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® Infinite-volume thermodynamics of a massive QFT can be expressed in terms

of its S-matrix only ‘
[R.Dashen,S.-k.Ma,andH.J.Bernstein (1969), for 2D: Al. Zamolodchikov, 90s I ( O

@® |s that so for the finite-volume thermodynamics? @ = L

R
Yes, in principle. QSC = spectrum of excited states = torus partition function

® In this talk | will defend the following claim:
The torus partition function is a grand canonical ensemble of @
loops with scattering factors associated with the crossings. m

® The loop-gas representation of the partition function will be used to set up an effective field theory.

1. Decouple the two-body interaction of the loops by a Hubbard-Stratonovich
transformation

2. Perform the path integral over the loops

3. The result is an effective field theory for the HS fields defined in the complex rapidity
plane. The limit L — oo or R — oo is a mean-field type limit with the mean field
determined by the TBA equation
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Path integral for a loop immersed in the torus T = R?*/Q
Q=17 xR7Z - period lattice

The path configuration space of loops splits into topological sectors labeled by
winding numbers w, W' € Z :

FLR) = Y [FWLR],,

ww'e”Z

1. Compute the path integral S‘T(g) for a loop with inserted discontinuity g 6 X

2. Evaluate the sum of F( ox ) with ox € Q @
R
&
L

w=3 w=1

S —’ d2k T e —
1. F(6x) = —LTrllog(— V2 +m?) ¥ 5= —LRL [ ¢ K3 Jog ( k2+m2>

2. [FLR)],;=F(ox) with q,=wR, dv,=wL
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Path integral wave functions of on-shell particles in physical and
In mirror kinematics

d*k | |
Z(ANT ) — 1 ik, 6x,+ik,Ox
F(AX) = -3 RL J 2y log (kl2 + k22 + mz) o tk10x Fikyox,

wave function of on-shell

_1_L [ kdk, o 10X =/ ki +m*|3xy| particle in the direct channel
2 |0xy| Jp 27 (6x, % 0) analytically continued ’Fo
imaginary time r = — iox,
1 R Ldky ik,50,—/k2 + m?|5x, wave function of on-shell
=3 x| > € particle in the cross channel
ML Ir 27 (0x; # 0) analytically continued to
imaginary time f = — 10x;
The two integrals are related by a mirror transformation E— —ip
= double Wick rotation exchanging the space and the .
time direction: p—ik

In the parametrization p(0) = m sinh(0)
with the rapidity :
E@©) = \/p2 + m? = m cosh(9) 0 — in/2—0
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Two possible descriptions of the winding loops:

® Description in physical kinematics (for loops winding at least once around the L-cycle):

on-mass-shell
winding particle in
physical kinematics

time
—

/

" 2wl

__K J ap) o~ WILE@)+wRp©) (W # 0) R
R 27 L

® Description in mirror kinematics (for loops winding at least once around the R-cycle):

Q
F o = : J L o~ WIRE@)+iwL p(6) (w7 0) 3 ET In the mirror
wow — ; kinematics
’ 2|w'| Jg 2n L
® ‘O};w,w’ gzw’,w (w,w" # 0)

Different choices for the kinematics lead to different but equivalent expressions for the free energy
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Let us check how the loop gas description works for free theory (free massive boson)

oz — o _ ne
Z = exp[?f] F = Z [J']w,W’ — ‘/'0,0 + Z w,0 + Z W W pOSS|bIe

ww'eZ w#0 w'#0,we”Z choice

divergent infinite-volume
energy density, to be neglected

L, [x] = Z nk=2e™"% = (- 1)k_1Li2_k (0€_x> Lix]=—-log(l—e™) Lyx]=

1 e’ — 1
Rdp(0 Ldp(0
FED = J 7D L, [LEo)] - aﬁ PO | IRE®)) LyliLp(©)
R 2T @ T
R
‘€'r = contour enclosing the real axis R
Take the contour o
integral by residues: F(L,R) = __C()(mL) — Z log(l —e™ ”)
nez
the effective central charge the excited states

[02 4 2 27mn
co(mR)E—6—R[ d—plog<1—e_R P +m> Phn=—705" E = /p,f+m2
T g 2m R
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Now consider a theory of non-trivial factorised scattering interaction by scattering:
(for simplicity one neutral particle, no bound states)

Relativistic QFT’s with factorized scattering matrix

Factorized scattering: :( = ><K = }< >< S@—-6) -two-particle

6, 6, 6, O 6,6, 0, 09,0, 0 & scattering matrix

Mirror transformation= double Wick

_0) = itarit
S(O(=0) =1 R rotation exchanging the space and
S(@)* = S(—6%) real analyticity the time direction:
S@) = S(ix — 0) crossing 0 — in/2-60
E©6 E(in/2 —0) = —ip(0
c=50)==%x1 “TBA statistics” (©) = Eliz : 'p(0)

p(0) — pin/2 — 0) = iE@)

We will strongly use the analyticity and will consider scattering processes
for complex rapidities. E.g. scattering matrix between a particle with

rapidity @ in the direct channel and a particle with rapidity &’ in the cross o
channelis W(0 + 0') = S(0 + 0" — in/2)

“Randomness, Integrability and Universality” GGI, April 19 to June 3, 2022.



