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Limit shape phenomenon

The limit shape phenomenon - the formation of a non-random shape in 
thermodynamic limit of random/statistical systems. 

Vershik, Kerov, ’77; Logan, Schepp, ’77; Pokrovsky, Talapov, ’78, ’79;  

Elkies, Kuperberg, Larsen, Propp, ’92; Jockusch, Propp, ’98; 

Prahofer, Spohn; Borodin, Gorin; Nienhuis, Hilhorst, Blote; Cohn, Kenyon, Propp; Kenyon, 

Okounkov; AGA; Kenyon, Okounkov, Sheffield; Reshetikhin; Allegra, Dubail, Stephan, Viti; 

Colomo, Pronko, Zinn-Justin, Sportiello; Adler, Johansson, van Moerbeke; Corwin, …

dimer models, polymer models, sorting networks, ASEP (asymmetric exclusion 

processes), sandpile models, bootstrap percolation models, polynuclear growth 

models, hydrodynamic flows, free fermions, 6-vertex models, Young diagrams, …



Outline

•Examples of limit shapes: 

•Emptiness formation 

•Arctic Circle 

•From tilings to fluid dynamics 

•Merging Arctic Circles - Gross-Witten-Wadia transition 

•Limit shape phase transitions 

•Universality of phase transitions



Examples of limit shapes

•Equilibrium crystal shape 

•Random Young tableau 

•Emptiness formation in 1d quantum fermions

Ferrari, Spohn, 2003

Vershik, Kerov, 1977 
Logan, Shepp, 1977

AGA, 2005



Emptiness Formation



Imagine a quantum Fermi gas on a line

What is the probability that at time t=0, the gas parts 
away to form an emptiness of the size 2R at large R?

t=0
2R

• For random points in one dimension the probability of an empty 

spot is       

• Wrong for a quantum system in the ground state 

• For large R - collective dynamics
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Estimate of the instanton’s action

• For large R, the probability is determined by the action of an instanton 

• What motion of the gas (in imaginary time) is optimal for the emptiness 

formation?

2R

R/c

x

t
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P ⇠ e�#R2
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Hydrodynamics of free fermions

<latexit sha1_base64="a/7ctrDIF5X9J3PrMf37czWm2UU="></latexit>
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◆

fluid’s kinetic  
energy

Pauli’s internal 
energy
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@⌧⇢+ @x(⇢v) = 0

@⌧v + v@xv = @x
⇡2⇢2

2
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ik⌧ + kkx = 0

k = ⇡⇢± iv
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x+ ik⌧ = F (k) - analytic
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P ⇠ e�S

Find F(k) from boundary 
conditions and compute the 

action on the solution

?



Emptiness solution

- any analytic function

General solution: 
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ik⌧ + kkx = 0
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k = ⇡⇢+ iv
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F (k)
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k, k̄, ⇢, v(x, ⌧)
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z ⌘ x+ ik⌧ = F (k)
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F (k) - to be found from boundary conditionsEmptiness:

<latexit sha1_base64="lnAl+iRgUrxgQkiu6WkLwcflL+U="></latexit>

F (k) = R
kp

k2 � k2F

<latexit sha1_base64="b3CnAEN5SinM42zDYpS7KihzyfU="></latexit>

k = kF
zp

z2 �R2

<latexit sha1_base64="4nPrfYk3VLe2orzUYkTwPF7djkw="></latexit>

⌧ = 0, z = x

! ⇢ = 0 for x2 �R2 < 0

<latexit sha1_base64="+IbvWv3tErqJ0OkOhAYUGC1dwSs="></latexit>z ! 1
! k ! kF

AGA, 2005



Emptiness and Astroid

The shape of the empty 
space - Astroid! The density of gas 

around the emptiness

Empty 

AGA, 2005
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x2/3 + t2/3 = R2/3
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t ⇠ �(R+ x)3/2



Remarks

• The probability of large fluctuation is determined by the action of an instanton 

• Instanton - solution of classical hydrodynamic equations in imaginary time 

• Frozen regions minimize action and are allowed as parts of an instanton solution 

• Globally: combination of the solution of hydro equations and frozen regions 

• Free fermions: find F(k) from the boundary conditions imposed in spacetime 

• Technical: the action computed on equations of motion - integral over the boundary of the 

frozen region 

• Emptiness formation probability can also be computed from the ground state wave function 

without fluid dynamics



Domino Tilings and 
Arctic Circle Theorem



Domino tiling

Problem: In how many ways one could tile the 8 x 8 chessboard 
by dominos of the size 2 x 1?

Kenyon, 2009

Example of a 
domino tiling 8 x 8

Dimer covering of 
the lattice 8 x 8

Motivation: random dimer coverings in problems of 
absorption of diatomic molecules by a crystal surface.

Kasteleyn, 1963



Colored dominos

Random tiling of the board 40 x 40  
(totally about  10    tilings) 197

Dominos can be horizontal, 
vertical, … 

Let’s color them!



Colored tilings L x L

L=16

-  Thermodynamic limit

L=64 L=256
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L ! 1

Stéphan, 2020



Aztec Diamond

Aztec diamond of 
order 4

1 2
3

Random tiling of Aztec 
diamond 

4



Thermodynamic limit

L=16 L=128 L=1024

Stéphan, 2020



Arctic circle theorem

In thermodynamic limit with 
probability going to 1 the random 
tiling of Aztec diamond looks like 
the one shown in picture.

Frozen region
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L ! 1

Liquid

William Jockusch, James Propp, and Peter Shor. 
"Random domino tilings and the arctic circle 
theorem." arXiv preprint math/9801068 (1998).



Tilings as flows



From dominos to dimers



From dimers to worldlines

x

t



From lines to gas

x

t

Stéphan, 2020

Green lines - particle trajectories



Optimal gas flow

What is the optimal fluctuation of 
the gas in space and time so that at 
t=0 and at t=2R the left half line is 
empty and the right one is filled? 

t=0

t=2R

?

Empty Filled

Empty Filled

There are many particles (R is big), 
and one can think  of gas as of 

continuous fluid and use 
hydrodynamic equations.



The solution for the optimal motion

The density of the gas 
inside the Arctic circle

Empty 

FilledEmpty 

Filled



Arctic Circle hydro solution
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z ⌘ x+ i✏0(k)⌧ = F (k)

<latexit sha1_base64="oZzepnq5cPKWMGc9vLDF6UGR5Jw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotYEUoiRd0IRTcuK9gHNCFMppN2yGQSZiZiCd258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RNGpbKsb6OwsLi0vFJcLa2tb2xumds7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn74fXYb98TIWnM79QwIW6E+pwGFCOlJc/cpzD0HIVSeOKQRFIW86NKeKzFB3gJLc8sW1VrAjhP7JyUQY6GZ345vRinEeEKMyRl17YS5WZIKIoZGZWcVJIE4RD1SVdTjiIi3WzyxwgeaqUHg1jo4gpO1N8TGYqkHEa+7oyQGshZbyz+53VTFVy4GeVJqgjH00VByqCK4TgU2KOCYMWGmiAsqL4V4gESCCsdXUmHYM++PE9ap1X7rFq7rZXrV3kcRbAHDkAF2OAc1MENaIAmwOARPINX8GY8GS/Gu/ExbS0Y+cwu+APj8wfr0pds</latexit>

ik⌧ + ✏0(k)kx = 0 Free fermion hydro

General solution

<latexit sha1_base64="Q2wXzghqHpbL++v4Z2U+MzSFOYs=">AAAB/nicbVBNSwMxEJ2tX7V+rYonL8Ei1INlV4p6EYpePFawH9AtJZumbWg2WZKsUJaCf8WLB0W8+ju8+W9M2z1o9cHA470ZZuaFMWfaeN6Xk1taXlldy68XNja3tnfc3b2GlokitE4kl6oVYk05E7RumOG0FSuKo5DTZji6mfrNB6o0k+LejGPaifBAsD4j2Fip6x4ENNaMS1EanaArdBoQqdGo6xa9sjcD+kv8jBQhQ63rfgY9SZKICkM41rrte7HppFgZRjidFIJE0xiTER7QtqUCR1R30tn5E3RslR7qS2VLGDRTf06kONJ6HIW2M8JmqBe9qfif105M/7KTMhEnhgoyX9RPODISTbNAPaYoMXxsCSaK2VsRGWKFibGJFWwI/uLLf0njrOyflyt3lWL1OosjD4dwBCXw4QKqcAs1qAOBFJ7gBV6dR+fZeXPe5605J5vZh19wPr4BUOaUbg==</latexit>

