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•To boost EFT and  lattice interface we founded the TUMQCD lattice collaboration
• We need the help of the lattice community in a structured  effort to calculate all the 

needed correlators 
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effective field theories (NREFTs)—> potential Nonrelativistic QCD-pNRQCD 
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• The    QGP is characterized by two  transport coefficients defined in terms of 
nonperturbative correlators calculated on the lattice->no free parameter

• Quarkonium  quantum nonequilibrium propagation in medium can be addressed 
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•  Using pNRQCD at finite T   to determine quarkonium interaction in medium we 
get a change of paradigm: suppression not driven by screening but by the 

imaginary parts in the potentials which have a physical interpretation

• I will discuss  the type of lattice correlators needed and methods to calculate them 
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NOTICE for what concerns the nonequilibrium medium evolution:

• It  can be generalised to X Y Z using BOEFT  
(Born-Oppenheimer EFT that we developed)  and open quantum systems

• It is not depending on  the medium :  
it can be a hot medium  or a dense medium, weakly or strongly coupled 

in what I will present T may be substituted as the inverse of a correlation  
length characterising the system—> does not need to be a thermal medium 

can be e.g. cold nuclear matter. It may be useful to  treat processes at 
non vanishing chemical potential at EIC

•What I discuss can be applied to jets   using SCET and open quantum systems 
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Quarkonium as a quark-gluon plasma probe

In 1986, Matsui and Satz suggested quarkonium as an ideal quark-gluon plasma probe.

Theoretically

• The heavy-quark mass introduces one or more large scales, whose contributions

may be factorized and computed in perturbation theory (αs(M) ! 1).

• Low-energy scales are sensitive to the temperature.

Low-energy contributions may be accessible via lattice calculations.

Quarkonia are better hard probes 
 because they are multi scale systems

• heavy quark are produced at the beginning and remain up to the end
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Quarkonium as a confinement and deconfinement probe

It is precisely the rich structure of separated energy scales that makes quarkonium an
ideal probe of confinement and deconfinement.

• The different quarkonium radii provide different measures of the transition from a
Coulombic to a confined bound state.
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• Different quarkonia will dissociate in a medium at different temperatures, providing
a thermometer for the plasma.
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At zero temperature 

quarkonia probe the perturbative (high energy)  and non 
perturbative region (low energy)  as well as the transition 

region in dependence of their radius r

Quarkonium as a confinement probe
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and what are the other nonpotential effects to the spectrum and decay  

coming from QCD, i.e defined in QFT?  



but what is the QCD potential?   
and what are the other nonpotential effects to the spectrum and decay  

coming from QCD, i.e defined in QFT?  

Nonrelativistic Effective  Field Theories (NREFTs) can give an answer to this  
in particular   potential Nonrelativistic QCD (pNRQCD)
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Quarkonium with NREFTEFTs for Quarkonium
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pNRQCD: EFT for QQ̄

pNRQCD is the EFT for nonrelativistic quark-antiquark pairs (QQ̄) near threshold.

• QFT = QCD

• It is obtained by integrating out hard and soft gluons with p or E scaling like m, mv.

• The d.o.f. are QQ̄ pairs (sometimes cast in color singlet S and color octet O)

and ultrasoft modes (e.g. light quarks, low-energy gluons):

φ = S

• The Lagrangian is organized as an expansion in 1/m and r.

• The form of ∆L and of the ultrasoft modes depends on the low energy dynamics.

• The power counting is

→ p ∼ 1/r ∼ mv (soft scale),

→ E ∼ p2/2m ∼ V (0) ∼ Pcm ∼ 1/Rcm ∼ mv2 (ultrasoft scale),

→ operators in ∆L scale like (mv2)dimension.

◦ Brambilla Pineda Soto Vairo RMP 77 (2005) 1423
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ΛQCD

strongly 
coupled 
pNRQCD

weakly 
coupled 
pNRQCD

In QCD another  
scale is relevant

• The leading picture is Schoedinger eq.,the  
potentials appear once all scales above the energy have been 
been integrated out  

•Any prediction of pNRQCD is a prediction of 
QCD at the given order of expansion

•Effects at the nonperturbative scale are carried 
by gauge invariant purely glue dependent 
correlators to be calculated on 
the lattice or in QCD vacuum models 

• non potential effects appear  
 as correction to the leading picture and are nonperturbative



Weakly coupled pNRQCDWeak coupling pNRQCD

∆L =

∫

d3r Tr

{

O†

(

iD0 −
p2

m
+ · · ·− Vo

)

O

VAO†r · gES +H.c.+
VB

2
O†r · gEO + c.c.

}

+ · · ·

−
1

4
Fa
µνF

µν a +

nf
∑

i=1

q̄i iD/ qi

The (weak coupling) matching coefficients are the Coulomb potential:

V (r) = −CF
αs

r
+ . . . , Vo(r) =

1

2N

αs

r
+ . . . , N = 3, CF =

4

3

and VA = 1 +O(α2
s ), VB = 1 +O(α2

s ).

◦ Pineda Soto NP PS 64 (1998) 428

Brambilla Pineda Soto Vairo NPB 566 (2000) 275

LO  in r

NLO  in r
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pNRQCD Lagrangian for QQ̄

• If mv ! ΛQCD, the matching is perturbative

• Degrees of freedom: quarks and gluons

Q-Q̄ states, with energy ∼ ΛQCD, mv2 and momentum <
∼ mv

⇒ (i) singlet S (ii) octet O

Gluons with energy and momentum ∼ ΛQCD, mv2

• Definite power counting: r ∼
1

mv
and t, R ∼

1

mv2
, 1

ΛQCD

The gauge fields are multipole expanded:
A(R, r, t) = A(R, t) + r · ∇A(R, t) + . . .

Non-analytic behaviour in r → matching coefficients V
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Feynman rules

= θ(t) e−it(p2/m+V )

= θ(t) e−it(p2/m+Vo)
(

e−i
∫
dtAadj

)

= O†r · gE S = O†{r · gE, O}
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High-lying quarkonia away from threshold: 1/m potentials

• Singlet states described by the long tails of the potentials in pNRQCD:

V = V0 +
1

m
V1 +

1

m2
(VSD + VV D)

•Lattice calculations of the pNRQCD  potentials

•Exact relations among the potentials from the EFT

•QCD vacuum calculation of the potential (need only one assumption on the Wilson loop 

static spin dependent velocity dependent

Matching the potential

• The static potential:

V (0)(r) = lim
T→∞

i

T
ln −∆L effects; = exp

{
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∮
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}

Wilson loops (as matching Green’s functions) guarantee gauge invariance.

• The 1/m potential:
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cF = 1 + αs/π(13/6 + 3/2 lnm/µ) + ...), dsv,vv = O(α2
s ) from NRQCD.
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Strongly coupled pNRQCD



• the potentials contain the contribution of the scale m inherited from NRQCD matching coefficients—> they 
cancel any QM divergences, good UV behaviour

• the nonperturbative part is factorized and depends only on the glue —> only one lattice calculation to get  the 
dynamics and the observables instead of an ab initio calculation of multiple Green functions
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∣VS −∆L effects

cF = 1 + αs/π(13/6 + 3/2 lnm/µ) + ...), dsv,vv = O(α2
s ) from NRQCD.

◦ Pineda Vairo PRD 63 (2001) 054007

<latexit sha1_base64="0IDvgwLvvCIObkPONgAFHM81joc=">AAACGXicbZDJSgNBEIZ74hbjFvXopTEIESXMiKLHoB48eIhoFsiEUNPpJE16FrtrhDDkNbz4Kl48KOJRT76NneWgiT80fPxVRXX9XiSFRtv+tlJz8wuLS+nlzMrq2vpGdnOrosNYMV5moQxVzQPNpQh4GQVKXosUB9+TvOr1Lob16gNXWoTBHfYj3vChE4i2YIDGambtzAF1L7lEoInLQNLrAc0nrvJp+Za6h1SKTheHcB+D6unBfjObswv2SHQWnAnkyESlZvbTbYUs9nmATILWdceOsJGAQsEkH2TcWPMIWA86vG4wAJ/rRjK6bED3jNOi7VCZFyAdub8nEvC17vue6fQBu3q6NjT/q9VjbJ81EhFEMfKAjRe1Y0kxpMOYaEsozlD2DQBTwvyVsi4oYGjCzJgQnOmTZ6FyVHBOCvbNca54PokjTXbILskTh5ySIrkiJVImjDySZ/JK3qwn68V6tz7GrSlrMrNN/sj6+gEU3Z3l</latexit>

+�L(US light quarks)

Strongly coupled pNRQCD



Low energy (nonperturbative) factorized 
effects depend on the size of the physical system

local condensates 

non local condensates 

Wilson loops 
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each single observable with the full dynamics!

Inside the EFT: flexible phenomenological applications, 
understanding of the underlying degrees of freedom  

and dynamics
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GAIN: Inside the EFT:Model independent predictions,   
power counting

Lattice Calculation of only few nonperturbative objects, 
 universal and depending only on the glue—> 

at variance with the state dependent calculation of  
each single observable with the full dynamics!

Inside the EFT: flexible phenomenological applications, 
understanding of the underlying degrees of freedom  

and dynamics

CHALLENGE:

Need  techniques to reduce noise and improve convergence to continuum for  
calculation of chromelectric and chomomagnetic fields—> Gradient flow

one  leitmotiv of this talk   is to expose the glue dependent objects that are needed to be calculated on the 
lattice



Strongly coupled pNRQCD:  factorizes low energy nonperturbative contributions in terms 
of generalised gauge invariant Wilson loops depending only on the glue 

to be calculated on the lattice on in QCD vacuum model-> study  
of confinement, spectrum, decay, production

BOEFT :  allows to address in the same framework: hybrids, 
tetraquarks, molecules and pentaquark: XYZ states

Lattice input needed for the quarkonium at T=0, in medium, exotics
Below strong decay threshold

in hot medium

at or above the strong decay threshold

pNRQCD at finite temperature :  
defines the quark-antiquark potential at finite temperature;  

with open quantum systems allows to describe the nonequilibrium 
evolution of quarkonium inside the quark gluon plasma in heavy ion 

collisions —> may be relevant for the description of 
X Y Z in heavy ion collisions

Weakly coupled pNRQCD:  enables precise  and systematic high order calculations on bound state 
allowing the  extraction of precise determinations of standard model 

parameters like the quark masses and alpha_s from quarkonium
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defines the quark-antiquark potential at finite temperature;  

with open quantum systems allows to describe the nonequilibrium 
evolution of quarkonium inside the quark gluon plasma in heavy ion 

collisions —> may be relevant for the description of 
X Y Z in heavy ion collisions

Weakly coupled pNRQCD:  enables precise  and systematic high order calculations on bound state 
allowing the  extraction of precise determinations of standard model 

parameters like the quark masses and alpha_s from quarkonium

κ

Low energy parameters may be determined by numerical calculations in lattice QCD.

κ is the heavy-quark momentum diffusion coefficient:

κ =
g2

18
Re

∫ +∞

−∞

ds 〈TEa,i(s,0)φab(s, 0)Eb,i(0,0)〉 =

0 1 2 3 4 5
κ / T3
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strategy (i)
strategy (ii)

T ~ 1.5 Tc

◦ Francis Kaczmarek Laine Neuhaus Ohno PRD 92 (2015) 116003

We need some lattice calculations of generalised Wilson 
loops,  

correlators of electric fields 
—> lattice could calculate the LDME of quarkonium 

production!  

We need lattice calculation of local and time nonlocal correlators   

We need lattice calculation of static energies, gluelump masses, correlators, 
 generalised wilson loops  

input  for nonequilibrium studies!

we need the lattice calculation of transport coefficients like:



the change of paradigm from the screening to the imaginary part of the potential 

Quarkonium in a hot medium:the finite T potential in equilibrium  



the change of paradigm from the screening to the imaginary part of the potential 

Quarkonium in a hot medium:the finite T potential in equilibrium  

up to few years ago 
phenonological 

potentials were used  
the free energies 
from the lattice or 
the internal energy 

pNRQCD at finite T defines 
what is the potential 
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Finite T

Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.

thermodynamical
scales

T

m D

NRQCD

EFTs

pNRQCD

M

M v

non�relativistic
scales

M v 2

For larger temperatures the quarkonium does not form.

