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AdSAdS44×× CPCP33 versus versus AdSAdS55×× SS55

(peculiarities and issues)(peculiarities and issues)

Superstring theory on AdSSuperstring theory on AdS44xxCPCP33 is not maximally supersymmetric, it is not maximally supersymmetric, it 
preserves 24 of 32 susy. The symmetry group is OSp(6|4)preserves 24 of 32 susy. The symmetry group is OSp(6|4)

–– The The completecomplete theory is not described by a supercoset sigmatheory is not described by a supercoset sigma--modelmodel
–– The proof of itThe proof of it’’s classical integrability turned out to be much tricky s classical integrability turned out to be much tricky 

some issues have not been completely settled on the boundary andsome issues have not been completely settled on the boundary and bulk bulk 
side of the AdSside of the AdS44//CFTCFT3 3 holography:holography:

–– Bethe Bethe ansatzansatz CFT anomalous dimensions versus spinning string energyCFT anomalous dimensions versus spinning string energy

–– subtleties in matching worldsheet degrees of freedom with those subtleties in matching worldsheet degrees of freedom with those of   of   
SS--matrix scattering theory  (light and heavy worldsheet modes)matrix scattering theory  (light and heavy worldsheet modes)

–– issue of the dual superconformal symmetry and fermionic Tissue of the dual superconformal symmetry and fermionic T--dualityduality

The AdSThe AdS44xCPxCP33 theorytheory admitsadmits stringstring instantons instantons wrappingwrapping 22--cycles of CPcycles of CP33. . 
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Fermionic kappaFermionic kappa--symmetrysymmetry
Provided that the superbackground satisfies superfield supergravProvided that the superbackground satisfies superfield supergravity ity 
constraints (or, equivalently, constraints (or, equivalently, sugrasugra field equations), the GS superstring field equations), the GS superstring 
action is invariant under the following local worldsheet transfoaction is invariant under the following local worldsheet transformationsrmations

of the string coordinates of the string coordinates ZZMM((ξξ)=)=((XXMM, , ΘΘαα),       ),       δδκκ ZZMM ::
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Due to the projector, the fermionic parameter Due to the projector, the fermionic parameter κκαα((ξξ)) has only          has only          
16 independent components. They can be used to gauge away 1/2 of16 independent components. They can be used to gauge away 1/2 of
32 fermionic worldsheet fields 32 fermionic worldsheet fields ΘΘαα((ξξ))
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AdSAdS44×× CPCP33 superbackgroundsuperbackground
Preserves 24 of 32 susy in type IIA D=10 superspacePreserves 24 of 32 susy in type IIA D=10 superspace

fermionic modes of the fermionic modes of the AdSAdS44×× CPCP33 superstring are of    superstring are of    
different nature: different nature: ΘΘ3232((ξξ)=()=(ϑϑ2424, , υυ88))

unbroken   broken   susyunbroken   broken   susy

ϑϑ2424==PP24 24 ΘΘ,, υυ88 ==PP8 8 ΘΘ,, PP24 24 ++ PP8 8 = I= I

PP24 24 ==1/8 1/8 ((66--ΓΓaa’’bb’’JJaa’’bb’’ΓΓ77),), ΓΓ7 7 = = ΓΓ11LLΓΓ6 6 εε11LL 66

aa’’,b,b’’=1,=1,……,6  ,6  -- CPCP33 indices, indices, JJaa’’bb’’ -- KaehlerKaehler form on form on CPCP33

•• the explicit proof of the classical integrability of the completthe explicit proof of the classical integrability of the complete       e       
AdS4 x CP3 superstring has been lacking AdS4 x CP3 superstring has been lacking until recently until recently (D.S.& (D.S.& L.WulffL.Wulff, 09, 09/2010/2010))

• The superstring action is not a supercoset sigma-model of OSp(6|4)

FF22

*F*F44=F=F66
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OSpOSp(6|4) supercoset sigma model(6|4) supercoset sigma model
It is natural to try to get rid of the eight It is natural to try to get rid of the eight ““broken susybroken susy”” fermionic modes fermionic modes υυ8 8 
using kappausing kappa--symmetrysymmetry

υυ88=0  =0  -- partial kappapartial kappa--symmetry gauge fixingsymmetry gauge fixing

Remaining string modes are:Remaining string modes are:

