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Current challenges

How do we accurately describe details of final states?
How do we quantify precision in a comprehensive manner?

Matching beyond NLO QCD?
Solve shower bottlenecks first?

How to benchmark precision of QCD algorithms?
How to accurately include EW and QED?

How to constrain hadronization models?
What is their response to perturbative variations?

dσ ∼ L× dσH(Q)× PS(Q → µ)×MPI×Had(µ → Λ)× ...
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Accuracy of Parton Showers

Fragmentation is fine if we get 
collinear physics right.



Coherent branching parton showers

amplitude conjugate amplitude

soft
collinear

E
Ten

e t

dσ ∼ L× dσH(Q)× PS(Q → µ)×MPI×Had(µ → Λ)× ...
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Move soft colour charges towards hard process and use angular ordering for azimuthal average around jet axes:
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Accuracy of Parton Showers

H(αs)× exp (Lg1(αsL) + g2(αsL) + αsg3(αsL) + ...)
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LL — qualitative NLL — quantitative NNLL — precision
αsL ∼ 1
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Global event shapes from coherent 
branching — for two jets.

Fragmentation is fine if we get 
collinear physics right.

[Catani, Trentadue, Webber, Marchesini ….]
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Global event shapes from coherent 
branching — for two jets.

Fragmentation is fine if we get 
collinear physics right.
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Accuracy of Parton Showers

Tate T T Tutu

large-N limit

Global event shapes from coherent 
branching — for two jets.

Fragmentation is fine if we get 
collinear physics right.

Coherence breaks down for non-
global observables.

[Banfi, Marchesini, Smye ’02]
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Colour

Colour reconnection and hadronization is about subleading-N.
So are shower accuracy and interference terms.

Colour factor algorithms Colour ME corrections Full amplitude evolution

[Gustafson] [PanScales ‘21]
[Forshaw, Holguin, Plätzer ’21]

[Plätzer, Sjödahl ’12, ‘18]
[Höche, Reichelt ’20]

[Forshaw, Plätzer + … ’13 …]
[Nagy, Soper ’12 …]

Coherent, NLL-accurate 
dipole showers

Colour-exact real 
emissions as far as possible

Colour-exact real and 
virtual corrections

dσ ∼ L× dσH(Q)× PS(Q → µ)×MPI×Had(µ → Λ)× ...
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Amplitude evolution

Colour reconnection and hadronization is about subleading-N.
So are shower accuracy and interference terms.

Colour factor algorithms Colour ME corrections Full amplitude evolution

[Gustafson] [PanScales ‘21]
[Forshaw, Holguin, Plätzer ’21]

[Plätzer, Sjödahl ’12, ‘18]
[Höche, Reichelt ’20]

Coherent, NLL-accurate 
dipole showers

Colour-exact real 
emissions as far as possible

Colour-exact real and 
virtual corrections

dσ ∼ Tr
h

PS(Q → µ)dH(Q)PS
†(Q → µ)Had(µ → Λ)

i
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[Forshaw, Plätzer + … ’13 …]
[Nagy, Soper ’12 …]



Amplitude evolution: CVolver

[Angeles, De Angelis, Forshaw, Plätzer, Seymour – ‘18]
[Forshaw, Holguin, Plätzer – ’19]
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Markovian algorithm at the amplitude level:
Iterate gluon exchanges and emission.

Different histories in amplitude and conjugate 
amplitude needed to include interference.

amplitude conjugate amplitude
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Tracking colour

Decompose amplitudes in flow of colour charge.
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Suppression of interferences outside of 
colour connected dipoles.

[Plätzer ‘13]
[Angeles, De Angelis, Forshaw, Plätzer, Seymour ’18]



Tracking colour
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dipole flips — implicit suppression in 1/N

[Plätzer – ’13] — diagrams from [Ruffa, MSc thesis 2020]
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Dn(k)
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Explicit suppression in 1/N

[τ |Γ|σi = (αsN)[τ |Γ(1)|σi+ (αsN)2[τ |Γ(2)|σi+ ...

Systematically expand around large-N limit 
summing towers of terms enhanced by αSN
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Systematically expand around large-N limit 
summing towers of terms enhanced by αSN
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[Plätzer, Ruffa — ’21]



CVolver solves evolution equations in colour flow space [De Angelis, Forshaw, Plätzer ‘21]
[Plätzer ’13] 
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amplitude conjugate amplitude
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Amplitude evolution — CVolver
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CVolver solves evolution equations in colour flow space [De Angelis, Forshaw, Plätzer ‘21]
[Plätzer ’13] 
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Amplitude evolution: CVolver
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complete agreement with Hatta et al. using equivalent Langevin formulation



Factorisation and evolution

σ =
X
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Trn [MnUnm] dφmu(φm)

[Plätzer – ’22]



Factorisation and evolution
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Trn [MnUnm] dφmu(φm)

[Plätzer – ’22]
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Not limited to a hadronization model — can also re-arrange partonic observables in this way.
[e.g. resummation of NGL in SCET — Becher, Neubert et al.]



Redefinitions of “bare” operators
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Re-arrange to resum IR enhancements
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How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?
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Redefinitions of “bare” operators
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Redefinitions of hard and soft factor inverse to each other:
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soft evolution ~ measurement and 
hadronization model

dressing of hard process ~ parton shower

#s corrections to tower of logarithms in A — 

truncation error of relation of Z factors
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How to do this at subleading N and higher order shower evolution?
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(Soft) factorisation of amplitudes

Factorisation of virtual contributions

Factorisation of real contributions
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[Plätzer, Ruffa — ’21]

[Majcen — M.Sc. thesis 2022]
based on Catani & Grazzini
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Handle virtual as phase-space 
type integrals to remove 
divergencies with subtractions.
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pi � q

�pj � q

cutting

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



Infrared subtractions
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Subtractions necessitate a resolution: 
what is it we call ‘unresolved’? 
Encompass all singular regions!
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Subtractions necessitate a resolution: 
what is it we call ‘unresolved’? 
Encompass all singular regions!