✏(k) = � cos k Dispersion

<latexit sha1_base64="ALBUUPlsqBth85mp3Tty7E69Xbc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IRUE8VrEf0May2W7aJZts2N0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeV7MmdK2/W3llpZXVtfy64WNza3tneLuXlOJRBLaIIIL2fawopxFtKGZ5rQdS4pDj9OWF1xN/NYjlYqJ6F6PYuqGeBAxnxGsjfRwXQ6O0QW66xKhUNArluyKPQVaJE5GSpCh3it+dfuCJCGNNOFYqY5jx9pNsdSMcDoudBNFY0wCPKAdQyMcUuWm06vH6MgofeQLaSrSaKr+nkhxqNQo9ExniPVQzXsT8T+vk2j/3E1ZFCeaRmS2yE840gJNIkB9JinRfGQIJpKZWxEZYomJNkEVTAjO/MuLpHlScU4r1dtqqXaZxZGHAziEMjhwBjW4gTo0gICEZ3iFN+vJerHerY9Za87KZvbhD6zPHzaDkQw=</latexit>

F (k) = R cos k Arctic Circle solution

<latexit sha1_base64="cMgNGj2x08JbGdQQcYlbMe25O5I=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqBch6MVjFPOQZAmzk9lkyMzuMtMrhCVf4cWDIl79HG/+jZPHQRMLGoqqbrq7gkQKg6777Swtr6yurec28ptb2zu7hb39uolTzXiNxTLWzYAaLkXEayhQ8maiOVWB5I1gcDP2G09cGxFHDzhMuK9oLxKhYBSt9NhGmpIrcnrfKRTdkjsBWSTejBRhhmqn8NXuxixVPEImqTEtz03Qz6hGwSQf5dup4QllA9rjLUsjqrjxs8nBI3JslS4JY20rQjJRf09kVBkzVIHtVBT7Zt4bi/95rRTDSz8TUZIij9h0UZhKgjEZf0+6QnOGcmgJZVrYWwnrU00Z2ozyNgRv/uVFUj8reeel8l25WLmexZGDQziCE/DgAipwC1WoAQMFz/AKb452Xpx352PauuTMZg7gD5zPH2Sxj38=</latexit>

⌧ = �R

<latexit sha1_base64="8uuov++bFiGzXIt+ZIpWVazpTn8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqwpJIUTdC0Y3LCvYBTSiT6aQZOnkwc6OW2E9x40IRt36JO//GaZuFth64cDjnXu69x0sEV2BZ38bS8srq2npho7i5tb2za5b2WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7w+uJ375nUvE4uoNRwtyQDCLuc0pASz2z5MggxpfYgYABqZw8HvfMslW1psCLxM5JGeVo9Mwvpx/TNGQRUEGU6tpWAm5GJHAq2LjopIolhA7JgHU1jUjIlJtNTx/jI630sR9LXRHgqfp7IiOhUqPQ050hgUDNexPxP6+bgn/hZjxKUmARnS3yU4EhxpMccJ9LRkGMNCFUcn0rpgGRhIJOq6hDsOdfXiSt06p9Vq3d1sr1qzyOAjpAh6iCbHSO6ugGNVATUfSAntErejOejBfj3fiYtS4Z+cw++gPj8weOe5Lo</latexit>

⇢ = ✓(�x)

<latexit sha1_base64="7OorkODbXGZPHJ6Ysxv5GlSRrCU=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR3FhmpKgboejGZRX7gM5YMmmmDc0kQ5IplrELf8WNC0Xc+hvu/BvTdhbaeuDC4Zx7ufeeIGZUacf5tnILi0vLK/nVwtr6xuaWvb1TVyKRmNSwYEI2A6QIo5zUNNWMNGNJUBQw0gj6V2O/MSBSUcHv9DAmfoS6nIYUI22ktr33AC/gLST3KfViCj3ZE/B4MGrbRafkTADniZuRIshQbdtfXkfgJCJcY4aUarlOrP0USU0xI6OClygSI9xHXdIylKOIKD+d3D+Ch0bpwFBIU1zDifp7IkWRUsMoMJ0R0j01643F/7xWosNzP6U8TjTheLooTBjUAo7DgB0qCdZsaAjCkppbIe4hibA2kRVMCO7sy/OkflJyT0vlm3KxcpnFkQf74AAcARecgQq4BlVQAxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4ABiKU2A==</latexit>

x = Rei⇡⇢�v

<latexit sha1_base64="GUqcZcUo5ILuuWeBdJ08ofFiZ6U=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBKEkUtSNUHTjsop9QBPKZDpph0xmwsxELKFu/BU3LhRx61+482+ctllo64ELh3Pu5d57goRRpR3n2yosLC4trxRXS2vrG5tb9vZOU4lUYtLAggnZDpAijHLS0FQz0k4kQXHASCuIrsZ+655IRQW/08OE+DHqcxpSjLSRuvbewzH1NEqhpyiHEbyAtx4WCkZdu+xUnAngPHFzUgY56l37y+sJnMaEa8yQUh3XSbSfIakpZmRU8lJFEoQj1CcdQzmKifKzyQcjeGiUHgyFNMU1nKi/JzIUKzWMA9MZIz1Qs95Y/M/rpDo89zPKk1QTjqeLwpRBLeA4DtijkmDNhoYgLKm5FeIBkghrE1rJhODOvjxPmicV97RSvamWa5d5HEWwDw7AEXDBGaiBa1AHDYDBI3gGr+DNerJerHfrY9pasPKZXfAH1ucPeyOVog==</latexit>

x+ i⌧ sin k = R cos k
<latexit sha1_base64="YLkb78dEf2wAi3o3tliNv1ZdXQ4=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0UQhJJIUS9C0YvHCvYDmlA22027dJMNu5tKif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFsrq2vrG5uFreL2zu7evl06aCqRSkIbRHAh2wFWlLOYNjTTnLYTSXEUcNoKhrdTvzWiUjERP+hxQv0I92MWMoK1kbp2aYiukZcw5MmBQGcMjbp22ak4M6Bl4uakDDnqXfvL6wmSRjTWhGOlOq6TaD/DUjPC6aTopYommAxxn3YMjXFElZ/NTp+gE6P0UCikqVijmfp7IsORUuMoMJ0R1gO16E3F/7xOqsMrP2Nxkmoak/miMOVICzTNAfWYpETzsSGYSGZuRWSAJSbapFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBBB7hGV7hzXqyXqx362PeumLlM4fwB9bnD/ockoo=</latexit>

k = ⇡⇢+ iv

see: Allegra, Dubail, Stéphan, Viti, 2016 for general dispersion



Limit shape  
phase transitions  

Merging Arctic Circles
with James Pallister and Dimitri Gangardt 

based on: https://arxiv.org/abs/2203.05269



Gross-Witten-Wadia model
Partition function for 2d U(N) lattice gauge theory was reduced to:

Gross, Witten, 1980 
Wadia, 1980

weak coupling
<latexit sha1_base64="maWfM7kMaJV9+cTBx78kACW+JKo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi5cFN24rGAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbKz32uY2G+Lo2KFfcqjsHWiVeTiqQozkof/XDmKSCSkM41rrnuYnxM6wMI5xOS/1U0wSTMR7SnqUSC6r9bL7wFJ1ZJURRrOyTBs3V3xMZFlpPRGCTApuRXvZm4n9eLzXRlZ8xmaSGSrL4KEo5MjGaXY9CpigxfGIJJorZXREZYYWJsR2VbAne8smrpF2rehfV+n290rjJ6yjCCZzCOXhwCQ24gya0gICAZ3iFN0c5L86787GIFpx85hj+wPn8ATYSkAg=</latexit>