10 (AdS10 (AdS4 4 ××CPCP33) bosons ) bosons xxaa ((ξξ) (a=0,1,2,3),  ) (a=0,1,2,3),  yyaa’’ ((ξξ) (a) (a’’=1,2,3,4,5,6)=1,2,3,4,5,6)
24  fermions 24  fermions ϑϑ((ξξ) corresponding to unbroken susy) corresponding to unbroken susy

αα==1,1,……,4    ,4    αα’’=1,=1,……,6,6

they they parametrizeparametrize cosetcoset superspace superspace OSpOSp(6(6|4|4)/)/UU(3)x(3)xSOSO(1,3) (1,3) ⊃⊃ AdSAdS4x4xCPCP33

SigmaSigma--model action onmodel action on OSpOSp(6(6|4|4)/)/UU(3)x(3)xSOSO(1,3)(1,3)

((ArutyunovArutyunov & & FrolovFrolov; ; StefanskijStefanskij; ; D'AuriaD'Auria, , FrFrèè, Grassi & , Grassi & TrigianteTrigiante, 2008), 2008)

S=S=∫∫ dd22ξξ ((-- detdet EEii
AAEEjj

BB ηηABAB))1/2 1/2 + + ∫ ∫ EEαααα’’∧∧ EEββββ’’ JJαα’’ββ’’ γγ55αβαβ

- similarsimilar toto thethe AdSAdS55 ×× SS55 stringstring action on action on SUSU(2,2|4)/(2,2|4)/SOSO(1,4)(1,4)xxSOSO(5)(5)

CartanCartan forms:forms:

KK--11dKdK==EEaa((x,yx,y,,ϑϑ) ) PPaa + + EEaa’’((x,yx,y,,ϑϑ) ) PPaa’’ + + EEαααα’’((x,yx,y,,ϑϑ)) QQαααα’’ + + ΩΩ ((x,yx,y,,ϑϑ) ) MM
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OSpOSp(6|4) supercoset sigma model(6|4) supercoset sigma model

ReasonReason –– kappakappa--gauge fixing gauge fixing υυ88 = PP88ΘΘ ==00 is is inconsistentinconsistent in the in the AdSAdS44 regionregion

[(1+[(1+ΓΓκκ)) , , PP88 ]=0]=0 only only ½½ of of υυ88 can be eliminated can be eliminated 

A problem with this model is that it does not describe all possiA problem with this model is that it does not describe all possible string ble string 
configurations. E.g., it does not describe a string moving in Adconfigurations. E.g., it does not describe a string moving in AdSS44 only, only, 
or the string instanton in CPor the string instanton in CP33

and for the string instanton in and for the string instanton in CPCP33

To describe these string configurations the GS superstring actioTo describe these string configurations the GS superstring action in n in 
AdSAdS44 x x CPCP33 superspace with 32 fermionic coordinates is required           superspace with 32 fermionic coordinates is required           
(it is not a (it is not a cosetcoset superspace)superspace)

This superspace was constructed by performing the dimensional reThis superspace was constructed by performing the dimensional reduction duction 
of D=11 of D=11 cosetcoset superspace superspace OSpOSp(8|4)/(8|4)/SOSO(7)x(7)xSOSO(1,3) which has 32 (1,3) which has 32 ΘΘ and and 
bosebose subspace  subspace  AdSAdS44 x x SS77, , SO(2,3)xSO(8) SO(2,3)xSO(8) ⊂⊂ OSpOSp(8|4)(8|4) ((GomisGomis, D.S., , D.S., WulffWulff, 2008), 2008)

AdSAdS44×× CPCP3 3 sugrasugra solutionsolution is related to is related to AdSAdS44×× SS77 (with 32 susy) in D=11(with 32 susy) in D=11 by   by   
dimenisonaldimenisonal reduction  reduction  ((Nilsson and Pope;  D.S., Tkach & Volkov 1984Nilsson and Pope;  D.S., Tkach & Volkov 1984))
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HopfHopf fibrationfibration of of OSpOSp(8|4)/(8|4)/SOSO(7)(7)××SOSO(1,3)(1,3)

KK11,3211,32 -- D=11 superspace with the bosonic subspace D=11 superspace with the bosonic subspace 
AdSAdS44×× SS77 and 32 fermionic directionsand 32 fermionic directions

