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Spinorial and tensorial HS models

Tensorial HS models in any dimension:

HS fields are realized as forms carrying tensor indices.

Spinorial 3d and 4d HS models:

HS fields are realized as forms carrying spinor indices.



T he case of four dimensions

Key fact 2xXx2=4

Minkowski coordinates as 2 x 2 hermitian matrices
. 3 . . . .
xn :> xOAOA — Z xna%a7 O_%OA — (Iozozj?%a)
n=0

Jea: unit matrix
72 k=1,2,3: Pauli matrices

a,B,...=1,2, & 3,...= 1,2 two-component spinor indices
det[22%] = (%)% — (a1)? — (%)% — (7)°

Lorentz symmetry: si(2,C) ~o0(3,1).



Two-component spinors

Two-component indices are contracted by the antisymmetric 2 x2 matrix

€aB i €12 = e =1, eare?l =55, P = €a6¢5, Yo = w%a
Lorentz invariants ¢%x, : Lorentz Symmetry: si>(C) ~ o(3,1).

Dictionary between tensors and multispinors by:

a ab __ _[a b]s —ab __ _[a bla
O %aB = 9%aa’3 %B_%o‘za] §

Pair of dotted and undotted indices: vector
Pairs of symmetrized indices of the same type: antisymmetric tensors

Irreducible representations of the Lorentz group: symmetric multispinors

Aoy om ,51,,,5m@zﬁl...ﬁm GGy ™ Waq.ap by..bg p=|n+m|/2, q=|n—m|/2

Irreducibility: A(al...ap, =0 N Aal...ap,bl...bqﬁalaz =0.




Gauge connections

Gauge 1-forms Dot - om Lo lim n+m=2(s—1)
s=1: w(x)=dx"wn(x)

=20 b)), wap(@), D)

s=3/2: walx), we(x)

Frame-like fields: |n — m| =0 (bosons) or |n — m| = 1 fermions
Auxiliary Lorentz-like fields: |n — m| =2 (bosons)

Extra fields: |n —m| > 2



Gauge invariant field strengths

O-forms C In —m| = 2s

(Anti)selfdual Weyl tensors carry only (dotted)undotted spinor indices

s=0: C(x)

s=1/2: Cu(x), C.(x)
s=1: Cug, édB
s=3/2: Cupy, C_'dﬁﬁ

s=2: Caj..aqg, Q1.0



HS multiplets

Infinite set of spins s =0,1/2,1,3/2,2...

and C

Oél...Oén ,/81.../8m Oél...an ,Bl...ﬁm

with all »n > 0 and m > 0.

Generating functions w(Y|z) and C(Y|z): Unrestricted functions of com-

muting spinor (twistor) variables Y = (yq,vy,)

> 1

A(Y|z) = Z —A, e g QngQl  pOm
nm—0 2nlm/!
Fermions require doubling of fields
w'(y, 7y | z), Cl(y, g | z), i=0,1,

Oy, g | 2) = WGy | @), C My, gl 2) =C " Gy | 2) .



Twistor Central On-shell theorem

The full unfolded system for the doubled sets of free fields is

"y, 7| z) = " o Cc1="(0,y | x) -I-Ho‘ﬁa—2 C'1 'y, 0] z) ,
8ya8yﬁ OyoyP
DoC* 1 (y, 7| z) =0,
where
Haﬁ:had/\hﬁd, Hdﬁ-:had/\haﬁ.a
Ri(y,7 | ) = D"w(y, i | =)
. 2
Dy = DL — Aps (’yai-l-i B) D = DY 4+ AnP (yagg—l- 9 ) ;
oyl OyoyP

5 a D
DA =d. — (w8 SaBn. 9 )
) (w % 5y T ya<’9§5>

NonAbelian generalization via star-product algebra



Weyl algebra

Weyl algebra A,: associative algebra of functions f(Y) of n pairs of

oscillators
V., Y] = 2iCuy, wy=1,...2n.

Different types of orderings are equivalent for polynomial f(Y) because
commutators of oscillators decrease an order of polynomial.