� < 2 strong coupling
<latexit sha1_base64="MKfX1CVhzPy+AX345FdVov8IgZ8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k6MZlBfuQdiiZTKYNTTJDkhHK0K9w40IRt36OO//GtJ2Fth4IHM45l9x7goQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3QBrypmkLcMMp91EUSwCTjvB+Hbmd56o0iyWD2aSUF/goWQRI9hY6bHPbTTE17VBueJW3TnQKvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n84Wn6MwqIYpiZZ80aK7+nsiw0HoiApsU2Iz0sjcT//N6qYmu/IzJJDVUksVHUcqRidHsehQyRYnhE0swUczuisgIK0yM7ahkS/CWT14l7VrVu6jW7+uVxk1eRxFO4BTOwYNLaMAdNKEFBAQ8wyu8Ocp5cd6dj0W04OQzx/AHzucPORyQCg==</latexit>

� > 2

<latexit sha1_base64="IJf8+YyIiytdO3DtqORm4Y/o8PY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaWDbbSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WEyrNZXxvxgn6ER3EPOSMGis18SHjo0mvXHGr7gxkmXg5qUCOeq/81e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObFKn4RS2YoNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvrxMmmdV76J6fndeqV3ncRThCI7hFDy4hBrcQh0awOARnuEV3hzpvDjvzse8teDkM4fwB87nD9Lmj04=</latexit>

eik
<latexit sha1_base64="IJf8+YyIiytdO3DtqORm4Y/o8PY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaWDbbSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WEyrNZXxvxgn6ER3EPOSMGis18SHjo0mvXHGr7gxkmXg5qUCOeq/81e1LlkYYGyao1h3PTYyfUWU4EzgpdVONCWUjOsCOpTGNUPvZ7NoJObFKn4RS2YoNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMeJ6nBmM0XhakgRpLp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvrxMmmdV76J6fndeqV3ncRThCI7hFDy4hBrcQh0awOARnuEV3hzpvDjvzse8teDkM4fwB87nD9Lmj04=</latexit>

eik

<latexit sha1_base64="o+2mN4246NwWyAVvTJqVyROc6g4="></latexit>

ZN =

Z
dU exp

n 1

�
Tr (U + U †)

o

Third-order weak-strong coupling phase transition at  
the t’Hooft coupling               in                     limit

<latexit sha1_base64="mXjVNS736XhzwvpfIGtR0FOnQRk=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUom6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX9cG5YpbdedAq8TLSQVyNAflr34Yk1RQaQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1RiQbWfzReeojOrhCiKlX3SoLn6eyLDQuuJCGxSYDPSy95M/M/rpSa68jMmk9RQSRYfRSlHJkaz61HIFCWGTyzBRDG7KyIjrDAxtqOSLcFbPnmVtGtV76Jav69XGjd5HUU4gVM4Bw8uoQF30IQWEBDwDK/w5ijnxXl3PhbRgpPPHMMfOJ8/N5eQCQ==</latexit>

� = 2
<latexit sha1_base64="7jH6IukTwobPpbyEl5x/VcZtRxI=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjSupYB8wM5RMmmlDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM65l9xzolRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hMU9amSijdi4hhgkvWBg6C9VLNSBIJ1o3GtzO/+8S04Uo+wiRlYUKGksecErCSfx+AwgGXMUz61Zpbd+fAq8QrSA0VaPWrX8FA0SxhEqggxviem0KYEw2cCjatBJlhKaFjMmS+pZIkzIT5/OQpPrPKAMdK2ycBz9XfGzlJjJkkkZ1MCIzMsjcT//P8DOLrMOcyzYBJuvgozgS2OWf58YBrRkFMLCFUc3srpiOiCQXbUsWW4C1HXiWdi7p3WW88NGrNm6KOMjpBp+gceegKNdEdaqE2okihZ/SK3hxwXpx352MxWnKKnWP0B87nDxX4kSQ=</latexit>

N ! 1

<latexit sha1_base64="6eTDlbg3fnZ3EOADBEcgocq5pX4="></latexit>

ZN =
NY

i=1

Z ⇡

�⇡
dki

Y

i<j

sin2
✓
ki � kj

2

◆
exp

✓
2N

�
cos ki

◆

<latexit sha1_base64="5pv65MIsaSs5wq4s614E310cf20="></latexit>

U = V diag
�
eikj

 
V †



Electrostatic interpretation

Partition function for charges on unit circle

<latexit sha1_base64="fGpFt6ZfiWZeH0UjaHdompxWhtI="></latexit>

ZN =
NY

i=1

Z +⇡

�⇡
dki e

�EN

<latexit sha1_base64="GeL+kwPEgN4ELFt9M6O18HtloUU="></latexit>

EN = �2
X

i<j

ln
���eiki � eikj

����
X

i

2N

�
cos ki

logarithmic repulsion external potential

charges

external electric field E

small      means large E
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�



Large N solution

Density of charges:

<latexit sha1_base64="3cRKwkQTMpansl5wQBV74RZTzTs=">AAACE3icbVDLSgMxFM3UV62vUZdugkVoBcuMFHUjFN24kgr2AZ0yZNJMGybJDElGKEP/wY2/4saFIm7duPNvTB8LbT1w4XDOvdx7T5AwqrTjfFu5peWV1bX8emFjc2t7x97da6o4lZg0cMxi2Q6QIowK0tBUM9JOJEE8YKQVRNdjv/VApKKxuNfDhHQ56gsaUoy0kXz72FO0z1EpKsNL6IUS4cwdZbcjT6Xcp16PMG3Mk8inZd8uOhVnArhI3Bkpghnqvv3l9WKcciI0ZkipjuskupshqSlmZFTwUkUShCPUJx1DBeJEdbPJTyN4ZJQeDGNpSmg4UX9PZIgrNeSB6eRID9S8Nxb/8zqpDi+6GRVJqonA00VhyqCO4Tgg2KOSYM2GhiAsqbkV4gEywWgTY8GE4M6/vEiapxX3rFK9qxZrV7M48uAAHIIScME5qIEbUAcNgMEjeAav4M16sl6sd+tj2pqzZjP74A+szx+Y5p1g</latexit>

�(k) =
1

N

X

i

�(k � ki)

<latexit sha1_base64="OqvLotkttc6HKWP4BmpoEEkxU0k="></latexit>

2⇡�(k) =

(
4
� cos k

2

q
�
2 � sin2 k

2 �  2

1 + 2
� cos k � � 2

is discontinuous at 

<latexit sha1_base64="eXMoiJxf14O0MEywzto6d9yRXBE=">AAACD3icbVBNS8MwGE7n15xfVY9egkPxNFo31ONQBI8T3Aes3UjTdAtL05Kkwij7B178K148KOLVqzf/jelWRDcfCDx5nvd9k/fxYkalsqwvo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6HpKEUU6aiipGOrEgKPQYaXujq8xv3xMhacTv1DgmbogGnAYUI6WlvnnsBALh1ImRUBSxXhVeT35uDtODfNSrTvpm2apYU8BFYuekDHI0+uan40c4CQlXmCEpu7YVKzfN5mJGJiUnkSRGeIQGpKspRyGRbjrdZwKPtOLDIBL6cAWn6u+OFIVSjkNPV4ZIDeW8l4n/ed1EBRduSnmcKMLx7KEgYVBFMAsH+lQQrNhYE4QF1X+FeIh0QEpHWNIh2PMrL5LWacU+q9Rua+X6ZR5HERyAQ3ACbHAO6uAGNEATYPAAnsALeDUejWfjzXiflRaMvGcf/IHx8Q10a5zu</latexit>

@3E

@�3

<latexit sha1_base64="mXjVNS736XhzwvpfIGtR0FOnQRk=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUom6EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX9cG5YpbdedAq8TLSQVyNAflr34Yk1RQaQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1RiQbWfzReeojOrhCiKlX3SoLn6eyLDQuuJCGxSYDPSy95M/M/rpSa68jMmk9RQSRYfRSlHJkaz61HIFCWGTyzBRDG7KyIjrDAxtqOSLcFbPnmVtGtV76Jav69XGjd5HUU4gVM4Bw8uoQF30IQWEBDwDK/w5ijnxXl3PhbRgpPPHMMfOJ8/N5eQCQ==</latexit>