KK11,32 11,32 = M= M10,3210,32 ×× SS11 (locally)(locally)

MM10,3210,32 -- D=10 superspace with the bosonic subspace D=10 superspace with the bosonic subspace 
AdSAdS44×× CPCP33, 32 fermionic directions and         , 32 fermionic directions and         

OSpOSp(6|4) isometry(6|4) isometry (but it is not a (but it is not a cosetcoset space)space)

MM10,3210,32 is the superspace we are looking foris the superspace we are looking for

basebase fiberfiber
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Classical Integrability of 2d dynamical systemsClassical Integrability of 2d dynamical systems

The existence of The existence of ∞∞ # of # of conservedconserved currentscurrents and and chargescharges

The The chargescharges are are generatedgenerated byby the the LaxLax connection connection LL

L L ((ξξ,,zz) ) –– 2d 2d oneone--formform whichwhich dependsdepends on a on a spectralspectral parameterparameter z,z,
takestakes valuesvalues in a in a symmetrysymmetry algebra andalgebra and

hashas zero curvature: zero curvature: ddLL + L + L ∧∧ L = L = 0 (on the 0 (on the massmass--shellshell))

The integrability The integrability isis provenproven ifif one one managesmanages toto constructconstruct L L ((ξξ,,zz))

No No genericgeneric prescriptionprescription existsexists howhow toto do do thisthis
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Classical Integrability of 2d dynamical systemsClassical Integrability of 2d dynamical systems

GG/H/H supercoset sigmasupercoset sigma--models with models with ZZ44--grading, e.g.grading, e.g.

-- AdSAdS55 ×× SS55 superstring, superstring, SUSU(2,2|4)/(2,2|4)/SOSO(1,4) (1,4) ×× SOSO(5)(5), , BenaBena, , RoibanRoiban, , PolchinskiPolchinski ‘‘0303

-- OSpOSp(6|4)/(6|4)/SOSO(1,3) (1,3) ×× U(3) sigmaU(3) sigma--modelmodel

CartanCartan forms:forms:

KK--11dKdK==ΩΩ ((x,x,ϑϑ) ) MM00 + E+ E22((x,x,ϑϑ) ) PP22 + E+ E11((x,x,ϑϑ) ) QQ11 + E+ E33((x,x,ϑϑ)) QQ33

[[MM00,,MM00]=]=MM00,    [,    [PP22,,PP22]=]=MM00,   {,   {QQ11,,QQ11}=}=PP22={={QQ33,,QQ33},   {},   {QQ11,,QQ33}=}=MM00

LaxLax connection:connection:

L L = = ΩΩ ((x,x,ϑϑ)+)+ll11 EE22((x,x,ϑϑ)+)+ll22**EE22((x,x,ϑϑ)+)+ll33 EE11((x,x,ϑϑ)+)+ll44 EE33((x,x,ϑϑ))

CoefficientsCoefficients llii ==ffii((zz)) are are functionsfunctions of theof the
spectralspectral parameterparameter

ddLL + L + L ∧∧ L = L = 00
on shellon shell
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Lax connection of the Lax connection of the AdSAdS44×× CPCP33 superstringsuperstring
(D.S. & L. (D.S. & L. WulffWulff, ArXiv:1009.3498), ArXiv:1009.3498)

Use the Use the OSpOSp(6|4) conserved (6|4) conserved NoetherNoether currentcurrent

J=JJ=JBB+J+JSS

JJBB((XX,,ϑϑ,,υυ))= = ddXXMMKKMM ((XX))++JJ11
AA((XX,,ϑϑ,,υυ))KKAA++JJ22

[[ABAB]]((XX,,ϑϑ,,υυ))KKAAKKBB

JJSS((XX,,ϑϑ,,υυ)) –– susy currentsusy current

LaxLax connection:connection:

L L = = αα
11
KK((XX)) + + αα2 2 **JJB B + (+ (αα22))2 2 JJ22 + + αα

11
αα22 **JJ2 2 -- αα22((ββ11JJS S -- ββ2 2 **JJSS))

++ O O ((XX,,ϑϑ,,υυ44) + ) + LL

SO(2,3) × SU(4)
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Superstring action in Superstring action in AdSAdS44×× CPCP33 superspacesuperspace
((up to the second order in fermions and Wickup to the second order in fermions and Wick--rotatedrotated))

