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Motivations

Linear theory of relativistic cosmological perturbations
extremely useful 5T .
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Non-linear aspects are needed in some cases:

— non-gaussianities

— Universe on very large scales (beyond the Hubble scales)

— small scales

Conservation laws
— solve part of the equations of motion
— useful to relate early universe
and "late cosmology”

Early Universe )

geometry




Linear theory

e Perturbed metric (with only scalar perturbations)

ds® = —(142A)dt?
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. w related to the intrinsic curvature of constant time

spatial hypersurfaces
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 Change of coordinates, e.g.
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Linear theory

« Curvature perturbation on uniform energy density
hypersurfaces [Bardeen et al (1983)]
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gauge-invariant
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e The time component of V,T"" = 0 vyields

[Wands et al (2000)]
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For adiabatic perturbations, ( conserved on large scales



Covariant formalism

. . Ellis & Bruni (1989
 How to define unambiguously LEllis & Brunt (1959
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 One needs a map
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If () issuchthat QQ =0 |

then 6Q = Q — P(Q) is d—independent

* l|dea: instead of p , use its spatial gradient



Perfect fluid: p, P, u®
Top = (p+ Pluaup + Pgap

Spatial projection: h,p = gup + Ualp

Expansion: © = V,u“

Integrated expansion : o = / dr ©

m) | ocal scale factor — ?

Spatially projected gradients

Xo =Dup = hVip, Yo = DoP, Zs= Du®



New approach

[ DL & Vernizzi, PRL '05; PRD '05 ]
e Define W, = D,

* Projection of VaTab =0 along u% vyields
p+O(p+P)=0 [p=uVap]

Spatial gradient
Dq (p) + (p+ P) Da© + © (Dap + DaP) =0

Da (p) = Lu(Dap) = paa, [a° = u"Vyu']
Ao = Luda = WWVAa + N Vaud
[Dae — 3 (LuDa,Oé — aa> ]



* One finally gets
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e This is an exact equation, fully non-linear and val id
at all scales!
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It “mimics” the linear equation ¢/ ~ —
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(5p — c?c?p)



(919 — ©19)0 = 099 — J
v. 0 dm”Qm.ﬂldm”@v@w

dv — ﬁ
1,2 = J9 00T ,2 = 09

0

00 + O

Q@Qm _ d@Q — @U



Comparison with the coordinate based
approach

e Choose a coordinate system
- Expand quantities: X (t,2") = X(t) + X1y + X2y + ...

e First order (1) . . 5/
G =000 (P = ag) - e
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m) Usual linear equation !



e Second order perturbations

QL
Ca — aaOé — —.C%,O
0

(2) o/ 1 o/
‘ G = 0; (Oé(z) - *;70(2)) T (0/(1 - -57/0'(1)> 9ip(1)
After some manipulations, one finds
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In agreement with previous results [ Malik & Wands '04]



Gauge-invariance

e Second-order coordinate transformation
1
Ta— K N L H
o= B =2l =€y + 5808, 82
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Bruni et al. ‘97
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« (,is gauge-invariant at 1st order but not 2" order
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and
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IS gauge-invariant on large scales!



Cosmological scalar fields: single and
multi-field inflation

o Multi-field inflation

— Generated fluctuations can be richer (adiabatic and isocurvature)

— Adiabatic and isocurvature perturbations can be correlated
(D.L. '99)

— Decomposition into adiabatic & isocurvature modes
(Gordon et al. ‘01)

E.g. for two fields ¢ and ¥,
one can write

do
dS

cosf ¢ +sind dy,
—sin6® d¢p + cosb oy

X

ox _, Perturbation

Background trajectory

-

From Gordon et al. ‘01



Cosmological scalar fields: covariant
approach

« Several (minimally coupled) scalar fields
1 a 1
L = _5(9@90[8 - V(pk),

e Equation of motion
o1+ O©or + Vi —DoD%r — a"Dapr =0

« Energy-momentum tensor

Top = (p + P>uaub + qaup + waqp + gop P + Tap

1, .

p = 5(901901+Da90[D“901)+V,
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P = > (wsol — gDawD% ) -V,
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Two scalar fields

* Adiabatic and entropy directions

eg = (cos¥6,sing), eg = (—sinf,cos0)
cos@zf, sin@zz-(—
o o

with &= 1/¢2+ %2
» Adiabatic and entropy covectors

Oq = egvaw = COSO Va9 +Sinbd Vg,
egvaw = —SinO Vg9 + CcosO Vg

Sa



Equations of motion

« “Homogeneous-like” equations

o

0'9—|—‘/,3 — VaSa+Y(O), Y(a) — %(Sa+gaé_>UJ—a

« FLRW equations
o'+ 3H' +Vs,=0,
70 +Vs=0



“Linear-like” equations

1. Evolution of the adiabatic covector

S v
aa+eaa+avae+(vm+9 ;

-|— (9 — ‘/70'3 -|— @9) Saq — VCLY(S> ,
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2. Evolution of the entropy covector
Sa — ;(0' + V,J)Sa + (V,ss — HQ)SCL — Va (vcsc) = —200,

+ [0(0' + V,J) — 0 — V,Js] Oa + vaY(U)
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Linearized equations

* First order spatial components of 0q and sq
0o, = cos @ 0;0¢ + sin 0 0;0x = 0;00
§s; = —sin@ 0;0¢ + cosf 9;,6x = O;0s

> Second order equations for o and &s

* One usually replaces 0o by the gauge-invariant quantity

5_/
Qsm = 00 + ﬁlb



Linearized equations
[Gordon et al. '01]

« Adiabatic equation
_ _ H'
N L e s
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* Entropy equation
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Second order perturbations

e Entropy perturbation
55t = 9,652 + —a 55/

5.(2) — __5¢<2> n 35 2) _ <5 n 5(,)
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« Adiabatic perturbation
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Large scale evolution

e Alternative adiabatic variable

2
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o Using the 2nd order energy and moment constraints,
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Large scale evolution

* The entropy evolution on large scales is given by

N/
652" + 31652V 4 (V55 4 302) 652 ~ BN
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e Evolution for (@
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e Non-local term
V! + 3HV; = 0(9°)



Conclusions

 New approach to study cosmological perturbations
— Non linear

— Purely geometric formulation (extension of the
covariant formalism)

— Mimics” the linear theory equations
— Get easily the second order results
— Exact equations: no approximation

e Can be extended to scalar fields

— Covariant and fully non-linear generalizations of the adiabatic
and entropy components

— Evolution, on large scales, of the 2" order adiabatic and entropy
components