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 

pNRQCD at finite T: the static potential 

quarkonium 
scales

hot medium 
scales



m
<latexit sha1_base64="hVXkhYaaZ8d8WTDndC0FQ6ajNPw=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjLT0nZZdOOyBfuAdiiZNG1jk8yQZIQy9AvcuFDErZ/kzr8x01ZQ0QMXDufcy733hDFn2iD04eQ2Nre2d/K7hb39g8Oj4vFJR0eJIrRNIh6pXog15UzStmGG016sKBYhp91wdp353XuqNIvkrZnHNBB4ItmYEWys1BLDYgm5laqPalWIXK/ul+teRrya7yPouWiJElijOSy+D0YRSQSVhnCsdd9DsQlSrAwjnC4Kg0TTGJMZntC+pRILqoN0eegCXlhlBMeRsiUNXKrfJ1IstJ6L0HYKbKb6t5eJf3n9xIzrQcpknBgqyWrROOHQRDD7Go6YosTwuSWYKGZvhWSKFSbGZlOwIXx9Cv8nHd/1yi5qVUqNq3UceXAGzsEl8EANNMANaII2IICCB/AEnp0759F5cV5XrTlnPXMKfsB5+wQu+I0w</latexit>

mv ⇠ 1

r
<latexit sha1_base64="ooPanU6zWi0Ax1piFKMneMpeO/g=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhsy0tF0W3bisYB/QDiWTZtrQZGZIMsUyzK+4caGIW3/EnX9jpq2gogcCh3PO5d4cP+ZMaYQ+rI3Nre2d3cJecf/g8Oi4dFLuqiiRhHZIxCPZ97GinIW0o5nmtB9LioXPac+fXed+b06lYlF4pxcx9QSehCxgBGsjjUplMYdDxQRMnWFkglBmo1IF2bW6ixp1iGyn6VabTk6chusi6NhoiQpYoz0qvQ/HEUkEDTXhWKmBg2LtpVhqRjjNisNE0RiTGZ7QgaEhFlR56fL2DF4YZQyDSJoXarhUv0+kWCi1EL5JCqyn6reXi395g0QHTS9lYZxoGpLVoiDhUEcwLwKOmaRE84UhmEhmboVkiiUm2tRVNCV8/RT+T7qu7VRtdFurtK7WdRTAGTgHl8ABDdACN6ANOoCAe/AAnsCzlVmP1ov1uopuWOuZU/AD1tsnsMSUOQ==</latexit>

E ⇠ mv2
<latexit sha1_base64="jcBukAfybIWaz+aHm6NqRZNWNjA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjLT0nZZFMFlBfvAdiyZNG1Dk8yQZAql9C/cuFDErX/jzr8x01ZQ0QMXDufcy733hDFn2iD04WTW1jc2t7LbuZ3dvf2D/OFRU0eJIrRBIh6pdog15UzShmGG03asKBYhp61wfJn6rQlVmkXy1kxjGgg8lGzACDZWurvqaiagmNz7vXwBuaWyjypliFyv6herXkq8iu8j6LlogQJYod7Lv3f7EUkElYZwrHXHQ7EJZlgZRjid57qJpjEmYzykHUslFlQHs8XFc3hmlT4cRMqWNHChfp+YYaH1VIS2U2Az0r+9VPzL6yRmUA1mTMaJoZIsFw0SDk0E0/dhnylKDJ9agoli9lZIRlhhYmxIORvC16fwf9L0Xa/ooptSoXaxiiMLTsApOAceqIAauAZ10AAESPAAnsCzo51H58V5XbZmnNXMMfgB5+0TL/iQmg==</latexit>

m � ⇤QCD
<latexit sha1_base64="ieXgbpSrRH69ovcqVO0rQAgT6A4=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXA2ZaWm7LNaFCxct2FZoS8lkMm1o5kGSEcrYhb/ixoUibv0Nd/6NmbaCih4IHM65h3tz3JgzqRD6MHIrq2vrG/nNwtb2zu6euX/QkVEiCG2TiEfixsWSchbStmKK05tYUBy4nHbdSSPzu7dUSBaF12oa00GARyHzGcFKS0PzKICwPxrB/pXOeHiYthoXs0JhaBaRVa44qFqByLJrTqlmZ8SuOg6CtoXmKIIlmkPzve9FJAloqAjHUvZsFKtBioVihNNZoZ9IGmMywSPa0zTEAZWDdH7/DJ5qxYN+JPQLFZyr3xMpDqScBq6eDLAay99eJv7l9RLl1wYpC+NE0ZAsFvkJhyqCWRnQY4ISxaeaYCKYvhWSMRaYKF1ZVsLXT+H/pONYdslCrXKxfr6sIw+OwQk4Azaogjq4BE3QBgTcgQfwBJ6Ne+PReDFeF6M5Y5k5BD9gvH0CsySUnQ==</latexit>

Finite T

Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.

thermodynamical
scales

T

m D

NRQCD

EFTs

pNRQCD

M

M v

non�relativistic
scales

M v 2

For larger temperatures the quarkonium does not form.

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 

to define the potential  we have to integrate out all 
the scales bigger than E including T and m_d

if T is of order E or less will  
give contribution to the energy and  

not to the potential

Notice:   
The potential V(r,T) dictates through the  

Schroedinger equation   the real time  
evolution of the QQbar in the medium

pNRQCD at finite T: the static potential 

quarkonium 
scales

hot medium 
scales



The finite T potential:  how to obtain it

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 
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Finite T

Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.

thermodynamical
scales

T

m D

NRQCD

EFTs

pNRQCD

M

M v

non�relativistic
scales

M v 2

For larger temperatures the quarkonium does not form.

we work in the weak  
coupling regime

Framework: weak coupling

In the weak coupling regime:
• v ∼ αs " 1; valid for tightly bound states: Υ(1S), J/ψ, ...
• T # gT ∼ mD .

Effects due to the scale ΛQCD will not be considered.

Framework: EFTs

QCD

NRQCD

pNRQCD
pNRQCD

NRQCDHTL

HTL

m

1/r ∼ mv

V ∼ mv2

T
mD

◦ Brambilla Pineda Soto Vairo RMP 77(05)1423
We assume that bound states exist for

• T # m

• 1/r ∼ mv >
∼

mD

We neglect smaller thermodynamical scales.

Inside these constraints  
we consider all the possible 

 scales hierarchies 
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exponential screening but ImV � ReV

no exponential screening but power-
like T corrections

 no corrections to the potential, 
corrections to the energy 

N.B Ghiglieri, Petreczky,  
Vairo Phys.Rev. D78 (2008) 014017 

for the detailed form  
of the potentials in each regime see: 

you  always have a real and an imaginary part

1

r
� T � E
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Change in the paradigm of dissociation
•  The imaginary part is bigger than the real part before the screening exp{-m_D r} 

sets in 
->the imaginary part is responsible for QQbar dissociation

Quarkonium melting temperature

The quarkonium melts in the medium when

Ebinding ∼ Γ

i.e.

g2

r
∼ g2Tm2

Dr2 ln
1

mDr

for 1/r ∼ m g2 and mD ∼ g T

T ∼ m g4/3 (ln 1/g)−1/3

◦ Escobedo Soto arXiv:0804.0691, Laine arXiv:0810.1112
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Effective field theories for heavy quarkonium at finite temperature Antonio Vairo

The (leading) non-thermal part of the static energy is the Coulomb potential −CFαs/r. Again the
thermal width has two origins. The first term comes from the thermal break up of a quark-antiquark
color singlet state into a color octet state. The other terms come from imaginary contributions to the
gluon self energy that may be traced back to the Landau-damping phenomenon. Having assumed
mD"V , the term due to the singlet to octet break up is parametrically suppressed by (V/mD)2 with
respect to the imaginary gluon self-energy contributions. The ln(rmD)2 term is a remnant of the
cancellation occurred between an infrared divergence at the scale 1/r and an ultraviolet divergence
at the scale mD.

It is in the situation T " 1/r" mD "V that quarkonium in the medium melts, if we assume
that the melting condition is Ebinding ∼ Γ, where Ebinding is the quarkonium binding energy. Using
the above results, the condition gives g2/r ∼ g2Tm2Dr2 ln1/(mDr). For 1/r ∼ mg2 and mD ∼ gT ,
this leads to the melting temperature Tmelting ∼ mg4/3 (ln1/g)−1/3, where, assuming g < 0.5, we
have neglected ln ln1/g with respect to ln1/g [10, 14].

6. Static quark antiquark at T " 1/r ∼ mD

In the situation T " 1/r ∼mD, integrating out T from static QCD leads to static NRQCDHTL.
Subsequently, both the scales 1/r and mD have to be integrated out at the same time; this implies
using HTL resummed gluon propagators in the matching procedure that leads to a new specific
version of pNRQCDHTL.

(a) (b)
HTL propagator

Figure 8: Diagram (a) shows the leading mass self energy contribution and diagram (b) the leading potential
contribution to the static energy. Dashed lines stand for longitudinal HTL resummed gluon propagators.

The real part of the static energy is provided at leading order by the two diagrams shown in
Fig. 8:

E = Re [2δm+δVs(r)] = −CF αsmD−CF
αs
r
e−mDr , (6.1)

which is of order αsmD. The result is in agreement with early results on δm and δVs [15, 16].
The thermal decay width is provided at leading order by the three diagrams shown in Fig. 9:

Γ =
N2cCF
3

α3s T +2CF αsT
[

1−
2
rmD

∫ ∞

0
dx
sin(mDrx)
(x2+1)2

]

. (6.2)

The first term is due to the singlet to octet break-up mechanism and is of order αsmD× (Vr)2×
T/mD the other ones, which were first derived in [5], are of order αsmD× T/mD " αsmD, i.e.
larger than the real part of the energy (we recall that the binding energy is already of the same order
as the decay width at the lower temperatures discussed in the previous section). The imaginary part
of δm is minus twice the damping rate of an infinitely heavy fermion [17].
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the EFT offers a systematic framework to do the  
calculations of the energy and width in a hot medium
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T_dissociation

The bottomonium ground state at finite T

The relative size of non-relativistic and thermal scales depends on the medium and on
the quarkonium state.

The bottomonium ground state , which is a weakly coupled non-relativistic bound state:
mv ∼ mαs,mv2 ∼ mα2

s
>
∼

ΛQCD, produced in the QCD medium of heavy-ion collisions
at the LHC may possibly realize the hierarchy

m ≈ 5 GeV > mαs ≈ 1.5 GeV > πT ≈ 1 GeV > mα2
s ≈ 0.5 GeV >

∼
mD,ΛQCD

◦ Vairo AIP CP 1317 (2011) 241
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bottomonium 1S below the melting temperature T_d

Consistent with lattice calculations of spectral functions

Lattice width
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Consistent with Γ
(thermal)
1S =

1156

81
α3
sT ⇒ αs ≈ 0.4.

◦ Aarts Allton Kim Lombardo Oktay Ryan Sinclair Skullerud
JHEP 1111 (2011) 103

first systematic 
 calculation 

 of the thermal  
contributions to  

quarkonium  
mass and width

The complete mass and width up to O(mα5
s )

δE
(thermal)
1S =

34π

27
α2
s T

2a0 +
7225

324

E1α3
s

π

[

ln

(

2πT

E1

)2

− 2γE

]

+
128E1α3

s

81π
L1,0 − 3a20

{[

6

π
ζ(3) +

4π

3

]

αs T m2
D −

8

3
ζ(3)α2

s T
3
}

Γ
(thermal)
1S =

1156

81
α3
sT +

7225

162
E1α

3
s +

32

9
αs Tm2

D a20 I1,0

−

[

4

3
αsTm2

D

(

ln
E2

1

T 2
+ 2γE − 3− ln 4− 2

ζ′(2)

ζ(2)

)

+
32π

3
ln 2α2

s T
3
]

a20

where E1 = −
4mα2

s

9
, a0 =

3

2mαs
and L1,0 (similar I1,0) is the Bethe logarithm.

