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Motivation: Integrable 1D models
I Heisenberg Spin-Chain

HXXZ = −J
N∑
j=1

(Sx
j S

x
j+1 + Sy

j S
y
j+1 + ∆Sz

j S
z
j+1)

Interacting Bose-Gas (Lieb-Liniger model)
I

H =
N∑
j=1

p2i
2m

+ c
∑
i<j

δ(xi − xj)

Observables

〈q|Sz
j (t)Sz

j ′(0)|q〉 =? 〈q|ρ(x , t)ρ(0, 0)|q〉 =?

I inelastic neutron scattering
I Bragg spectroscopy
I Interference experiments
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Motivation: Bethe Ansatz Solution
The eigenstate of N-quasiparticle (magnons, atoms etc) can be written as

|q〉 = |q1, q2, . . . qN〉 =
∑
σ

(−1)[σ]Aσ({q})e i
∑N

j=1 qσ[j]xj

Periodic boundary conditions provide quantization

θkin(qj) +
1

L

∑
j 6=i

θscat(qi − qj) =
2π

L
nj

Hilbert space is given by the ordered sets of integers

〈q|O(x , t)O(0, 0)|q〉 =
∑
k

|〈q|O|k〉|2e−itEk+ixPk

Ek, Pk and 〈q|O|k〉 are known by means of Algebraic Bethe Ansatz

|q〉 = B(q1)B(q2) . . .B(qN)|0〉
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Motivation: Summation over intermediate states

〈q|O(x , t)O(0, 0)|q〉 =
∑
k

|〈q|O|k〉|2e−itEk+ixPk

I Numerics (ABACUS)

I Field theory (kF x � 1, k2F t � 1)

Left: Comparison between ABACUS and inelastic neutron scattering for KCuF3 . [PRL 111 137205].

Right: The threshold singularities in the Non-Linear Luttinger Liquid.

Both approaches fail at �nite temperature !!!
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Motivation: Hardcore Lieb-Liniger

H =
N∑
j=1

p2i
2m

+ c
∑
i<j

δ(xi − xj ) ≡
∫

dx

[
∂xψ+∂xψ

2m
+ c

[
ψ+ψ

]2]

ρ(x , t) = 〈ψ+(x , t)ψ(0, 0)〉 =
∑
k

|〈k|ψ|q〉|2e−it(Ek−Eq)−ix(Pk−Pq)

e ikjL =
N∏
i=1

kj − ki + ic

kj − ki − ic
e iqjL =

N+1∏
i=1

qj − qi + ic

qj − qi − ic

c →∞

kj =
2π

L
(nj − 1/2) qj =

2π

L
nj

ρ(x , 0) ∼ det
[−kF ,kF ]

(
1−

2

π

sin(x(p − q))

p − q
+ e−ix(p+q)

)
− det

[−kF ,kF ]

(
1−

2

π

sin(x(p − q))

p − q

)

kF = πN/L
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Fredholm determinants

τ(x) = det
(
1 + V̂

)
I

V̂ f (q) =

∫
γ

dq′V (q, q′)f (q′)

I In�nite dimensional determinant

det(1 + V̂ ) = lim
N→∞

det

(
δij +

1

N
V (xi , xk )

) ∣∣∣
1≤i,k≤N

I E�ective numerical evaluation (F. Bornemann �On the Numerical Evaluation of

Fredholm Determinants� [0804.2543])

∫ b

a
f (q)dq = lim

N→∞

N∑
k=1

ωk f (xk ), det(1+V̂ ) = lim
N→∞

det(δij+
√
ωiV (xi , xk )

√
ωk )
∣∣∣
1≤i,k≤N
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Generalized Sine Kernels

τ(x) = det

(
1 +

e2πiν − 1

π
nF (q)

sin x(q − p)/2

q − p

)

τXX = det
[−π,π]

(
1−

ωF (q)

π

sin x(p−q)
2

sin p−q
2

−
ωF (q)

π
e−

ip(x−1)+iq(x+1)
2

)
− det

(
1−

ωF (q)

