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OUTLINE

• First impressions from the Higgs discovery

• Theory input for measurements of Higgs decay widths and 
couplings

• Solidity of perturbative computations

• New methods for further progress in pertubative predictions



THE HIGGS BOSON 
DISCOVERY

• July 4th is a historic day for science.

• The most difficult discovery in modern particle physics. 

• Search for very rare events.  Cross-sections of a 2-50 fb. 

• Clever and mature analyses with very high signal efficiencies. 

• The mass is where electroweak precision tests like a Higgs 
boson to be in the Standard Model.  



• Three channels with 8 TeV 
data:
H→ZZ→llll, 
H→gamma  gamma,  
H→WW  

• Results: a convincing excess in 
all three channels. 

• Consistent with Standard 
Model

•  However, a stronger 
production is quite possible.   

ATLAS DISCOVERY



CMS 
DISCOVERY

• H→gamma,gamma,  
H→ZZ,  
H→WW,  
H→tau  tau,  
H→bb with 8 TeV data

• A convincing excess in H→ZZ,WW,gamma-‐gamma

• H→tau  tau has a very small S/B (~3%). 
e-hadronic seems in tension with a SM Higgs at 125 
GeV.  mu-hadronic seems consistent. 

• In WW, the 0-jet mu-e category seems to be consistent 
with SM or higher rate. 

• Other categories seem to favor a smaller cross-section 
than SM, but are consistent with one times SM.  



READING OF GENERAL 
EXPERIMENTAL PICTURE

• We have a Higgs boson which is consistent with the Standard Model.

• But we rely on a very small number of events to draw conclusions. 

• We cannot distinguish clearly between data fluctuations and a new physics 
phenomenon.

• Is the di-photon branching ratio enhanced? Is the tau-tau coupling reduced? Are the 
WW and ZZ fine or bigger than the Standard Model?

• Measurements leave a lot of room for new physics manifesting itself as atypical Higgs 
interactions.

• We will know with a better precision (factor of two?) by the end of this LHC run.  
The picture will be much clearer with the 14TeV run. 



BEFORE JULY 4

• Theorists had various expectations 
about how a Higgs discovery 
would come.

• Three years back we had a grand 
belief and a grand hope

• Grand belief: physics beyond the 
Standard Model is inevitable

• Grand hope: physics beyond the 
Standard Model at the LHC is 
inevitable. 

Higgs physics could be 
different than in the

Standard Model 



COMPOSITE HIGGS BOSON 
PHENOMENOLOGY

• Higgs production cross-sections and decay 
widths are typically smaller than in the SM. 

• Some room for enhanced branching 
ratios (by reducing the H→bb width  
or enhancing directly the loop induced 
decay widths). 

• Deviations from SM rates for Higgs signals 
are not meant to be the “smoking guns” 
of these theories which have a rich 
spectrum of light new particles.

• Large excesses over Standard Model rates 
for Higgs signals are difficult to 
accommodate.
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Figure 2: The branching ratios of MCHM5 as a function of ! for MH = 120 GeV (left) and MH = 180 GeV
(right).

than in the SM. The onset of the gauge boson decays is postponed to Higgs mass values larger than

in the SM.

Figure 3 shows the Higgs width as a function of MH in the SM and for ! = 0.2, 0.5 and 0.8

both in MCHM4 (left plot) and MCHM5 (right plot). Below ! 150 GeV, the width is rather small

and increases rapidly as the vector boson decay channels open up. The Higgs width in MCHM4

and MCHM5 is also plotted in Fig. 4 in the (MH , !) plane. In MCHM4, the total width decreases

monotonously with rising ! due to the rescaling of the couplings with
"
1# !. In MCHM5, the total

width develops a pronounced minimum at ! = 0.5 for low Higgs mass values (the light region on

the right plot of Fig. 4). The origin of this minimum is of course the reduced couplings to fermions

which even vanish identically at ! = 0.5. For larger values of !, the fermionic channels reopen

and the total width rises with growing !. At large Higgs masses the total width is dominated by

gauge boson decays at low ! values, since we are above the gauge boson threshold here. At large

! values the role is taken over by the fermion decays, which do not become as large as the gauge

boson decays, however, so that also in the limit ! $ 1, for large Higgs mass values the total width

remains below the SM value at ! = 0. A small total width may be of advantage for Higgs boson

searches since more stringent mass cuts could be applied in that case. However, in our analysis, we

will simply study how the Higgs searches rescale with ! and we will not try to optimize the cuts

used in the SM searches to a di!erent Higgs width.