A recipe to introduce the interaction by scattering in the path integral for /V loops:

“From loops to scattering particles and then back to
loops by analytical continuation”

® 5r =% —x
5xj=xj—xj,]=1,...,N

® Analytical continue to Minkowski space, with X ,..., X yin the far
past and 71, e 7]’\, in the far future, well separated in space

® Introduce the interaction by {dp1 dpy

factorised scattering 227 o #Ppys-- - Py) HS(pi — D))
i<j

® Analytically continue back to the Euclidean lattice €2
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Boltzmann weights and measure for the partition function of loops:

N_ ,=IWILE@)+iwiRp(6) N_ ,—RIW|E@)+iwiLp(©))
: I I 21w

wAwi—1 Witwi—1 factors o = 5(0)
X I IG J I IG Tk from self-

intersections

® weight=

N \—|wi| | W |+wiw; A \ww.|—w:|w! Two-bod
XW((9j+9k)|J“ l ]kS(ej_Hk)]l dl=Iwjlwy wo-body

interaction
W) =S50 —in/2)

The integration measure is assumed to be the flat measure for the phase shifts:

:M(plvapNnﬁla7ﬁﬁ)=d¢lAd¢2/\d¢N/\d§51/\d§£2/\d&N

N N
¢ = Rp(6) =i )’ |w;|1og S, — 6,) =i ), Wi log W(6 + 6, (j = 1,..N)

j'=1 k=1
b= Lp@) —i) wilogW@,+6)—i ) |w,|logS@,—0,) (k=1...N)
j=1 k'=1

N N N N 7
- ~ ad)/ae/ a¢/09k
_ | _ . det | °/ 7 07
® measure H d¢]g d¢k 1_! d(9] g dé’k [dqﬁk/a@j agbk/ae,j
J= = J= =
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Decouple the two-body interaction of loops by a Hubbard-Stratonovich transformation

® HS auxiliary gaussian fields ¢(6), ¢(6) associated with the two cycles of T:

(p(@)) = Lmcosh®, ($(0)) = Rmcoshd

— classical values:

— 2pt function: (p(0)p(0)) = —log W(O — 0') phys/mir
= (p©O)§=(6)) = T log (6 — 6') phys/phys
mir/mir

»*(0) = @ £ in/2)

® A second ‘Faddeev-Popov ghost’ field y/(0), y(0) is
needed to generate the Jacobian for the measure:
"dgp(0)" = (0p(0) — w(0)ow(0))do (W@ (0)) = — log W(0 — )

® Operator loop amplitudes:

1 , do o 0~
F, . =—0W+W‘1[ — exp (—|wlg —w@l™) ( — 091/1(0)) (w # 0)
2 R 27 |w|
_ I et [ @9 _ g™ _
F,6 B =—=—0c"" — exp <—|W’|¢—w¢+) — WOy (w' #0)
’ 2 R 27 |w']
F,.=F,, (ww#0)
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Effective field theory for the partition function

® Boltzmann weights of the loop gas as expectation values of HS fields:

weight = l_N[ F ﬂ i (LR - weight X measure ©N€
ont = Wi Wj Ly Lo = Z Z Z N! N pos§|ble
J=1 J=1 N,N=0 {w#0} {##0,'} AV choice

® The sum inside the expectation value exponentiates and
the exponent is expressed in terms of the functions

Y o Ink e = = (=1)*"'Liy_; (ce™)
n=1

L.R
Z EO; ) = <eXp[Ftor]>
o o o
Fior = | 5 [L{l01 966 + L3015 0py] Llx] = — olog(l — oe™)
R 1
LI[x] =
do or 17 o1, + ~+ O 7 +7 .7 . et —o
+O—— (LS[@IL3[0™] 0pp™ + LS[p] wouw) o
Cr Lox] =
il =