� = 2

<latexit sha1_base64="QrWnqaiguarxlK+KN3RGkPUps4w="></latexit>

�E(�) = N2

⇢
2
� + 1

2 ln
�
2 � 3

4 �  2
1
�2 � � 2

Gross, Witten, 1980 
Wadia, 1980



Free fermions

Hamiltonian of free fermions

<latexit sha1_base64="GcUYxxL1Io3lln47IsqzfCSX3BY="></latexit>

H =

Z ⇡

�⇡

dk

2⇡
"(k)c†(k)c(k)

<latexit sha1_base64="G3JG84trhcZ0NJG1agPZ7x+Bjd4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSBoYdgNQW2EoE0qiWIemI1hdnKTDJmdXWZmhbDJN9j4KzYWitha2fk3Th6FJh64cDjnXu69xws5U9q2v63EwuLS8kpyNbW2vrG5ld7eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvdznyqw8gFQvEre6H0PBJR7A2o0QbqZk+umte4XOXE9HhgN2SYngA9/Fx7gYXh3gwElw5NpvpjJ21x8DzxJmSDJqi1Ex/ua2ARj4ITTlRqu7YoW7ERGpGOQxTbqQgJLRHOlA3VBAfVCMevzTEB0Zp4XYgTQmNx+rviZj4SvV9z3T6RHfVrDcS//PqkW6fNWImwkiDoJNF7YhjHeBRPrjFJFDN+4YQKpm5FdMukYRqk2LKhODMvjxPKrmsc5LNX+czhYtpHEm0h/bRIXLQKSqgIiqhMqLoET2jV/RmPVkv1rv1MWlNWNOZXfQH1ucPLECckg==</latexit>

ZN = h |e�2RH | i

N

2R

<latexit sha1_base64="hPz6Uyd2lBEZN+nENVLN0SDnC0g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdklzA76U2GzM6uM7OBEPMdXjwo4tWP8ebfOHkcNLGgoajqprsrTAXXxnW/ndza+sbmVn67sLO7t39QPDxq6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXBwO/WbQ1SaJ/LBjFIMYtqTPOKMGisF5Mmvae4rKnsCO8WSW3ZnIKvEW5ASLFDrFL/8bsKyGKVhgmrd9tzUBGOqDGcCJwU/05hSNqA9bFsqaYw6GM+OnpAzq3RJlChb0pCZ+ntiTGOtR3FoO2Nq+nrZm4r/ee3MRNfBmMs0MyjZfFGUCWISMk2AdLlCZsTIEsoUt7cS1qeKMmNzKtgQvOWXV0njouxdliv3lVL1ZhFHHk7gFM7Bgyuowh3UoA4MHuEZXuHNGTovzrvzMW/NOYuZY/gD5/MHlIOR/g==</latexit>

| i
<latexit sha1_base64="wsCr8Mz/8ZTRZM8MDhA0GaNTIQM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCBymJFBW8FL14kir2A5pSNttNu3SzCbsTpcT+FC8eFPHqL/Hmv3Hb5qCtDwYe780wM8+PBdfgON9Wbml5ZXUtv17Y2Nza3rGLuw0dJYqyOo1EpFo+0UxwyerAQbBWrBgJfcGa/vBq4jcfmNI8kvcwilknJH3JA04JGKlrF2+OvQt8hz2IsMdlAKOuXXLKzhR4kbgZKaEMta795fUimoRMAhVE67brxNBJiQJOBRsXvESzmNAh6bO2oZKETHfS6eljfGiUHg4iZUoCnqq/J1ISaj0KfdMZEhjoeW8i/ue1EwjOOymXcQJM0tmiIBHY/DnJAfe4YhTEyBBCFTe3YjogilAwaRVMCO78y4ukcVJ2T8uV20qpepnFkUf76AAdIRedoSq6RjVURxQ9omf0it6sJ+vFerc+Zq05K5vZQ39gff4Ag4+S5g==</latexit>

N, R ! 1
<latexit sha1_base64="sT7KSXFgxqdpPse/pqFlgmWKHiU=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWRom6EohtXUsU+oAllMpm0QycPZiZCiVn4K25cKOLW33Dn3zhts9DWAwOHc87l3jlewplUlvVtLCwuLa+sltbK6xubW9vmzm5LxqkgtEliHouOhyXlLKJNxRSnnURQHHqctr3h1dhvP1AhWRzdq1FC3RD3IxYwgpWWeua+w3XYx+gCOYHAJLvJs7sc9cyKVbUmQPPELkgFCjR65pfjxyQNaaQIx1J2bStRboaFYoTTvOykkiaYDHGfdjWNcEilm03uz9GRVnwUxEK/SKGJ+nsiw6GUo9DTyRCrgZz1xuJ/XjdVwbmbsShJFY3IdFGQcqRiNC4D+UxQovhIE0wE07ciMsC6BqUrK+sS7Nkvz5PWSdU+rdZua5X6ZVFHCQ7gEI7BhjOowzU0oAkEHuEZXuHNeDJejHfjYxpdMIqZPfgD4/MH+daVcg==</latexit>

� =
N

R
- fixed

Diagonal in k-space

<latexit sha1_base64="EMhaqlpeN0NdvvnyC8eeExxL29I=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lUSKtbeiF48V7Ac0oWy2k3bpZhN2N0KJ/RtePCji1T/jzX/jtg1+Pxh4vDfDzLwg4Uxpx3m3lpZXVtfWCxvFza3tnd3S3n5bxamk2KIxj2U3IAo5E9jSTHPsJhJJFHDsBOPLmd+5RalYLG70JEE/IkPBQkaJNpJ35zUV8yQRQ479UtmpOHPYf4mbkzLkaPZLb94gpmmEQlNOlOq5TqL9jEjNKMdp0UsVJoSOyRB7hgoSofKz+c1T+9goAzuMpSmh7bn6fSIjkVKTKDCdEdEj9dubif95vVSH537GRJJqFHSxKEy5rWN7FoA9YBKp5hNDCJXM3GrTEZGEahNT0YTgfv1eN6hVc1J3P0Non1bcs0r1ulpuXORxFOAQjuAEXKhBA66gCS2gkMA9PMKTlVoP1rP1smhdsvKZA/gB6/UDYvuSLw==</latexit>

| i Diagonal in x-space

x

<latexit sha1_base64="OMf34icKwXiamhodr9zs+q0uteI=">AAAB/HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bp7ibsToQS6l/wqndv4tX/4tVf4qbNwbY+GHi8N8PMvDAR3IDrfjultfWNza3ydmVnd2//oHp41DJxqinzaSxi3QmJYYIr5gMHwTqJZkSGgrXD8V3ut5+YNjxWjzBJWCDJUPGIUwJW8ntA0kq/WnPr7gx4lXgFqaECzX71pzeIaSqZAiqIMV3PTSDIiAZOBZtWeqlhCaFjMmRdSxWRzATZ7NgpPrPKAEextqUAz9S/ExmRxkxkaDslgZFZ9nLxP6+bQnQTZFwlKTBF54uiVGCIcf45HnDNKIiJJYRqbm/FdEQ0oWDzWdgSymkeirccwSppXdS9q/rlw2WtcVvEU0Yn6BSdIw9dowa6R03kI4o4ekGv6M15dt6dD+dz3lpyipljtADn6xeb35UL</latexit>⌧



Partition function

- Vandermonde determinant
<latexit sha1_base64="htyHBiwmmuO1fy/Mm6aogY7Ys3E=">AAACGHicbZC7SgNBFIZn4y3G26qlzWAQksK4K0EtFIJaWEYwF0jiMjs5SSaZvTAzK4RlH8PGV7GxUMQ2nW/j5FJo4g8DH/85hzPnd0POpLKsbyO1tLyyupZez2xsbm3vmLt7VRlEgkKFBjwQdZdI4MyHimKKQz0UQDyXQ80d3IzrtScQkgX+gxqG0PJI12cdRonSlmOeNG+BK5KDx5gNkjy+ws1QBG0nZpf9ZOo6LDmeQj/JO2bWKlgT4UWwZ5BFM5Udc9RsBzTywFeUEykbthWqVkyEYpRDkmlGEkJCB6QLDY0+8UC24slhCT7STht3AqGfr/DE/T0RE0/KoefqTo+onpyvjc3/ao1IdS5aMfPDSIFPp4s6EccqwOOUcJsJoIoPNRAqmP4rpj0iCFU6y4wOwZ4/eRGqpwX7rFC8L2ZL17M40ugAHaIcstE5KqE7VEYVRNEzekXv6MN4Md6MT+Nr2poyZjP76I+M0Q8PE5/R</latexit>

�(eik) =
Y

i<j

(eiki � eikj )

<latexit sha1_base64="JtWGUhcUxKAIISzUKPFeOOZ1XJU="></latexit>

ZN =
1

N !

