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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Green-Schwarz (GS) string

Basic variables, 10 scalar fields, coordinates of string and 32 space-time
super-partners , 10d Majorana spinors

X"(1,0),0a(r,0),m=0,1,---9,a=1,.--32

Classical action Super Poincare invariant.

Generators
M.y, P, Qo

{Qu, Qs} = (CT")ap P

# Bosons= # Fermions, On-shell degrees of freedom
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Ramond-Neveu-Schwarz (RNS) string

Basic variables, 10 scalar fields, coordinates of string and 10 worldsheet 2d
Majorana spinors
X"(7,0), 4" (r,0), i=1,2

No Super-Poincare invariance at level of the action.

After GSO projection spectrum, Super-Poincare invariant spectrum
# Bosons= # Fermions.

Can we find an space-time supersymmetry for RNS string?

Is there any relation with Super Poincare supersymmetry?
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebr

Quantization of strings in RR backgrounds

Difficulties covariant quantization of GS string

How to covariant quantize GS string in the presence of RR background?
Lightcone quantization

Pure spinor formalism

Others?

Can Vsusy help to solve these difficulties?
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Motivation

Superparticle and Spinning particle

Let us consider first the zero mode of string theory:

IIA GS string — Superparticle

RNS string — Spinning particle

Quantization of massive superparticle gives chiral multiplet?

Quantization of massive spinning particle produces the Dirac equation®

2R. Casalbuoni,1976; L. Brink, R. Schwarz, 1981.
3A. Barducci, R. Casalbuoni and L. Lusanna, 1976;L. Brink, S. Deser, B. Zumino, P. Di Vecchia
and P. S. Howe,1976; F. A. Berezin and M. S. Marinov,1976
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Motivation Space-time Vector Supersymmetry Spinning Particle w

Space-time Vector Supersymmetry (Vsusy)

Vsusy was first introduced to get a pseudo-classical description, spinning
particle, of the Dirac equation4.

The odd generators of the algebra are a pseudovector and pseudoscalar

Gu7 G5

The even generators contain the Poincare generators and two central
charges B
My, P, Z,Z

In order to reproduce the Dirac equation the authors introduced a constraint
that breaks Vsusy

“Barducci, Casalbuoni, Lusanna, 76
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Space-time Vector Supersymmetry

Vsusy algebra

Mws Mpo] = —inw oMo — inpe My + inue My + inpMuo,
(Myws Ppl = inup Py — inup Py, Mv, Gol = inupGo — i1y, Gy,
[GLM GV]+ = nMVZ7 [G5a G5]+ = 25

[Gu, Gs]+ = =Py
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Relation to N=2 topological algebra

N=2 Susy algebra in 4d has 8 charges. The euclidean formulation has
symmetry group

SU.(2) ® SUR(2) ® SURsymmetry(z)

Qo — (1/2,0,1/2)
QY — (0,1/2,1/2)

if we perform a twisting® identifying the R-symmetry index, i, index with the
space-time index,«, the new supersymmetric generators are

Qo — (1,008(0,0) — Hap®Q
QY — (1/21/2) — G,

SE. Witten 1988
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Space-time Vector Supersymmetry

Topological Susy algebra

{Q,Q} =2z, {Hap, Hys} = Clai(-Cs) 92 (1)
{Ga[37 Gﬂ/é} = 004506527 {Q’ Haﬁ} =0, 2)
{Q. G5} =P,s {Hag, G5} = Ca(+ Pgys) 3)
[Q, Pl = [Hos, P51 =0, 4)
[GaB7 —yé] = 07 [ afBr 'yé] =0, (5)
[Ja/37 O] = 07 [ aﬁa Q] — oa (6)
i
[Vas, Hys] = 5 Clalx Ho)in), [Jsg: Hys] =0, (7)
i i
[Jﬂﬂv G—yé] = Ec(a\'yGB)éa [ aBr Gmi] — EC qu)v (8)
i
[Jos, Ps] = C(ame57 [Vas Prsl = 5 CaisPrsy (9)
i
[Yas, Jys] = gc(a\(st)ww Mag:J35] = 5 Caidsyp, - (10)
[Jas, Js5] = 0, [Z,any] = 0. (11)
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Space-time Vector Supersymmetry Spinning Particle V S sy etry epresentations

Vector Superspace

. . : __ Poincare
Minkowski space ~ Translations= 50(3.1)

g= eiPuX“
x* Minkowski coordinates

Vsusy
Vector superspace ~ SVERD)

g= P eiG5£5 giCne" giZe oiZt

x*, €#, €5, ¢, ©are the superspace coordinates.
The supersymmetry transformations are

SxM = ie"e5, 8¢t = ¢, o= égue“

and ,
76565.