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



Infrared subtractions

Resolution functions introduce cutoff 
dependence, e.g. energy ordering:
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How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?
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Subtractions necessitate a resolution: 
what is it we call ‘unresolved’? 
Encompass all singular regions!
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Constructing evolution algorithms

Similar consequences for virtual corrections.

Subtract iterated contribution in ordered phase space.
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+ D̂(0,2)
n � D̂(0,2)†

n Θ̂n,2θ(En � µS)δ(En−1 � µS) ,

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

Hard factor reproduces CVolver algorithm and 
predicts key features of second order evolution.
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I I i

B
Use full double gluon matrix element outside.
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How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.
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Constructing evolution algorithms

Basis and mixing of chirality structures.

[Plätzer, Sjödahl — ’21]
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How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.

[Plätzer, Sjödahl — ’21]

Constructing evolution algorithms

Factorisation and kinematics.
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How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.

[Plätzer, Sjödahl — ’21]

Constructing evolution algorithms

Factorisation and kinematics.

i

j

i

j

Cutting indicates that subtraction terms refer 
to different final states — unitarity?

1

k2 �m2 � imΓ sign(T · k)
=

1

k2 �m2 + imΓ
+ 2i

mΓ

(k2 �m2)2 +m2Γ2
θ(T · k)



Momentum remapping closely tie in with how factorisation is performed.
Eikonal approximation needs to separate true soft degrees of freedom.

Electroweak evolution

[Plätzer, Sjödahl — ’21]

Kµ
i,s = Λ

µ
ν

�

Qν

i,s + δi,s nν

i,s

�

(3)

qµi = Λ
µ
ν

✓

αpνi +
(1� α2)M2

i + pi ·Qi,s

2α ni,s · pi
nν

i,s

◆

�Kµ
i,s

1
X

n=0

 

P(qi +Ki,s,Mi)

(qi +Ki,s)2 � M̃2
R,i

Σ(qi +Ki,s)

!n

P(qi +Ki,s,Mi)

(qi +Ki,s)2 � M̃2
R,i

=
1

2pi ·Qi,s

Ψ(Λpi,Mi)Ψ̄(Λpi,Mi)

1� Σ0(M2
i )

+O(�) ,

(qi +Ki,s)
2 �M2

i = 2pi ·Qi,s pi ·Qi,s ⌧ pi · ni,s ⌘ Si,s



µS

<latexit sha1_base64="gKqmThH3EAvtb++I6b+Duh4ojwc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTVtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OZ+54kqzWL5aKYJDQQeSRYxgo2V/L5IBw+Das2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1G/vG/UmjdFHGU4gVM4Bw+uoAl30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/unqOpA==</latexit>

0 =
d

dµS

<latexit sha1_base64="joGfjW1MlXPQIu2/813bILDg2WY=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyWRim6EohuXFe0FmhAm00k7dGYSZiZCCdm58VXcuFDEra/gzrdx2kbQ1h8GPv5zDmfOHyaMKu04X9bC4tLyympprby+sbm1be/stlScSkyaOGax7IRIEUYFaWqqGekkkiAeMtIOh1fjevueSEVjcadHCfE56gsaUYy0sQL7wLnwIolwlnmSw16e/4DH0+A2D+yKU3UmgvPgFlABhRqB/en1YpxyIjRmSKmu6yTaz5DUFDOSl71UkQThIeqTrkGBOFF+Nrkjh0fG6cEoluYJDSfu74kMcaVGPDSdHOmBmq2Nzf9q3VRH535GRZJqIvB0UZQyqGM4DgX2qCRYs5EBhCU1f4V4gEws2kRXNiG4syfPQ+uk6taqpze1Sv2yiKME9sEhOAYuOAN1cA0aoAkweABP4AW8Wo/Ws/VmvU9bF6xiZg/8kfXxDT7DmZI=</latexit>

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Understand colour multiplets for many legs.

[Alcock-Zeilinger, Keppeler, Plätzer, Sjödahl – ’22 & in progress]
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Constructing evolution algorithms



How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?
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Construct perturbative end of hadronization.

B

e.g. colour reconnection implied just as observed in
[Gieseke, Kirchgaesser, Plätzer – ’18 …]

Constructing evolution algorithms

[Plätzer – ’22]



Hadronization models
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dσ ∼ L× dσH(Q)× PS(Q → µ)×MPI×Had(µ → Λ)× ...
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Shower Parton Splitter Fission Decay
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Shower Parton Splitter Fission Decay

[Gieseke, Kirchgaesser, Plätzer – ‘18]
[Gieseke, Kirchgaesser, Plätzer, Siodmok – ’18]
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Amplitude evolution is much more than just studying subleading-N effects.
We use to as a theoretical tool and algorithm in its own right.

We can address the structure of evolution algorithms, at leading and higher orders.
Systematic break down in large-N allows us to solidify structure of new algorithms.

Infrared cutoff is the factorisation scale to hadronization models and allows us to construct 
their high-energy end from perturbative considerations, including colour reconnection.

If we want to thoroughly understand electroweak evolution beyond the quasi-collinear limit 
nothing allows us to bypass this framework.

Summary

[in progress for second order]

explored for non-globals and in Herwig, see Andrzej’s talk
[Hoang, Plätzer, Samitz — in progress]

[Gieseke, Kiebacher, Plätzer, Priedigkeit — in progress]
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