Weyl ordering: totally symmetric

@)
f(Y) — Z f’ul'qu,ul .o Y,LLp .
p=0

fH1---Hp totally symmetric

Wick (normal) ordering [a; ,ati] =&

7 )

©.@) . .
at) = etpatir g tdegT L aT
f(a™) Zoxﬂm]qa .atMay a
pb,q—



Star Product

Weyl symbol f(Y) of the operator f(Y) is a function of commuting

variables Y,, that has the same expansion

FOY) =3 Ry, Y,
p=0

Y, is the Weyl symbol of V..
Wick symbol f(at) of the operator f(a%) is a function of commuting

variables aT that has the same expansion

©.@) . .
Ty — 11t 51 tigq L
f(a™) ) Olequa ey ag
p,q=—

Star—product algebra is defined by the rule
Weyl star-product (f*g)(Y) is a symbol of f(Y)g(Y). In particular,
[YV,YM]*ZQZCyM, [a,b]*za*b—b*a

Wick star-product (f xg)(aT) is a symbol of f(at)g(a*t).
10



Examples

a7 % a; = atiar

-t = i, J
P a; xa'' =a"a; —|—5,L-

Problem 2.1. Prove

0
oYV

{Yo,f(Y)}h =2V, f(Y)

Yo, F(Y)]x =20

), yr=covy,

T x faF) =aT'f(a),  f(aF)xaj = f(aF)a;

o
da T

)1@), @) sat = (ot + afj)f(ai)

a; * f(a®) = (ai_ +

11



Weyl-Moyal star-product

For the Weyl ordering, star—product is given by the Weyl-Moyal formula

—— )
(f1# f2)(V) = 1Y) exp [i0707Cup] oY), 0% =
L4

Problem 2.2. Prove using Campbell-Hausdorf formula for exponentials exp J*Y,

Important properties

e associativity: (fxg)*h=f*(gx*h)
° regularity: star product of any two polynomials of Y is a polynomial

The Weyl-Moyal star product has integral representation

1
(fr* f2)(Y) = —57 [ dSAT exp(=iSuTuC*™) (Y + ) f2(¥ +1T)

12



supertrace
str(f(Y)) = f(0)

Boson-fermion parity for spinorial Y,
) = (-1 f(-y)

str(f(Y) * g(¥)) = (=1)"Dstr(g(¥) * £(V)) = (=1)"Dstr(g(¥) % £(Y))

Bilinear form sitr(f*g) Is invariant under §f = [e, f]« provided that fermion
fields carry additional Grassmann parity

In components
00 in—l—m—l

str(AxB) = »_ - Aa1---an,51...ﬂm A BO1--0n,01...0m

Y

n,m=0
for
o0 1 . .
A(Y) = Z Sl G0 ,dl...dmyal S T TR N T

n,m=0

13



NonAbelian HS Algebra

R(Y|x) = dw(Y|z) + w(Y|z) * Aw(Y|x)
w = wo + w1, wo = 4—i(w8‘ﬁyayg + wgﬁyayg + 2>\ha5yay5)
Rg =0, R1 = Dowi = dw1 + [wg, w1]«
HS gauge transformation

dw(Y|r) = De(Y|x) = de(Y|x) + [w(Y]|x),e(Y|x)]x

e The simplest 4d HS algebra hu(1,0|4) is the infinite-dimensional Lie
algebra of even polynomials f(-Y) = f(Y) with star-commutator [f, g]«

as Lie product

14



e TVF - generators of sp(4) ~ (3,2) C hu(1,0|4) : bilinears of Y.
YH independent generators correspond to spin one

spin s generators are homogeneous Weyl symbols
wl(vY|z) = 1/2<8_1)w(Y|:1:) :

hu(1,0]4) is a global symmetry algebra of the most symmetric vacuum
solution of the nonlinear bosonic HS theory

e HS algebras possess extensions to superalgebras hu(n,m|2M), ho(n, m|2]
husp(2n,2m|2M) with fermions and non-Abelian spin one YM gauge al-
gebras u(n) ® u(m), o(n) ® o(m), usp(2n) ® usp(2m)

The construction of HS gauge symmetries is analogous Chan-Paton
construction in String Theory

Orthogonal and symplectic gauge symmetry result from the construc-
tion analogous to orientifolds (Pradisi, Sagnotti) but in the space of

auxiliary oscillators rather than in space-time

15



Properties of HS algebras

Let 75, be homogeneous polynomial of degree 2(s — 1)

[T81 7T82] — T51—|—32—2m — T51—|—52—2 + T51—|—52—4 + ...+ T|31—32|—|—2 y

Once a gauge field of spin s > 2 appears, the HS symmetry algebra
requires an infinite tower of HS gauge fields together with gravity: [T, T;]
gives rise to generators 75, -, of a gauge field of spin s’ =2s—-2 > s and

also gives rise to generators T, of 0(3,2) ~ sp(4).