π

sin x(p−q)
2

sin p−q
2

)

I Random matrices

I Mobile impurity [SciPost Phys. 8, 053 (2020), New J. Phys. 18 (2016), 045005]

I Return probability from the domain wall initial state |DW〉 = | ↑↑ . . . ↑↓↓ . . . ↓〉
[J.M. Stephan, J. Stat (2017)]

〈DW|ezHXXX |DW〉 = det R+

(
1− e−p2/4 sin

√
z(p − q)

π(p − q)
e−q2/4

)
I Persistence of spin con�gurations [I. Dornic (2018)] nF (q) = 1/ cosh(q)

I Classical integrable systems nF (q) = r(q)
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Sine Kernel (T = 0)

τ(x) = τ(x , t = 0) = det
[−kF ,kF ]

(
1 +

e2πiν − 1

π

sin x(q − p)/2

q − p

)
Form-factor presentation

τ(x , t) = 〈q|O(x , t)O(0, 0)|q〉 =
∑

k1<k2···<kN

|〈q|O|k〉|2e−itEk+iPkx

|q〉: free fermions: qi =
2πni
L

; |k〉: shifted free fermions: ki =
2π(ni−ν)

L

Pk =
∑
i

ki , Ek =
∑
i

k2i /2

The form-factor (overlap):

|〈q|O|k〉|2 =

(
2

L
sinπν

)2N (
det
N×N

1

ki − qj

)2

→ |〈q|k〉|2.

τ =
∑
k

|〈q|k〉|2e−itEk+iPkx = det

(
2

L

∮
dk

cot kL
2

+ cotπν

e−itk2/2+ikx

(k − qi )(k − qj )

)
= det(1+V̂ )
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Field theory treatment = Microscopic bosonization (T = 0 )
I Form-Factor summation

τ(x , t) =
∑
k

|〈q|O|k〉|2e−ixPk+itEk = det(1 + V̂ )

I Orthogonality Catastrophe: |〈q|O|kvac〉|2 = A/N2α

I Soft-mode summation

τ(x , t) ∼
∑
IR

|〈q|O|k〉|2e−ixPk+itEk = 〈e
√
αϕ(x,t)e−

√
αϕ(0,0)〉 =

A
(x − kF t)α(x + kF t)α

I Nonlinear contributions

τ(x , t) ∼
∑
Q+IR

|〈q|O|k〉|2e−ixPk+itEk+ix(Q−kF )+it(Q2−k2F )/2 =
B

√
t(x − kF t)α̃(x + kF t)α

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. I. Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);
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Combinatorics of orthogonality catastrophe
Generic overlap

|〈kvac|q〉|2 =

(
2

L
sinπν

)2N (
det
N×N

1

ki − qj

)2

=

(
2

L
sinπν

)2N

∏
i>j

(ki − kj )
2
∏
i>j

(qi − qj )
2

∏
i,j

(ki − qj )2
.

Fermi sea integers

kj =
2π

L
(nj − ν), qj =

2π

L
nj , nj = −

N − 1

2
+ j − 1, j = 1, 2 . . .N

|〈kvac|q〉|2 =

(
sinπν

πν

)2N∏
i 6=j

(
1−

ν

i − j

)−2
=

G2(1− ν)G2(1 + ν)G4(N + 1)

G2(N − ν + 1)G2(N + ν + 1)
.

|〈kvac|q〉|2 =
G2(1− ν)G2(1 + ν)

N2ν2

For ν = ν(k), (ν± = ν(±kF ), kF = πL/N)

|〈kvac|q〉|2 =
G2(1− ν−)G2(1 + ν+)(2π)ν−−ν+

N
ν2−+ν2+

exp

(∫
[−kF ,kF ]2

(
ν(λ)− ν(µ)

λ− µ

)2

dλdµ

)
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Static + zero temperature

τ(x) =
G2(1− ν)G2(1 + ν)

(−2ix)ν2 (2ix)ν2
e−2iνx + (ν → ν +Z)
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Dynamics T = 0

