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Quantum algorithms

- Quantum algorithm: finite sequence of elementary
Instructions for quantum computer

- We will consider quantum circuit model
- Elementary instructions:
- Initialize qubit in |0>
- Quantum gate belonging to universal set (e.g., {Hadamard, CNOT,

b

- Measure qubit in |0>, |1> basis
- Algorithm complexity: # of elementary instructions
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Universal set of quantum gates
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Digital quantum algorithms: overview

- Most quantum algorithms based on few primitive
subroutines

- Quantum Fourier transform (exponential speedup)

- Quantum phase estimation
- Quantum linear algebra
- Shor (factoring)
- Hidden subgroup problem
- Amplitude amplification (quadratic speedup)

- Grover search
- Quantum counting

- Quantum singular value transform
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Quantum Fourler transform

- Vectors of computational basis for n qubits labeled by
strings of n bits (binary representation of natural number)
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QFT circult
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- Requires ©(n?) gates
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Quantum phase estimation

- We can apply unknown U on m qubits as black box; we

have eigenstate |u> with unknown eigenvalue e?™¢
Problem: find ¢

- Algorithm: let V act on n + m qubits as

Viz)j) = |z) @ U*|e) = €{0,1}"

- Build the state
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- Apply inverse QFT, measure first n qubits, read (n-bit
estimate of) ¢
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QPE circuit

Superposition Controlled U Operations Measurement
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- Requires ©(n?) gates + 1 call to U2¥, k <n
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HHL

- Problem: Given m-qubit sparse Hamiltonian H (each row
has O(1) nonzero elements) and state |@>, build H|w>

- Let H=) Milu)lux|  [0) =) nlur)
k k

- Apply QPE to U = e2™H and |w> (needs Hamiltonian
simulation), get

> Uk Ak fug)
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HHL

- Add qubit in |0>, apply rotation

1 1
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- Get
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- Measure auxiliary gubit and postselect on outcome 1, get
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HHL

- Apply inverse QPE and discard ancilla, get
H—l
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- Success probability HH ) H = : = %
| H-)° HHH |H-® s
N max; ||
- Condition number K = —;
ming ||
- Success probability increased to % by amplitude

amplification

- Repeat until success
2

- Runtime O (K n)

€
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HHL

- Exponential speedup for linear systems of equations!

- Caveats: preparation of initial state |@>, readout of the
result H1|w>

- Can handle non-Hermitian H with extra auxiliary qubit
- Can produce f(H)|w> for generic f

Aram W. Harrow, Avinatan Hassidim, Seth Lloyd
Quantum Algorithm for Linear Systems of Equations
Phys. Rev. Lett. 103, 150502 (2009)
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Linear differential equations

- Linear ODE in RN, N>1

d
d_f:AgH-b A s-sparse 0<t<T

- Unitary evolution if A antihermitian and b=0

- Eigenvalues of A with negative real part

- Discretization with At =1/ lIAll, K=T /At steps
- Quantum history state

V) = Z Tiae)li)
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Linear differential equations

- Euler forward method: Discretized ODE
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At

equivalent to linear constraint on |#>
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Linear differential equations

- Apply HHL to generate history state

W) =M™ (w>0> + At|b) Z ’i>>

- Measure history state to extract information on the
solution (getting the whole solution has complexity Q(N))

- Algorithm improved to complexity
O(T|Als) w=|V||V'|:A=V DV

Dominic W. Berry, Andrew M. Childs, Aaron Ostrander, Guoming Wang
Quantum Algorithm for Linear Differential Equations with Exponentially Improved

Dependence on Precision
Commun. Math. Phys. 356, 1057 (2017)



Block encoding

- Quantum eigenvalue transform: Given |@>, produce
f(H)|w> where f is even or odd

- U on C?°QCN is a block encoding of H on CN if

H = (0|U]0) U:(? :)

- Requires ||H|| <1

- Quantum eigenvalue transform generates block encoding
of f(H)

= o=( 1)
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Block encoding

- Diagonalize H
H =" MA{\ —1<A<1

- Simplified explicit block encoding
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Quantum signal processing

- Quantum signal processing
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Quantum eigenvalue transform

- For any P, Q as before there exists 5 such that U 3 IS a
block encoding of P(H)

- With auxiliary qubit we can get rid of constraint on the
existence of Q: Let U be a block encoding of H, and let P
be a polynomial of degree d with parity d mod 2 such that

PN <1 VYAel-1,1]

- Then, a block encoding of P(H) can be realized with d
applications of U / UT and d phase shifts in the Z basis



Application to linear systems of equations

- Let H be such that ! <|H|<I
K
. L 1
- Let P(A) be a polynomial approximation of Y for
K

1
- <A <1
K

- Let U be a block encoding of H and let U be a block
encoding of P(H)

- We have
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Application to linear systems of equations

- Measure auxiliary qubit and condition on 0. Get

H! 1
P(H)|y) ~ [4))  with probability at least —;

K K2

Increased to 1 by amplitude amplification
aY
1 1

- There exists an odd P(A) approximating — for - <A <1
K

. .. € K
with precision - and degree O (z«: log E)

- The algorithm requires O (KJQ log E) calls to U
€

- Dependence on size of H hidden in cost of U






Finding block encodings

- Let A be a O(1) sparse matrix on n qubits (each row and
each column have O(1) nonzero elements) whose
nonzero entries have absolute value at most 1. Then,
there exists an approximate block-encoding of A requiring

1
O (n + log?® —) elementary gates and O(1) uses of
€

oracles for the nonzero entries of A
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