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1. Decouple the two-body interaction of the loops by a Hubbard-Stratonovich 
transformation


2. Perform the path integral over the loops


3. The result is an effective field theory for the HS fields defined in the complex rapidity 
plane. The limit  or  is a mean-field type limit with the mean field 
determined by the TBA equation

L → ∞ R → ∞

The loop-gas representation of the partition function will be used to set up an effective field theory..
The torus partition function is a grand canonical ensemble of 
loops with scattering factors associated with the crossings.

In this talk I will defend the following claim: .
Is that so for the finite-volume thermodynamics?


Yes, in principle. QSC  spectrum of excited states  torus partition function ⇒ ⇒

. L

R

=

Infinite-volume thermodynamics of a massive QFT can be expressed in terms 
of its S-matrix only

[R.Dashen,S.-k.Ma,andH.J.Bernstein (1969), for 2D: Al. Zamolodchikov, 90s 

TBA and tree expansion 3

Z(L,R) = Tr
⇥
e�RH

⇤
(1)

where the trace is taken in the full Hilbert space. Assuming that R ⌧ L, our goal is to evaluate the leading
term of the free energy

F (R) = lim
L!1

1

L
logZL(R). (2)

We restrict ourselves to the simplest case of a theory with diagonal S-matrix S(u, v) and one single type
of quasiparticle excitation, but the argument is general. Here u is the rapidity variable, which parametrises
the momentum p = p(u) of a quasiparticle in a convenient way. For a theory with diagonal scattering, the
quantisation condition on a cylinder with circumference R is given by the Bethe equations which read, in
the n-particle sector,

�j = 2⇡nj with nj integer, j = 1, . . . ,M . (3)

Here �j is the total scattering phase for the j-th particle, or magnon,

�j(u1, . . . , uM ) ⌘ pjL+
1

i

MX

k( 6=j)

logS(uj , uk). (4)

The states in finite volume are labeled by discrete quantum numbers (3) and the identity operator in the
M -particle sector of the Hilbert space can be decomposed as a sum of products of normalised states

In =
X

n1<...<nM

|n1, . . . , nM ihn1, . . . , nn|. (5)

If we denote by EM (n1, . . . , nM ) the eigenvalue of the Hamiltonian for the state |I1, . . . , IN i, the partition
function is given by the series

Z(L,R) =
1X

M=0

X

n1<n2<···<nM

e�RE(n1,...,nM ). (6)

Our goal is to replace in the thermodynamical limit L ! 1 the discrete sums by multiple integrals. For
that we have first to get rid of the ordering of the quantum numbers. We can insert a factor which kills
the configurations with coinciding quantum numbers, after which the sum can be taken over non-restricted
integers,

Z(L,R) =
1X

M=0

1

M !

X

n1,...,nM

Y

j<k

(1� �jk) e
�RE(n1,...,nM ). (7)

Expanding the product of Kronecker symbols, one obtains the cumulant expansion

Z(L,R) = 1 +
1

2!

X

n1,n2

e�RE(n1,n2) �
1

2

X

n

e�RE(n,n) + . . . (8)

which can be exponentiated. The general term consists of a sum of m groups of identical mode numbers
containing r1, . . . , rm elements with ri = 1, 2, . . . . and apart of the combinatorial factor, the weight will
be

e�RE(n1,r1; ... ;nm,rm) (9)

where by E(n1, r1; . . . ; nm, rm) we understand the energy corresponding to the solution of the Bethe
equations (4) with m groups of coinciding mode numbers and rapidities, r1 + · · ·+ rm = M . The energy
of a Bethe state is the sum of the energies of the quasi-particles,

.
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Path integral for a loop immersed in the torus  𝕋 = ℝ2/Ω
- period latticeΩ = Lℤ × Rℤ

The path configuration space of loops splits into topological sectors labeled by 
winding numbers  :w, w′ ∈ ℤ

ℱ(L, R) = ∑
w,w′ ∈ℤ

[ℱ(L, R)]w,w′ 

δ ⃗x1. Compute the path integral  for a loop with inserted discontinuity ℱ( ⃗δx ) ⃗δx

w = 3, w̄ = 1

R

L

2. Evaluate the sum of  with ℱ( ⃗δx ) ⃗δx ∈ Ω

ℱ( ⃗δx ) = − 1
2 Tr[log( − ∇2 + m2) e∇⋅ ⃗δx ] = − 1

2 RL ∫
d2k

(2π)2
ei ⃗k ⋅ ⃗δx log ( ⃗k 2 + m2)1.