τ(x, t) =
G2(1− ν)G2(1 + ν)

(2i(t − x))ν
2

(2i(x + t))ν
2
e−2iνx+

G2(1− ν)G2(ν)

ν2(2i(t − x))(1+ν)2 (2i(x + t))ν
2

(
x − t

x + t

)
2ν e−i(t−x)2/(2t)−2iνx

(x/t − 1)2

√
2π

−it
θ(x2 > t2)+

+
G2(−ν)G2(1 + ν)

ν2(2i(t − x))(1−ν)2 (2i(x + t))ν
2

(
x + t

x − t

)
2ν e i(t−x)2/(2t)−2iνx

(x/t − 1)2

√
2π

it
θ(x2 < t2) + (ν → ν + Z)
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Finite temperature (Static)

τ(x) = det

(
1 +

nF (q)

π
(e2πiν − 1)

sin(x(p − q))

p − q

)
I It is challenging to do microscopic

I Overlaps are to small ∼ e−cN

I Too many soft modes ∼ ecN

I Heuristic approach instead!

Dressing: inhomogeneous and complex valued!!!

nF (q)

π
(e2πiν−1) =

e2πiνT (q) − 1

π
, ν → νT (q) =

1

2πi
log(1+(e2πiν−1)nF (q))

I E�ectively ONE form factor

τ(x) ≈ exp

(
−ix

∫ ∞
−∞

νT (q)dq − 1

2

∫
R2

(
νT (q)− νT (q′)

q′ − q

)
dqdq′

)
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Tr(e−βHO(x , t) . . . )/Tre−βH = 〈O(z = x+it) . . . 〉S1×R1
z→z′=e2πz/β

= ∼ 〈O(z ′) . . . 〉R2
CFT prediction for correlation length:

τ(x)
∣∣∣
T=0

=
A
xν2

=⇒ τ(x) =
A

(sinh(xT )/T )ν2
∼ e−x/ξ =⇒ 1/ξ ∼ T???
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XY spins chain

HXY = −
1

2

L∑
j=1

[
1 + γ

2
σx
j σ

x
j+1 +

1− γ
2

σy
j σ

y
j+1 + hσz

j

]
Spectrum of fermionic (Majorana) excitations

E(q) =
√

(h − cos q)2 + γ2 sin2 q

Bogolyubov rotation angle

e iθ(q) =
h − cos q − iγ sin q√

(h − cos q)2 + γ2 sin2 q

Finite temperature spin-spin correlation function

τ(x) = τ(x) ≡
Trσx

x+1σ
x
1e
−βHXY

Tre−βHXY
= det

[−π,π]

(
1 + V̂ + Ŵ

)
− det

[−π,π]

(
1 + V̂

)
XY model [A.G. Izergin, V.S. Kapitonov, N.A. Kitanine, solv-int/9710028]

V (p, q) = −
ωF (q)

π

sin x(p−q)
2

sin p−q
2

, W (p, q) = −
ωF (q)

π
e−i(p+q)x/2e−

i(p−q)
2

ωF (q) =
1

2

(
1− e iθ(q) tanh

βE(q)

2

)
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Form-factors

τ̃(x) =
∑
q

|〈k|q〉|2e
−ix

(
N+1∑
i=1

ki−
N∑
i=1

qi

)

with
e ikL = e−2πiν(k), e iqL = 1.

|〈k|q〉|2 = A

(
N+1∏
i=1

sinπν(ki )

L

)2

N+1∏
i>j

sin2
ki−kj
2

N∏
i>j

sin2
qj−qi
2

N+1∏
i=1

N∏
j=1

sin2
ki−qj
2

τ̃(x) = det
[−π,π]

(
1 + V̂ + Ŵ

)
− det

[−π,π]

(
1 + V̂

)

V (p, q) = −
e2πiν(q) − 1

π

sin x(p−q)
2

sin p−q
2

+O(e−#x ), W (p, q) = −
e2πiν(q) − 1

π
e
−i(p+q)x

2 e
−i(p−q)

2

e2πiν(k) = 1− 2ωF (k) = e iθ(k) tanh
βE(k)

2



17/25

e2πiν(k) = 1− 2ωF (k) = e iθ(k) tanh
βE(k)

2

ν(π)− ν(−π) = δ ∈ Z

e ikL = e−2πiν(k), e iqL = 1.