3 Constraints from LEP, the Tevatron and electroweak precision data

Higgs searches at LEP and the Tevatron set constraints on the parameter space (MH , !) of the

composite Higgs models we consider. Figure 5 shows the excluded regions for MCHM4 (left) and

MCHM5 (right). To generate the plots we have used the Higgsbounds program [23], cross-checking

the results wherever possible and modifying it suitably to take into account the latest changes in

Tevatron limits.

At LEP, the most relevant search channel is e+e! $ ZH $ Zbb̄ [24], which is sensitive both

to the Higgs-gauge coupling (in Higgs-strahlung production) and to the Higgs-fermion coupling (in
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HIGGS COUPLING 
EXTRACTION AT THE LHC

• A prime goal of particle physics after the 
Higgs discovery will be the determination 
of the couplings for its interactions.

• A precise determination will be one of 
the strongest consistency checks of the 
Standard Model or any other model 
which replaces it. 

• The LHC is a very good Higgs boson 
factory.  

• The Higgs mass of 125 GeV allows the 
observation and cross-section 
measurements for many of its signatures.



PRECISE COUPLING 
EXTRACTIONS

• Excellent detectors (exp)

• Energy and luminosity at the LHC, 
leading to bigger cross-sections and small statistical uncertainties (exp)

• Experimental ingenuity to reduce backgrounds and to control 
systematic uncertainties (exp)

• Reducing as much as possible the dependence on the modeling of 
QCD and BSM effects (th)

• Improving perturbative QCD uncertainties



REDUCING BSM AND QCD 
DEPENDENCE

• The Higgs boson is a narrow resonance: we can separate production from decay

• QCD is diagonal to electroweak and BSM physics. Perturbative QCD corrections have a 
good degree of universality. 

• BSM particle spectrum is above the Higgs mass, allowing for effective theory description of 
new physics in Higgs observables. 

• Various production and decay channels can be efficiently disentangled kinematically. 

• Cross-sections for many Higgs signals can be measured 

σY,exp = σp ×BR(H → Y ) =

�
σp

Γp

�
×

�
ΓpΓY

Γ

�

Duhrssen et al



FACTORIZATION OF BSM EFFECTS 
FROM QCD CORRECTIONS

• Fairly model independent ratio: 

• in enhanced phase-space regions of QCD infrared 
radiation

• Fast decoupling of new physics

• Possible exception: enhanced Higgs couplings to light quarks

�
σp

Γp

�
≈

�
σp

Γp

�

SM

L → Leff

Mgg→H → CWilson Meff
gg→H



AN EXAMPLE OF THEORY 
INPUT

σSM

gg→H
= C2αs(µr)

2
�
X0 (µr, µf ) + αs(µr)X1 (µr, µf ) + αs(µr)

2X2 (µr, µf ) + . . .
�

ΓSM

H→gg
= C2αs(µr)

2
�
Y0 (µr) + αs(µr)Y1 (µr) + αs(µr)

2Y2 (µr) + αs(µr)
3Y3 (µr) + . . .

�

known to NNLO

known to NNNLO

σSM

gg→H

ΓSM

H→gg

=
1 + 0.72 + 0.28 + . . .

1 + 0.65 + 0.20 + 0.002 + . . .

Harlander,Kilgore; 
CA, Melnikov; 

Neerven,Ravindran,Smith

Baikov, Chetyrkin

• Slow perturbative convergence
• but many orders in perturbation theory are known
• How much do we trust our perturbative QCD computations?  



PDF UNCERTAINTIES

• Five NNLO pdf sets

• 68% confidence level uncertainties show 
discrepancies 

• Situation can be ameliorated by adopting the 
90%CL uncertainty of MSTW

• Still, ABM11 set is quite different. 
ABM11 finds a lower value of alpha_s, relies 
on less data, but not yet  shown to disagree 
with LHC data. Their alpha_s value is in 
tension with measurements of the Z and W 
decay widths as well as LEP data and tau 
decays. 