δx1 = w′ R, δx2 = w L[ℱ(L, R)]w,w̃ = ℱ( ⃗δx ) with2.
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ℱ(Δ ⃗x ) = − 1
2 RL ∫

d2k
(2π)2

log (k2
1 + k2

2 + m2) eik1δx1+ik2δx2

Path integral  wave functions of on-shell particles in physical and 
in mirror kinematics 

= 1
2

L
|δx2 | ∫ℝ

Rdk1

2π
eik1δx1− k2

1 + m2|δx2|

(δx2 ≠ 0)

wave function of on-shell 
particle in the direct channel  
analytically continued to 
imaginary time t = − iδx2

(δx1 ≠ 0)
= 1

2
R

|δx1 | ∫ℝ

Ldk2

2π
eik2δx2− k 2

2 + m2|δx1| wave function of on-shell 
particle in the cross channel  
analytically continued to 
imaginary time t = − iδx1

In the parametrization

 with the rapidity 

p(θ) = m sinh(θ)

E(θ) = p2 + m2 = m cosh(θ)

E → − ip

p → iE

The two integrals are related by a mirror transformation  
= double Wick rotation exchanging the space and the 
time direction:

θ → iπ/2 − θ
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ℱw,w′ = ℱ̃w′ ,w (w, w′ ≠ 0)

R(w ≠ 0)
on-mass-shell 
winding particle in 
physical kinematicsℱw,w′ =

R
2 |w | ∫ℝ

dp(θ)
2π

e−|w|LE(θ)+w′ Rp(θ)
time

L

Description in physical kinematics (for loops winding at least once around the L-cycle): 

(w′ ≠ 0)
… 

in the mirror 
kinematics

tim
e

L

R

Description in mirror kinematics (for loops winding at least once around the R-cycle): 

ℱ̃w′ ,w =
L

2 |w′ | ∫ℝ

dp(θ)
2π

e−|w′ |R E(θ)+iwL p(θ)

Two possible descriptions of the winding loops: .
.

.
Different choices for the kinematics lead to different but equivalent expressions for the free energy 
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Take the contour 
integral by residues: ℱ(L, R) =

π
6

R
L

c0(mL) − ∑
n∈ℤ

log(1 − e−REn)

c0(mR) ≡ −
6R
π ∫ℝ

dp
2π

log (1 − e−R p2 + m2)
the effective central charge

En = p2
n + m2pn =

2πn
R

the excited states

L1[x] = − log (1 − e−x) L2[x] =
1

ex − 1

ℱ(R,L) = ∫ℝ

Rdp(θ)
2π

L1 [LE(θ)] − ∮𝒞ℝ

Ldp(θ)
2π

L1[RE(θ)] L2[iLp(θ)]

Lk[x] ≡
∞

∑
n=1

nk−2e−nx = (−1)k−1Li2−k (σe−x)

 = contour enclosing the real axis 𝒞ℝ ℝ

𝒵 = exp[ℱ]

Let us check how the loop gas description works for free theory (free massive boson) 

ℱ = ∑
w,w′ ∈ℤ

[ℱ]w,w′ = ℱ0,0 + ∑
w≠0

ℱw,0 + ∑
w′ ≠0,w∈ℤ

ℱ̃w′ ,w

divergent infinite-volume 
energy density, to be neglected 

one 
possible 
choice
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Relativistic QFT’s with factorized scattering matrix 

(for simplicity one neutral particle, no bound states)

S(θ)* = S(−θ*)

crossing

σ ≡ S(0) = ± 1 “TBA statistics”

unitarityS(θ)S(−θ) = 1

S(θ) = S(iπ − θ)

real analyticity

Factorized scattering:  
θ1 θ2 θ3

θ1 θ2 θ3

=
θ1 θ2 θ3

=
θ θ′ 

S(θ − θ′ ) - two-particle 
scattering matrix

We will strongly use the analyticity and will consider scattering processes 
for complex rapidities. E.g. scattering matrix between a particle with 
rapidity  in the direct channel and a particle with rapidity  in the cross 
channel is 

