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I. THE TANGENT PLANE METHOD

II. RANDOM YOUNG TABLEAUX

R. Kenyon (Yale)joint work with
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ZOO OF LIMIT SHAPES

variational approach

dimer model
(domino/lozenge tilings 

etc)
random 

Young tableaux five-vertex model

general boundary conditions a variety of models&
unifies

min
h|∂Ω=h0 ∫Ω

σ(∇h)

surface tension/ 
local entropy



WULFF SHAPE

“fundamental solution”
(facets, facet-rough transition, phases, algebraic boundary etc)

Kenyon-Okounkov-Sheffield

det(�ʍ ⌘ ʋ�
<latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit> for the dimer model (“free fermions”)

Wulff shape - Legendre dual of surface tension

Crystal corner
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Crystalcornerlimitshape
[Cerf,Kenyon(2001)]

ThisisalsotheWulffshapeattemperatureεin3DIsingmodel.

(lozenge tilings  !"3D Young diagram)
itself a limit shape

Cerf-Kenyon, Okounkov-Reshetikhin



a strong form of universality

“spectral curve is a Harnack curve” (math)
“dimers map to free fermions, bosonising the fermions  

we get K = 1 in the fluctuating region” (physics)

• universal growth of height variance
• homogeneous (but curved) free field for fluctuations
• algebraic boundaries
• macroscopic universality of frozen boundaries (Astala-Duse- 

Prause-Zhong)

/ =
ʋp

det(�ʍ

<latexit sha1_base64="+DJGV1iyTpECAFS43TCM1xPxaZo="></latexit>

Luttinger parameter
coupling constant
stiffness etc

FREE FERMIONS - det(�ʍ ⌘ ʋ�
“exclusion principle”



limit shape variational
principle Wulff shape free energy

in magnetic field

integrability of the
model

PDE

INTEGRABLE PDE ?

?

integrable PDE in an intrinsic variable

Bethe ansatz endpoint
spectral curve variable
isothermal coordinate



��� (⇥� � ⇥�) = �

a not-so-“hidden” complex variable
(fluctua'ons, in(grabili), iso*ermal)

“complexi" # simpli"” !



          -HARMONIC ENVELOPEκ

as a function of z ∈ ℍ
Kenyon-Prause

Thm: s, t and h-(sx+ty) are all &-harmonic(z) in the liquid region

(multi-valued in z)

Corollary:
Free-fermionic limit shapes are 

envelopes of harmonically moving 
planes in R³

r · rY = �

(^) =
p
det(��

The Geometric Tangent Method in a picture

n "
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The trick is that

Zn,m =
X

r

An,rBr ,m

where Br ,s =
X

�:(0,0)!(r ,�s)

p
!

#corners

For large n, the sum in r is
dominated by a saddle point r⇤.
The resulting straight line
goes through (r⇤, 0) with slope
�m/r⇤ and is tangent to C.

Varying m/n 2 R+, the caustic
of these lines makes one arc of
the curve C.

Andrea Sportiello The Tangent Method: where do we stand?

tangent method 
Colomo-Sportiello “tangent plane 

method”

isothermal on 
Wulff shape

σ(s, t)
(s, t) ∈ '



TRIVIAL POTENTIAL
Kenyon-Prause

potential

reduction to Schrödinger equation

r · rY = �

(��+ U)(�/�Y) = � U =
��/�

�/�

a surface tension has trivial potential if
is a harmonic function of the intrinsic coordinate zDef:

Then &-harmonic:
harmonic(z)

(q=0)�
p
det(��

�
p
det(��



5-VERTEX MODEL

lozenge tilings and the 5-vertex model

The 5 vertex model with r = 1 is the lozenge tiling model.

r 6= 1 means blue and green lozenges “interact”.