T he spin-2 barrier separates theories with usual finite-dimensional lower-
spin symmetries from those with infinite-dimensional HS symmetries.
The maximal finite-dimensional subalgebra of hu(1,0(4) is: u(1l) ® 0o(3,2),
where u(1) is associated with the unit element.

Even spin generators 75, span a proper subalgebra ho(1,0(4).

16



Singletons and AdS/CFT

Representations of HS symmetries: HS multiplets

HS algebras in AdS, are conformal HS symmetries of

3d massless scalar S and spinor F

Flato-Fronsdal theorem:

BBand FQF.: m=0, s=0,1,2,...00 In AdSy

BRF: m=0, s=1/2,3/2,5/2...00 in AdSy

global HS symmetries are symmetries of free 3d and 4d fields.
Interactions deform symmetries by field-dependent corrections
Klebanov-Polyakov conjecture: AdS/CFT duality between N — oo 3d O(N)
sigma-model and 4d HS gauge theory

Bianchi, Heslop, Riccioni conjecture: states of String Theory arrange

into modules of HS algebras

17



Cubic Actions

HS dgeneralizations of the MacDowell-Mansouri action for gravity

1 o0 in—l—m—l by
=gz > 1) [ Ry () 1 R0 ),

nlm! M4
n,m=0

Ral---anﬁl--ﬂﬁ(x) are components of the HS curvature tensor
—
R(Y|x) = dw(Y|x) + w(Y|x) exp [i0"0*Cypu] A w(Y |x)
e(—n) = —e(n), e(n) =1 n>0.

1
S(E(n — m) — 1) = Stop = —ﬁ M4 St’r’(R A\ *R) . 5St0p = O .
K

18



Free Action In AdSy

The quadratic part S2 with R — R4 is manifestly gauge invariant.
Extra field decoupling condition
652

5wa1...an ,dl...dm

S2 is the free action for all spin s > 1 massless fields.

=0, n—m| > 2

Free massless equations of motion
h(alﬁ’ A RO2:--0s—1),G1.. G518 _ h,y(dl A RO1-+0s—17,02...05-1) —
in the bosonic case and
hwdl A ROL-0s—3/27,02-- 01 /0 0,

and complex conjugated in the fermionic case.

EOM for the Lorentz-like auxiliary fields: HS " zero-torsion” constraint

Ral---as—ladl---ds—l = 0.

19



constraints and Cubic Interactions

EXxtra fields that contribute beyond quadratic approximation have to be

expressed via derivatives of the frame-like field by the constraints

Y . = v, L =
o Moy on)a by pmy =0 M 200 WA oy 81 )y T O

To prove HS gauge invariance in the cubic order it suffices to prove

that

Swdy
since such terms can be compensated by a modification of the trans-

5S = ( 055 A(wdy”e)>

formation law
5/wdyn — 5/wdyn . A(wdyne)
Use first on-shell theorem which contains the constraints

2 2
7% 0,y x) + HO—Y

C(y,0 | x)
8yo‘8y5 Ay oyP 0]

Ri1(y, 7| z) ~

20



HS gauge invariance of the cubic HS action

1 X in—l—m—l
0S = —— e(n — m)/

2/43% —o n'm!

By Central On-Shell Theorem leaves three options

Bm(x) A Ral---anﬁl--ﬂ;ﬂ»(w),

*al Oy, ﬁl

¢ holomorphic: Ray...an A Rg, g, €10 P1-Om

e antiholomorphic: Ry én N Rﬁl...ﬁmedl"'dn’ﬂl"'ﬂm

e Mixed: Ray.. Oén/\Rﬂl Bmeal...o'm,ﬁl..ﬂm

Holomorphic and antiholomorphic terms vanish because ¢(n — m) = *1.