Z
dNk

(2⇡)N
|�(eik)|2 e�2R

P
l "(kl)

<latexit sha1_base64="WqBts3Te6pudQ6VciVqAPplbkRg=">AAACD3icbVA9SwNBEN3zM55fUUubxaDEwnAnojZC0CZViMGomIthbzNJluztHbt7QrjkH9j4V2wsFLG1tfPfuIlXaPTBwOO9GWbm+RFnSjvOpzU1PTM7N59ZsBeXlldWs2vrlyqMJYUaDXkor32igDMBNc00h+tIAgl8Dld+72zkX92BVCwUF7ofQSMgHcHajBJtpGZ2x7ZvmuV8dRefeJyIDgdcHmC4Tfb2q6XhoOzJsdjM5pyCMwb+S9yU5FCKSjP74bVCGgcgNOVEqbrrRLqREKkZ5TC0vVhBRGiPdKBuqCABqEYy/meIt43Swu1QmhIaj9WfEwkJlOoHvukMiO6qSW8k/ufVY90+biRMRLEGQb8XtWOOdYhH4eAWk0A17xtCqGTmVky7RBKqTYS2CcGdfPkvudwvuIeFg/ODXPE0jSODNtEWyiMXHaEiKqEKqiGK7tEjekYv1oP1ZL1ab9+tU1Y6s4F+wXr/Am+Zmnc=</latexit>

ZN (R) = hN |e�2RH |Ni

<latexit sha1_base64="X+gLDv+F++8YSyFhnFK7FrAUWW8="></latexit>

ZN (R) =
1

N !

Z ⇡

�⇡

NY

i=1

dki
2⇡

hN |{ki}ie�2R
P

l "(kl)h{ki}|Ni

<latexit sha1_base64="J7Msqp2ln/yln7RNM30UYO23Luo=">AAACHHicbVDLSgMxFM34rPVVdekmWARXZUaLuhGKblyVCvYBnVoymdtpaCYzJBmhtP0QN/6KGxeKuHEh+Dem7QjaeiBwOOdcbu7xYs6Utu0va2FxaXllNbOWXd/Y3NrO7ezWVJRIClUa8Ug2PKKAMwFVzTSHRiyBhB6Hute7Gvv1e5CKReJW92NohSQQrMMo0UZq506GZVcSEXDAF5i2nTvXJ0EA0uV+pJVRyj8KHtppsp3L2wV7AjxPnJTkUYpKO/fh+hFNQhCacqJU07Fj3RoQqRnlMMq6iYKY0B4JoGmoICGo1mBy3AgfGsXHnUiaJzSeqL8nBiRUqh96JhkS3VWz3lj8z2smunPeGjARJxoEnS7qJBzrCI+bwj6TQDXvG0KoZOavmHaJJFSbPrOmBGf25HlSOy44p4XiTTFfukzryKB9dICOkIPOUAldowqqIooe0BN6Qa/Wo/VsvVnv0+iClc7soT+wPr8BBgChXA==</latexit>

|Ni = c†1 . . . c
†
N |0i



Electrostatic interpretation

<latexit sha1_base64="fGpFt6ZfiWZeH0UjaHdompxWhtI="></latexit>

ZN =
NY

i=1

Z +⇡

�⇡
dki e

�EN

<latexit sha1_base64="GeL+kwPEgN4ELFt9M6O18HtloUU="></latexit>

EN = �2
X

i<j

ln
���eiki � eikj

����
X

i

2N

�
cos ki

for the dispersion                                and 
<latexit sha1_base64="di8XVhPNputVLiXnBIBU7bEu2xM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKSSFE3QtGNywr2AU0ok+mkHTKZCTOTQold+CtuXCji1t9w5984bbPQ6oELh3Pu5d57goRRpR3nyyosLa+srhXXSxubW9s79u5eS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDuIbqZ+e0SkooLf63FC/BgNOA0pRtpIPfvAGyFJEkWZ4JXo5OrUw0LBqGeXnaozA/xL3JyUQY5Gz/70+gKnMeEaM6RU13US7WdIaooZmZS8VJEE4QgNSNdQjmKi/Gx2/wQeG6UPQyFNcQ1n6s+JDMVKjePAdMZID9WiNxX/87qpDi/9jPIk1YTj+aIwZVALOA0D9qkkWLOxIQhLam6FeIgkwtpEVjIhuIsv/yWts6p7Xq3d1cr16zyOIjgER6ACXHAB6uAWNEATYPAAnsALeLUerWfrzXqftxasfGYf/IL18Q0W9ZWB</latexit>

"(k) = � cos k
<latexit sha1_base64="pdqTV0lLU8BSuVyLkh/CTiyw9rI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiRd0IRTeupIp9QBPKZDJph04ezEyEEgL+ihsXirj1O9z5N07bLLT1wMDhnHO5d46XcCaVZX0bpaXlldW18nplY3Nre8fc3WvLOBWEtkjMY9H1sKScRbSlmOK0mwiKQ4/Tjje6nvidRyoki6MHNU6oG+JBxAJGsNJS3zxwuA77GF0iJxCYZLd5dp/3zapVs6ZAi8QuSBUKNPvml+PHJA1ppAjHUvZsK1FuhoVihNO84qSSJpiM8ID2NI1wSKWbTc/P0bFWfBTEQr9Ioan6eyLDoZTj0NPJEKuhnPcm4n9eL1XBhZuxKEkVjchsUZBypGI06QL5TFCi+FgTTATTtyIyxLoFpRur6BLs+S8vkvZpzT6r1e/q1cZVUUcZDuEITsCGc2jADTShBQQyeIZXeDOejBfj3fiYRUtGMbMPf2B8/gCcaZVI</latexit>

� =
N

R

<latexit sha1_base64="5uFhKvfbvHzk2DVqzbwMhVpuu1U=">AAAB8nicbVBNSwMxFMzWr1q/qh69BIvgqeyWol6EohePFWwtbJeSzWbb0GyyJG+FsvRnePGgiFd/jTf/jWm7B20dCAwz88h7E6aCG3Ddb6e0tr6xuVXeruzs7u0fVA+PukZlmrIOVULpXkgME1yyDnAQrJdqRpJQsMdwfDvzH5+YNlzJB5ikLEjIUPKYUwJW8vvCRiOCr3FjUK25dXcOvEq8gtRQgfag+tWPFM0SJoEKYozvuSkEOdHAqWDTSj8zLCV0TIbMt1SShJkgn688xWdWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxBfBTmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYliq2BG/55FXSbdS9i3rzvllr3RR1lNEJOkXnyEOXqIXuUBt1EEUKPaNX9OaA8+K8Ox+LaMkpZo7RHzifP+i4kF0=</latexit>

� = 2 - phase transition (as in Gross-Witten-Wadia model)

What is the picture of this transition in spacetime?