◦ Brambilla Escobedo Ghiglieri Soto Vairo JHEP 1009 (2010) 038
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For large g  one has to evaluate the Wilson loop  with lattice QCD at finite T 
 and extract a real and an imaginary part

Complex Heavy-Quark Potential at Finite Temperature from Lattice QCD PRL 108 (2012) A. Rothkopf, 
T. Hatsuda, S. Sasaki

the first paper observing an imaginary part: We confirm the existence of an imaginary part above the 
critical temperature Tc, which grows as a function of r and underscores the importance of collisions 
with the gluonic environment for the melting of heavy quarkonia in the quark-gluon-plasma.  

In this case EFT has inspired Lattice QCD

more precise lattice calculations  are ongoing  but the extraction of  
the imaginary part is challenging 

Bala et al.   2110.11659,     2112.00664  Hoying et al   2110.00565 
Bala and S. Datta 1909.10549

the EFT calculation gives a framework to define the potential, calculate it 
and systematically calculate energy levels and widths but calculations 

have been made in (resummed) perturbation theory 

https://arxiv.org/abs/2110.11659
https://arxiv.org/abs/2112.00664
https://arxiv.org/abs/2110.00565
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To describe  quarkonium in QGP we should  account for:  screening, 
dissociation effects (singlet to octet, inelastic parton scattering), 

recombination effects

—->The non equilibrium evolution  
of quarkonium in the QGP 

Using  pNRQCD and Open Quantum Systems (OQS) 
we could use bottomonium as a probe of  

a strongly coupled QGP  (T \sim gT ) and obtain 
master equations for the singlet and octet matrix  

density evolution 

The equations are  
quantum, nonabelian and conserve 

 the number of heavy quarks 



 Quarkonium in the  fireballQuarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:

T = T0

(

t0
t

)v2
s

, t0 = 0.6 fm, v2s =
1

3
(sound velocity)

◦ Bjorken PRD 27 (1983) 140



 Quarkonium in the  fireball  Quarkonium as a small radius probe: 
bottomonium
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Coulombic bound state:

Quarkonium as a Coulombic bound state

The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
1

r
∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
p2

M
−

4

3

αs

r

• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
αs

6r

The octet potential describes an unbound quark-antiquark pair.
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The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
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∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
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−
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• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
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The octet potential describes an unbound quark-antiquark pair.

Quarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:

T = T0

(

t0
t

)v2
s

, t0 = 0.6 fm, v2s =
1

3
(sound velocity)

◦ Bjorken PRD 27 (1983) 140
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Coulombic bound state:

Quarkonium as a Coulombic bound state

The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
1

r
∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
p2

M
−
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• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
αs

6r

The octet potential describes an unbound quark-antiquark pair.
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The octet potential describes an unbound quark-antiquark pair.

Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:

〈r′,R′|ρs(t′; t)|r,R〉 ≡ Tr{ρfull(t0)S†(t, r,R)S(t′, r′,R′)}

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
≡ Tr{ρfull(t0)Oa†(t, r,R)Ob(t′, r′,R′)}

t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment

(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in

each other although the number of heavy quarks is conserved: Tr{ρs}+Tr{ρo} = 1.

N.B., J. Soto, M. Escobedo, A. Vairo 2016,  
2018 (1612.07248, 1711.04515)

Open Quantum system
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(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in
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Quarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,
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Coulombic bound state:

Quarkonium as a Coulombic bound state

The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
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∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
p2
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−
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• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
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The octet potential describes an unbound quark-antiquark pair.
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The octet potential describes an unbound quark-antiquark pair.

Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:

〈r′,R′|ρs(t′; t)|r,R〉 ≡ Tr{ρfull(t0)S†(t, r,R)S(t′, r′,R′)}

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
≡ Tr{ρfull(t0)Oa†(t, r,R)Ob(t′, r′,R′)}

t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment

(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in

each other although the number of heavy quarks is conserved: Tr{ρs}+Tr{ρo} = 1.
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Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:
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〈r′,R′|ρo(t′; t)|r,R〉
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8
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t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment

(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in

each other although the number of heavy quarks is conserved: Tr{ρs}+Tr{ρo} = 1.

Quarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:
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 Closed time path formalism

Closed-time path formalism

In the closed-time path formalism we can represent the density matrices as 12

propagators on a closed time path:

〈r′,R′|ρs(t′; t)|r,R〉 = 〈S1(t
′, r′,R′)S†

2(t, r,R)〉

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
= 〈Ob

1(t
′, r′,R′)Oa†

2 (t, r,R)〉

“1”

“2”

Differently from the thermal equilibrium case 12 propagators are relevant

(in thermal equilibrium they are exponentially suppressed).

12 propagators are not time ordered, while 11 and 22 operators select the forward time

direction ∝ θ(t− t′), θ(t′ − t).
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The evolution depends on the density at initial time: non Markovian evolution.
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LO and NLO evolution

For t > t0, the LO singlet density matrix is

2 1
= e−ihs(t−t0)ρs(t0; t0)eihs(t−t0)

(hs,o = singlet/octet pNRQCD Hamiltonian = Vs,o in the static limit)

and the NLO (in the multipole expansion) corrections are at first order in the density

11 12

= −

∫ t

t0

dt1 e
−ihs(t−t1) Σs(t1) e

−ihs(t1−t0) ρs(t0; t0) e
ihs(t−t0)

12 22

= −

∫ t

t0

dt1 e
−ihs(t−t0) ρs(t0; t0) e

ihs(t1−t0) Σ†
s(t1) e

ihs(t−t1)

12 12

=

∫ t

t0

dt1 e
−ihs(t−t1) Ξso(ρo(t0; t0), t1) e

ihs(t−t1)
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NLO singlet interaction terms

Σs(t) =
g2

2Nc

∫ t

t0

dt2 r
i e−iho(t−t2) rj eihs(t−t2) 〈Ea,i(t,0)Ea,j(t2,0)〉

Ξso(ρo(t0; t0), t) =
g2

2Nc(N2
c − 1)

∫ t

t0

dt2
[

ri e−iho(t−t0) ρo(t0; t0) e
iho(t2−t0)

×rj eihs(t−t2) 〈Ea,j(t2,0)E
a,i(t,0)〉+ H.c.

]

A Wilson line in the adjoint representation is understood in the chromoelectric correlators.

and similar for the octet

contains everything : 
 screening, singlet to octet, all effects



 Diagrams and resummation

Resummation

Resumming (t− t0)× self-energy contributions à la Schwinger–Dyson ...

The resummation is accurate at order r2 and consistent with unitary evolution at leading order.
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 Singlet and  octet density matrix evolution equations

Evolution equations I

... and differentiating over time we obtain the coupled evolution equations:

dρs(t; t)

dt
= −i[hs, ρs(t; t)]− Σs(t)ρs(t; t)− ρs(t; t)Σ

†
s(t) + Ξso(ρo(t; t), t)

dρo(t; t)

dt
= −i[ho, ρo(t; t)]− Σo(t)ρo(t; t)− ρo(t; t)Σ

†
o(t) + Ξos(ρs(t; t), t)

+Ξoo(ρo(t; t), t)

• The evolution equations are now valid for large time.

• The evolution equations are Markovian.
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Interpretation

• The self energies Σs and Σo provide the in-medium induced mass shifts, δms,o,

and widths, Γs,o, for the color-singlet and color-octet heavy quark-antiquark

systems respectively:

−iΣs,o(t) + iΣ†
s,o(t) = 2Re (−iΣs,o(t)) = 2δms,o(t)

Σs,o(t) + Σ†
s,o(t) = −2 Im (−iΣs,o(t)) = Γs,o(t)

• Ξso accounts for the production of singlets through the decay of octets, and Ξos

and Ξoo account for the production of octets through the decays of singlets and

octets respectively. There are two octet production mechanisms/octet

chromoelectric dipole vertices in the pNRQCD Lagrangian.

• The conservation of the trace of the sum of the densities, i.e., the conservation of

the number of heavy quarks, follows from

Tr
{

ρs(t; t)
(

Σs(t) + Σ†
s(t)

)}

= Tr {Ξos(ρs(t; t), t)}

Tr
{

ρo(t; t)
(

Σo(t) + Σ†
o(t)

)}

= Tr {Ξso(ρo(t; t), t) + Ξoo(ρo(t; t), t)}
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 Time scales

Time scales

Environment correlation time: τE ∼
1

T

System intrinsic time scale: τS ∼
1

E

System relaxation time: τR ∼
1

self-energy
∼

1

αsa20Λ
3

a0 = Bohr radius, Λ = T,E

• Because we have assumed 1/a0 " Λ, it follows τR " τS , τE
which, after resummation, qualifies the system as Markovian.

• If T " E then τS " τE
which qualifies the motion of the system as quantum Brownian.

◦ Akamatsu PRD 91 (2015) 056002
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 From the evolution equations to the Linblad  equations From the evolution equations to the Lindblad equation

Under the Markovian

τR ! τS , τE or
1

a0
! E, T

and quantum Brownian motion condition

τS ! τE or T ! E

at least at LO in E/T the evolution equations can be written in the Lindblad form.

a_0=r



Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads
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the sQGP is characterised by two nonperturbative parameters (transport 
coefficients) kappa and  gamma that must  be calculated on the lattice

κ

Low energy parameters may be determined by numerical calculations in lattice QCD.

κ is the heavy-quark momentum diffusion coefficient:
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◦ Francis Kaczmarek Laine Neuhaus Ohno PRD 92 (2015) 116003
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γ

γ =
g2

18
Im

∫ +∞
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γ is known only in perturbation theory:

γ = −4ζ(3)
αs

π
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D +
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3
ζ(3)α2

sT
3

A value that at leading order is negative (−7 ! γ/T 3 ! −4.5 for αs(π × 300MeV)).

◦ Brambilla Ghiglieri Petreczky Vairo PRD 78 (2008) 014017
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the EFT allows   to use lattice QCD equilibrium calculation to study the non 
equilibrium evolution! EFT is intermediate layer to non equilibrium

C collapse  
operators
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on two transport coefficients  kappa and gamma that inside  

pNRQCD acquire a field theoretical definition  
as gauge invariant correlators of chromoelectric fields



Our evolution equations depend  
on two transport coefficients  kappa and gamma that inside  

pNRQCD acquire a field theoretical definition  
as gauge invariant correlators of chromoelectric fields

How to calculate these nonperturbative   
transport coefficients?   

use lattice QCD 



The heavy quark diffusion coefficient

Introduction

• Want to understand strongly coupled quark-gluon plasma generated
at RHIC/LHC

• Nuclear suppression factor RAA and elliptic flow ⌫2 follow from
Heavy quark diffusion coefficient D

• Determined by non-equilibrium evolution of medium

• D in real space, related to  in momentum space

• Perturbative series has poor con-
vergence

• non-perturbative methods nee-
ded

1 / 26Figure from: X. Dong CIPANP (2018)

Langevin dynamics of the heavy quark in the medium  is controlled  by kappa 

Heavy Quark in medium

• Heavy quark energy doesn’t change much in collision with a
thermal quark

Ek ⇠ T , p ⇠

p

MT � T

• HQ momentum is changed by random kicks from the medium
! Brownian motion; Follows Langevin dynamics

dpi

dt
= �⌘Dpi + ⇠i (t)

h⇠(t)⇠(t 0)i = �(t � t 0) , ⌘D =


2MT
• Drag coefficient ⌘D related to HQ relaxation time ⌘D ⇠ 1/TQ

• In position space:

hx2(t)i = 6Dx t with Dx = 2T 2/

•  needs nonperturbative measurement

2 / 26Moore and Teaney PRC71 (2005), Caron-Huot and Moore JHEP02 (2008)
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< x2(t) >= 6Dt
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Langevin dynamics of the heavy quark in the medium  is controlled  by kappa 

Heavy Quark in medium

• Heavy quark energy doesn’t change much in collision with a
thermal quark

Ek ⇠ T , p ⇠

p

MT � T

• HQ momentum is changed by random kicks from the medium
! Brownian motion; Follows Langevin dynamics

dpi

dt
= �⌘Dpi + ⇠i (t)

h⇠(t)⇠(t 0)i = �(t � t 0) , ⌘D =


2MT
• Drag coefficient ⌘D related to HQ relaxation time ⌘D ⇠ 1/TQ

• In position space:

hx2(t)i = 6Dx t with Dx = 2T 2/

•  needs nonperturbative measurement
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κ

Low energy parameters may be determined by numerical calculations in lattice QCD.