The mixed terms vanish because
HYP A B = b ABPY ARy AR =

5 2 1—i4 a3 11—1
C O, y|lz)NH C* """ (y,0 | )

Ay g Ay oyP

R(y,0) x R(0,y) =

21



Central On-Shell Theorem
and unfolded dynamics

g _a H2 iy 52 L
R(y,y|z) = HY - 170,y HYY = i1y, 0
(v,9 | x) P (0,7 | z) + 550057 (y,0 | z) +
DC' Ny, gl a) + ..., .. =0(C,w1)

R(y, 7| z) =dw(y,7 | z) +w(y,y | =) *w(y,7 | x)

DC(y,y|z) =dC(y,y | z) + w(y, 7| 2) *C(y,y | z) —C(y,y | z) *w(y, -y | z)

Such field equations are unfolded: exterior differential of any of the

differential form field is expressed via the fields themselves

Problem: find nonlinear corrections that guarantee formal consistency

— gaugde invariance of the system

22



Unfolded Dynamics

First-order form of differential equations

§'(t) = ' (q(t)) initial values: ¢*(¢p)

# degrees of freedom = # of dynamical variables

Field theory: infinite number of degrees of freedom — spaces of func-
tions

Maxwell g ~ Z(:I:), P~ E(az)

Dirac approach is nice and efficient but noncovariant.

Covariant extension t — " 7

Unfolded dynamics: multidimensional generalization

0 :
o d, g (t) - W¥x) =dz"L AL A daznPWﬁ‘l“.nP(m)

a set of differential forms

23



Unfolded equations

dW(z) = G*(W(z)), d = dx"0n,

G*(W) : function of ‘“supercoordinates” W¢

00
GY(W) = Z faﬁlnﬂnwﬁl A AWPn

n=1

Covariant first-order differential equations

d > 1: Nontrivial compatibility conditions

oG (W)
owWpB
equivalent to the generalized Jacobi identities

GP(W) A 0

Z (n + 1)f7[51---Bm—nfa')’ﬁm—n—l—l---ﬁm} =0

n=0

24



Any solution to generalized Jacobi identities: FDA (Sullivan (1968))

FDA is universal if the generalized Jacobi identity holds independently
of space-time dimension. The HS FDAs are universal.

Every universal FDA = some L algebra

Universal unfolded systems are analogues of one-dimensional Hamil-

tonian systems

T he unfolded equation is invariant under the gauge transformation
58GO‘(W)

owns '
where the gauge parameter %(x) is a (po — 1)-form.

W = de® + ¢

(No gauge parameters for O-forms W)

25



Properties

e General applicability
e Manifest (HS) gauge invariance
e Invariance under diffeomorphisms
Exterior algebra formalism
e Interactions: nonlinear deformation of G*(W)
e Degrees of freedom are in O-forms C'(xzg) at any z = zg (as q(tp))
infinite-dimensional module dual to the space of single-particle states
realized as a space of functions of auxiliary variables (like C(y,y) instead
of phase space coordinates in the Hamiltonian approach
e Natural realization of infinite symmetries with higher derivatives
e Independence of ambient space-time
Geometry is encoded by G*(W)

e Lie algebra cohomology interpretation: «_ cohomology

26



Unfolding as a covariant twistor transform

Twistor transform
C(Y|x)

TN

M (x) T(Y).
W (Y |x) are functions on the *“correspondence space” C.
Space-time M : coordinates z. Twistor space T : coordinates Y.
Unfolded equations describe the Penrose transform by mapping func-
tions on T to solutions of field equations in M.
Effective (spinorial HS models):
W (Y|x) are unrestricted functions on 7T'= R™ or some projective space.
Ineffective (tensorial HS models):
We(Y|z) are subject to differential conditions in T. The unfolded field

equations are still useful to describe interactions
27



Idea of Nonlinear Construction

Being possible in a few first orders, straightforward construction of

nonlinear deformation quickly gets very complicated.

eTrick: to find a larger algebra ¢’ such that the substitution

* w—oaW=w+wC+wC?+ ...