55 =5, 66 = é
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Space-time Vector Supersymmetry

Vectorfields
X5 = —i%, Xz:—i%, X~:—i%.
Algebra

X2, X4 = —nu Xz, XS XS] = —Xs XS XS] = X[
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Appendix

The MC 1-form associated to Vsusy coset is
Q=—ig-'dg = P, (dx“ - igﬂdé) + Gsde® + Gude" +

+ Z (dc - édgﬁ) +Z (d(": - éd§5§5> .

the even differential 1-forms are
LF = dx" — ig"deS, Ly = de+ éf“d@, Ly=dé+ ééng

and the odd ones by
LY =de", 1§ =de°.
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra Conclusions

Phase Space Lagrangian

€ = pu(x* —ie"€%) - Béiué“ - 755555 - g(p2 +mP),

e is a lagrange multiplier

Second class constraints that allow to construct the Dirac brackets
DXy = =85 (€Y =g (s ) =1

Two first class constraints if 5y = —m?

i .
(P +m?) =0, XS=7rs—v§£5—'Pu£”=0

| =

{xs,x5}" = —%i .
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Spinning Particle with Vector Supersymmetry

The generators of the global supersymmetries are
G, = i+ ipufs,
Gs

i
5 =+ ’Yéé‘s

Algebra

{Gu, G} = —iBnw, {Gu,Gs}" = —ipu, {Gs,Gs}" = —iv.
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Quantization
The system is quantized in a covariant manner by requiring the first class
constraints to hold on the physical states,

L .
. [rs, %4 = —i.

[pu:xy] - _i5MU7 [€H7£U]+ - _577 )

The odd variables define a Clifford algebra Cg
M= 22", N = iy |2 (s — aes) A= i) 2 (ms 4 Lye
) ~ 5 27 ) ~ 5 2’Y .

[)‘A7>‘B]+ :277487 ﬁAB = (_7+7+7+7+7_)7 (A7B:ov172737576)~
Another representation of Cs is given by the Dirac representation

T ’Y‘LO 5 ’YSO 6 0 1

~, 4d Dirac matrices
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Both Clifford algebras have the same automorphism group SO(4,2)

Odd first class constraint becomes

i

X5 = 75 — i%é — ipu&t = I'5(pur“ + m).

xs holds on the physical states which is equivalent to require the Dirac
equation on an 8-dimensional spinor & W

DV = (p " +mwv =0.

8R. Casalbuoni, J. Gomis, K. Kamimura and G. Longhi,2008

Space-time Supersymmetry with Vector and Scalar Super Charges Joaquim Gomis



Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations o sy algebra

Vector SUSY transformat generators
. . 5 i 5 6
G = ipg + i = (mae = pr(x° = 29))

vy

- s (mr“ —pr1 - il'e))

N

Gs = 5 + i%ﬁs = i\/g)\e = —\/grsre.

If we impose the constraint

and

5 + 1%55 =0.

In this way the quantization can be done by using only a Cs algebra which
can be realized in a 4-dimensional space.

Note that if we impose this condition the supersymmetry generator Gs
vanishes identically”

7A. Barducci, R. Casalbuoni and L. Lusanna, 1976
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Spinning Particle with Vector Supersymmetry

The finite vsusy transformations are

eieng,, eiEMG‘L,

e#, € anticommutes with G, Gs. Instead at quantum level we have

ics EGs ia"EG,,
bl b

e e

where as and o could be taken as even parameters. The operator E
E=X = DONNNNN® = —ror'rerére =ir°r’, 7 =iror'rerérore,

anti-commutes with all \*’s.
We have
[EG,., D] = [EGs, D] = 0

and the transformations generated by EG,, and EGs leave invariant the action
of the theory

/ d*x 4Dy,

where W = Wir, is with I, = r°ré
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Appendix. Relation with Brink et al model

. i i 5 e .
P =p -k = B56uE" +756°€ — 5P+ m) —ip(p- £ + 7€)
where p is a Lagrange multiplier and 8y = —m? as in L.