AdS4 CP3

Bosonic instanton solutionBosonic instanton solution

In In CPCP33 there is a topologically nontrivial 2there is a topologically nontrivial 2--cycle ~ cycle ~ SS22 associated with associated with 
the the KahlerKahler 22--form form JJ22

In the WickIn the Wick--rotated theory, string worldsheet can wrap this rotated theory, string worldsheet can wrap this SS22 ⊂⊂ CPCP33,,
thus forming a stringy instanton. It is thus forming a stringy instanton. It is ½½ BPSBPS

ΘΘ==0     0     and     and     xxaa=const =const ((AdSAdS--coordinates)coordinates); ; 
onon CPCP33 complexcomplex yyII==yyII(z(z)) areare holomorphicholomorphic functions of the worldsheet coordinatesfunctions of the worldsheet coordinates

FF44 and and FF22 fluxesfluxes

the the VirasoroVirasoro constraints are identically satisfied:constraints are identically satisfied:

[Cvetic’ et al. 1999]
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String instanton on String instanton on CPCP33

A.CagnazzoA.Cagnazzo, , L.WulffL.Wulff and D.S.and D.S. ArXiv:0911.5228ArXiv:0911.5228

Instanton actionInstanton action

TwelveTwelve fermionic zero modes, i.e. solutions of the 2d Dirac equation:fermionic zero modes, i.e. solutions of the 2d Dirac equation:

υυ==00

ΘΘ==1/2(11/2(1--ΓΓ))ΘΘ = (= (ϑϑ, , υυ) ) –– gauged fixed kappagauged fixed kappa--symmetry, 16 physical fermionssymmetry, 16 physical fermions

∫ ∫ BB22,   ,   BB22 ∼∼ JJ22,    ,    d Jd J22==dd**JJ22=0 =0 –– KaehlerKaehler form on form on CPCP22

8 zero modes8 zero modes are 4 pairs of Killing spinors onare 4 pairs of Killing spinors on SS22

4 zero modes4 zero modes are massless charged fermions are massless charged fermions 
interacting with a monopole field on interacting with a monopole field on SS22

ABJABJ
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Fermionic zero modesFermionic zero modes
The 12 fermionic zero modes are goldstinos which manifest breakiThe 12 fermionic zero modes are goldstinos which manifest breaking of ng of 
the the ½½ susy of the AdSsusy of the AdS44 x CPx CP33 background by the string instantonbackground by the string instanton

fermions 4      0)(

fermions 8       0)(

3
2

2

=+∇

=+∇

−

+

ϑγ

ϑγ

i
S
i

i
S
i

iA
R
i

projected on the instantonprojected on the instanton

0)( 5 =Γ+∇ ϑγMM R
i

AdSAdS44 x x CPCP33 Killing spinor equationKilling spinor equation

(1+(1+ΓΓκκ) ) ϑϑ=0=0

This fermionic zero modes solve also the complete nonThis fermionic zero modes solve also the complete non--linear string linear string e.o.me.o.m

24 target24 target--space susy:space susy: δδϑϑ ==εεKilling Killing ,      ,      δδ XXMMeeMM
AA(X(X)) ==iiϑϑ ΓΓAA εεKillingKilling
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DiscussionDiscussion
There also exists an NS5There also exists an NS5--brane instanton wrapping the brane instanton wrapping the 
whole whole CPCP33

What are the 3d CFT counterparts of the string/brane What are the 3d CFT counterparts of the string/brane 
instantons?instantons?

What are possible effects of the stringy instantons on the What are possible effects of the stringy instantons on the 
structure of the supergravity and superstring theory on structure of the supergravity and superstring theory on 
AdSAdS4 4 ××CPCP33?  May their existence result in peculiarities of ?  May their existence result in peculiarities of 
the the AdSAdS4 4 //CFTCFT33 correspondence?correspondence?

DrukkerDrukker, Mari, Mariñño & o & PutrovPutrov ((arXivarXiv:1007.3837):1007.3837) foundfound contributionscontributions
comingcoming fromfrom worldworld--sheet sheet instanonsinstanons toto the the partitionpartition functionfunction and and 
Wilson Wilson looploop observablesobservables computedcomputed in a in a matrixmatrix model model descriptiondescription of of 
ABJ(M) ABJ(M) theorytheory
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