κ is the heavy-quark momentum diffusion coefficient:

κ =
g2

18
Re

∫ +∞

−∞

ds 〈TEa,i(s,0)φab(s, 0)Eb,i(0,0)〉 =

0 1 2 3 4 5
κ / T3

1αa

1αb

1βa

1βb

2αa

2αb

2βa

2βb

3a   

BGM

m
od

el

strategy (i)
strategy (ii)

T ~ 1.5 Tc

◦ Francis Kaczmarek Laine Neuhaus Ohno PRD 92 (2015) 116003

which is the same transport coefficient kappa that we found  
studying the non equilibrium evolution of quarkonium in the QGP! 1903.08063

in the limit in  which the mass M of the heavy  
quark is the biggest scale one can integrate 
 it out non relativistic effective field theory   

 and from the current current correlator obtain  

10/32

Lindblad Equation

I for (⇡)T � E , e�ihs,os ⇡ 1 and medium interactions simplify

Auv

i =
r i

2
(� i�) ,

where

 =
g2

6Nc

Z 1

0
dt
Dn

Ẽ a,i (t, 0), Ẽ a,i (0, 0)
oE

,

� = � ig2

6Nc

Z 1

0
dt
D h

Ẽ a,i (t, 0), Ẽ a,i (0, 0)
i E

I as shown by Casalderrey-Solana and Teaney,  is the heavy
quark momentum di↵usion coe�cient occurring in a Langevin
equation describing the di↵usion of a single heavy quark4; � is
its dispersive counterpart

I master equation takes form of Lindblad equation

4Casalderrey-Solana, Teaney: Phys. Rev. D 74 (2006) 085012
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Lattice parameters

T/Tc Nt ⇥ N3
s � Nconf T/Tc Nt ⇥ N3

s � Nconf T/Tc Nt ⇥ N3
s � Nconf

12 ⇥ 483 6.407 1350 12 ⇥ 483 7.193 1579 12 ⇥ 483 8.211 1807
1.1 16 ⇥ 483 6.621 2623 3 16 ⇥ 483 7.432 1553 10 16 ⇥ 483 8.458 2769

20 ⇥ 483 6.795 2035 20 ⇥ 483 7.620 1401 20 ⇥ 483 8.651 2073
24 ⇥ 483 6.940 2535 24 ⇥ 483 7.774 1663 24 ⇥ 483 8.808 2423
12 ⇥ 483 6.639 1801 12 ⇥ 483 7.774 1587 12 ⇥ 483 14.194 1039

1.5 16 ⇥ 483 6.872 2778 6 16 ⇥ 483 8.019 1556 104 16 ⇥ 483 14.443 1157
20 ⇥ 483 7.044 2081 20 ⇥ 483 8.211 1258 20 ⇥ 483 14.635 1139
24 ⇥ 483 7.192 2496 24 ⇥ 483 8.367 1430 24 ⇥ 483 14.792 1375

2.2 12 ⇥ 483 6.940 1535 2 ⇥ 104 12 ⇥ 483 14.792 1948

• Quenched multilevel simulations

• 4 sublattices with 2000 updates

• Spatial lattice size 483, Temporal 12–24

• Temperatures between 1.1Tc � 104Tc

• Set � for each Nt ,T with
(Francis et.al.PRD91 (2015))

• Previous similar
studies
Meyer NJP13 (2011),

Ding et.al.JPG38 (2011),

Banarjee et.al. PRD85 (2012),

Francis et.al. PRD92 (2015)
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The NLO result for the spectral function naturally in-
terpolates between the IR and UV regions, but it is not
reliable for small ω even at the highest temperature as
discussed in Sec. III. However, it can provide some guid-
ance on how to choose ωIR and ωUV. As mentioned
above, for ω > T , HTL resummation may not be im-
portant, and the naive and resummed NLO result for
the spectral function should agree. As discussed in Ap-
pendix B, the resummed and naive NLO results for the
spectral function agree well for ω > 2.2T . Furthermore,
the thermal contribution to ρ(ω, T ) is about the same
for ω > 2.2T at the lowest and the highest temperature
when normalized by ωT 2. This indicates that the per-
turbative calculations are reliable for these values of ω.
Therefore, we choose ωUV = 2.2T . At the highest tem-
peratures, the resummed NLO result is well described
by the linear form given by Eq. (19) with κ = κLO

for ω < 0.02T . Therefore, ωIR = 0.01T appears to
be a reasonable choice. The NLO result for κ is sig-
nificantly larger than the LO result, implying that the
spectral function at low ω is also larger and therefore
will match ρUV(ω, T ) at larger ω. We find that ρIR(ω, T )
and ρUV(ω, T ) are equal at around ω = 0.4T . Therefore,
besides ωIR = 0.01T , we will also use ωIR = 0.4T and
ωIR = 1T in our analysis.

In Fig. 11 we show the spectral functions obtained from
Eqs. (20) and (21), assuming κ = κNLO in ρstep and ρline,
and three different ωIR at three representative tempera-
tures, T = 1.1Tc, 6Tc, and 104 Tc. From the figure, we
see that at the lowest temperature, the ρstep(ω, T ) model
matches the UV behavior at larger ω without the dip
around ω ∼ T of the ρline(ω, T ) model. The ρline form
with ωIR = 0.01T and ρstep provide upper and lower
bounds for the spectral function at T = 1.1Tc. The pic-
ture is the same for T = 1.5Tc and T = 3Tc. At T = 6Tc,
all forms of the spectral functions provide nearly identi-
cal results. At the highest two temperatures, the possible
choices of the spectral functions are limited by ρline with
ωIR = 0.01T and ωIR = T .

Using the models for the spectral functions described
above, we have calculated the corresponding Euclidean-
time chromoelectric correlators for different values of κ
and compared these with the continuum-extrapolated
lattice results at each temperature to estimate the heavy
quark diffusion coefficient. As discussed in the previ-
ous section, the continuum-extrapolated lattice results
need an additional renormalization because the one-loop
renormalization constant, ZE , is not accurate. Therefore,
we have matched the correlator obtained from the model
spectral function to the continuum-extrapolated lattice
data at τT = 0.19. The resulting multiplicative constants
CN are slightly different from those shown in Table II.
This is because the correlators obtained from the model
spectral functions are slightly different from GNLO+

E at
τT = 0.19 due to the thermal contribution. We demon-
strate this procedure in Appendix B for different model
spectral functions. Different forms give different values
of κ, and this is the dominant source of systematic error

in the determination of κ. We have also studied the de-
pendence of κ on the choice of the normalization point in
τ and the choice of the renormalization scale. Choosing
the normalization point in the range 0.17 ≤ τT ≤ 0.19
leads to an 8% variation in the resulting κ. Varying the
renormalization scale by a factor of 2 results in a similar
variation.

Putting everything together we obtain the following
estimates for the heavy quark diffusion coefficient from
the analysis:

1.91 <
κ

T 3
< 5.4 for T = 1.1Tc , (22)

1.31 <
κ

T 3
< 3.64 for T = 1.5Tc , (23)

0.63 <
κ

T 3
< 2.20 for T = 3Tc , (24)

0.43 <
κ

T 3
< 1.05 for T = 6Tc , (25)

0 <
κ

T 3
< 0.72 for T = 10Tc , (26)

0 <
κ

T 3
< 0.10 for T = 104 Tc , (27)

although one should be reminded that, as discussed at the
end of Sec. III, the lattice data are weakly sensitive to κ
at the highest temperature. The dominant uncertainty
in the above result comes from the form of the spectral
function used in the analysis and the uncertainty of the
continuum-extrapolated lattice results.

We compare our result on κ with the results of other
lattice studies [13, 23–26] in terms of the spatial dif-
fusion coefficient Ds, which is given by the relation
κ/T 3 = 2/(DsT ), in the temperature range Tc − 3Tc.
This is shown in Fig. 12. We see that our results agree
well with the other lattice determinations, with the ex-
ception of the one in Ref. [13] that is based on charmo-
nium correlators. This is likely due to the fact that the
determination of Ds from the quarkonium correlators is
not accurate, since the width of the transport peak is
difficult to determine [11, 12].

The temperature dependence of the heavy quark diffu-
sion coefficient in the entire temperature region is shown
in Fig. 13. We clearly see the temperature dependence
of κ3/T . The κ obtained on the lattice is not incompat-
ible with the NLO result given the large errors. Inspired
by this, we fit the temperature dependence of the lat-
tice result by modeling it on Eq. (16) but keeping the
coefficient of mE/T as a free parameter C. From the fit,
we obtain C = 3.81(1.33), which is larger than the NLO
perturbative result C ≈ 2.3302.

We note that our result is significantly larger than the
simple holographic estimate [45]: 2πDsT = 1. However,
more recent holographic estimates [46] are close to our re-
sults. Finally, comparing with more experimental quanti-
ties, we note that our result for Ds at the lowest temper-
ature is in agreement with the calculations of D [47] and
B̄ [48] mesons propagating in a medium of light hadrons,
which find 2πDsT ∼ 5 for T ≈ Tc, but much smaller than
an earlier pion gas study [49] that found 2πDsT ≈ 17 for

within the errors the lattice results are compatible with the next-to-leading order perturbative results 

in TUMQCD we studied kappa  on  
quenched latticed with the multilevel algorithm 

in a window of T never attempted before 
-> we get the T dependence of kappa 

11

FIG. 11. The shapes of different spectral function models
ρ(ω, T ) at (from top to bottom) T = 1.1Tc, T = 6Tc, and
T = 104 Tc. The arguments of ρline in square brackets stand
for [ωIR,ωUV].

T ≈ Tc. Experimental determinations of the D-meson
azimuthal anisotropy coefficient ν2 at ALICE [50] and
STAR [51] estimate at T ≈ Tc that κ/T 3 ≈ 1.8 − 8.38

and κ/T 3 ≈ 1.05−6.28, respectively. These are in agree-
ment with our findings. All these experimental determi-
nations include mass-dependent contributions, while our
determination of κ is in the heavy quark limit. Therefore
the two should agree up to 1/m corrections.

FIG. 12. Our results compared to existing lattice studies.
The shaded band shows the perturbative behavior (16) and
the effect of the scale µω being varied by a factor of 2.

FIG. 13. Temperature dependence of our results compared to
the NLO result. The shaded bands include the errors coming
from varying the scale by a factor of 2. The blue band also
includes the statistical error.

VI. CONCLUSIONS

In this paper, we have studied the chromoelectric cor-
relator, GE at finite temperature on the lattice with the
aim of extracting the heavy quark diffusion coefficient κ.
The calculations have been performed in quenched QCD
(SU(3) gauge theory) in order to obtain small statistical
errors with the help of the multilevel algorithm. We have
studied the dependence of the chromoelectric correlator
on the Euclidean time, τ , in a wide temperature range
in order to enable the comparison with weak coupling re-
sults. It turned out that the τ -dependence of the electric
correlator is poorly captured by the leading order result.
Going beyond the leading-order result and incorporating
the effect of the running coupling in the corresponding

TUMQCD
N. B.  V. Leino, P. Petreczky, A. Vairo 2020
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all forms of the spectral functions provide nearly identi-
cal results. At the highest two temperatures, the possible
choices of the spectral functions are limited by ρline with
ωIR = 0.01T and ωIR = T .

