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Classical approach to relativistic hydrodynamics

Decomposition of currents onto a four-velocity

TR =gun +p'+qMu" +quR +MM

g
=TM upur

&i =gR-uu b.x =1

qR =NYTau 4 =DY

MMERI - I WapAY TO" => 9.4 =0

Up Mr =
M"un =0

P=I CarTr WirR=0

jY =
nuR +JM n =j.u JR =dRj

11 ofthem are functions of x



Equilibrium 4=Geg =constant

Sim TMr =(8eg + 4eg) WY, Weg - Peggi => lim 9,4 =0

2-Hea
n+Veg

P

Lim IM =ReqUEs
n+Heg

are the thermodynamic equilibrium functions
Seg, Peg, Reg

Seg)T, M) Peg(T, M) Meg15,4) Seg + Peg = TSe,+MNe

(g =g(x) - feq(x) =f(x) - f(x)

i =p(x) - Peq(x) =p(x) - p(x)

*n
=
n(x) - neg(x)

=n(x) - n(x) m disregarded for the sake of

simplicity



Derivation of constitutive equations

ds =df - mdn
=6 =2 =

- 2 =GS =14) -44

unGuS=s =Tj =j - pi

2pTY =0 =Gni + p)nin - pg+qP +quR +MY+M+guRnY =0

Contractwith Ur

uMGp(9 +4) +(9 +4)6.4 - urf-p +b.q +uru292+u24+Kurdi
+2)gu,

=j +p +(8+4)6.4 - p +6.q -qr) - 48pun -6.4
+6.(8g4)

Ar
acceleration field



=j +5+(8+4)6. -y+6.q - p.A -48 - xb.n +6.(fu) =0

=>i =- (9 +4)8.4 - 6.q +q.1 +4:3x +x6. - 6.(tgu)

Similarly

8jY =0 =2p(nu +54) =0 n2.n +n +2.5 =0 and

i =- n2.n -2.5

Altogether

Ti =- (f +4)8.4 - 6.q +q.7 +4=8x +x6n
+4nz. +n6.5 -6.((fu)

=( - g - p +4n)6.4 - 6.q +9.7
+4:3x +x6.n +n6.5 - 6.(tgu)

=- Ts6.u - 6.9 +9.7 +4:34 +x6n
+46.5 - 6.((gu)



5 + s2.4 = -29
+

9
+4 +4

+125-8

I =- (f) +9.2(1) +9A
+n.2 +6 +6(5) -5.2)-0)
I

(p1s4) = - 6.(q) +9.8(1) +9.A +n=2 +6
+2.(25) -5.2)

-2.(44) +bgn.2() il

2.(x +1 - 25 +6gy) =q.(A +27)) +n=2 +26
- 5.6/E)

I
entropy

+gn.2(I)current SM



Constitutive equations requiring 8pSM?O

E.g.q = - k(A +2(i)) K > 0 thermal conductivity

Now:

T Mr [ T,x,M]

jY[T, u, M)
-> CpT=0 5equations for 5unknowns

84jn =0

T, u,M(un =1)



Two fundamental questions

1) Is it true that g +p =Ts +un out ofequilibrium (or in

differentglobal equilibrial?

Does Tds =de-mdn hold?

2) How to deal with quantum observables? Spin



DENSITY OPERATOR
- t

I =? to
-...

TM(x,t) =Tr(y(0)(x,t)) P

Heisenberg FM1x,t)=eit FMx, 0) e
int
I fixed

Schrödinger FM(1,0) fixed(t)= eitglogei*t

Suppose thata good approximation can be foundof

-ifit.lo eitoy(t) =e ata suitable time to

-> evolve FMor any other fields from to



I. -(2)
Zo

"local equilibrium is

achieved "

7



S = -Tr (flog9)

D."
o

mean values +some charges Qui10 constants Juv

Each constant -> Lagrange multiplier

FIg3 =- Tr(flogY) - bulTr(y5) - 4.4) +2pr (Tr1954 - JoY)
2

+ 3:/Tr(48:) - Q0:) + x (Trys-2)

-

i=0 Solution y =e
+:+3:

Problem:prove it=Tr(e-b.+2w:5
+2.5:a: )



IapproximatedbyYue (20)

5,12) =exp[-/dInY--35)/2



Gauss theorem

N

↑n
- I - 1dY- +(dY. =

Ze- ~ IsS
-----·X

I 7~ - =>dra (TM)

In t if (dZ,FM =0

Ze

- (dYr = -dr.+)dT

=>5(15) =exp[ - (d2,Y--3j)+(d)F,--4,3.5



Linear response

5 =Ie
+

2 =Tr(eE+5)

Kubo identity

eE +B
=[ I + dzetEBeJe canbe iterated

=>e
+=[I+!dzee-) eE linear response

=e
-

I
=i=(1 -() +(!dzey=

I
Tr(e)



Example:

E =-(dzyr
-

- - 35m 9(0) = I 11 -35) +IdeeLE

SF, x) =Tr (5Frix)
B =(arry,=23ym

SYYx =(Yx) + d)Frixee)- (Tix
subtraction

=(Yx)+!d)Trix)ee), I, -> ofmean values

=Trix, +(!d(dly) ( xseyse
-Peely) +.....

Hydro approx.G,r(y)
=Gr(x)

=>Fix+8a(x))!d(dly) (xyse-,...



Whatabouthydro equations?

⑰ nTMr =nnTE -> find (x) all we need. Depends on the foliction
S

Similar to the definition of other frames

Trup =x ur eigenrector

How to determine TM? -> n,5T [=,9,2] =0



& ApparentlyTP(x) =Tr [et*Trix) -> Trix) =Th[85,9,5]

-Tr[5,g,z] =0 eventually

Expand in gradients -> TP (B5,z,B, . . . . g, . ...,I)

Tr =a+...