θ θ′ 

W(θ + θ′ ) = S(θ + θ′ − iπ/2)

θ → iπ/2 − θ
E(θ) → E(iπ /2 − θ) = − ip(θ)
p(θ) → p(iπ /2 − θ) = iE(θ)

Mirror transformation= double Wick 
rotation exchanging the space and 
the time direction:

θ′ 

θ

Now consider a theory of non-trivial  factorised scattering interaction by scattering: 
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“From loops to scattering particles and then back to 
loops by analytical continuation” 

A recipe to introduce the interaction by scattering in the path integral for  loops:N

Analytically continue back to the Euclidean lattice Ω.
∫ℝ

dp1

2π
. . .

dpN

2π
μ(p1, . . . , pN) ∏

i<j

S(pi − pj)
Introduce the interaction by 
factorised scattering

.
Analytical continue to Minkowski space, with  in the far 
past and  in the far future, well separated in space

⃗x 1, . . . , ⃗x N⃗x ′ 1, . . . , ⃗x ′ N

.
⃗δxj = ⃗xj − ⃗x′ j , j = 1,...,N.
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 The integration measure is assumed to be the flat measure for the phase shifts:  

 


  μ(p1, . . . , pN, p̃1, . . . , p̃Ñ) = dϕ1 ∧ dϕ2 . . . ∧ dϕN ∧ dϕ̃1 ∧ dϕ̃2 . . . ∧ dϕ̃Ñ

ϕj = Rp(θj) − i
N

∑
j′ =1

|wj′ | log S(θj − θj′ ) − i
Ñ

∑
k=1

w̃′ k log W(θj + θ̃k), ( j = 1,...,N )

ϕ̃k = Lp(θ̃k) − i
N

∑
j=1

w′ j log W(θ̃k + θj) − i
Ñ

∑
k′ =1

| w̃k′ | log S(θ̃k − θ̃k′ ) (k = 1,...,Ñ )

N

∏
j=1

dϕj

Ñ

∏
k=1

dϕ̃k =
N

∏
j=1

dθj

Ñ

∏
k=1

dθ̃k det [∂ϕj/∂θj′ ∂ϕj/∂θ̃k

∂ϕ̃k/∂θj ∂ϕ̃k/∂θ̃k′ ].measure = Gaudin determinant

N

∏
1

e−|wj|LE(θj)+iw′ j Rp(θj)

2 |wj |

Ñ

∏
k=1

e−R|w̃k|E(θ̃k)+iw̃′ kLp(θ̃k)

2 | w̃k |

× ∏
j

σwj+w′ j−1∏
k

σw̃k+w̃′ k−1

× W(θj + θ̃k)−|wj||w̃k|+w′ j w̃′ k S(θj − θ̃k)w′ j|w̃k|−|wj|w̃′ k

weight=

W(θ) ≡ S(θ − iπ /2)

Two-body 
interaction

Boltzmann weights and measure for the partition function of loops:

factors 
from self-
intersections

σ = S(0)

.
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Decouple the two-body interaction of loops by a Hubbard-Stratonovich transformation

HS auxiliary gaussian fields  associated with the two cycles of :φ(θ), φ̄(θ) 𝕋

⟨φ(θ)φ̃±(θ′ )⟩ = ∓ log S(θ − θ′ )⇒

— classical values:

— 2pt function: phys/mir

phys/phys
mir/mir

φ±(θ) ≡ φ(θ ± iπ/2)

⟨φ(θ)φ̃(θ′ )⟩ = − log W(θ − θ′ )

⟨φ(θ)⟩ = Lm cosh θ, ⟨φ̃(θ)⟩ = Rm cosh θ

.

