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General Idea

Yuri Manin, "Computable and 

Uncomputable" (1980)

Richard Feynman, "Simulating 

physics with computers" (1982)



General Idea

Goal: For a given Hamiltonian H, find a (compilable) unitary U

such that for any and t > 0

Allows us to simulate the time dynamics

May require ancillary qubits



Simulation Methods

• Lie-Trotter-Suzuki (Trotterization)

• Linear Combination of Unitaries (LCU)

• Quantum Singular Value Transform (QSVT)



Encodings

(Jordan-Wigner)

(Field-amplitude basis)
("Second quantization")



Suzuki-Lie-Trotter

N-qubit k-local Hamiltonian

Baker-Campbell-Hausdorff (BCH)

E.g. 5-qubit 2-local



Suzuki-Lie-Trotter

Lie-Trotter product formula

Algorithm:

• Exponentiate each of the k-local terms in succession

• Repeat a large number of times



Suzuki-Lie-Trotter



Suzuki-Lie-Trotter



Suzuki-Lie-Trotter

Pauli Z's produce XOR in phases

So that

Note also

Controlled NOT (bitflip) produces XOR on bits

XOR



Suzuki-Lie-Trotter

Prescription to compile

-

-

-



Suzuki-Lie-Trotter



Suzuki-Lie-Trotter

Note that

E.g.



Suzuki-Lie-Trotter



Suzuki-Lie-Trotter

Suzuki higher-order formulas

yields a better approximation

Recursive definition



Suzuki-Lie-Trotter



Linear Combination of Unitaries

Taylor series expansion

Implement such that



Linear Combination of Unitaries

Problem

Sum of unitaries is not unitary!

E.g.

Solution

Block encode non-

unitary operation in a 

larger unitary

Use ancillas!



Linear Combination of Unitaries

Given

Construct



Linear Combination of Unitaries



Linear Combination of Unitaries



Linear Combination of Unitaries



Linear Combination of Unitaries

Success probability



Linear Combination of Unitaries

Robust Oblivious Amplitude Amplification

Let

If where V is unitary, then with

the reflection operator ,

the unitary achieves



Linear Combination of Unitaries

Reflection operator



Linear Combination of Unitaries

Approximating a single step

Total accuracy of all steps must be



Linear Combination of Unitaries



Linear Combination of Unitaries

First prepare the register with basis states



Linear Combination of Unitaries

E.g. K=3



Linear Combination of Unitaries



Linear Combination of Unitaries

Prepared

Using O(K log L) qubits, prepare

using O(K) gates

using O(KL log L) gates



Linear Combination of Unitaries



Linear Combination of Unitaries

"Prepare" step "Select" step



Linear Combination of Unitaries

Broadly,

For the particular case of Taylor series approach

Implement via

for each 



Linear Combination of Unitaries

E.g. K=3, L=2



Linear Combination of Unitaries



Linear Combination of Unitaries



Quantum Singular Value Transform

Quantum Signal Processing

There exists a such that

where and , for any polynomials P(a) 

and Q(a) such that

• .

• P has parity d mod 2, and Q has parity (d-1) mod 2

• .



Quantum Singular Value Transform

Quantum Eigenvalue Transform

Given a block encoding of Hamiltonian

as , given conditional phase shift

even d

odd d



Quantum Singular Value Transform

Explicit example

with action



Quantum Singular Value Transform

Explicit example



Quantum Singular Value Transform

But we can also construct

using the operators we constructed for LCU!

and



Quantum Singular Value Transform



Quantum Singular Value Transform



Quantum Singular Value Transform

Hamiltonian simulation

Jacobi-Anger expansion



Quantum Singular Value Transform

Jacobi-Anger expansion

To achieve accuracy , truncate at 2k' and 2k'+1 respectively, where



Summary

Costs

Trotterization

LCU

QSVT
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Thank you!

Email: sohaib.alam@nasa.gov;

malam@usra.edu



Extra slides



Qubitization

Suppose

Then defines a step of a 

"quantum walk"



Qubitization

We can construct

using and

from the LCU construction.



Qubitization



Qubitization

Jacobi-Anger

defines an LCU algorithm using W_U, which has been decomposed into a 

direct sum of 2-dimensional subspaces, i.e. has been "qubitized"