Using the models for the spectral functions described
above, we have calculated the corresponding Euclidean-
time chromoelectric correlators for different values of κ
and compared these with the continuum-extrapolated
lattice results at each temperature to estimate the heavy
quark diffusion coefficient. As discussed in the previ-
ous section, the continuum-extrapolated lattice results
need an additional renormalization because the one-loop
renormalization constant, ZE , is not accurate. Therefore,
we have matched the correlator obtained from the model
spectral function to the continuum-extrapolated lattice
data at τT = 0.19. The resulting multiplicative constants
CN are slightly different from those shown in Table II.
This is because the correlators obtained from the model
spectral functions are slightly different from GNLO+

E at
τT = 0.19 due to the thermal contribution. We demon-
strate this procedure in Appendix B for different model
spectral functions. Different forms give different values
of κ, and this is the dominant source of systematic error

in the determination of κ. We have also studied the de-
pendence of κ on the choice of the normalization point in
τ and the choice of the renormalization scale. Choosing
the normalization point in the range 0.17 ≤ τT ≤ 0.19
leads to an 8% variation in the resulting κ. Varying the
renormalization scale by a factor of 2 results in a similar
variation.

Putting everything together we obtain the following
estimates for the heavy quark diffusion coefficient from
the analysis:

1.91 <
κ

T 3
< 5.4 for T = 1.1Tc , (22)

1.31 <
κ

T 3
< 3.64 for T = 1.5Tc , (23)

0.63 <
κ

T 3
< 2.20 for T = 3Tc , (24)

0.43 <
κ

T 3
< 1.05 for T = 6Tc , (25)

0 <
κ

T 3
< 0.72 for T = 10Tc , (26)

0 <
κ

T 3
< 0.10 for T = 104 Tc , (27)

although one should be reminded that, as discussed at the
end of Sec. III, the lattice data are weakly sensitive to κ
at the highest temperature. The dominant uncertainty
in the above result comes from the form of the spectral
function used in the analysis and the uncertainty of the
continuum-extrapolated lattice results.

We compare our result on κ with the results of other
lattice studies [13, 23–26] in terms of the spatial dif-
fusion coefficient Ds, which is given by the relation
κ/T 3 = 2/(DsT ), in the temperature range Tc − 3Tc.
This is shown in Fig. 12. We see that our results agree
well with the other lattice determinations, with the ex-
ception of the one in Ref. [13] that is based on charmo-
nium correlators. This is likely due to the fact that the
determination of Ds from the quarkonium correlators is
not accurate, since the width of the transport peak is
difficult to determine [11, 12].

The temperature dependence of the heavy quark diffu-
sion coefficient in the entire temperature region is shown
in Fig. 13. We clearly see the temperature dependence
of κ3/T . The κ obtained on the lattice is not incompat-
ible with the NLO result given the large errors. Inspired
by this, we fit the temperature dependence of the lat-
tice result by modeling it on Eq. (16) but keeping the
coefficient of mE/T as a free parameter C. From the fit,
we obtain C = 3.81(1.33), which is larger than the NLO
perturbative result C ≈ 2.3302.

We note that our result is significantly larger than the
simple holographic estimate [45]: 2πDsT = 1. However,
more recent holographic estimates [46] are close to our re-
sults. Finally, comparing with more experimental quanti-
ties, we note that our result for Ds at the lowest temper-
ature is in agreement with the calculations of D [47] and
B̄ [48] mesons propagating in a medium of light hadrons,
which find 2πDsT ∼ 5 for T ≈ Tc, but much smaller than
an earlier pion gas study [49] that found 2πDsT ≈ 17 for

within the errors the lattice results are compatible with the next-to-leading order perturbative results 
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FIG. 11. The shapes of different spectral function models
ρ(ω, T ) at (from top to bottom) T = 1.1Tc, T = 6Tc, and
T = 104 Tc. The arguments of ρline in square brackets stand
for [ωIR,ωUV].

T ≈ Tc. Experimental determinations of the D-meson
azimuthal anisotropy coefficient ν2 at ALICE [50] and
STAR [51] estimate at T ≈ Tc that κ/T 3 ≈ 1.8 − 8.38

and κ/T 3 ≈ 1.05−6.28, respectively. These are in agree-
ment with our findings. All these experimental determi-
nations include mass-dependent contributions, while our
determination of κ is in the heavy quark limit. Therefore
the two should agree up to 1/m corrections.

FIG. 12. Our results compared to existing lattice studies.
The shaded band shows the perturbative behavior (16) and
the effect of the scale µω being varied by a factor of 2.

FIG. 13. Temperature dependence of our results compared to
the NLO result. The shaded bands include the errors coming
from varying the scale by a factor of 2. The blue band also
includes the statistical error.

VI. CONCLUSIONS

In this paper, we have studied the chromoelectric cor-
relator, GE at finite temperature on the lattice with the
aim of extracting the heavy quark diffusion coefficient κ.
The calculations have been performed in quenched QCD
(SU(3) gauge theory) in order to obtain small statistical
errors with the help of the multilevel algorithm. We have
studied the dependence of the chromoelectric correlator
on the Euclidean time, τ , in a wide temperature range
in order to enable the comparison with weak coupling re-
sults. It turned out that the τ -dependence of the electric
correlator is poorly captured by the leading order result.
Going beyond the leading-order result and incorporating
the effect of the running coupling in the corresponding

TUMQCD
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kappa is related  to  the thermal decay width of  quarkonium 

pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ

3 < r2 >

<latexit sha1_base64="WiRqnyYXtsasuESIoUMf8Phpd0U=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6ZTWwsiRTcuK9gHtGPJpJk2NJMZkoxQhn6EGxeKuPV73Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqyl5ZXVtfXcRn5za3tnt7C331JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76a+e17KhWLxK2exNQL8VCwgBGsjdR24bm8K130C0Vko/IpqlShIU7NrVYy4jrIhY6NMhTBAo1+4b03iEgSUqEJx0p1HRRrL8VSM8LpNN9LFI0xGeMh7RoqcEiVl2bnTuGxUQYwiKQpoWGmfp9IcajUJPRNZ4j1SP32ZuJfXjfRwZmXMhEnmgoyXxQkHOoIzn6HAyYp0XxiCCaSmVshGWGJiTYJ5U0IX5/C/0mrZDtlu3ZTLtYvF3HkwCE4AifAAVVQB9egAZqAgDF4AE/g2YqtR+vFep23LlmLmQPwA9bbJyYLjtM=</latexit>



<latexit sha1_base64="rqTpS3cgmzTfjNfq2pyec9qtWqw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9OGu6MZlBfuAdiiZNG1jM8mQZIQy9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeMOZMG4Q+nMza+sbmVnY7t7O7t3+QPzxqaZkoQptEcqk6IdaUM0GbhhlOO7GiOAo5bYeTq7nfvqdKMyluzTSmQYRHgg0ZwcZKrd4ExzHu5wvI9XwPVasQuX7NL5dLlnglVKxUoOeiBQpghUY//94bSJJEVBjCsdZdD8UmSLEyjHA6y/USTWNMJnhEu5YKHFEdpItrZ/DMKgM4lMqWMHChfp9IcaT1NAptZ4TNWP/25uJfXjcxw1qQMhEnhgqyXDRMODQSzl+HA6YoMXxqCSaK2VshGWOFibEB5WwIX5/C/0mraINyL278Qv1yFUcWnIBTcA48UAV1cA0aoAkIuAMP4Ak8O9J5dF6c12VrxlnNHIMfcN4+Afr3j24=</latexit>

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>



N.B., M. Escobedo, A. Vairo, P. vander Griend Phys.Rev. D100   (2019) no.5, 054025 

Use the EFT to relate kappa  (and gamma) to observables: 
 quarkonium thermal mass shift and thermal widths

in the hierarchy  
1

r
� T � E

<latexit sha1_base64="6y6ccVmKChophPrZAIi7bgLVphI="></latexit>

kappa is related  to  the thermal decay width of  quarkonium 

pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ

3 < r2 >

<latexit sha1_base64="WiRqnyYXtsasuESIoUMf8Phpd0U=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6ZTWwsiRTcuK9gHtGPJpJk2NJMZkoxQhn6EGxeKuPV73Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqyl5ZXVtfXcRn5za3tnt7C331JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76a+e17KhWLxK2exNQL8VCwgBGsjdR24bm8K130C0Vko/IpqlShIU7NrVYy4jrIhY6NMhTBAo1+4b03iEgSUqEJx0p1HRRrL8VSM8LpNN9LFI0xGeMh7RoqcEiVl2bnTuGxUQYwiKQpoWGmfp9IcajUJPRNZ4j1SP32ZuJfXjfRwZmXMhEnmgoyXxQkHOoIzn6HAyYp0XxiCCaSmVshGWGJiTYJ5U0IX5/C/0mrZDtlu3ZTLtYvF3HkwCE4AifAAVVQB9egAZqAgDF4AE/g2YqtR+vFep23LlmLmQPwA9bbJyYLjtM=</latexit>



<latexit sha1_base64="rqTpS3cgmzTfjNfq2pyec9qtWqw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9OGu6MZlBfuAdiiZNG1jM8mQZIQy9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeMOZMG4Q+nMza+sbmVnY7t7O7t3+QPzxqaZkoQptEcqk6IdaUM0GbhhlOO7GiOAo5bYeTq7nfvqdKMyluzTSmQYRHgg0ZwcZKrd4ExzHu5wvI9XwPVasQuX7NL5dLlnglVKxUoOeiBQpghUY//94bSJJEVBjCsdZdD8UmSLEyjHA6y/USTWNMJnhEu5YKHFEdpItrZ/DMKgM4lMqWMHChfp9IcaT1NAptZ4TNWP/25uJfXjcxw1qQMhEnhgqyXDRMODQSzl+HA6YoMXxqCSaK2VshGWOFibEB5WwIX5/C/0mraINyL278Qv1yFUcWnIBTcA48UAV1cA0aoAkIuAMP4Ak8O9J5dF6c12VrxlnNHIMfcN4+Afr3j24=</latexit>

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>

gamma  is related  to  the thermal mass shift  of quarkonium pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ
3

2
< r2 >

<latexit sha1_base64="o7ya87dbUldPU31GJ6Eqia/GIHc=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZKmthZEim5cVrAPaGOZTCft0EkmzEwKJfRP3LhQxK1/4s6/cZpWUNEDA4dzzuXeOX7MqFS2/WHkVlbX1jfym4Wt7Z3dPXP/oCV5IjBpYs646PhIEkYj0lRUMdKJBUGhz0jbH1/P/faECEl5dKemMfFCNIxoQDFSWuqbZur2uA7A0gxeiPvSZd8s2pZdPrMrVaiJU3OrlYy4ju1Cx7IzFMESjb753htwnIQkUpghKbuOHSsvRUJRzMis0EskiREeoyHpahqhkEgvzS6fwROtDGDAhX6Rgpn6fSJFoZTT0NfJEKmR/O3Nxb+8bqKCcy+lUZwoEuHFoiBhUHE4rwEOqCBYsakmCAuqb4V4hATCSpdV0CV8/RT+T1olyylbtdtysX61rCMPjsAxOAUOqII6uAEN0AQYTMADeALPRmo8Gi/G6yKaM5Yzh+AHjLdPMIeSwA==</latexit>