monotone non-intersecting
lattice paths lozenge tilings with

(blue-green) interaction

r≠1 (non-determinantal) “interacting fermions”
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The six-vertex model 
[Lieb '67] [Sutherland'67]

a ccba b

1 1 1 r r

P(configuration)     r
#corners/

with corners penalized

re(X+Y)/2 re(X+Y)/2eYeX1
(X,Y) 

magnetic field

Bethe ansatz de Gier-Kenyon-WatsonWulff shape solution



5-VERTEX BOXED PLANE PARTITION

Figure 1.3 The 5 vertex model with “boxed plane partition" boundary conditions. The lattice paths start along the
diagonal, southeast side on the hexagon and exit along the northwest side. In terms of the height function, these are
Dirichlet boundary conditions: h is zero along the lower and left boundaries, increasing linearly along the diagonal
boundaries, and constant (equal to the side length of the hexagon) along the upper and right boundaries. Shown is
the case r = 0.6 and n = 200.

3

r=0.6



BPP EXAMPLE

Figure 1.3 The 5 vertex model with “boxed plane partition" boundary conditions. The lattice paths start along the
diagonal, southeast side on the hexagon and exit along the northwest side. In terms of the height function, these are
Dirichlet boundary conditions: h is zero along the lower and left boundaries, increasing linearly along the diagonal
boundaries, and constant (equal to the side length of the hexagon) along the upper and right boundaries. Shown is
the case r = 0.6 and n = 200.

3

envelope of planes ζ ∈ ℍ
(  degree 2 cover of )u(ζ) ℍ6 facets+ 2 neutral regions

8 intervals on @H
are all ratios of linear 

combinations of harmonic 
measuresfull boundary information

x3 = s(ζ)x + t(ζ)y + c(ζ)

small r

trivial potential



BPP EXAMPLE

Figure 7.4 The arctic boundary for the boxed plane partition in the cases r = 2, 2.5, 3, 3.1.

Figure 7.5 Simulations with n = 400 and r = 2.5 (left) and r = 3.1 (right), with the theoretical arctic boundary super-
imposed.

31

r=2.5

large r

free energy/Wulff shape

points of non-analycity
vs algebraic curves

Corollary:

(sθ)ζx + (tθ)ζy + Gζ − θζh(x, y) = 0
In any component of the liquid region

(shear phenomenon)

all holomorphic functions
θ = κ



PART II
RANDOM YOUNG TABLEAUX

work in progress

simple κ

complicated (arbitrary) 
boundary conditions 



YOUNG DIAGRAMS AND TABLEAUX

shape (5,4,1) in French notation

A Young tableau of shape  
(7,7,5,2,1,1,1)