• Important: high precision measurements of 
top and other SM cross-sections at the LHC.



SCALE VARIATIONS
• The Higgs cross-section has 

worried us for a long time about 
its slow perturbative 
convergence. 

• perturbative series converges 
slowly for scales around half the 
Higgs mass

• and very slowly for higher scales. 

• should we trust the NNLO 
computations?

• Let’s dissect them



NLO QCD CORRECTIONS
�
αs(µ)

π

�2

cross-section for gluon fusion via a heavy (top) quark:

Soft real and 
virtual corrections

Wilson coefficient of Heavy Quark 
Effective Theory (~ UV nature)

π2

11

2
= 2C1

σ ∼ Lgg (µ)×
�
1 +

αs(µ)

π

�
Nc

π2

3
+

11

2

�
+ 2 log

�
µ2

p2T

�
NcColl

�
p2t
M2

h

�
+Reg

�
p2t
M2

h

, θ

��

, log

�
µ2

p2T

�

Reg

�
p2t
M2

h

, θ

�
→ 0, pt, θ,π − θ → 0hard, vanishes in 



GLUON-GLUON LUMINOSITY

• Very stable from NLO to 
NNLO 

• Within 5% from LO for a light 
Higgs boson at the LHC for 
reasonable factorization scales.

• ~ 20% higher than LO for very 
very large factorization scales   Lgg(Mh=120GeV, LHC7, MSTW08)



LARGE K-FACTORS
�
1 + 4%

�
9.876 + 5.5

�
+ . . .

�

�
1 + 4%

�
9.876 + 0.9053

�
+ . . .

�

NLO/LO gluons 
and alpha_s

Two-loop bottom
amplitude. 

NLO

LO
∼ (80%− 105%)

Bound to have a large K-factor of at least 1.5-1.6
due to pi’s and the Wilson coefficient

Milder K-factor if gluon fusion is mediated through 
a light quark (bottom) as, for example, in large 

tan(beta) MSSM.   

π2

π2

NLO

LO
∼ (80%− 105%)

Wilson
coefficient



LARGE K-FACTORS (II)

NLO/LO gluons 
and alpha_s

•Logarithmic enhancement at small transverse momentum
•Integrable: reliable perturbative expansion for inclusive cross-sections.
•The mu scale is arbitrary, but no need to be senseless. 
•Choices very different than pt can spoil the perturbative expansion.

NLO

LO
∼ (80%− 105%)

�
1 +

αs(µ)

π

�
. . .+ 6 log

�
µ2

p2T

�
+ ...

��

NLO

LO
∼ (80%− 105%)

NLO/LO gluons 
and alpha_s

π2 Wilson
coefficient Pt-Log

µ = Mh

µ =
Mh

4

MH = 120GeV @LHC7 �< pt >∼ 35GeV�
1 + 4%

�
9.876 + 5.5 +O(15.)

�
+ . . .

�

�
1 + 4%

�
9.876 + 5.5 +O(1.)

�
+ . . .

�



PERTURBATIVE CONVERGENCE?

• Three main worries from the NLO calculation:  
     - Large  NLO Wilson coefficient  ~15-20%
     - Pi^2 = 2 x Nc x (Pi^2/6)  term   ~ 30-40% 
     - Large  logs (2 x Nc x Log(pt^2/mu^2)) of 
      transverse momentum (sensitive to mu) ~1% - 80%

• Comforting that the NNLO corrections are mild.  
The Wilson coefficient has a regular perturbative expansion.  

At NNLO:
Wilson

coefficient C ∼ 1 + (4%) · 5.5 + (4%)2 · 10.
Chetyrkin, Kniehl, Steinhauser



PERTURBATIVE CONVERGENCE?
• Half of Pi^2 belongs to a different Wilson coefficient when 

matching to SCET.  It ``exponentiates’’. We are left to explain 
the other half, which is a smaller (half) concern. 
At NNLO and  beyond:

1 +
αs

π
· (π2) + . . . ∼ e

αs
π ·

�
π2

2

� �
1 +

αs

π

�
π2

2

�
. . .

�

•  Logs due to soft radiation exponentiate  and can  
  be resummed  with NNLL accuracy at all orders.

