base64="MQmKgNTjTPP7p9BQMXvKvhbI9Xo=">AAACKHicbZDLSgMxFIYz9V5vVZdugkVQpGVGBN2IohuXFewFOrVk0tM2mEmGJCOtQx/Hja/iRkSRbn0SM20Rrf4Q+PnOOZycP4g408Z1h05mZnZufmFxKbu8srq2ntvYrGgZKwplKrlUtYBo4ExA2TDDoRYpIGHAoRrcXab16j0ozaS4Mf0IGiHpCNZmlBiLmrkzX4bQIc3D095tQnyINONSDPa8Qm//Ngl+goeUFLwD+g1xq9fM5d2iOxL+a7yJyaOJSs3cq9+SNA5BGMqJ1nXPjUwjIcowymGQ9WMNEaF3pAN1awUJQTeS0aEDvGtJC7elsk8YPKI/JxISat0PA9sZEtPV07UU/lerx6Z90kiYiGIDgo4XtWOOjcRparjFFFDD+9YQqpj9K6Zdogg1NtusDcGbPvmvqRwWPbfoXR/lzy8mcSyibbSD9pCHjtE5ukIlVEYUPaJn9IbenSfnxflwhuPWjDOZ2UK/5Hx+AZFxpkM=</latexit>

�1 = [0, 1]
<latexit sha1_base64="m5rZ/+wbGDvdL+p18SXSyQREXrY=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmIoBeh6MVjBfsB27XMptk2NMkuSVYppf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMi1LBjfX9b29peWV1bb2wUdzc2t7ZLe3tN0ySacrqNBGJbkVgmOCK1S23grVSzUBGgjWjwc3Ebz4ybXii7u0wZaGEnuIxp2Cd9NDugZTQIVeBf0rCTqnsV/wp8CIhOSmjHLVO6avdTWgmmbJUgDEB8VMbjkBbTgUbF9uZYSnQAfRY4KgCyUw4ml49xsdO6eI40a6UxVP198QIpDFDGblOCbZv5r2J+J8XZDa+DEdcpZllis4WxZnANsGTCHCXa0atGDoCVHN3K6Z90ECtC6roQiDzLy+SxlmF+BVyd16uXudxFNAhOkIniKALVEW3qIbqiCKNntErevOevBfv3fuYtS55+cwB+gPv8wfshJF3</latexit><latexit sha1_base64="m5rZ/+wbGDvdL+p18SXSyQREXrY=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmIoBeh6MVjBfsB27XMptk2NMkuSVYppf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMi1LBjfX9b29peWV1bb2wUdzc2t7ZLe3tN0ySacrqNBGJbkVgmOCK1S23grVSzUBGgjWjwc3Ebz4ybXii7u0wZaGEnuIxp2Cd9NDugZTQIVeBf0rCTqnsV/wp8CIhOSmjHLVO6avdTWgmmbJUgDEB8VMbjkBbTgUbF9uZYSnQAfRY4KgCyUw4ml49xsdO6eI40a6UxVP198QIpDFDGblOCbZv5r2J+J8XZDa+DEdcpZllis4WxZnANsGTCHCXa0atGDoCVHN3K6Z90ECtC6roQiDzLy+SxlmF+BVyd16uXudxFNAhOkIniKALVEW3qIbqiCKNntErevOevBfv3fuYtS55+cwB+gPv8wfshJF3</latexit><latexit sha1_base64="m5rZ/+wbGDvdL+p18SXSyQREXrY=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmIoBeh6MVjBfsB27XMptk2NMkuSVYppf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMi1LBjfX9b29peWV1bb2wUdzc2t7ZLe3tN0ySacrqNBGJbkVgmOCK1S23grVSzUBGgjWjwc3Ebz4ybXii7u0wZaGEnuIxp2Cd9NDugZTQIVeBf0rCTqnsV/wp8CIhOSmjHLVO6avdTWgmmbJUgDEB8VMbjkBbTgUbF9uZYSnQAfRY4KgCyUw4ml49xsdO6eI40a6UxVP198QIpDFDGblOCbZv5r2J+J8XZDa+DEdcpZllis4WxZnANsGTCHCXa0atGDoCVHN3K6Z90ECtC6roQiDzLy+SxlmF+BVyd16uXudxFNAhOkIniKALVEW3qIbqiCKNntErevOevBfv3fuYtS55+cwB+gPv8wfshJF3</latexit><latexit sha1_base64="m5rZ/+wbGDvdL+p18SXSyQREXrY=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmIoBeh6MVjBfsB27XMptk2NMkuSVYppf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMi1LBjfX9b29peWV1bb2wUdzc2t7ZLe3tN0ySacrqNBGJbkVgmOCK1S23grVSzUBGgjWjwc3Ebz4ybXii7u0wZaGEnuIxp2Cd9NDugZTQIVeBf0rCTqnsV/wp8CIhOSmjHLVO6avdTWgmmbJUgDEB8VMbjkBbTgUbF9uZYSnQAfRY4KgCyUw4ml49xsdO6eI40a6UxVP198QIpDFDGblOCbZv5r2J+J8XZDa+DEdcpZllis4WxZnANsGTCHCXa0atGDoCVHN3K6Z90ECtC6roQiDzLy+SxlmF+BVyd16uXudxFNAhOkIniKALVEW3qIbqiCKNntErevOevBfv3fuYtS55+cwB+gPv8wfshJF3</latexit>