monotonic filling in both 
directions

representation theory of 
symmetric groups 

Russian convention: rotated by 45°

10=5+4+1 integer partitions

1
2
4
6
9
14
23

3
8
13
15
17
20
24

5
11
16
19
22

7
1210

18
21

|ω(x1) − ω(x2) | ⩽ |x1 − x2 |
ω(x) = |x |  for large x

profile



YOUNG TABLEAUX EXAMPLE

1
2
6

8
16
20
31
41

49
55
60
71

78
82
83
89
114

155
168
174

3
4
11
15

25
26
42
43
50

68
76
88
101

107
116
135
146
169

186
189

5
7
13
21
27

35
44
46
57
79

90
91
106
112

118
149
160
194
210

248

9
10

18
32
36
48

53
58
75
86
93

98
123
126
133

166
167
220
242
253

12
14
22

33
39
61
69

74
84
103
127
139

145
148
177
178

195
222
245
299

17
19
37
47

54
63
72
94
102
128
138
162
181

191
225
229
239

240
261
305

23
30
45
52
59

87
97
113
117

134
141
172
201
205

227
241
251
259

267
310

24
34
51
64
73
96
105
124
147
157

182
185
204
236
252

264
278
280
295

346

28
38

56
65
85
109
130

140
151
159
184

187
230
244
263
282

287
296
302
349

29
62
67

92
95
125
132
144

156
188
197
218

250
255
277
283
288

317
328
356

40
70
81
99
121
129
161
175
193

202
208
224
260

270
279
293
304
326

352
358

66
80
100
110
122

158
170
180
199
203

223
256
265
274

290
294
314
343
354

365

77
111

131
142
152
164

173
207
209
213
228

257
281
297
315

322
323
359
361
367

104
115
137

150
154
171
176

216
219
237
266
272

285
298
318
345

360
363
366
375

108
120
143
153

196
206
212
217

221
258
273
289
300

316
327
353
364

368
376
377

119
165
183
190
211

214
232
233
249

268
301
313
324
333

344
362
370
382

387
389

136
179
198
215
235
262

271
275
286
291

307
325
330
338
347

371
378
385
390

393

163
192

200
231
243
276
284

292
306
312
329

335
339
351
357
373

380
388
391
396

226
238
246

247
308
309
311
319

331
336
337
340

350
372
379
381
384

392
395
397

234
254
269
303

320
321
332
334
341

342
348
355
369

374
383
386
394
398

399
400

Dan Romik’s 
MacTableaux

square shape

Cyril Banderier et al.’s 
YoungPackage

x

x3

y

x

x3

y ∈ [0,1] “time”

(normalized)
asymptotic
value of the
tableaux



LIMIT SHAPE THEOREM
Biane, W. Sun, Cohn-Kenyon-Propp

The (rescaled) random YT surfaces with a 
limiting profile  concentrate around a 
deterministic surface, called limit shape

ω

The limit shape is a minimizer of a
variational problem

(x, y)

x3

singular and degenerates on 
the boundary

x

y

x3

min
�

ˆ
�
�(��),

� : � � R height function

‘minimal surface’ spanning a wire-frame

∇h ∈ '
h(x,0) = |x |
h(x,1) = ω(x)

y



SURFACE TENSION
W. Sun 

A. Gordenko, Johnston-O’Connel, Shlyakhtenko-Tao

σ(s, t) = − (1 + log
cos π

2 s
π
2 t ) t

' = [−1,1] × [0,∞)
(s, t) = ∇h ∈ '

σs = π
2 t tan π

2 s, σt = log
π
2 t

cos π
2 s

det Hσ ≡ π2/4



HARMONIC COORDINATES

s(z) = − 2
π

arg z + 1, t(z) = 2
π

Im z

z = π
2 t(tan( π

2 s) + i) ∈ ℍ

'

σs = π
2 t tan π

2 s = Re z, σt = log
π
2 t

cos π
2 s

= log |z |

σs + i
π
2 t = z and σt − i

π
2 s = log z − i

π
2

harmonic conjugates

z ∈ ℍ

0
(−1,0) (1,0)

(s(z), t(z))
s

t



EULER-LAGRANGE EQUATION

(x, y) ∈ ℒ ↦ ∇h = (hx, hy) = (s, t) ↦ z(x, y)

σssh2
x + 2σsthxhy + σtth2

y = 0

zx + (log z)y = zx +
zy

z
= 0 (complex Burgers equation)

(σs(hx, hy) + i
π
2 hy)x + (σt(hx, hy) − i

π
2 hx)y = 0

zx

zy
= − 1

z

(h − sx − ty)zz̄ = − (szz̄x + tzz̄y) − (szxz̄ + tzyz̄) = − i
π (−

xz̄

z
+ yz̄)

= − i
π

xz̄zx + yz̄zy

zy
= − i

π
z(x, y)z̄

zy
= 0



TANGENT PLANE METHOD
Kenyon-Prause

Thm: s, t and h-(sx+ty) are all harmonic(z) in the liquid region

(multi-valued in z)(special case of 
previous thm)

Young tableaux limit shapes are 
envelopes of harmonically moving 

planes in R³
x3 = s(z)x+t(z)y+c(z)