into ¢’ reconstructs nonlinear equations via a zero-curvature condition

dW +W AW =0

To find restrictions on W that reconstructs * in all orders

Result: no interaction ambiguity modulo field redefinitions in the ten-
sorial models and one arbitrary function in the 4d spinorial model.

d—2
YM constant g¢2 = |A| 2 k2 can be rescaled away in the classical HS

model
28



Doubling of spinors and Klein operators
w(Y|x) — W(Z,Y,; Kl|x), C(Y|z) — B(Z;Y; K|x)

to be accompanied by equations that determine the dependence on the

additional variables 7, in terms of “initial data”

w(Y;Klz) =W(0;Y; K|z) = zgjzl KEI Wi (Y|x)

C(Y;K|z) = B(0;Y; K|z) = zgjzl K'EIw (Y |x) .

S(Z,Y,K|x) = dZ"S, is connection along Z¥

Klein operators K = (k,k) generate chirality automorphisms

kf(A) = f(Dk, kf(A) = f(=A)k, A= (aa,a5): A=A=(-aa,d4)
kk is boson-fermion parity generator: kkf(Y) = f(-Y)kk.

P(Y) =Py, — PY)=-PX),  MY)=MY).

29



HS star product

(F*9)(Z,Y) = [dSAT(Z +5,Y + 9)g(Z —T,Y +T) exp —iS,T"

Yo, Yulx = —[Zv, Zulx = 2iCuy, Z —Y : Z4+Y normal ordering

Inner Klein operators:

K = expizqy®, Ezzexp’izdyd, kxf=Ff*kKk, K*xk =1

30



Nonlinear HS Equations
W W = i(dZ"dZ, + dz®dza F(B) xkxk + dz%dz,,F (B) xkx k), WxB = BxW

Manifest gauge invariance

W = [e, W], B=¢ec%xB — Bxe, e=¢e(Z;Y; K|z)

r — z decomposition

(AW +W W =0
dB+W B —-BxW =0
L dS+W xS+ S+«W =0
S*xB—BxS=0
S xS =i(dZVdZ, + dz?dzo F(B) x k x k + dz%dz;,F(B) * k * k)

Nontrivial equations are free of space-time differential d.
HS equations describe two dimensional fuzzy hyperboloid in noncom-

mutative space of Y, and Z,. Its radius depends on HS curvature B(z).

31



Cconsistency

I. Compatibility with

a. d>=0
dPW =d(W+W)=WrW)xW —Wx(WxW) =0

b. (fxg)*h=fx(hxg)

(SxS)*S=S5S*x(5%x5)

iIs elementary. The term with B may look problematic because S does
not commute with the B-dependent terms but it is zero because
(dz*)3 =0 and (6z%)3 = 0.

II. No divergences despite non-polynomial inner Klein operators ele-
ments: k = expizqy® and k = expiz;y°
Less trivial but still elementary

A particular form of star product plays crucial role
32



Perturbative analysis

Vacuum solution

1
Bo =0, So=dz"7Z,, Wy = 5wg”(a;)my,,
dWo + Wo * WO =0

wp (z): describes AdS,.

First-order fluctuations

B1=0C, S =5+ 51, W =Wqy+ W1
: , 0
[So ., flx = —2id:f, dy = dZ" ——

ozZV

33



Central On-Shell Theorem

IS reproduced in the lowest order in a few steps:
1. [S,B]x =0 implies d;B(Z;Y; K|x) = 0 and hence

B(Z,)Y;K|r) =C(Y; Kl|x) + ...
2. dB+ Wpx B — B*x Wy =0 implies
DoC =0

3. SxS = idz%dzoF(B) implies in the lowest order {d.,,S1}x = —%F(C)dzo‘dza

and hence reconstructs S; via C up to Z-exact terms

Sl = Sl(C) -+ dze(Z; Y; K|aj)

34



4. e(Z;,Y; K|x) represents infinitesimal HS gauge transformations §V =
[e, W]«. Fixing the gauge ambiguity by setting d.e(Z;Y; K|r) = O leaves

leftover symmetry with
e(Z;Y;, Klx) =e(Y; K|x)

where ¢(Y; K|x) is the HS gauge parameter of the original formulation.
5. Solving d;+WxS+SxW = 0 implies in the lowest order Dy(S1) = 2id,W7.
This gives

Wy = w(Y; K|x) + W1(Wp, C)

where w(Y'; K|x) is an arbitrary function of its arguments to be identified
with the original HS gauge field in the frame-like formalism
6. Substitution of W5 into the zero-curvature equation dW +W xW =0
gives the equation

R = hhC

of the Central-On-Shell theorem
35



HS theory In any dimension

YI/_>§/:L'A7 Cl/,u_>€z'j77ABa iaj:1727 A,B:O,l,...