�2 = [0, 1/z]
<latexit sha1_base64="DijklM5YjpCso5nEMQQSJX3oXwU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJoUQS9C0YvHCvYD0hA22027dDcJu5tCDf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyb+u0RlYol8aMep9QXuB+ziBGsjRTYdrePhcBB7cZzzt2LJz+wK07VmQEtE7cgFSjQCOyvbi8hmaCxJhwr5blOqv0cS80Ip5NyN1M0xWSI+9QzNMaCKj+fXT5Bp0bpoSiRpmKNZurviRwLpcYiNJ0C64Fa9Kbif56X6ejaz1mcZprGZL4oyjjSCZrGgHpMUqL52BBMJDO3IjLAEhNtwiqbENzFl5dJq1Z1nar7cFmp3xZxlOAYTuAMXLiCOtxDA5pAYATP8ApvVm69WO/Wx7x1xSpmjuAPrM8fuSSSZg==</latexit><latexit sha1_base64="DijklM5YjpCso5nEMQQSJX3oXwU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJoUQS9C0YvHCvYD0hA22027dDcJu5tCDf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyb+u0RlYol8aMep9QXuB+ziBGsjRTYdrePhcBB7cZzzt2LJz+wK07VmQEtE7cgFSjQCOyvbi8hmaCxJhwr5blOqv0cS80Ip5NyN1M0xWSI+9QzNMaCKj+fXT5Bp0bpoSiRpmKNZurviRwLpcYiNJ0C64Fa9Kbif56X6ejaz1mcZprGZL4oyjjSCZrGgHpMUqL52BBMJDO3IjLAEhNtwiqbENzFl5dJq1Z1nar7cFmp3xZxlOAYTuAMXLiCOtxDA5pAYATP8ApvVm69WO/Wx7x1xSpmjuAPrM8fuSSSZg==</latexit><latexit sha1_base64="DijklM5YjpCso5nEMQQSJX3oXwU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJoUQS9C0YvHCvYD0hA22027dDcJu5tCDf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyb+u0RlYol8aMep9QXuB+ziBGsjRTYdrePhcBB7cZzzt2LJz+wK07VmQEtE7cgFSjQCOyvbi8hmaCxJhwr5blOqv0cS80Ip5NyN1M0xWSI+9QzNMaCKj+fXT5Bp0bpoSiRpmKNZurviRwLpcYiNJ0C64Fa9Kbif56X6ejaz1mcZprGZL4oyjjSCZrGgHpMUqL52BBMJDO3IjLAEhNtwiqbENzFl5dJq1Z1nar7cFmp3xZxlOAYTuAMXLiCOtxDA5pAYATP8ApvVm69WO/Wx7x1xSpmjuAPrM8fuSSSZg==</latexit><latexit sha1_base64="DijklM5YjpCso5nEMQQSJX3oXwU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4kJoUQS9C0YvHCvYD0hA22027dDcJu5tCDf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu7evn1w2FJJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyb+u0RlYol8aMep9QXuB+ziBGsjRTYdrePhcBB7cZzzt2LJz+wK07VmQEtE7cgFSjQCOyvbi8hmaCxJhwr5blOqv0cS80Ip5NyN1M0xWSI+9QzNMaCKj+fXT5Bp0bpoSiRpmKNZurviRwLpcYiNJ0C64Fa9Kbif56X6ejaz1mcZprGZL4oyjjSCZrGgHpMUqL52BBMJDO3IjLAEhNtwiqbENzFl5dJq1Z1nar7cFmp3xZxlOAYTuAMXLiCOtxDA5pAYATP8ApvVm69WO/Wx7x1xSpmjuAPrM8fuSSSZg==</latexit>
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<latexit sha1_base64="1MdFtqptXjdN1qaFqgA0KroC5Dw="></latexit><latexit sha1_base64="1MdFtqptXjdN1qaFqgA0KroC5Dw="></latexit><latexit sha1_base64="1MdFtqptXjdN1qaFqgA0KroC5Dw="></latexit><latexit sha1_base64="1MdFtqptXjdN1qaFqgA0KroC5Dw="></latexit>

Example: Gauss Hypergeometric function 2F1

⇔
⇔

The period matrix is readily diagonal, so suitable normalization yields: 

(Ruth Britto’s talk last week) 



Coaction on Appell functions
• A similar construction can be applied to generalised Hypergeometrics.  