-3 -2 -1 0 1 2 3

-1.0

-0.5

0.0

0.5

1.0

p

θ(
p
)/

2
π

h=0.7, γ=0.3

h=1.1, γ=0.3

h=0.5, γ=-0.1

δ=1 δ=0

δ=-1 δ=0

0.0 0.5 1.0 1.5 2.0

-1.0

-0.5

0.0

0.5

1.0

h

γ
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Winding of the e�ective phase

Total number of solutions

e iqL = 1, qj =
2π

L

(
−
L + 1

2
+ j

)
, j = 1, 2, . . . L

e ikL = e−2πiν(k), kj ≈
2π

L

(
−
L + 1

2
+ j − νj

)
, j = 1, 2, . . . L+δ

ν(k)→ νδ(k) = ν(k)− δ
k + π

2π
=⇒ e ik(L+δ) = (−1)δe−2πiνδ(k)

h

ν(k)

qF−qF

ν(k)

qF−qF

a) b)

For δ = 1 there is only one! form-factor
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δ < 0

qa1,...an = {q1, . . . q̂a1 , . . . q̂an , . . . qL} δ = 1− n

∆Pa1,...an =

L−n+1∑
i=1

ki −
L∑

i=1

qi +
n∑

i=1

qai ≈ δπ −
π∫
−π

ν(q)dq +
n∑

i=1

qai .

e−ix∆Pa1,...an |〈k|qa1,...an 〉|2 = Aδ[ν]
n∏

i>j

(
2 sin

qai − qaj

2

)2 n∏
i=1

Yai ,

τ(x) = det
1≤j,k≤n

[Yδ(x + j − k)] exp

ix

π∫
−π

νδ(q)dq −
1

2

π∫
−π

dq

π∫
−π

dk

[
νδ(q)− νδ(k)

2 sin q−k
2

]2 ,

where νδ(q) ≡ ν(q)− δ(q + π)/(2π) has zero winding number and Yδ(x) stands for

Yδ(x) =

π∫
−π

dq

2π

(
e−2πiν(q) − 1

)
exp

−i(x − δ)q + iδπ −
π∫
−π

dkνδ(k) cot
q − k + i0

2

 .
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e2πiν(k) = 1− 2ωF (k) = e iθ(k) tanh
βE(k)

2
τ(x) = A(T , h, γ)e−x/ξ(T ,h,γ)

Ferromagnetic h ≤ 1 (δ = 1)

logA = −
1

2

π∫
−π

dq

π∫
−π

dk

[
ν(q)− ν(k)− (q − k)/2π

2 sin q−k
2

]2

ξ−1 = iπ − i

π∫
−π

ν(q)dq = −
1

2π

π∫
−π

dk log tanh
βE(k)

2

Paramagnetic h > 1 (δ = 0)

ξ−1 = −
1

2π

π∫
−π

dk log tanh
βE(k)

2
+ log y+, y± =

h +
√

h2 + γ2 − 1

1± γ

logA = log
2

β
√

h2 + γ2 − 1
− i

π∫
−π

dq ν(q)
e iq + y+

e iq − y+
−

1

2

π∫
−π

dq

π∫
−π

dk

(
ν(q)− ν(k)

2 sin q−k
2

)2
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Correlation functions
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22/25

Bonus: from Fredholm to Toeplitz and back

det
(
1 + Ŝν

)
= det

0≤n,m≤x−1
cn−m, ck =

π∫
−π

dq

2π
e2πiν(q)e−ikq

Ŝν (p, q) =
e2πiν(p) − 1

2π

sin
x(p−q)