Spacetime picture

2R

<latexit sha1_base64="wsCr8Mz/8ZTRZM8MDhA0GaNTIQM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCBymJFBW8FL14kir2A5pSNttNu3SzCbsTpcT+FC8eFPHqL/Hmv3Hb5qCtDwYe780wM8+PBdfgON9Wbml5ZXUtv17Y2Nza3rGLuw0dJYqyOo1EpFo+0UxwyerAQbBWrBgJfcGa/vBq4jcfmNI8kvcwilknJH3JA04JGKlrF2+OvQt8hz2IsMdlAKOuXXLKzhR4kbgZKaEMta795fUimoRMAhVE67brxNBJiQJOBRsXvESzmNAh6bO2oZKETHfS6eljfGiUHg4iZUoCnqq/J1ISaj0KfdMZEhjoeW8i/ue1EwjOOymXcQJM0tmiIBHY/DnJAfe4YhTEyBBCFTe3YjogilAwaRVMCO78y4ukcVJ2T8uV20qpepnFkUf76AAdIRedoSq6RjVURxQ9omf0it6sJ+vFerc+Zq05K5vZQ39gff4Ag4+S5g==</latexit>

N, R ! 1
<latexit sha1_base64="sT7KSXFgxqdpPse/pqFlgmWKHiU=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWRom6EohtXUsU+oAllMpm0QycPZiZCiVn4K25cKOLW33Dn3zhts9DWAwOHc87l3jlewplUlvVtLCwuLa+sltbK6xubW9vmzm5LxqkgtEliHouOhyXlLKJNxRSnnURQHHqctr3h1dhvP1AhWRzdq1FC3RD3IxYwgpWWeua+w3XYx+gCOYHAJLvJs7sc9cyKVbUmQPPELkgFCjR65pfjxyQNaaQIx1J2bStRboaFYoTTvOykkiaYDHGfdjWNcEilm03uz9GRVnwUxEK/SKGJ+nsiw6GUo9DTyRCrgZz1xuJ/XjdVwbmbsShJFY3IdFGQcqRiNC4D+UxQovhIE0wE07ciMsC6BqUrK+sS7Nkvz5PWSdU+rdZua5X6ZVFHCQ7gEI7BhjOowzU0oAkEHuEZXuHNeDJejHfjYxpdMIqZPfgD4/MH+daVcg==</latexit>

� =
N

R
- fixed

N=2R

<latexit sha1_base64="5uFhKvfbvHzk2DVqzbwMhVpuu1U=">AAAB8nicbVBNSwMxFMzWr1q/qh69BIvgqeyWol6EohePFWwtbJeSzWbb0GyyJG+FsvRnePGgiFd/jTf/jWm7B20dCAwz88h7E6aCG3Ddb6e0tr6xuVXeruzs7u0fVA+PukZlmrIOVULpXkgME1yyDnAQrJdqRpJQsMdwfDvzH5+YNlzJB5ikLEjIUPKYUwJW8vvCRiOCr3FjUK25dXcOvEq8gtRQgfag+tWPFM0SJoEKYozvuSkEOdHAqWDTSj8zLCV0TIbMt1SShJkgn688xWdWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxBfBTmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYliq2BG/55FXSbdS9i3rzvllr3RR1lNEJOkXnyEOXqIXuUBt1EEUKPaNX9OaA8+K8Ox+LaMkpZo7RHzifP+i4kF0=</latexit>

� = 2Arctic circles touch at 



From k-space to spacetime
Density of charges

<latexit sha1_base64="3cRKwkQTMpansl5wQBV74RZTzTs=">AAACE3icbVDLSgMxFM3UV62vUZdugkVoBcuMFHUjFN24kgr2AZ0yZNJMGybJDElGKEP/wY2/4saFIm7duPNvTB8LbT1w4XDOvdx7T5AwqrTjfFu5peWV1bX8emFjc2t7x97da6o4lZg0cMxi2Q6QIowK0tBUM9JOJEE8YKQVRNdjv/VApKKxuNfDhHQ56gsaUoy0kXz72FO0z1EpKsNL6IUS4cwdZbcjT6Xcp16PMG3Mk8inZd8uOhVnArhI3Bkpghnqvv3l9WKcciI0ZkipjuskupshqSlmZFTwUkUShCPUJx1DBeJEdbPJTyN4ZJQeDGNpSmg4UX9PZIgrNeSB6eRID9S8Nxb/8zqpDi+6GRVJqonA00VhyqCO4Tgg2KOSYM2GhiAsqbkV4gEywWgTY8GE4M6/vEiapxX3rFK9qxZrV7M48uAAHIIScME5qIEbUAcNgMEjeAav4M16sl6sd+tj2pqzZjP74A+szx+Y5p1g</latexit>

�(k) =
1

N

X

i

�(k � ki)

<latexit sha1_base64="OqvLotkttc6HKWP4BmpoEEkxU0k="></latexit>

2⇡�(k) =

(
4
� cos k

2

q
�
2 � sin2 k

2 �  2

1 + 2
� cos k � � 2

<latexit sha1_base64="DmXwJqf8HLZzM7RV/38eipT4QoM="></latexit>

F (z, k) =

✓
z � �

2
� cos k

◆✓
z +

�

2
+ cos k

◆
+

✓
1� �

2

◆2

⇥(2� �)
complex curve 
encodes large N 
solution!

<latexit sha1_base64="nY8p3gCoSg6ysVqGZyrdTzLmKps=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahBSmJFHUjFAVxWcE+oAllMpm0Q2aSMDMRSii48VfcuFDErT/hzr9x2mahrQcGDufcw517vIRRqSzr2ygsLa+srhXXSxubW9s75u5eW8apwKSFYxaLrockYTQiLUUVI91EEMQ9RjpeeD3xOw9ESBpH92qUEJejQUQDipHSUt88uKk4CXWYTvjIkXTAUSWsnoTVS6tvlq2aNQVcJHZOyiBHs29+OX6MU04ihRmSsmdbiXIzJBTFjIxLTipJgnCIBqSnaYQ4kW42vWEMj7XiwyAW+kUKTtXfiQxxKUfc05McqaGc9ybif14vVcGFm9EoSRWJ8GxRkDKoYjgpBPpUEKzYSBOEBdV/hXiIBMJK11bSJdjzJy+S9mnNPqvV7+rlxlVeRxEcgiNQATY4Bw1wC5qgBTB4BM/gFbwZT8aL8W58zEYLRp7ZB39gfP4A8cWWbg==</latexit>

F (⇡��(k), k) = 0

<latexit sha1_base64="rSN9SviW+KfwkdgbOfNoYv6CTsI=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSxCRSmJFPUiFAXxWMF+QBvKZrtpl242YXeiltif4sWDIl79Jd78N27bHLT6YODx3gwz87xIcA22/WVlFhaXlleyq7m19Y3NrXxhu6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG15O/OYdU5qH8hZGEXMD0pfc55SAkbr5wlXp4ZBDR3OJh0fDg3O7my/aZXsK/Jc4KSmiFLVu/rPTC2kcMAlUEK3bjh2BmxAFnAo2znVizSJCh6TP2oZKEjDtJtPTx3jfKD3sh8qUBDxVf04kJNB6FHimMyAw0PPeRPzPa8fgn7kJl1EMTNLZIj8WGEI8yQH3uGIUxMgQQhU3t2I6IIpQMGnlTAjO/Mt/SeO47JyUKzeVYvUijSOLdtEeKiEHnaIqukY1VEcU3aMn9IJerUfr2Xqz3metGSud2UG/YH18Ay7ikqo=</latexit>

F (x+ it sin k, k) = 0
<latexit sha1_base64="hZDJb7S2ZVNgPHaGMd+QyLB8yck=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquFPVY9OKxgv2AdinZNNvGZpMlmRXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBbHgBlz328mtrK6tb+Q3C1vbO7t7xf2DplGJpqxBlVC6HRDDBJesARwEa8eakSgQrBWMbqZ+65Fpw5W8h3HM/IgMJA85JWCl5qj8dAanvWLJrbgz4GXiZaSEMtR7xa9uX9EkYhKoIMZ0PDcGPyUaOBVsUugmhsWEjsiAdSyVJGLGT2fXTvCJVfo4VNqWBDxTf0+kJDJmHAW2MyIwNIveVPzP6yQQXvkpl3ECTNL5ojARGBSevo77XDMKYmwJoZrbWzEdEk0o2IAKNgRv8eVl0jyveBeV6l21VLvO4sijI3SMyshDl6iGblEdNRBFD+gZvaI3RzkvzrvzMW/NOdnMIfoD5/MHtjeOkw==</latexit>

k(x, t) - complex function of x, t

<latexit sha1_base64="nJVCEHvztOnnozDsG0FoIsds+gM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIFaXMSFE3QtGNywr2Ap2hZNK0Dc0kQ5IplqFLN76KGxeKuPUR3Pk2ptNZaOsPgS//OYfk/EHEqNKO820tLC4tr6zm1vLrG5tb2/bObl2JWGJSw4IJ2QyQIoxyUtNUM9KMJEFhwEgjGNxM6o0hkYoKfq9HEfFD1OO0SzHSxmrbB4Piw6k+hldeRKEn+2J6PaFwmFLbLjglJxWcBzeDAshUbdtfXkfgOCRcY4aUarlOpP0ESU0xI+O8FysSITxAPdIyyFFIlJ+ki4zhkXE6sCukOVzD1P09kaBQqVEYmM4Q6b6arU3M/2qtWHcv/YTyKNaE4+lD3ZhBLeAkFdihkmDNRgYQltT8FeI+kghrk13ehODOrjwP9bOSe14q35ULlessjhzYB4egCFxwASrgFlRBDWDwCJ7BK3iznqwX6936mLYuWNnMHvgj6/MHobuXMQ==</latexit>

k(x, t) = ⇡⇢(x, t) + iv(x, t) gives density and velocity of 
fluid for optimal fluctuation