(p(0)) = Lmcosh@, (#@)) =Rmcosh8

(p()@0)) = (w (@) (0)) = — log W(O — 0)
11
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Oscillator representation

e "0 e "0 (010) =1
0) = a, , @O) = a, < y
7 n%d n v n%d n (Ola_,=(0la_,=0 a,|0)=4a,[0)=0
e _pnf (0|b_,=(0|b_,=0 b, [0)=b,[0)=0
w©) = ) b,—, §©O = )b,
nodd nodd (n>0, odd)
aa —a.a =—nWo - W,
n mn m-+n,0 log W(0) = Z L (RO > 0)
aa=aa, a4 =2aa k>lodd
~ ~ _ _ (G o) Wn
bn, bm + bmbn an5m+n,O — Z en@ (ERQ < O)
bb=bb_ B bb=bb (nm=odd) k>lodd

The scattering matrix is encoded in
the canonical commutation relations

FER = (0| e+ eFor ¢7H-|0)

tor

m

~ m a
H_= 2_W1<La_1 + Ra—l) H, = 2—WI<L31 T Ral) The two periods are encoded in two

“Hamiltonians” transforming the Fock vacua
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Example: SiInh-GORDON model « =J d*x [4—;(v¢)2+ 24 cosh(2bg))

: . b?
sinh(f) — i sin(za a =
5(6) = S20) — sintze) P
sinh(f) + i sin(za)
1 - b*
14 nra a=1-2aq=
log W(0) = Z z e_mg, W= 4cos T 1+ b2
n>1,odd n
Remark 1: curiously the operator representation reproduces the infinite-
volume energy density
2 2
(L,LR) _ H, —-H_ — € = o = ™ :
2 o= (O] e™+ e -10) = exp[LRey] 0= oW = Ssinna
, o0

[Destri-De Vega, 1991]

Remark 2: With this specific S-matrix one can write the Ward
identity for ¢ as a finite-difference equation

<q0(9 +im2) + (6 — i7z/2)> _ <10g(1 + e~ 0O+mIDy 4 1o0(] + e-<0<9-iw/2>)>

tor tor
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TBA limit R — oo = mean field limit

_ H, JF., ,—H_ do _ _ Wouy
chl—<0|e e 9e |0> FCYI:,[RZ_ﬂi [log(1+e 4”)0940 +1+e¢’

The Feynman diagram technique ends at one loop. Fermionic and bosonic loops cancel.
Hence no gaussian fluctuations, pure mean field theory. The fields can be replaced by

their expectation values ¢(6) = <q0(«9)>cy1 and ¢p(0) = — i{p(0 — iﬂ/2))cy1

Zc 1— eXp[‘gcyl]

y
do Relation to the TBA h:
Fop=(Foy) = - GRJ—log (1= ce™©) ap(6) SHaton to e 154 approath. -
2r Pps Py~ Particle and hole densities
p
e =log=, 9y =R(p,+p})
Ward identities: Pp
e(@) = LE9) — J K(6 — 0)log(1 + e=¢)) TBA equation for the pseudoenergy €
oo 2
© do’ (0 L o
0¢(0) = Rop(0) + —K(O - 0) pp(0) + py(0) = 0p@) + | —K(0,0) p,(09)
o 27 e€t) — & R 27

Bethe equation in terms of densities
K(6,0") = — (0p~(0)p(0)), = — idylog S(6 — &)

scattering kernel
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Feynman rules (0 = — 1):

— do
F = —
cyl Z J[R{ o

n=0

v, = (=D Li,_, (- 1)

COI/Z o qon ~
[Vn+1_' Oy~ + Vg2 Woy
n. n.

= do
4=§h5

® e
@ —ip~
e O

0/
Plog S0 — 0

O ] >
I O
v 4 06 " LE©) Rp(0)
= 0 >O O ——pO
0 o' 0 o' 0 o'
ilogS@@ -6
—K@© -0) KO -0)

Vacuum Feynman graphs (boson and
fermionic loops cancel, only trees survive)

[I.K., D. Serban, D.-L. Vu, 2017, 2018]
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Ward identity for the expectation value
€ = (gﬂ)cyl (TBA equation)
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“Ra

ndomness

Dressed vertices:

e+ 1 Lile] =log(l +e™) Lylx] =

Ward identities: Free energy:

O:@—l—O—O{—@

nO/TCyl:O*'@—F —
o = @ + o oo

Diagram technique for the torus - complicated. Loops of all orders will contribute

, Integrability and Universality” GGI, April 19 to June 3, 2022.
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“Ran

What could be done next:

® Learn how to perform systematic perturbative expansion above the mean
field (TBA) limit

® Generalisation to diagonal scattering matrices (type ADE) easy

® Generalisation to non-diagonal scattering and bound states - need new
iInsight

® The EQFT for the torus can be formulated with little effort for the finite
cylinder with integrable boundaries.

® Leclair-Mussardo formula for the torus
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