2

sin p−q
2

∼
e2πiν(p) − 1

2π

x−1∑
n=0

e in(q−p) ∼
∑
n

AqnBnp

det(1 +AB) = det(1 + BA)

det
(
1 + Ŝν + δV̂ν

)
− det

(
1 + Ŝν

)
= det

0≤n,m≤x−1
c̃n−m

c̃k =

π∫
−π

dq

2π
e2πiν1(q)e−ikq , ν1(q) = ν(q)−

q + π

2π

det
(
1 + Ŝν + δV̂ν

)
− det

(
1 + Ŝν

)
= det

(
1 + Ŝν1

)
Szeg® theorem for Toeplitz determinant [Szeg® (1915), Fisher & Hartwig (1969)]

log det
0≤i,j≤x−1

ci−j = xk0 +
∞∑
n=1

nknk−n

νδ(q) =
−1
2πi

∞∑
n=−∞

kne
iqn −

1

2

π∫
−π

dq

π∫
−π

dp

[
νδ(q)− νδ(p)

2 sin q−p
2

]2
=
∞∑
n=1

nknk−n,
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Eytan Barouch and Barry M. McCoy Phys. Rev. A 3, 786 (1971)

A = XY ,

where:

X =
∞∏
l=1

(
1− λ−11 f2l−1

)(
1− λ−11 g2l−1

)(
1− λ−12 f2l−1

)(
1− λ−12 g2l−1

)
(
1− λ−11 f2l

)(
1− λ−11 g2l

)(
1− λ−12 f2l

)(
1− λ−12 g2l

)

Y =
∞∏

i,j=1

(1− f2j f2i−1)(1− f2i f2j−1)(1− g2jg2i−1)(1− g2ig2j−1)

(1− f2j f2i )(1− f2j−1f2i−1)(1− g2jg2i )(1− g2j−1g2i−1)
×

×
(1− f2jg2i−1)(1− f2ig2j−1)(1− g2j f2i−1)(1− g2i f2j−1)

(1− f2jg2i )(1− g2j f2i )(1− g2j−1f2i−1)(1− f2j−1g2i−1)

and λ1, λ2, f , g are de�ned as

λ1 =
{
h +

[
h2 −

(
1− γ2

)]1/2}
/(1−γ), λ2 =

{
h −

[
h2 −

(
1− γ2

)]1/2}
/(1−γ)

fk =
h + Wk

1− γ2
−
[(

h + Wk

1− γ2

)2

− 1

]1/2
, gk =

h −Wk

1− γ2
−
[(

h −Wk

1− γ2

)2

− 1

]1/2
with

Wk =
{
γ2h2 −

(
1− γ2

) [
γ2 + (kπ)2β−2

]}1/2
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Dynamics

τ(x , t) = det
(
1+ ρ(q)

e+(p)e−(q)− e−(p)e+(q)

p − q

)

e−(q) = e
i
2
xq− i

4
tq2
, e+(q) = −

sin2(πν)e
− i

2
xq+ i

4
tq2

π

[
cot(πν) + iErf

(
(i + 1)(x − qt)

2
√
t

)]

Erf

(
(x − qt)(1 + i)

2
√
t

)
→ Sign(x/t − q)

νT (q) =
1

2πi
log
[
1 + (e2πiν − 1)ρ(q)

]
θε(x/t−q)−

1

2πi
log
[
1 + (e−2πiν − 1)ρ(q)

]
θε(q−x/t).

θε(z) =
1 + S(z/ε)

2
, ε ∼

1
√
t

log τ ≈ C0 −
1

2
∆2 log t + i

∫
dk νT (k)(x − tk)

∆ =
i

2π
log

(
1 + 2

(
cos(2πν)− 1

)(
ρ− ρ2

))
ρ = ρ(x/t)
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Summary and outlook

I Riemann Hilbert Problem for Fredholm determinant

I Phase shift dressing

I Di�erent types of soft mode contributions

I Universality

I Asymptotic for classical integrable models?

I Relation with QTM? Thermal form-factors?