�

<latexit sha1_base64="BF2p40RS+nxEiO2CXCPWwsFY78k=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9OGu6MZlBfuAdiiZNNPGJpkhyQil9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeMOFMG4Q+nMza+sbmVnY7t7O7t3+QPzxq6ThVhDZJzGPVCbGmnEnaNMxw2kkUxSLktB2Or+Z++54qzWJ5ayYJDQQeShYxgo2VWr0hFgL38wXker6HqlWIXL/ml8slS7wSKlYq0HPRAgWwQqOff+8NYpIKKg3hWOuuhxITTLEyjHA6y/VSTRNMxnhIu5ZKLKgOpotrZ/DMKgMYxcqWNHChfp+YYqH1RIS2U2Az0r+9ufiX101NVAumTCapoZIsF0UphyaG89fhgClKDJ9Ygoli9lZIRlhhYmxAORvC16fwf9Iq2qDcixu/UL9cxZEFJ+AUnAMPVEEdXIMGaAIC7sADeALPTuw8Oi/O67I146xmjsEPOG+f67aPZA==</latexit>

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>



N.B., M. Escobedo, A. Vairo, P. vander Griend Phys.Rev. D100   (2019) no.5, 054025 

Use the EFT to relate kappa  (and gamma) to observables: 
 quarkonium thermal mass shift and thermal widths

in the hierarchy  
1

r
� T � E

<latexit sha1_base64="6y6ccVmKChophPrZAIi7bgLVphI="></latexit>

kappa is related  to  the thermal decay width of  quarkonium 

pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ

3 < r2 >

<latexit sha1_base64="WiRqnyYXtsasuESIoUMf8Phpd0U=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6ZTWwsiRTcuK9gHtGPJpJk2NJMZkoxQhn6EGxeKuPV73Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqyl5ZXVtfXcRn5za3tnt7C331JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76a+e17KhWLxK2exNQL8VCwgBGsjdR24bm8K130C0Vko/IpqlShIU7NrVYy4jrIhY6NMhTBAo1+4b03iEgSUqEJx0p1HRRrL8VSM8LpNN9LFI0xGeMh7RoqcEiVl2bnTuGxUQYwiKQpoWGmfp9IcajUJPRNZ4j1SP32ZuJfXjfRwZmXMhEnmgoyXxQkHOoIzn6HAyYp0XxiCCaSmVshGWGJiTYJ5U0IX5/C/0mrZDtlu3ZTLtYvF3HkwCE4AifAAVVQB9egAZqAgDF4AE/g2YqtR+vFep23LlmLmQPwA9bbJyYLjtM=</latexit>



<latexit sha1_base64="rqTpS3cgmzTfjNfq2pyec9qtWqw=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9OGu6MZlBfuAdiiZNG1jM8mQZIQy9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeMOZMG4Q+nMza+sbmVnY7t7O7t3+QPzxqaZkoQptEcqk6IdaUM0GbhhlOO7GiOAo5bYeTq7nfvqdKMyluzTSmQYRHgg0ZwcZKrd4ExzHu5wvI9XwPVasQuX7NL5dLlnglVKxUoOeiBQpghUY//94bSJJEVBjCsdZdD8UmSLEyjHA6y/USTWNMJnhEu5YKHFEdpItrZ/DMKgM4lMqWMHChfp9IcaT1NAptZ4TNWP/25uJfXjcxw1qQMhEnhgqyXDRMODQSzl+HA6YoMXxqCSaK2VshGWOFibEB5WwIX5/C/0mraINyL278Qv1yFUcWnIBTcA48UAV1cA0aoAkIuAMP4Ak8O9J5dF6c12VrxlnNHIMfcN4+Afr3j24=</latexit>

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>

gamma  is related  to  the thermal mass shift  of quarkonium pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ
3

2
< r2 >

<latexit sha1_base64="o7ya87dbUldPU31GJ6Eqia/GIHc=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZKmthZEim5cVrAPaGOZTCft0EkmzEwKJfRP3LhQxK1/4s6/cZpWUNEDA4dzzuXeOX7MqFS2/WHkVlbX1jfym4Wt7Z3dPXP/oCV5IjBpYs646PhIEkYj0lRUMdKJBUGhz0jbH1/P/faECEl5dKemMfFCNIxoQDFSWuqbZur2uA7A0gxeiPvSZd8s2pZdPrMrVaiJU3OrlYy4ju1Cx7IzFMESjb753htwnIQkUpghKbuOHSsvRUJRzMis0EskiREeoyHpahqhkEgvzS6fwROtDGDAhX6Rgpn6fSJFoZTT0NfJEKmR/O3Nxb+8bqKCcy+lUZwoEuHFoiBhUHE4rwEOqCBYsakmCAuqb4V4hATCSpdV0CV8/RT+T1olyylbtdtysX61rCMPjsAxOAUOqII6uAEN0AQYTMADeALPRmo8Gi/G6yKaM5Yzh+AHjLdPMIeSwA==</latexit>

�

<latexit sha1_base64="BF2p40RS+nxEiO2CXCPWwsFY78k=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9OGu6MZlBfuAdiiZNNPGJpkhyQil9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeMOFMG4Q+nMza+sbmVnY7t7O7t3+QPzxq6ThVhDZJzGPVCbGmnEnaNMxw2kkUxSLktB2Or+Z++54qzWJ5ayYJDQQeShYxgo2VWr0hFgL38wXker6HqlWIXL/ml8slS7wSKlYq0HPRAgWwQqOff+8NYpIKKg3hWOuuhxITTLEyjHA6y/VSTRNMxnhIu5ZKLKgOpotrZ/DMKgMYxcqWNHChfp+YYqH1RIS2U2Az0r+9ufiX101NVAumTCapoZIsF0UphyaG89fhgClKDJ9Ygoli9lZIRlhhYmxAORvC16fwf9Iq2qDcixu/UL9cxZEFJ+AUnAMPVEEdXIMGaAIC7sADeALPTuw8Oi/O67I146xmjsEPOG+f67aPZA==</latexit>

=

<latexit sha1_base64="J/wzsS3rFQoBbzuLmGotn6iaI5A=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStXbLI48nMApnIMHl1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQrYzN</latexit>

Therefore we  can use unquenched lattice data on quarkonium thermal mass shift 
and widths to get unquenched determination of these transport coefficients

Use of lattice data to constraint 

The decay width is � = hr2i.
Use lattice data from Aarts,

Allton, Kim, Lombardo, Oktay,

Ryan, Sinclair and Skullerud

(2011) and Kim, Petreczky and

Rothkopf (2018). Unquenched.

Results is compatible with other

determinations.

Picture taken from Brambilla, M.A.E,

Vairo and Vander Griend (2019)
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and   the new data from R. Larsen,

 S. Meinel, S. Mukherjee, P. Petreczy 

2019, 2020 
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Extraction of gamma from  unquenched lattice data for the thermal  
width of the Y(1S)  and J/psi (black lines)n comparison to NLO 

order perturbation theory  at two different T



 Solving the Linblad equation : a pretty challenging task 

Thanks to the collaboration with Mike Strickland  we developed  a very efficient (embarassingly parallel) 
program based on  the quantum trajectory algorithm (Qtraj) and we coupled this to the hydrodynamical 

evolution of the QGP using a 3+1D dissipative relativistic  
hydrodynamics code that makes use of the quasiparticle anisotropic hydrodynamics (aHydroQP) 

framework. The code uses a realistic equation of state fit to lattice QCD measurements and is tuned to soft 
hadronic data collected in 5.02 TeV collisions using smooth optical Glauber initial conditions. 

N.B. Escobedo , Strickland, Vairo, Vander Griend, Weber, 2012.01240
• 	2107.06222 

https://arxiv.org/abs/2107.06222


Nuclear modification factor

We compute the nuclear modification factor RAA:

RAA(nS) =
〈n,q|ρs(tF ; tF )|n,q〉
〈n,q|ρs(0; 0)|n,q〉

Nuclear modification factor

We compute the nuclear modification factor RAA:

RAA(nS) =
〈n,q|ρs(tF ; tF )|n,q〉
〈n,q|ρs(0; 0)|n,q〉

nonequilibrium  evolution of quarkonium in medium:  nuclear modification factor R_AA 
calculation with no 

 free parameters, results depends  
on kappa function 

 of T (calculated on the lattice) 
 and gamma (extracted from the lattice)

N.B. Escobedo , Strickland, Vairo, Vander Griend, Weber, 2012.01240

R_AA of singlet  Bottomonium in comparison to ALICE, ATLAS and CMS data, left plot bands from variation in kappa,  
right plot variation in gamma —> we can use R_AA to learn about  the QGP!
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on bottomonia 1S 2S 3S:     

• R_AA  as a function of  N_part and as a function of p_T 

•Ratios of R_AA, v_2

The band in our prediction depends on the indetermination on the transport coefficients

Recombination is there but it is small for  Y(1S) bottomonium 

• More precise data   could select the values of  these coefficients and act as a 

direct diagnostic of the  QGP

• Increasing kappa decreases survival for all states, while the impact of gamma varies 

from one state to the other 


•We expect recombination to be much more important for charmonium

• For Y(2S) and Y(3S) recombination is more relevant and it is interfering with dissociation

The evolution equations we obtained do not make any special assumption  on the medium  
• They could be used far from equilibrium or for a medium with a scale different from T-> use 

different methods to evaluate kappa and gamma (kinetic theory, classical simulations)

•



We focused on heavy quarks but there are other hard probes  
to which EFTs and open quantum system  approach could be applied

example: jet quenching  
and qhat

Conclusions and outlook

A systematic treatment of a complex phenomenon like jet quenching is possible in an
EFT framework owning to the hierarchy of scales that characterize the system. These
are the typical SCET scales, Q, Qλ, Qλ2, with λ = T/Q, which characterize the
propagation of a very energetic parton in the medium and the thermal scales that
characterize the medium itself, T ,mD , magnetic mass.

Many contributions still need to be computed both on the SCET side and on the thermal
side of the theory. Work in progress includes:

• inclusion of collinear gluons;
◦ D’Eramo Liu Rajagopal JP G38 (2011) 124162

• extended perturbative analysis of the thermal bath.
◦ Benzke Brambilla Escobedo Vairo TUM-EFT 32/12

Jet quenching parameter q̂

P (k⊥) is the probability that after propagating through the medium for a distance L the
hard parton acquires transverse momentum k⊥,

∫

d2k⊥
(2π)2

P (k⊥) = 1

q̂ is the jet quenching parameter, i.e. the mean square transverse momentum picked up
by the hard parton per unit distance traveled,

q̂ =
〈k2⊥〉
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can be written in terms of a  
light cone Wilson Loop

M. Benzke,N.B., M. Escobedo, A, Vairo   1208.4253 

A. Kumar, A. Majumder, J. Weber 2010.14463

Jet broadening in light-cone gauge

P (k⊥) =
1

Nc

∫

d2x⊥eik⊥·x⊥

〈

Tr
{

T †[0+,−∞−, x⊥]T [0+,∞−, x⊥]

× T †[0+,∞−, 0⊥]T [0+,−∞−, 0⊥]
}〉

where T [0+,±∞−, x⊥] = P exp

{

−ig

∫ 0

−L/
√

2

ds l⊥ ·A⊥(0+,±∞−, x⊥ + sl⊥)

}

◦ Benzke Brambilla Escobedo Vairo arXiv:1208.4253

The relevance of the Wilson line T in light-cone gauge SCET has been discussed in
◦ Idilbi Scimemi PL B695 (2011) 463

Energy scales: Glauber gluons

We consider the transverse momentum broadening of a collinear parton:

q =Q(0,1,0)
0

2

It may happen through

• fragmentation into collinear partons (gluons, quarks) of momentum q = Q(λ2, 1,λ);
• scattering by soft gluons of momentum q = Q(λ,λ,λ);
• scattering by Glauber gluons of momentum q = Q(λ2,λ,λ) or q = Q(λ2,λ2,λ).

◦ Idilbi Majumder PR D80 (2009) 054022

The contribution from the scale g2T

The gauge invariant expression of q̂ allows for the use of lattice data.