The second class constraints allow to define Dirac brackets

12 V*_iul/ 55*:_1

The first class constraints are x = p- € ++¢° and ¢ = 3(p* + m?) = 0.
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Motivation  Space-time Vet ersymmetry  Spinning Particle

symmetry Representations of Vsusy algebra

Casimirs

The Vsusy algebra has four Casimir generator®, three of them are purely
bosonic
P, Z, Z,

there is and extra even one constructed from a genearlization of
Pauli-Lubansky four vector

A 1 vpo
W = 27 Py (ZMys — G, G ).

given by
W2
W* is the analogue of the superspin of the super-Poincaré group.

¢ =W+ — 15(_37“750

8R. Casalbuoni, F.EImetti,J. Gomis, K. Kamimura, L. Tamassia, A. Van Proeyen 2008, 2009
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra Conclusions

Pauli-Lubansky type vectors

We have three spin four vectors

w+ = %e‘“”MPVMPU,
Wt = ¢"P,G,G,.
wr = %e‘“’paP,,(ZMpg - G,Go).

They are related by R
ZWH = W 4+ WL

[W“, Wg] —o0.

WE = Z%P? % (12)

W2 is not independent Casimir, instead W? is not a Casimir.
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Motivation Space-time Vector Supersymmetry Spinning Particle witk Supersymmetry Representations of Vsusy algebra

The three vectors W/ = % W, % all commute with P,, and Gs and verify
the relation
WE WY = TP W,, 13
P

In the rest frame of the massive states where P> = —m?, we have the
rotation algebra

i / y

and define three different spins. The superspin Y labels the eigenvalues
—mPZ2Y(Y + 1) of the Casimir W?. The spin associated to W3 (C-spin) is
fixed to 1/2. Finally, we denote the usual Lorentz spin by s.

Only W = %VAV“ commutes with Gy, and thus only the superspin Y
characterizes a multiplet.
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Supersymmetry Representations of Vsusy algebra

Motivation Space-time Vector Supersymmetry Spinning Particle witt

Since [W“, Wg} = 0., A multiplet of superspin Y contains two particles of
Lorentz spin Y £+ 1/2, for Y > 0 integer or half-integer. In the degenerate
case of superspin Y = 0, the multiplet consists of two spin 1/2 states.

We observe that a VSUSY multiplet contains either only particles of
half-integer Lorentz spin or only particles of integer Lorentz spin.

eigenvalue spinning particle
é W2 | —m? Y(Y +1) superspin = Y Casimir Y=0
é W3 —m? 3 C spin = Casimir c=1}
w2 —mP s(s+1) | spin=s=|Y £ 1| | not Casimir s=1

The spinning particle is a realization of the degenerate case Y = 0.
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

Odd ’Casimir’

We will consider representations where Z, z # 0, they will be numbers.
if

ZZ+ M =0,

we have
Q=P -G+ 2Z2Gs

is an odd casimir for these representations. Theys correspond to BPS
representations It verifies Q®=0
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry

Representations of Vsusy algebra

VSUSY as a contraction of OSp(3, 2 |2)

OSp(3,2|2) generators can be organized in a graded anti-symmetric
supermatrix as

M., P. G, S.
-P, 0 S Gs

Mps = G, S Z Z,~ . (15)
S, G Z -Z

M,., P., Z, Z, Z' (bosonic) and G, S,., Gs, Ss (fermionic). The subset of

generators (M,.., P, Z,Z, G,., Gs) has the correct structure to generate the
VSUSY algebra.
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

The OSp(3,2|2) commutation relations for the sector of interest are

Mws Mool — = oMo + 1uoMup — 1Moo — 1o Mup
[ s p]f = NwpPu — NupPv

[PﬂdP ]— :M/-“/v

My, Gol_ = 1vp G — 1up G

[Pﬂv GV]_ = 777#1/85 ) [Puv G5]_ # ) [Guv GV]+ = n#Vzv
[Gu,Gs], = =Py,  [Gs,Gs], =2,

[GM,Z] =2S,, [Gs,Z] =2Ss, [z, 2} —47. (16)

VSUSY is not a subalgebra of OSp(3,2 |2), but it could arises after a proper
contraction of it.