PREVIOUS RESULTS

Pittel-Romik
Biane

on Young tableaux limit shapes

asymptotics of irreducible
representations of symmetric groups 

explicit limit shapesimplicit limit shapes 
in terms of free cummulants

handful of examplesgeneral profile

Angel-Holroyd-Romik-Virag

(square, rectangle, staircase)

x′ 3(x) = 2
π

arctan x(1 − 2y)
4y(1 − y) − x2

, |x | ≤ 4y(1 − y)

family of one-dimensional 
variational problems



YOUNG TABLEAUX LIMIT SHAPES

Thm (P): z = 1/Gω(u), x + 1 − y
Gω(u) − u = 0, u ∈ ℍ

ν(x) = ω(x)− |x |
2 , 1ν(u) = ∫ℝ

ν′ (x)dx
u − x

, Gω(u) = 1
u

exp(−1ν(u))

Kerov, Biane

 

frozen boundary
envelope of lines

Limit surface

u ∈ ℝ∖supp(ν′ (x)dx)

intercept function

c̃(x) = ω(x) − ω′ (x)x

h(x, y) = (1 − 2
π

arg(1/G(u))) x+3c̃(u)

x = Im uG(u)
Im G(u) , y − 1 = |G(u) |2 Im u

Im G(u)

u ∈ ℍ

Corollary:

(x, h)
y

asymptotic value 
of the tableau



BoundedLectureHallTableaux

TangentMethod

Examples

FurtherQuestions

�=(6n,...,5n+1,4n,...,3n+1,2n,...,2n,2n,...,n+1,n,...,n,n,...,1)

40/42
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6
10
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81
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3
5
8
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16
23
27
33
39

45
47
48
54
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73
88
94
108

4
13
20
21
22
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40
42
49
50
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71
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104

7
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26
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38

52
58
64
68
75

91
95
110

9
29
37

51
55
56
65

70
78
89
90
93

11
31
53
62

74
86
97
100

102
105

18
44
57
77
84

96
101
109

41
61
85
87
98
99

60
67

92
103

80
107

x1 x2x̃1 x̃2
…

Gω(u) = ∏ (u − x̃i)
∏ (u − xi)



PLANCHEREL TABLEAUX
Ω = {(x, y) ∈ ℝ2 : x ∈ ℝ, y ⩾ 0}

− x
z

+ y + 1
z2 = 0

c(z) = − 2
π

Im(1/z)

zero boundary values exept at 0

h = sx + ty + c = 2
π (x arcsin(x /2) + 4 − x2)

x ∈ [−2,2], y = 1
Logan-Shepp-Vershik-Kerov curve

h(x, y) = y h( x
y

,1)

szx + tzy + cz = 0 Kerov

G(u) + 1
G(u) = u

G(u) = 1μsc
(u)

dμsc(x) = 1
2π

4 − x2dx

-1 0 1 2
0.00

0.05

0.10

0.15

0.20

0.25

0.30

-2 2

u = z + 1/zℂ∖7



PROOF

x +
tz
sz

(y − 1) +
(c + t)z

sz
= 0

szx + tzy + cz = 0

x − z(u)(y − 1)−u = 0

−arg z(u) = π
2 (ω′ (u)−1)

1/z(u) = 1
u

exp(−1ν(u)) =: Gω(u)

h = sx+ty+c = sx + t(y − 1) + c + t = sx + 3c̃(u)

− 2
π

Im u 3c̃(u) + CIm u

arg u
z(u) = πν′ (u)

y = 1

u ∈ ∂ℍ

u ∈ ℍ

(envelope equation)

z ↔ (x, y)?



OUTLOOK

Related works
similar boundary conditions

“calculation” of fractional free 
convolution power

skew shapes

minor process for random matrices
Duse-Metcalfe

Corteel-Keating-Nicoletti

Debin-Ruelle

Bufetov-Gorin

lecture hall tableaux

Di Francesco-Reshetikhin

exact same limit shapes?

tangent method tangent plane method

arctic curve full limit surface⇝

holomorphic coeff. harmonic coeff.
(free fermions)