E.g. Suppose a weakly coupled plasma characterized by the thermodynamical scales:

T ! gT ! g2T (non-perturbative)

At relative order g2

• one can analytically continue from Minkowski to Euclidean space-time;

• time ordering is irrelevant;

• the partition function at the energy scale g2T is described by an EFT (MQCD) that
is three-dimensional SU(3) (with coupling g2T ).

◦ Caron-Huot PR D79 (2009) 065039

The contribution from the scale g2T may be extracted from the behaviour of the Wilson
loop, ∼ e−LV , in three-dimensional QCD.

◦ Laine arXiv:1208.5707
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E.g. Suppose a weakly coupled plasma characterized by the thermodynamical scales:

T ! gT ! g2T (non-perturbative)

At relative order g2

• one can analytically continue from Minkowski to Euclidean space-time;

• time ordering is irrelevant;

• the partition function at the energy scale g2T is described by an EFT (MQCD) that
is three-dimensional SU(3) (with coupling g2T ).

◦ Caron-Huot PR D79 (2009) 065039

The contribution from the scale g2T may be extracted from the behaviour of the Wilson
loop, ∼ e−LV , in three-dimensional QCD.

◦ Laine arXiv:1208.5707

https://arxiv.org/abs/1208.4253
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BUT…..



Example of the QCD force

The force as a Wilson loop with a chromoelectric field

A direct computation of the force that avoids interpolating the static energy and taking

numerically the derivative is possible from the expression of a rectangular Wilson loop,

Wr×T , with a chromoelectric field insertion on a quark line:

F (r) =
d

dr
E0(r) = lim

T→∞

−i
〈Tr{PWr×T r̂ · gE(r, t∗)}〉

〈Tr{PWr×T }〉

An equivalent expression can be written using a Polyakov loop instead of a Wilson loop.

At fixed t∗ for T → ∞, the rhs is independent of t∗.

The force is mass renormalon free and finite after charge renormalization.

◦ Brambilla Pineda Soto Vairo PRD 63 (2001) 014023

Vairo MPLA 31 (2016) 34, 1630039

insertion of a single E 
into a static Wilson loop

 physical object



Lattice analysis of 2111.07916

For a study of concept, we have computed the Wilson loop and Polyakov loop with a

chromoelectric field on three quenched QCD (nf = 0) ensembles.

ensemble β (L/a)3 × T/a r0/a a in fm

A 6.284 203 × 40 8.333 0.060

B 6.451 263 × 50 10.417 0.048

C 6.594 303 × 60 12.500 0.040

◦ TUMQCD coll. 2111.07916



Renormalization constant ZE

;ΜΠΩΣΡ'ΠΣΣΤ 4ΣΠ]ΕΟΣΖ'ΠΣΣΤ

The convergence of the direct force towards the continuum, i.e. the derivative of the static

potential, is slow. The ratio of the two determinations is an r independent constant ZE

that may be computed once forever at some fixed (arbitrary) distance r∗ (r0 ≈ 0.5 fm).

ensemble a in fm ZE from Wilson loops ZE from Polyakov loops

A 0.060 1.4068(63) 1.4001(20)

B 0.048 1.3853(30) 1.3776(10)

C 0.040 1.348(11) 1.3628(13)



Direct force vs lattice data

Once normalized by ZE the direct force agrees well with the Cornell parameterization

based on quenched lattice data of the QCD static energy.

We have chosen r∗ = 0.48 r0 ≈ 0.24 fm.

◦ TUMQCD coll. 2111.07916

Multilevel result
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• Remove ZE by dividing with measurement at r⇤ = 0.48r0
• Proof of concept:

• Both derivative of potential and direct force agree
• Both Wilson loop and Polyakov loops agree
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Gradient flow

The converge towards the continuum limit may be improved by using gradient flow.

Gradient flow consists in replacing the gluon fields gAµ(x) by the flowed fields Bµ(x; t),

where Bµ is defined through the flow equation

∂

∂t
Bµ(x; t) = DνGνµ +Dµ∂νBν

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ], Dµ = ∂µ + [Bµ, ·]

with the initial condition Bµ(x; t = 0) = gAµ(x).

The new theory reduces to QCD in the limit of zero flow time t. But at any finite t it

typically shows a much better behaviour than QCD in the ultraviolet (large momenta).

We expect that the theory at finite flow time converges faster towards the continuum.

◦ Lüscher JHEP 08 (2010) 071, Lüscher Weisz JHEP 02 (2011) 051



The potential from gradient flow up to NLO

In the MS scheme, we find at NLO in momentum space (t̄ ≡ q2t)

Ṽ (q; t) = −
4παs(µ)CF e−2q2t

q2

{

1 +
αs(µ)

4π

[

β0 log(µ
2/q2) + a1 + CA WF

NLO(t̄)

]}

The leading order term decreases like e−2q2t for large momentum transfer q2.

Also the NLO one, which is analytically known, decreases exponentially like e−q
2t.

◦ Brambilla Chung Vairo Wang 2111.07811



The force from gradient flow at NLO

In the MS scheme, we find at NLO in coordinate space

F (r; t) =
αs(µ)CF

r2

[

(

1 +
αs

4π
a1

)

F0(r; t)

+
αs

4π
β0F

L
NLO(r; t;µ) +

αsCA

4π
FF

NLO(r; t)

]

The functions F0(r; t), FL
NLO(r; t;µ) and FF

NLO(r; t) are analytically known.

◦ Brambilla Chung Vairo Wang 2111.07811



The force from gradient flow at NLO



Lattice analysis of 2111.10212

For a preliminary study, we have computed the Wilson loop with a chromoelectric field in

gradient flow on three quenched QCD (nf = 0) ensembles.

β Nσ ×Nt a[fm] # configurations

6.284 20× 40 0.060 1949

6.481 26× 56 0.046 1999

6.594 30× 60 0.040 1997

◦ Brambilla Leino Mayer-Steudte Vairo 2111.10212



Renormalization constant ZE with gradient flow

At finite flow time the renormalization constant ZE is about 1.

◦ Brambilla Leino Mayer-Steudte Vairo 2111.10212

Figure 1. The renormalization factor ZE = F@V/FE as a function of the flow radius
p

8⌧F . The point in
orange shows the measured ZE at zero flow time from Ref. [10].

as discussed in Refs. [11, 13–16]. This renormalization factor is the main di↵erence in dis-
cretization e↵ects between the two definitions of the static force FE(r, a) and F@V (r, a) given
by Eqs. (6) and (3) respectively. Hence, we can define a multiplicative improvement factor
ZE that determines this renormalization,

ZE(a) =
F@V (r⇤, a)
FE(r⇤, a)

, (18)

where r⇤ is an arbitrary separation. We use the tree-level improved (17) static force and
potential when taking the ratio.

For each flow time ⌧F , we vary r⇤ over all values of r and find a range of intermediate
r values, where the data can be described with a constant fit. This constant then defines the
renormalization factor ZE as a function of flow time. The flow time dependent renormaliza-
tion constant is shown in Fig. 1. We observe that at zero flow time we replicate the result from
the previous study [10]. As the flow time is increased, ZE decreases rapidly until settling to a
constant value ZE ⇡ 1 for

p
8⌧F > 1.6a. The renormalization factor becoming unity indicates

that the gradient flow, indeed, removes the sizable discretization e↵ects caused by the finite
discretization of the chromoelectric field. The remaining structure in ZE for

p
8⌧F > 1.6a is

most likely due to underestimated systematic errors.
Next, we compare the gradient flow result to an existing zero flow time measurement of

the derivative of the static potential. In Ref. [10], we measured the static potential traditionally
at zero flow time and performed a fit to the Cornell ansatz. The Cornell potential can then be

for each flow time find the plateau in r*

at zero flow time we reobtain the previous result for Z_E
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the derivative of the static potential. In Ref. [10], we measured the static potential traditionally
at zero flow time and performed a fit to the Cornell ansatz. The Cornell potential can then be

Gradient flow results

PRELIMINARY PRELIMINARY

• Gradient flow automatically renormalizes the force at finite flowtime
! No need for ZE

• Divide with the leading flow time dependence for potential
• Early GF results indicate a good agreement to multilevel results
• The continuum and zero flowtime limits still need to be done
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for each flow time find the plateau in r*

at zero flow time we reobtain the previous result for Z_E



Direct force vs lattice data with gradient flow

◦ Brambilla Leino Mayer-Steudte Vairo 2111.10212

Cornell potential from previous lattice data on the  
Wilson and Polyakov loop

despite the lack of continuum  
and zero flow time limit  the force  

from gradient flow seems to agree with the  
force measured from the derivative of the potential 

calculated previously



These correlators depending on electric and magnetic field may be better calculated with gradient flow  

•better convergence, less noisy

•  no need of change of scheme, all the calculation regarding that can be done in msbar in continuum

R. Harlander , F. Lange   2201.08618 , A.   1808.09837     
E. Mereghetti,C. Monahan, M. Rizik, A. shindler, P Stoffer   2111.11449     

• requires dedicated perturbative calculations

In this way the lattice may obtain all the input that are needed for NREFTs calculations 

https://arxiv.org/abs/2201.08618
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2111.11449
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Loop functions: Polyakov loop

• Polyakov loop average in a thermal ensemble at a temperature T

P (T )|R ≡
1

dR
〈Tr LR〉 = e−FQ/T (R ≡ color representation)

dA = N2 − 1, dF = N and LR(x) = P exp

(

ig

∫ 1/T

0
dτA0(x, τ)

)

Loop functions: correlators

• Polyakov loop correlator

Pc(r, T ) ≡
1

N2
〈TrL†

F (0)TrLF (r)〉 = e−FQQ̄/T

• Cyclic Wilson loop

Wc(r, T ) ≡
1

N
〈TrL†

F (0)U†(1/T )LF (r)U(0)〉 = e−FWc/T

where U(1/T ) = P exp

(

ig

∫ 1

0
ds r ·A(sr, 1/T )

)

= U(0).

• Singlet correlator in Coulomb gauge

Ws(r, T ) ≡
1

N
〈TrL†

F (0)LF (r)〉 = e−FS/T

Physics of the screening 
static properties



• The Polyakov loop has been computed up to order g5.

• The (subtracted) QQ̄ free energy has been computed at short distances up to

corrections of order g7(rT )4, g8.

• The (subtracted) QQ̄ free energy has been computed at screening distances up to

corrections of order g8.

• The singlet free energy has been computed at short distances up to corrections of

order g4(rT )5, g6.

• The singlet free energy has been computed at screening distances up to

corrections of order g5. • Lattice calculations are consistent with weak-coupling expectations.

• Crossover temperature to the quark-gluon plasma is 153+6.5
−5 MeV

from the entropy of the Polyakov loop.

• Screening sets in at rT ≈ 0.3-0.4 (observable dependent),

consistent with a screening length of about 1/mD .

• Asymptotic screening masses are about 2mD (observable dependent).

• First determination of the color octet QQ̄ free energy.

the free energy is not  the object  to be taken as  the potential in the Schroedinger equation 

(the singlet free energy may provide a good approximation of the real part of the potential)

Free energies: EFTs and lattice, study of phase transitions



Polyakov loop correlator in pNRQCD

In an EFT/pNRQCD framework Pc(r, T ) can be put in the form

Pc(r, T ) =
1

N2

[

e−fs(r,T,mD)/T + (N2 − 1)e−fo(r,T,mD)/T +O
(

α3
s (rT )4

)

]

fs = QQ̄-color singlet free energy, fo = QQ̄-color octet free energy

to be matched from the singlet and octet pNRQCD propagators

〈S(r,0, 1/T )S†(r,0, 0)〉

N
= e−Vs(r)/T (1 + δs) ≡ e−fs(r,T,mD)/T

〈Oa(r,0, 1/T )Oa †(r,0, 0)〉

N
= e−Vo(r)/T

[

(N2 − 1) 〈PA〉+ δo
]

≡ (N2 − 1)e−fo(r,T,mD)/T

where δs and δo stand for thermal loop corrections to the singlet/octet propagators:

T ,  m
D

δs =

◦ Brambilla Ghiglieri Petreczky Vairo PR D78 (2008) 014017
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T ! Vs vs T " Vs

We may identify two possible regimes:

• low temperatures, T ! Vs (or rT ! αs):

Pc ≈
e−Vs/T

N2

• high temperatures, T # Vs (or rT # αs):

Pc is a linear combination of e−fs/T and e−fo/T .