′ ′ dφ(θ)′ ′ = (∂φ(θ) − ψ̃(θ)∂ψ(θ))dθ

A second ‘Faddeev-Popov ghost’ field  is 
needed to generate the Jacobian for the measure:

ψ(θ), ψ̄(θ)

Fw,w′ =
1
2

σw+w′ −1 ∫ℝ

dθ
2π

exp (− |w |φ − w′ ̃φ[−]) ( ∂θφ̃−

|w |
− ψ̃−∂θψ(θ)) (w ≠ 0)

Fw,w′ = F̃w′ ,w (w, w′ ≠ 0)

F̃w′ ,w =
1
2

σw+w′ −1 ∫ℝ

dθ
2π

exp (− |w′ | φ̃ − wφ+) ( ∂θφ+

|w′ |
− ψ+∂θψ̃) (w′ ≠ 0)

.
Operator loop amplitudes:. ⟨ψ(θ)ψ̃(θ′ )⟩ = − log W(θ − θ′ )
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Lσ
1[x] = − σ log(1 − σe−x)

Lσ
2[x] =

1
ex − σ

Lσ
3[x] =

ex

(ex − σ)2

𝒵(L,R)
tor = ⟨exp[Ftor]⟩

Ftor = ∫
ℝ

dθ
2πi [Lσ

1[φ] ∂θφ̃− + Lσ
2[φ] ψ̃−∂θψ]

+ ∮
𝒞ℝ

dθ
2πi (Lσ

1[φ̃]Lσ
2[φ

+] ∂θφ̃+ + Lσ
2[φ̃] ψ+∂θψ̃)

⟨φ(θ)⟩ = Lm cosh θ, ⟨φ̃(θ)⟩ = Rm cosh θ
⟨φ(θ)φ̃(θ′ )⟩ = ⟨ψ (θ)ψ̃ (θ′ )⟩ = − log W(θ − θ′ )

The sum inside the expectation value exponentiates and 
the exponent is expressed in terms of the functions

∞

∑
n=1

σn−1nk−2e−nx ≡ Lσ
k[x] = (−1)k−1Li2−k (σe−x)

. weight = ⟨
N

∏
j=1

Fwj,w′ j

Ñ

∏
j=1

F̃w̃′ j,w̃j⟩ 𝒵(L,R)
tor =

∞

∑
N,Ñ=0

∑
{wj≠0}

∑
{w̃j≠0,w̃′ j}

∫
weight × measure

N! Ñ!

Boltzmann weights of the loop gas as expectation values of HS fields:

Effective field theory for the partition function.
one 
possible 
choice
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𝒵(L,R)
tor = ⟨0 |eH+ eFtor e−H− |0⟩

φ(θ) = ∑
n odd

an
e−nθ

n
, φ̃(θ) = ∑

n odd

ãn
e−nθ

n

ψ(θ) = ∑
n odd

bn
e−nθ

n
, ψ̃(θ) = ∑

n odd

b̃n
e−nθ

n (n > 0, odd)

⟨0 |a−n = ⟨0 | ã−n = 0

⟨0 |0⟩ = 1

an |0⟩ = ãn |0⟩ = 0

⟨0 |b−n = ⟨0 | b̃−n = 0 bn |0⟩ = b̃n |0⟩ = 0

log W(θ) =
∞

∑
k≥1,odd

Wn

n
e−nθ (ℜθ > 0)

=
∞

∑
k≥1,odd

Wn

n
enθ (ℜθ < 0)

Oscillator representation

The scattering matrix is encoded in 
the canonical commutation relations

The two periods are encoded in two 
“Hamiltonians” transforming the Fock vacua  

𝒵(L,R)
tor = ⟨0 |eH+ eFtor e−H− |0⟩

H− =
m

2W1
(Lã−1 + Ra−1) H+ =

m
2W1

(Lã1 + Ra1)

anãm − ãman = − nWnδm+n,0

aman = anam, ãmãn = ãnãm

bn, b̃m + b̃mbn = − nWnδm+n,0

(n, m = odd)bmbn = bnbm, b̃mb̃n = b̃nb̃m
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⟨φ(θ + iπ/2) + φ(θ − iπ/2)⟩tor
= ⟨log(1 + e−φ(θ+iπa/2)) + log(1 + e−φ(θ−iπa/2))⟩tor

Remark 2: With this specific S-matrix one can write the Ward 
identity for  as a finite-difference equation φ

Example: Sinh-GORDON model 𝒜 = ∫𝕋
d2x [ 1

4π
(∇ϕ)2 + 2μ cosh(2bϕ)]

S(θ) =
sinh(θ) − i sin(πα)
sinh(θ) + i sin(πα)

α =
b2

1 + b2

a = 1 − 2α =
1 − b2

1 + b2log W(θ) = ∑
n≥1,odd

Wn

n
e−nθ, Wn = 4 cos

nπa
2

𝒵(L,R)
tor =

R,L→∞
⟨0 |eH+ e−H− |0⟩ = exp[LRϵ0] ϵ0 =

m2

2W1
=

m2

8 sin πα
.