Density profiles



Other equivalent systems
1. Free fermion (+hydro) 

2. Nonintersecting random 
walkers 

3. Domino tilings 

4. Six-vertex models with 
domain wall bc 

5. Random Young diagrams

Adler, Ferrari, van Moerbeke, 2013

2.

Adler, Johanson, van Moerbeke, 2014

3.

Colomo, Pronko, 2013

4.

1.



Other boundary conditions

X

x

t

N

2R

<latexit sha1_base64="hPz6Uyd2lBEZN+nENVLN0SDnC0g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdklzA76U2GzM6uM7OBEPMdXjwo4tWP8ebfOHkcNLGgoajqprsrTAXXxnW/ndza+sbmVn67sLO7t39QPDxq6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXBwO/WbQ1SaJ/LBjFIMYtqTPOKMGisF5Mmvae4rKnsCO8WSW3ZnIKvEW5ASLFDrFL/8bsKyGKVhgmrd9tzUBGOqDGcCJwU/05hSNqA9bFsqaYw6GM+OnpAzq3RJlChb0pCZ+ntiTGOtR3FoO2Nq+nrZm4r/ee3MRNfBmMs0MyjZfFGUCWISMk2AdLlCZsTIEsoUt7cS1qeKMmNzKtgQvOWXV0njouxdliv3lVL1ZhFHHk7gFM7Bgyuowh3UoA4MHuEZXuHNGTovzrvzMW/NOYuZY/gD5/MHlIOR/g==</latexit>

| i
Insertion of 
“Fullness” at t=0



On the universality of the 
third-order phase transition



Interacting problems

Lattice fermions with interactions or XXZ-type models

• Hydrodynamic approach is not limited to free or 
even integrable systems 

• The difficulty is in solving PDEs 

• At the point of Arctic Circles merging the density of 
particles (or holes) is small 

• Fermion interactions are not important for the 
transition 

• The transition is of the third order and fluid profiles 
in the vicinity of the merging point the shape are 
universalDensity profiles



Universal profiles
Lattice fermions with interactions or 
XXZ-type models. P and T symmetries.

<latexit sha1_base64="lFC8JB3ki+oRLs9hrUA+18MEcwY="></latexit>

X2 =

8
<

:

(q2 + �)2 , � > 0 ,
q4 , � = 0 ,
q2(q2 + 2�) , � < 0 .

<latexit sha1_base64="rIKZXHHvAzOMUzmq9pNGTcnXREk=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpEUoSiroRim5cVrAPaNMwmUzaoZOHMxOhhP6BG3/FjQtF3Lp15984bbOorQcunDnnXube48aMCmkYP1puZXVtfSO/Wdja3tnd0/cPmiJKOCYNHLGIt10kCKMhaUgqGWnHnKDAZaTlDm8mfuuRcEGj8F6OYmIHqB9Sn2IkleTop1Ch3bPgFSw99KyzrkeYRI5Znn9ZZUcvGhVjCrhMzIwUQYa6o393vQgnAQklZkiIjmnE0k4RlxQzMi50E0FihIeoTzqKhiggwk6n94zhiVI86EdcVSjhVJ2fSFEgxChwVWeA5EAsehPxP6+TSP/STmkYJ5KEePaRnzAoIzgJB3qUEyzZSBGEOVW7QjxAHGGpIiyoEMzFk5dJ06qY55XqXbVYu87iyIMjcAxKwAQXoAZuQR00AAZP4AW8gXftWXvVPrTPWWtOy2YOwR9oX78bapj8</latexit>

X2 = (q2 + �1)(q
2 + �2)

<latexit sha1_base64="bY84oaqllpj0/UDQ8WYz8XJ77yI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHalqBeh6MVjBfsB26Vk02wbmk3WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN41KNWUNqoTS7ZAYJrhkDeAgWDvRjMShYK1weDPxW49MG67kPYwSFsSkL3nEKQEr+e2rp1PeAZLih26p7FbcKfAi8XJSRjnq3dJXp6doGjMJVBBjfM9NIMiIBk4FGxc7qWEJoUPSZ76lksTMBNn05DE+tkoPR0rbkoCn6u+JjMTGjOLQdsYEBmbem4j/eX4K0WWQcZmkwCSdLYpSgUHhyf+4xzWjIEaWEKq5vRXTAdGEgk2paEPw5l9eJM2zindeqd5Vy7XrPI4COkRH6AR56ALV0C2qowaiSKFn9IreHHBenHfnY9a65OQzB+gPnM8fjimQyw==</latexit>

X = x� i⌧q
<latexit sha1_base64="ZR9d8w7EKicotk9Fz4T8oJ4PdpE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXinoRil48VrAf0F1KNs22odlkm2QLpfR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHCmTau++3k1tY3Nrfy24Wd3b39g+LhUUPLVBFaJ5JL1QqxppwJWjfMcNpKFMVxyGkzHNzP/OaIKs2keDLjhAYx7gkWMYKNlYLhrZ8wX/XlBUOjTrHklt050CrxMlKCDLVO8cvvSpLGVBjCsdZtz01MMMHKMMLptOCnmiaYDHCPti0VOKY6mMyPnqIzq3RRJJUtYdBc/T0xwbHW4zi0nTE2fb3szcT/vHZqoptgwkSSGirIYlGUcmQkmiWAukxRYvjYEkwUs7ci0scKE2NzKtgQvOWXV0njsuxdlSuPlVL1LosjDydwCufgwTVU4QFqUAcCQ3iGV3hzRs6L8+58LFpzTjZzDH/gfP4ALPqRuQ==</latexit>

q = ⇡⇢� iv

Universal curve

<latexit sha1_base64="UPvbnAwkTHBLiDrr+uROQ005Wt4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWzmbRLN5u4uxFK6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzglRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGt1O/9YRK80Q+mFGKfkz7kkecUWOldjdEYei12ytX3Ko7A1kmXk4qkKPeK391w4RlMUrDBNW647mp8cdUGc4ETkrdTGNK2ZD2sWOppDFqfzy7d0JOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZia78MZdpZlCy+aIoE8QkZPo8CblCZsTIEsoUt7cSNqCKMmMjKtkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYCHiGV3hzHp0X5935mLcWnHzmEP7A+fwBiimPpw==</latexit>

� > 0
<latexit sha1_base64="Hsqg+BFK3b+zhb1aZv5yUCKApxM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwXxAcoS9vblkyd7eubsnhJA/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAKro3rfjuFldW19Y3iZmlre2d3r7x/0NRJphg2WCIS1Q6oRsElNgw3AtupQhoHAlvB8Hbqt55QaZ7IBzNK0Y9pX/KIM2qs1O6GKAy9dnvlilt1ZyDLxMtJBXLUe+WvbpiwLEZpmKBadzw3Nf6YKsOZwEmpm2lMKRvSPnYslTRG7Y9n907IiVVCEiXKljRkpv6eGNNY61Ec2M6YmoFe9Kbif14nM9GVP+YyzQxKNl8UZYKYhEyfJyFXyIwYWUKZ4vZWwgZUUWZsRCUbgrf48jJpnlW9i+r5/XmldpPHUYQjOIZT8OASanAHdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/hx+PpQ==</latexit>