€ij = —€ji, €12 = €12 = 1: sp(2) symplectic form

NAB = NBA. o(d — 1,2) invariant metric
AA — nABAB, ai — Gijaj , a; — CLjGjZ'

Star-product algebra
YA VP = enP
TAB rotates o(d — 1,2) vector indices

1
[TAB vC], = E(Y;AUBC _ YiBnAB)

tij = YAYPnap rotate sp(2) indices

A A A
[t Yils = €Yy + €Y

36



T4B and t;; form a Howe dual pair o(d — 1,2) @ sp(2)

(745 t;5]« = 0
S subalgebra of the Weyl algebra spanned by sp(2) singlets f(Y)

S [f(Y), ]« =0
S is not simple: two-sided ideal
geT: g=tijxg"7 =g xt;.

Since

tij = E'AYJ'B??AB

7 contains traces:, A = S/7 consists of traceless tensors {715} described
by two-row rectangular tableaux.

HS algebra results from A

37



Invariant functionals via ()—cohomology

Equivalent form of compatibility condition

0
oW«

Q?=0, Q= G*(W)

-manifolds

Hamiltonian-like form of the unfolded equations

dF(W(z)) = Q(F(W(x)), VE(W).

Action in unfolded dynamics approach

S = /L(W(w)) | OL=0  (2005)

L=QM : total derivatives
Actions and conserved charges: (¢ cohomology

for off-shell and on-shell unfolded systems, respectively

38



Nonlocality of HS Gauge Theory

Having infinitely many HS fields with higher derivatives in interactions,

the HS Gauge Theory is nonlocal.
2D~ 1
since
N ID, 2D~ 1

A different mass scale parameter like o is needed for a low-energy

expansion

39



4d massless fields in ten dimensions

To describe all 4d massless fields as two fields the Minkowski space-time
M*%* has to be replaced by the ten dimensional space M, of symmetric
matrices XHY = XVH Fronsdal 1985

uw,v =1, 2, 3,4 Majorana (real) spinor indices u = (o, &)
X = (208,429, 599)

a:O‘B: Minkowski coordinates

yo‘ﬂ,g‘w: SiX spinning coordinates

40



From d =4 to d = 10 via unfolded dynamics

Unfolded equations in the 4d flat Minkowski space

) 2 .
(o +dz®0 2 )O(W]2) =0, dp=de L
y-oy x
Extend z%® to XH
2 9
ol e e By
(dy + dX 6W8YV)C(Y|;U) 0, dx = dX" o

There are only two dynamical fields in M,

Scalar field C(X) in the hyperspace M, = all massless bosons in 4d
MinkowskKi space.

Spinor field C,(X) in the hyperspace M, = all massless fermions in 4d

Minkowski space.

41



Field Equations

(2001)
2 2
bosons : ( 0 — 0 ) C(X)=0
OXHYYX PO 9XPYYXHO
fermions : ( O cx)--2 ¢ (X)) —0
' oxu P oxpv H —

e No index contraction: no metric in ten dimensions
e T he system is overdetermined
e Makes sense for My, with py,v =1,2... M

eThe field equations are Sp(8) invariant

Sp(8) is an extension of the 4d conformal group SU(2,2).
Sp(8) unifies all massless bosons and fermions into just two multiplets.

XHY are coordinates of the minimal Sp(8) invariant space Mg,.
42



Fourier Transform

C(X) = Cpoexp ik, XH

the field equation gives kv koo = kupkvo , 1.€.

kuv = k€uév , k=+1

§n Is real. k = x1 distinguishes between positive and negative energy
branches: particles and antiparticles

General solution

O(X) = [dMe (b+(€) expigut, XM + b () exp —i€ut, X ™)

Is parameterized by two functions of four real variables ¢,;:
Initial data to be given on a M-dimensional surface E in M.
E: local Cauchy bundle

For M = 4, E = R3 x St:

R3 is space in Minkowski space-time, S1-modes describe helicity

43



Time and Space

Let TH” be a positive definite matrix.