A strict perturbative expansion in αs corresponds to this regime.

FQQ̄ on the lattice and pNRQCD
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Entropy vs 2+1 flavor lattice data
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Entropy vs quenched lattice data

The entropy does not depend on the normalization shift: SQ = −
∂FQ(T )

∂T
.

T/Tc

SQ(T) LO
NLO, !=(1-4)/ T

NNLO
No=4

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 6  8  10  12  14  16  18  20  22  24

◦ Berwein Brambilla Petreczky Vairo PR D93 (2016) 034010

Entropy vs 2+1 flavor lattice data

T [MeV]

SQ(T) LO

NLO, µ=(1-4)π T

NNLO

lattice

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1000  1500  2000  2500  3000  3500  4000  4500  5000

Position of the entropy peak: TS = 153+6.5
−5 MeV

◦ Bazavov Brambilla Ding Petreczky Schadler Vairo Weber

PR D93 (2016) 114502

6

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 140  160  180  200  220  240  260  280  300
T [MeV]

SQ

Tχ(Nτ)

Nτ=6

local fit
global 1/Nτ

4 fit
HRG

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 120  140  160  180  200  220  240  260  280  300
T [MeV]

SQ

Tχ(Nτ)

Nτ=8

local fit
global 1/Nτ

4 fit
global 1/Nτ

2 fit
HRG

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 120  140  160  180  200  220  240  260  280  300
T [MeV]

SQ

Tχ(Nτ)

Nτ=10

local fit
global 1/Nτ

4 fit
global 1/Nτ

2 fit
HRG

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 120  140  160  180  200  220  240  260  280  300
T [MeV]

SQ

Tχ(Nτ)

Nτ=12

local fit
global 1/Nτ

4 fit
global 1/Nτ

2 fit
HRG

FIG. 6. The entropy of a static quark calculated on Nτ = 6, 8, 10 and 12 lattices. Shown are the results obtained from local
and global fits. The vertical band corresponds to the chiral transition temperature from [24]. The solid black lines show the
entropy in the hadron resonance gas model [25].
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for the quenched case (Nf = 0).

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 180  200  220  240  260  280  300  320  340  360
T [MeV]

SQ

global 1/Nτ
2 fit

global 1/Nτ
4 fit

local 1/Nτ
2 fit

local 1/Nτ
2 fit with Nτ=6 data

µ=πT
µ=2πT

FIG. 8. The entropy of a static quark in the high temperature
region. The lines correspond to leading order weak-coupling
calculations for scale µ = 2πT and µ = πT .

SQ could be used to define a deconfinement transition
temperature.

Based on the interpolation of fQ and cQ described in
the previous section it is straightforward to estimate SQ.

The entropy peaks around the chiral 
transition T, indicating that deconfinement and  

chiral transitions happen at similar T  
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Conclusions

We have shown how the heavy quark-antiquark pair out-of-equilibrium evolution can be

treated in the framework of pNRQCD. With respect to previous determinations:

• the medium may be a strongly-coupled plasma (not necessarily a quark-gluon

plasma) whose characteristics are determined by lattice calculations;

• the total number of heavy quarks, i.e., Tr{ρs}+Tr{ρo}, is preserved by the

evolution equations;

• the non-abelian nature of QCD is fully accounted for;

• the treatment does not rely on classical approximations.

The evolution equations follow from assuming the inverse size of the quark-antiquark

system to be larger than any other scale of the medium and from being accurate at first

non-trivial order in the multipole expansion and at first order in the heavy-quark density.

Under some conditions (large time, quasistatic evolution, quantum Brownian motion)

the evolution equations are of the Lindblad form. Their numerical solution provides

RAA[Υ(nS)] and differential observables in good agreement with LHC data.

CONCLUSIONS



Outlook

• We need  precise and unquenched determinations of the kappa and gamma transport coefficients 

•  Recombination effects  are small for bottomonium for not for charmonium: 
 we should go beyond the linear density approximation in that case 

•  We should investigate the effect of quarkonium moving with respect to the QGP and the anisotropy

•  We should investigate the full master equations farther out of equilibrium: all the calculations holds  
if T is substituted by a generic scale

•  We should investigate the full master equations farther Initial conditions may be tuned to account for 
pre equilibrium states like glasma

Lattice  INPUT is  
crucial!
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v2[⌥(1S)] vs. Centrality
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Figure: The elliptic flow v2 of the ⌥(1S) as a function of centrality
compared to experimental measurements. The bands in the left plot
represent variation of ̂ at fixed �̂ = �1.75; the bands in the right plot
represent variation of �̂ at fixed ̂ = ̂C .
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v2[⌥(1S)] vs. pT
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Figure: The elliptic flow v2 of the ⌥(1S) as a function of pT compared to
experimental measurements. The bands in the left plot represent
variation of ̂ at fixed �̂ = �1.75; the bands in the right plot represent
variation of �̂ at fixed ̂ = ̂C .
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Double Ratio 2S vs. pT
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Figure: The double ratio of the nuclear modification factor RAA[⌥(2S)]
to RAA[⌥(1S)] as a function of pT compared to experimental
measurements. The bands in the left plot represent variation of ̂ at fixed
�̂ = �1.75; the bands in the right plot represent variation of �̂ at fixed
̂ = ̂C . The black and red bars in the experimental data represent
statistical and systematic uncertainties, respectively.
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Double Ratio 2S vs. Centrality
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Figure: Ratio of RAA(2S) to RAA(1S) computed in QTraj compared to
experimental results.
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Double Ratio 3S vs. Centrality
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Figure: Ratio of RAA(2S) to RAA(1S) computed in QTraj compared to
experimental results.
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v2[⌥(2, 3S)] vs. Centrality
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Figure: The elliptic flow v2 of the ⌥(2S) and ⌥(3S) as a function of
centrality compared to experimental measurements. The bands in the left
plot represent variation of ̂ at fixed �̂ = �1.75; the bands in the right
plot represent variation of �̂ at fixed ̂ = ̂C .
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The TUMQCD  lattice  calculation of kappa 

quenched with the multilevel algorithm in a 
window of T never attempted up  to now 

N. B. , V. Leino, P. Petreczky, A. Vairo 2020

Our aim

• Perform simulations in very wide range of temperatures
• See if we can connect to perturbation theory at high temperature
• Observe the temperature dependence of 
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renormalized and then extrapolated to the continuum 1
195

The renormalization coefficient ZE(�) ⌘ ZE(g20) of the196

chromo-electric correlator in the case of Wilson gauge197

action has been calculated at 1-loop [36]:198

Z1�loop

E
= 1 + 0.1377185690942757(4)g2

0
. (3)

We will use this 1-loop result in the present study. How-199

ever, we expect that the 1-loop result for ZE is not very200

accurate. As it will be clear from the results of the lat-201

tice calculations this is indeed the case. The perturbative202

error in ZE(�) affects both its absolute value for fixed203

� and its �-dependence. For the continuum extrapola-204

tion it is important to estimate the uncertainty in the205

�-dependence of the renormalization constant. The er-206

ror in the absolute value of ZE could be corrected for207

after the continuum extrapolation is done by introduc-208

ing an additional multiplicative factor. To estimate the209

error in � dependence of ZE we consider the tadpole im-210

proved result for ZE, namely Ztad

E
= 1/u0, with u0 be-211

ing the plaquette expectation value [23]. The difference212

in the � dependence of Ztad

E
and Z1�loop

E
can be used213

as an estimate of the error of the �-dependence of ZE.214

Therefore, at each temperature we consider the varia-215

tion in Z1�loop

E
· u0 in the � range that corresponds to216

Nt = 12 � 24 as an estimate of systematic errors in ZE217

for bare gauge coupling in that range.218219

The chromo-electric correlator decays rapidly with in-220

creasing ⌧ . This feature can be understood from the221

leading order (tree-level) result on GE [20]:222

GLO

E
(⌧T )

g2CF

⌘ Gnorm

E
= ⇡2T 4


cos2(⇡⌧T )

sin4(⇡⌧T )
+

1

3 sin2(⇡⌧T )

�
.

(4)
In Fig. 1 we show ZEGE/Gnorm

E
for different tempera-223

tures calculated on the largest, 483 ⇥24 lattice. We see a224

significant temperature dependence in this ratio, which is225

different from one except for the smallest ⌧ . Also shown226

in the figure are the numerical results for the lowest tem-227

perature, T = 1.1Tc calculated for different Nt. As one228

can see from the figure, the cutoff (Nt) dependence is229

significant even for relatively large values of ⌧T . We230

expect that the cutoff dependence increases with231

decreasing ⌧T , except when ⌧ is of the order of232

the lattice spacing because cutoff dependence of233

ZEGE/Gnorm

E
is proportional to (a/⌧)2. We see our234

lattice data follow this expectation for ⌧T > 0.2.235

This observation is important for estimating the236

1 We will use the notation GE for both the lattice and
the continuum version of the chromo-electric correlator
to keep the notation simple. It should be clear from
the context which one we are referring to. We will only
use different notation for the continuum and the lat-
tice version of the chromo-electric correlator when it is
absolutely needed, see below.

T/Tc Nt ⇥N3
s � Nconf

12⇥ 483 6.407 1350
1.1 16⇥ 483 6.621 2623

20⇥ 483 6.795 2035
24⇥ 483 6.940 2535
12⇥ 483 6.639 1801
12⇥ 323 6.639 1557

1.5 12⇥ 242 6.639 1000
16⇥ 483 6.872 2778
20⇥ 483 7.044 2081
24⇥ 483 7.192 2496

2.2 12⇥ 483 6.940 1535
12⇥ 483 7.193 1579

3 16⇥ 483 7.432 1553
20⇥ 483 7.620 1401
24⇥ 483 7.774 1663
12⇥ 483 7.774 1587

6 16⇥ 483 8.019 1556
20⇥ 483 8.211 1258
24⇥ 483 8.367 1430
12⇥ 483 8.211 1807
12⇥ 323 8.211 1737

10 12⇥ 243 8.211 1000
16⇥ 483 8.458 2769
20⇥ 483 8.651 2073
24⇥ 483 8.808 2423
12⇥ 483 14.194 1039

10000 16⇥ 483 14.443 1157
20⇥ 483 14.635 1139
24⇥ 483 14.792 1375

20000 12⇥ 483 14.792 1948

TABLE I. Parameters of the lattice calculations.

reliability of the continuum extrapolations. Sim-237

ilar Nt dependence is observed at other temperatures.238

239240

In order to reduce discretization errors we turn to tree-
level improvement procedure [37, 38], where the leading
order results in the continuum (4) and the lattice pertur-
bation theory are matched. The LO lattice perturbation
theory gives [22]:

GLO,lat

E
(⌧)

g2CF

=

Z
⇡

�⇡

d3q

(2⇡)3
q̃2eq̄Nt(1�⌧T ) + q̃2eq̄Nt⌧T

3a4 (eq̄Nt � 1) sinh(q̄)
, (5)

where

q̄ = 2arsinh(q̃/2) , (6)

q̃2 =
3X

i=1

4 sin2(qi/2) . (7)

The improved distance ⌧ is then defined so that241

GLO

E
(⌧) = GLO,lat

E
(⌧). In Fig. 2 we show our results242

on ZEG
imp

E
(⌧)/Gnorm

E
= ZEGE(⌧)/Gnorm

E
after perform-243

ing the tree-level improvement. From the figure we can244

observe that after the tree-level improvement the ratio245