Let’s consider Appell F3, depending on two variables.

F3(↵,↵
0,�,�0, �;x, y) =

�(�)

�(�)�(�0)�(� � � � �0)
⇥

Z 1

0

Z 1�v

0
u��1v�

0�1(1� u� v)�����0�1(1� xu)�↵(1� yv)�↵0
du dv

<latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="tpckCClS12EbvShLeSnlZEiw5yA="></latexit><latexit sha1_base64="tpckCClS12EbvShLeSnlZEiw5yA="></latexit><latexit sha1_base64="30RFC7caXmIQ/xVs2w5sWACThyk="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="tpckCClS12EbvShLeSnlZEiw5yA="></latexit><latexit sha1_base64="tpckCClS12EbvShLeSnlZEiw5yA="></latexit><latexit sha1_base64="30RFC7caXmIQ/xVs2w5sWACThyk="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit><latexit sha1_base64="/Td91oABD8S7YpB9/SkROUp2Jxo="></latexit>

'ab = d log(u) ^ d log(v) = du^dv
uv

'bc = d log(1� xu) ^ d log(v) = � x du^dv
(1�xu)v

'cd = d log(1� xu) ^ d log(1� yv) = xy du^dv
(1�xu)(1�yv)

'ad = d log(u) ^ d log(1� yv) = � y du^dv
u(1�yv)

<latexit sha1_base64="w8r7Bm7qttvwhQT/xVCv2aRaW6w="></latexit><latexit sha1_base64="w8r7Bm7qttvwhQT/xVCv2aRaW6w="></latexit><latexit sha1_base64="w8r7Bm7qttvwhQT/xVCv2aRaW6w="></latexit><latexit sha1_base64="w8r7Bm7qttvwhQT/xVCv2aRaW6w="></latexit>

� =ua✏vb✏(1� xu)c✏(1� yv)d✏(1� u� v)g✏
<latexit sha1_base64="64SMBp3z+LU5bJs5rZwAItmiaj8="></latexit><latexit sha1_base64="64SMBp3z+LU5bJs5rZwAItmiaj8="></latexit><latexit sha1_base64="64SMBp3z+LU5bJs5rZwAItmiaj8="></latexit><latexit sha1_base64="64SMBp3z+LU5bJs5rZwAItmiaj8="></latexit>

Pss
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• The coaction can be obtained from

• The result for the coaction can be fully expressed in terms of Appell F3. 



Coaction on hypergeometric functions 
— application to one loop diagrams

�( 2F1(1, 1 + ✏, 2� ✏, x)) = 2F1(1, ✏, 1� ✏, x)⌦ 2F1(1, 1 + ✏, 2� ✏, x)

+ 2F1(1, 1 + ✏, 2� ✏, x)⌦ 2F1

✓
1, ✏, 1� ✏,

1

x

◆

<latexit sha1_base64="erGPgB4Q4gUFnZts1fVMLGbKoCA="></latexit><latexit sha1_base64="erGPgB4Q4gUFnZts1fVMLGbKoCA="></latexit><latexit sha1_base64="erGPgB4Q4gUFnZts1fVMLGbKoCA="></latexit><latexit sha1_base64="erGPgB4Q4gUFnZts1fVMLGbKoCA="></latexit>

 

q

a sum of two 2F1s



Diagrammatic Coaction at two loops
• The double triangle can be written in terms of two 3F2 and a 2F1 


• This system has 6 master integrands and contours, out of which only 
one is of the top topology. 

• This coaction was verified directly in terms of hypergeometric functions!


• The correspondence between 1st and 2nd entries is just as at one loop.  
All 1st entries are two loop diagrams — in 2nd entries cuts affect both loops.



Diagrammatic Coaction at two loops
• In contrast to one loop, where the maximal cut is unique, many  

two-loop diagrams have multiple maximal cuts (multiple master 
integrals at the top topology). 