Entropycurrent

"S =-TrIflog) ---TrIgelogTie) CEOde meximized

t t
constrained ignorance

2) Extensivity

Sia y(x) =x44-x)dz, Fr- -) 13 =0 per semplicitat, 5 =f(x)

Comnisponde a moltiplica la temperatura commovente / per 9/x



↑

2(x) =Tr (expl -x/dI,Fr-)) -> 22
2x

=12 Tr(exp( - x/d,+3)) =2*y(exp) -x)d2yr
--)(-1/d2,Fr) =

2(x)8x

=>

- (d,(Yr (N)r <TRY (x) mean value with5(x)

Integrating between 1 andDo

jaxlog2(x) =log2(x) - log2 =

- dx(22,(yr(x) =(dzn))!dx(fr)(x)-)

If do suchtnat log2(X0) =0 avro

log2 =(dInpr cn pr=dx < Fr> (x)r



Epycurrent

S =/drp +TE- -3j butupTr=npT
nnjr =np)=

S =(da +TM. -3ja

=>SY =p +TMB. - 3ja



Eproduction

-))d5, v4,(65,5v +(d2,34.V

"ps - 2 = =Si*pr-(dipe ovvero (dip" domain derivative =(dEn 3" 4.4m (25=0

Zac=Tr(e-ST) =Tr(e
- (d5,fr =a(d,34.(Tr)(a(25=0

=Z- aTr(e-...(dz.5 (Fre))
Oza divido e Z e ho

in=C,Blog2) =- dE.3 STRYr e partanto

23(d24 =(d2.37.4 = - (d.3 <TRYDu



being 3 arbitrary=> 4.p = - (FM)
=Tr

and, with current, D.p=->FM,=YB- +Sj,=mS

=>D.s =4.(p +Tr - jr) =x.p +4xTr+Trx, - j3
- 53.j =- TEX,+jk=5,3 +TrD,- -45jr

D.s =(TrTE) X, - - (jr- jY) D15



2onentropy

1) S=p+TM- - 3jM

is itindependentofI (better:the foliation? (

No, because 3 (n) and(n). Itcan
be made independentonlyif the foliation

is fixed Or, of course, atglobal equilibrium.
S
example: enforce n=

2) The relation Ts+Mn=f + 4is notframe-independent.

Atglobal equilibrium B is a Killing rector andentropycurrent
is unique

Landan frame s.u, =p. U, +UT-3j.u

UTr =maT.n.win ++n) =. un Su



So we have

S.U, =S,
=p. U.S ,13m

T
=un For B.m =u.n.) VI

Atglobal equilibrium with rotation we have B =I(2,***)
a Killing vector.

-21
T =To Tolman's law T =s* "Fareil-

IFwr

-pr
2-

e



Atglobal equilibrium with rotation we have B =I(2,***)
a Killing vector.

However

TYur =fuM +GeM+ACY+NwRfreescolarfieldm=0

Watflux?No

TMm =T4u+eTer
H &

n
+! F.B., M.Buzzegoli,

A.Palermo
SHEP02/2021) 10I



PARTICLES AND SPIN

[a(p), a+(pi)] =22544-I)

Spectrum Tr (4 atp1a(pi) =2a

Spin Tr(Yat1p(a,(p))
Elatppy*

Prs) spin density matrix
of a particle

Spin polarization vector

S"(p) = $15:). ÖsrIP) nip) =,2 tr(D"5:)a(ps) [p3

y =Y,=(0) =exp[ - (d2)
-3-3j) +(arx,p-)

Z ↓ ↓
local equilibrium dissipative



Tr(9,)f0) at1p/ap)) how to expand B. in the exponent?

(d,Yr =(x)+w:x +5:Qx

II=(dI,"xr- (uxv) 2=(dz,Yx +(n =v)

It is necessaryto have a local operator!

Covariant Wigner operator

Scalar

Dirac



General idea:re-express ata as a function of Ex,k)

particle antipartichmixing

1) use fieldexpansions in plane waves to expand

2) Show thatkNOW =0 => [dInkrWIx,k) independentof I
and k on-shell!

3) Show the relation

=(dp.) dip" W1lx,p) Wilx,p1 =Tr (5,10) W1,4))

5 =(d.)d2,prtrN+(x,4)



Example

W(x,k)

kN2,NI =0 =>(d2,kWx,k) =(dxkW+(x,k)

(dx -(2x51-2 =

(d2.kWf(x,k) =2/58(k-p)(at1p/a(ps =(81- 1)5(k2- pi(at,ap) =

=>(km)a4 =5(k:-m) dN
ale

=>

E =(dk) dI.kWIx,k)



Spin:more elaborate Derivation:

F.B. Lect. Not. Phys. 987
(2021) 15



Calculation atLE

5,z 10) =IczlZf) -> dissipation neglected

WIx,k) =TreF-35wx,k)) -> Taylor expandfrom x

=Ir(e
-(x +(z:5x +=3:ax(x,k))

2

Retaining the main term

Tr(exx,k) -),e-pxk-TrePatapi)
2

-),eip-plyrk-) =Eno



=>96 =(d.p-

Sin

we cannotstop atthe leading order (Oth in the gradients) butinclude ist
order terms

Ir(e
-(x+(w:5x +=3:ax(x,k))

2

For the detailedandmostup-to-date derivation

See F.B., M.Buzzegoli, A. Palermo PLB820/2021) 130519



Two terms arise:

Also,