� < 0



Free energy estimate

Discontinuity of 
third derivative

<latexit sha1_base64="UPvbnAwkTHBLiDrr+uROQ005Wt4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWzmbRLN5u4uxFK6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzglRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGt1O/9YRK80Q+mFGKfkz7kkecUWOldjdEYei12ytX3Ko7A1kmXk4qkKPeK391w4RlMUrDBNW647mp8cdUGc4ETkrdTGNK2ZD2sWOppDFqfzy7d0JOrBKSKFG2pCEz9ffEmMZaj+LAdsbUDPSiNxX/8zqZia78MZdpZlCy+aIoE8QkZPo8CblCZsTIEsoUt7cSNqCKMmMjKtkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYCHiGV3hzHp0X5935mLcWnHzmEP7A+fwBiimPpw==</latexit>

� > 0
<latexit sha1_base64="Hsqg+BFK3b+zhb1aZv5yUCKApxM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwXxAcoS9vblkyd7eubsnhJA/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAKro3rfjuFldW19Y3iZmlre2d3r7x/0NRJphg2WCIS1Q6oRsElNgw3AtupQhoHAlvB8Hbqt55QaZ7IBzNK0Y9pX/KIM2qs1O6GKAy9dnvlilt1ZyDLxMtJBXLUe+WvbpiwLEZpmKBadzw3Nf6YKsOZwEmpm2lMKRvSPnYslTRG7Y9n907IiVVCEiXKljRkpv6eGNNY61Ec2M6YmoFe9Kbif14nM9GVP+YyzQxKNl8UZYKYhEyfJyFXyIwYWUKZ4vZWwgZUUWZsRCUbgrf48jJpnlW9i+r5/XmldpPHUYQjOIZT8OASanAHdWgAAwHP8ApvzqPz4rw7H/PWgpPPHMIfOJ8/hx+PpQ==</latexit>

� < 0

<latexit sha1_base64="NaA72c52KwSjXcMgELMyj3LifpA=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlaSqgLGChbFI9CE1oXIcp7VqO8F2kKqoMwu/wsIAQqx8ARt/g5t2gJYj3aujc+6VfU+QMKq043xbhaXlldW14nppY3Nre8fe3WupOJWYNHHMYtkJkCKMCtLUVDPSSSRBPGCkHQyvJn77gUhFY3GrRwnxOeoLGlGMtJF69qEXEqaRJwexpyiH93mfineZe1od9+yyU3FywEXizkgZzNDo2V9eGOOUE6ExQ0p1XSfRfoakppiRcclLFUkQHqI+6RoqECfKz/JTxvDYKCGMYmlKaJirvzcyxJUa8cBMcqQHat6biP953VRHF35GRZJqIvD0oShlUMdwkgsMqSRYs5EhCEtq/grxAEmEtUmvZEJw509eJK1qxT2r1G5q5frlLI4iOABH4AS44BzUwTVogCbA4BE8g1fwZj1ZL9a79TEdLViznX3wB9bnD8rVmlI=</latexit>

�⇢ ⇠ q ⇠ �1/2

<latexit sha1_base64="1RmQHsYkowzwv1lanPzDotOILGw="></latexit>

�S ⇠ �⌧ �x �E ⇠ �1/2� �3/2 ⇠ �3

<latexit sha1_base64="Gf9r4/CzTcVmiFs3ix9NWn8W2BI=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJq0RV0WRXBZwT6gSctkMmmHziRhZiKU0I9w46+4caGIWxfu/BunbRa19cCFM+fcy9x7vJhRqSzrx8itrK6tb+Q3C1vbO7t75v5BU0aJwKSBIxaJtockYTQkDUUVI+1YEMQ9Rlre8Gbitx6JkDQKH9QoJi5H/ZAGFCOlpZ555viEKQRvHUk5nD0cMYi6FTindNPKeXncM4tWyZoCLhM7I0WQod4zvx0/wgknocIMSdmxrVi5KRKKYkbGBSeRJEZ4iPqko2mIOJFuOj1qDE+04sMgErpCBafq/ESKuJQj7ulOjtRALnoT8T+vk6jgyk1pGCeKhHj2UZAwqCI4SQj6VBCs2EgThAXVu0I8QAJhpXMs6BDsxZOXSbNcsi9K1ftqsXadxZEHR+AYnAIbXIIauAN10AAYPIEX8AbejWfj1fgwPmetOSObOQR/YHz9Alq+ncM=</latexit>

�E ⇠ �⇢3 ⇠ �3/2

<latexit sha1_base64="+FNVUD9vtQfUUhPnvJjxwIOsXtM=">AAAB7XicjVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczOziZjZmeWmV4hhPyDFw+KePV/vPk3Th4HFQULGoqqbrq7okwKi77/4RWWlldW14rrpY3Nre2d8u5e0+rcMN5gWmrTjqjlUijeQIGStzPDaRpJ3oqGV1O/dc+NFVrd4ijjYUr7SiSCUXRSsxtzibRXrgRVfwbyN6nAAvVe+b0ba5anXCGT1NpO4GcYjqlBwSSflLq55RllQ9rnHUcVTbkNx7NrJ+TIKTFJtHGlkMzUrxNjmlo7SiPXmVIc2J/eVPzN6+SYXIRjobIcuWLzRUkuCWoyfZ3EwnCGcuQIZUa4WwkbUEMZuoBK/wuheVINzqqnN6eV2uUijiIcwCEcQwDnUINrqEMDGNzBAzzBs6e9R+/Fe523FrzFzD58g/f2CZjfjyg=</latexit>

�
<latexit sha1_base64="EhfF8GJ51rebIPBmAIFAgQWbslU=">AAAB83icjVDLSgNBEOz1GeMr6tHLYBA8xWwI6jHoxWME84DsGmZne5Mhs7PLzKwQlvyGFw+KePVnvPk3Th4HFQULGoqqbrqoIBVcm2r1w1laXlldWy9sFDe3tnd2S3v7bZ1kimGLJSJR3YBqFFxiy3AjsJsqpHEgsBOMrqZ+5x6V5om8NeMU/ZgOJI84o8ZKnheiMPQud09rk36p7FaqM5C/SRkWaPZL716YsCxGaZigWvfcamr8nCrDmcBJ0cs0ppSN6AB7lkoao/bzWeYJObZKSKJE2ZGGzNSvFzmNtR7Hgd2MqRnqn95U/M3rZSa68HMu08ygZPNHUSaISci0ABJyhcyIsSWUKW6zEjakijJjayr+r4R2reKeVeo39XLjclFHAQ7hCE7AhXNowDU0oQUMUniAJ3h2MufReXFe56tLzuLmAL7BefsEbbaRTA==</latexit>

�1/2

Third order!



•Limit shape problems occur in many random/statistical systems  

•The Gross-Witten-Wadia transition has been mapped to the problem of 
Arctic circle merging in dimer and free fermion models. 

•The hydrodynamic picture can be generalized for interacting particles. 

•Universal (stable to interactions) density and velocity profiles 
corresponding to the merging of Arctic circles have been found. They 
are given by solutions of fermion hydrodynamic equations. 

•It is conjectured that the transition is of the third order even in the 
presence of interactions (protected by P and T symmetries).

Conclusions



•Only mean-field (large N) limit has been considered in this talk, not 
fluctuations.  

•In proper scaling limits one can study Tracy-Widom, Airy, tachnoid, … 
statistics. 

•A lot of connections with algebraic geometry, combinatorics, and 
representation theory. 

•Integrable interacting models (6-vertex etc). 

Remarks



1. R. Kenyon, Lectures on Dimers, arXiv:0910.3129v1 [math.PR] 

2. J.-M. Stéphan, Extreme boundary conditions and random tilings, 
arXiv:2003.06339v2 [cond-mat.stat-mech] 

3. YouTube: (4 lectures in Russian) Н. Решетихин, “Предельные формы в 
статистической механике” (N. Reshetikhin, “Limit shapes in statistical 
mechanics”). 

4. YouTube (popular): Mathologer (B. Polster), “The ARCTIC CIRCLE 
THEOREM or Why do physicists play dominoes?”.

Reviews

https://arxiv.org/abs/0910.3129v1
https://arxiv.org/abs/2003.06339v2