Remark 1: curiously the operator representation reproduces the infinite-
volume energy density

[Destri-De Vega, 1991]
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TBA limit    = mean field limitR → ∞

Fcyl = ∫ℝ

dθ
2πi [log (1 + e−φ) ∂θφ̃− +

ψ∂θψ̃−

1 + eφ ]𝒵cyl = ⟨0 |eH+ eFcyl e−H− |0⟩

ϵ(θ) = LE(θ) − ∫
∞

−∞

dθ′ 

2π
K(θ − θ′ )log(1 + e−ϵ(θ′ ))

K(θ, θ′ ) = − ⟨∂φ̃−(θ)φ(θ′ )⟩c = − i∂θ log S(θ − θ′ )

Ward identities:

scattering kernel

The Feynman diagram technique ends at one loop. Fermionic and bosonic loops cancel. 
Hence no gaussian fluctuations, pure mean field theory. The fields can be replaced by 
their expectation values  and  ϵ(θ) = ⟨φ(θ)⟩cyl

ϕ(θ) = − i⟨φ(θ − iπ/2)⟩cyl

∂ϕ(θ) = R∂p(θ) + ∫
∞

−∞

dθ′ 

2π
K(θ − θ′ )

∂ϕ(θ′ )
eϵ(θ′ ) − σ

ℱcyl = ⟨Fcyl⟩ = − σR∫
dθ
2π

log (1 − σe−ϵ(θ)) ∂p(θ)

ϵ = log
ρh

ρp
, ∂θϕ = R(ρp + ρh)

ρp(θ) + ρh(θ) = ∂p̃(θ) + ∫ℝ

dθ′ 

2π
K(θ, θ′ ) ρp(θ)

Relation to the TBA approach:
- particle and hole densitiesρp, ρh

Bethe equation in terms of densities

TBA equation for the pseudoenergy ϵ

𝒵cyl = exp[ℱcyl]
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θ′ 

−K(θ − θ′ )

θ θ′ 

K(θ − θ′ )

θθ′ 

LE(θ) Rp(θ)

i log S(θ − θ′ )θ
θ′ θ

i log S(θ − θ′ )

vn

n }
φ −iφ̃− −iψ̃−ψ

∂
∂θ

Feynman rules ( ):σ = − 1

vk ≡ (−1)kLi2−k (−1)

Fcyl =
∞

∑
n=0

∫ℝ

dθ
2πi [vn+1

φn

n!
∂θφ̃− + vn+2

φn

n!
ψ̃∂θψ]=

∞

∑
n=0

∫ℝ

dθ
2π [ ]n } n }+

= +

Vacuum Feynman graphs (boson and 
fermionic loops cancel, only trees survive) Ward identity for the expectation value 

    (TBA equation)ϵ = ⟨φ⟩cyl[I.K., D. Serban, D.-L. Vu , 2017, 2018]
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===

L−
1 [ϵ] = log(1 + e−ϵ)L−

2 [ϵ] =
1

eϵ + 1
L−

3 [x] =
eϵ

(eϵ + 1)2

Dressed vertices:

+ −

0

ℱcyl == +

+=

Ward identities: Free energy:

Diagram technique for the torus - complicated. Loops of all orders will contribute



17“Randomness, Integrability and Universality”  GGI, April 19 to June 3, 2022. 

What could be done  next:


Learn how to perform systematic perturbative expansion above the mean 
field (TBA) limit


Generalisation to diagonal scattering matrices (type ADE) easy


Generalisation to non-diagonal scattering and bound states - need new 
insight


The EQFT for the torus can be formulated with little effort for the finite 
cylinder with integrable boundaries.

..... Leclair-Mussardo formula for the torus 