My, — M, zZ' -7, B B
P, — XP,, Z—XZ, Z-X\Z,
G, —AG,, Gs—AGs, S,—AS., S5—\S, (17)

with A — oo. As a result, the commutation relations (16) reduce to the
VSUSY algebra.
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Supersymmetry Representations of Vsusy algebra

Motivation ~ Space-time Vector Supersymmetry  Spinning Particle with Vecto

Representations in terms of a Cg Clifford algebra

Consider the Cg algebra
WAL =2¢"%,  AB=0,1,2356

e = (—sign(Z), sign(Z2), sign(Z), sign(Z), sign(Z), —sign(2)> ‘

1. If Z > 0, the Clifford algebra is C(4,2) = R(8), with real 8-dimensional
representations

2. If Z < 0, the Clifford algebras is C(2,4) = H(4), whose minimal
representations have 16 real components.

G“:,/%A“ S'g”(z< +X) P Gs= %)\6
V22|

Notice X5 + X8 is a nilpotent matrix.

Joaquim Gomis
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Motivation Space-time Vector Supersymmetry Spinning Particle with Vector Supersymmetry Representations of Vsusy algebra

If ZZ = —m? the odd Casimir becomes

a=-"_ [P+ sign(Z)my®

/22

Explicit field theory representations under study?® .

SWork in progress M. Caldarelli, F. EImetti, S. Knapen, L.Tamassia, A. Van Proeyen,.....
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Representations in terms of a Cs and C, Clifford algebras
Consider Cs Clifford algebra

[Cuv Cl/]+ = +Z77ul/, [Cuv C5]+ = 07 [057 CS7]+ = 2

If we made an ansatz for the generators
Gs = aCs + b(P - C), G,=C,+d(P-C)P,+ eCsP,,
and Impose the susy algebra we can obtain all the parameters in terms of e

. ZZ — P2(2eZ(eZ + 1) + 1)
B Z2(Z - e2P22)

o711 . —z+wz(z—@m2)

b = — . d=
z(zfémz) Pz

)

It can be shown the representations for any value of e are equivalent.
We can always take as a representative
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C4 particle model

. i - e
L=puX" = 5€u8" — 5(p" + ).
is invariant under

d (/i
13 — 3 — _ K
ot = € 6L7dt(2§ue)
H__LSH u__l5u _ﬂi w5
X' = S 0 = Ep L= (e
The generators are
GM = _i'glh
1.
Gs = —(iu)p"
The algebra closes on shell,
P P
{G}‘d GV}* = 7””}“’7 {G}M GS}+ - I#? {G57 G5}* - 7’?
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Representations of Vsusy algebra

where

{&u, fv}* = M.

The reduced quantization of the model leads to Dirac equation in FW form

Space-time Supersymmetry with Vector and Scalar Super Charges Joaquim Gomis



Motivation Space-time Vector Supersymmetry Spinning Particle witk Supersymmetry Representations of Vsusy algebra

The spinning string action in the conformal gauge is
S= %/ d?o(20, X - 0_X + inhy - Ostp_ + ip_ - D_1)y)
is invariant under "5" susy transformation
SEXH =it Pyt = —20, XM

and Vsusy transformation
ot =€

These transformations preserve the Ramond boundary conditions in the case
of open string and the boundary conditions of closed string.
If we call by G°, G,, the generators of those transformations we have

GG | =P [6.G]=0

An analogous algebra can be obtained for the "+" sector with [G_, G;] =0
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Conclusions

Concusions and Outlook

» Spinning particle action invariant under space-time vector
supersymmetry

» Quantization preserving supersymmetry gives two uncoupled 4d Dirac
equations

» Representation of Vsusy in terms of Cs, Cs, C4

» Multiplets of Vsusy with Y +1/2

» Relation among spinning particle and superparticle
» Massless Representations of Vsusy

» Massless spinning particle and Vsusy

» Spinning string and Vsusy? Yes, work in progress

» Interacting field theory with Vsusy?
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