• We verified in several non-trivial examples that the second entries in 
the coaction can all be expressed in terms of cuts of the original graph.
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<latexit sha1_base64="9mYN8aeTn1JEJZFD7Fvb+RDF4c8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuixIIjHCqYttCFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adeaNMcG1c99spbWxube+Udyt7+weHR9Xjk7ZOc8XQZ6lIVTeiGgWX6BtuBHYzhTSJBHai8e283nlCpXkqH80kwyChQ8ljzqixlh827kIvrNbcursQWQevgBoUaoXVr/4gZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyIV1BiROlX3SkIX7e2JKE60nSWQ7E2pGerU2N/+r9XIT3wRTLrPcoGTLj+JcEJOS+eVkwBUyIyYWKFPc7krYiCrKjM2nYkPwVk9eh3aj7ll+uKo1G0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh85nz/iXo4D</latexit><latexit sha1_base64="9mYN8aeTn1JEJZFD7Fvb+RDF4c8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuixIIjHCqYttCFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adeaNMcG1c99spbWxube+Udyt7+weHR9Xjk7ZOc8XQZ6lIVTeiGgWX6BtuBHYzhTSJBHai8e283nlCpXkqH80kwyChQ8ljzqixlh827kIvrNbcursQWQevgBoUaoXVr/4gZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyIV1BiROlX3SkIX7e2JKE60nSWQ7E2pGerU2N/+r9XIT3wRTLrPcoGTLj+JcEJOS+eVkwBUyIyYWKFPc7krYiCrKjM2nYkPwVk9eh3aj7ll+uKo1G0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh85nz/iXo4D</latexit><latexit sha1_base64="9mYN8aeTn1JEJZFD7Fvb+RDF4c8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuixIIjHCqYttCFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adeaNMcG1c99spbWxube+Udyt7+weHR9Xjk7ZOc8XQZ6lIVTeiGgWX6BtuBHYzhTSJBHai8e283nlCpXkqH80kwyChQ8ljzqixlh827kIvrNbcursQWQevgBoUaoXVr/4gZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyIV1BiROlX3SkIX7e2JKE60nSWQ7E2pGerU2N/+r9XIT3wRTLrPcoGTLj+JcEJOS+eVkwBUyIyYWKFPc7krYiCrKjM2nYkPwVk9eh3aj7ll+uKo1G0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh85nz/iXo4D</latexit><latexit sha1_base64="9mYN8aeTn1JEJZFD7Fvb+RDF4c8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuixIIjHCqYttCFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVtfWHh4Z4adeaNMcG1c99spbWxube+Udyt7+weHR9Xjk7ZOc8XQZ6lIVTeiGgWX6BtuBHYzhTSJBHai8e283nlCpXkqH80kwyChQ8ljzqixlh827kIvrNbcursQWQevgBoUaoXVr/4gZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyIV1BiROlX3SkIX7e2JKE60nSWQ7E2pGerU2N/+r9XIT3wRTLrPcoGTLj+JcEJOS+eVkwBUyIyYWKFPc7krYiCrKjM2nYkPwVk9eh3aj7ll+uKo1G0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh85nz/iXo4D</latexit>
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<latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit><latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit><latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit><latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit>
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<latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit><latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit><latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit><latexit sha1_base64="axu7X/QrTYDyq4NcZUd2WPaLsHo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtBjQRCPFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJjfzeucJleaxfDTTBP2IjiQPOaPGWg+3g/qgXHGr7kJkHbwcKpCrOSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnUdIItZ8tVp2RC+sMSRgr+6QhC/f3REYjradRYDsjasZ6tTY3/6v1UhNe+xmXSWpQsuVHYSqIicn8bjLkCpkRUwuUKW53JWxMFWXGplOyIXirJ69Du1b1LN/XK41aHkcRzuAcLsGDK2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC/M41h</latexit>
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Conclusions
• We construct a coaction on integrals based on pairing between master integrands and master 

contours. This reproduces the coaction on MPLs upon expansion.


• It also extends naturally to hypergeometric functions including all Appell functions. In each 
case, left entries span the space of functions related by integer shifts, while right entries span 
the space of solutions to the differential equation.


• It also translates into a coaction of Feynman integrals for any one loop diagram, with any mass 
configuration. Relations between cuts (homology) are essential to establish it.


• The diagrammatic coaction leads to straightforward derivation of discontinuities and differential 
equations. 


• Recently we used the coaction on hypergeometric functions to find the coaction of several 
non-trivial two-loop diagrams.  
The general diagrammatic coaction at two loops is not yet known.


• New features at two loops include multiple Master Integrals at the top topology (several 
maximal cuts) and elliptic polylogs.  
Both these features are present in hypergeometric functions.