Space coordinates z#Y are various 17— traceless matrices
X e >y XM = oM +tTH | a;WTW =0, TWTVP = 5ﬁ.

My has one time parameter ¢t = ﬁX“VTW. Using the ambiguity in ¢*(¢)

in the general solution

O(X) = [dMe ((€) exp ity X + ™ (€) exp ity XH)

it is possible to localize solutions in M coordinates: physical events are

M-dimensional.

Whether there exist some d — 1 space-like coordinates z":

XHY — J#I/xn

44



such that, using ¢t(¢) it is possible to built solutions of the field equa-
tions proportional to (derivatives of)

64=1(x — zp) at any zp € R171

If yes, at given time we can switch on light at the point xg of our space
Rl c E.

This happens if there exists a map k, = 0,,”¢,£, onto R?~1. By changing
integration variables from ¢, to k£, plus some other variables in case
d—1< M, §1(z —zy) can be obtained from the integration over k.

Usual space in M, is realized in terms of Clifford algebra:

’Yn'uz/ — Uﬁpru, {’Yn, ’Ym} — 277nm,

My is visualized via Clifford algebras.

No metric tensor in the sp(8) invariant dynamical equations in M.
Space metric n,,, appears via Clifford algebra along with the concept of
local event.
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Different Physical Dimensions in My

Different sp(8) invariant equations visualize M, as space-times of local
events of different dimensions
Rank two equations
53
oX [r1v1 9 X pove X #3lurs
describe 6d space-time with the SU(2) spin variable: E = R> x SU(2).

Rank four equations describe 10d space-time with the ST sSpin variable.

C(X) =0

Delocalized branes of different dimensions in the same 10d space-time
My?!

Rank two equations in M,; ~ rank one in M»s,; Gelfond, MV (2002)
M=2,4,8,16 "

d = 3,4,6,10 Bandos, Lukierski, Sorokin (1999)
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Symmetries

Let some local Cauchy bundle E = R%~1 x S be chosen to visualize M.
A transformation that maps Minkowski space-time to itself leaving the
fibers intact is a usual conformal transformation.

A symmetry that does not shift points of the Minkowski space-time, act-
ing on the coordinates of the fiber is the (generalized) electric-magnetic

duality transformation that acts on all spins.

Sp(2M) transformations that shift £ in M,; look as nongeometric sym-
metries from the Minkowski space-time perspective, extending su(2,2)®

u(1) to sp(8) which mixes fields of different spins.
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Riemann theta functions as solutions
of massless field equations

A surprising property of the unfolded massless field equations formulated

in My,

0 L 0? n
+ ih CT(Y|Z) =0,
oz oY HOY'V

IS that Riemann theta functions form their natural solutions
Gelfond, MV 2008
Ct(Y|z)= Y cfexpi(hZ?(2mn,)(2mny) + 27n,YP)

nteZM
M is a boundary of Siegel space

cn = 1. C+(Y|Z) IS Riemann theta function= D-function periodic in Y.

Space-time coordinates: period matrix?!
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Conclusions

Nonlinear HS gauge theories do exist in various dimensions.

Unbroken HS gauge symmetries require

Infinite HS multiplets 4+ nonzero curvature=nonlocal theory

Free 4d HS theory admits concise formulation in the ten-dimensional

space.
Metric tensor appears after coordinates of local events are defined.

Higher rank systems visualize physical space-times of different dimension
as coexisting delocalized “branes” imbedded into My,
M: M=8—-d=6, M=16 —-d=10, M =32 —d =117
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To do

Extend nonlinear HS theory to
Mixed symmetry fields

Matrix space-times M,

HS symmetry breaking mechanism
Low energy expansion parameter analogous to o/

Relation to String Theory

Exact solutions

So far very few exact solutions including
m #*= 0 matter in 3d

selfdual in 4d

Black hole in 4d
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Integrability?!

AdS/CFT!
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