•  Luckily, they yield small corrections beyond NNLO
Catani, de Florian, Grazzini

Ahrens, Becher, Neubert



CHECKS AGAINST KNOWN 
BEYOND NNLO EFFECTS

• NNLO vs NNLL resummation (Catani, Grazzini, de Florian) agree 
very well, over a vast range of collider energies

•  Similar observations for SCET-type threshold resummation 
(Ahrens, Becher, Neubert) 



SOFT LOGS AT NNNLO

Moch,Vogt

Consistent with NNLO

The NNLO  logarithmic 
terms are also known.  

We have reshuffled/resummed perturbation theory in all sensible ways that we can 
think of with very consistent results. inspires confidence that we have achieved a 

very good accuracy which we can trust for the inclusive cross-section   



CHECK ON EFFICIENCIES

• Exhaustive comparisons between 
parton-shower, resummation and 
fixed order already five years ago. 

• Showing a very good agreement in 
efficiencies for jet vetoes and other 
cuts. 

• The question of jet vetoes tantalized 
theorists for quite some time

• Could the success of the NNLO vs 
parton-shower comparison and pt-
resummation be an accident?  

would like to investigate whether parton shower Monte-Carlo programs, which can also

model non-perturbative e!ects and are computationally more flexible than NNLO Monte-

Carlo’s, provide realistic estimates of the signal cross-section.

We first discuss the problem of the normalization of the event generators. Parton

shower Monte-Carlo programs predict the same total cross-section as the cross-section for

their encoded partonic hard scattering at fixed order in perturbation theory. Therefore,

HERWIG predicts the Higgs boson total cross-section with LO accuracy (underestimating

it by a factor of ! 2) and MC@NLO provides NLO precision (underestimating the total

cross-section by a factor of ! 1.25). A matching of parton showers to NNLO fixed order

calculations is not yet developed. Following a practical approach, we will validate whether

the e"ciency of experimental cuts and normalized di!erential distributions are in agreement

with the NNLO calculations of Ref. [33]. We will then rescale the predictions of the

MC@NLO and HERWIG event generators with a global K-factor in order to reproduce

the fixed order result for the total cross-section. We will denote that the results of the

Monte-Carlo X have been multiplied with a K-factor using the notation R(X).

Figure 4: Cumulative cross-section for the Higgs transverse momentum distribution. The scaled
MC@NLO and HERWIG spectra agree very well with the resummed NNLL spectrum [38].

Now we will test how well event generators agree with resummation results for the

pH
T spectrum. In Fig. 4 we compare the integrated pH

T spectrum of MC@NLO and

HERWIG against the resummed NNLL prediction. We observe that both generators

are in very good agreement with the NNLL spectrum. This is especially surprising for

HERWIG which aims to describe the salient physics features of the process. Note, how-

ever, that MC@NLO gives slightly larger and HERWIG slightly smaller values than the

NNLL resummation [38].

Before we conclude our analysis of the integrated pH
T distribution we wish to comment

further on the scale variation of the fixed order results. In Fig. 1 we find a pH,max
T with

no scale variation. A similar behavior is also observed for the accepted cross-section with

all experimental cuts [29, 30] in Ref. [33]. It is therefore necessary to investigate in better

detail the variation of the NNLO result. We show the value of the cross-section at NNLO
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CA,Dissertori,Grazzini,Stoeckli,Webber



RESUMED JET-VETO 
EFFICIENCIES

• Explicit Jet-veto resummation at NNLL 
matched to NNLO. 

• Excellent agreement with fixed order 
NNLO down to very low veto values

• Lesson 1: caution is needed when the 
matching and resummation are not at 
the same level of accuracy (NLL-
NNLO differs from NNLL-NNLO)

• Lesson II: A poor man’s solution to 
rescale bad Monte-Carlo such that it 
matches a precisely known distribution 
is indeed poor!
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FIG. 2. Comparison of NNLO, NLL+NNLO and NNLL+NNLO results for jet-veto e!ciencies for Higgs (left) and Z-boson
(right) production at the 8 TeV LHC. The Higgs plot includes the result from a POWHEG (revision 1683) [20, 40] plus Pythia
(6.426) [17, 41] simulation in which the Higgs-boson pt distribution was reweighted to match the NNLL+NNLO prediction
from HqT 2.0 [7] as in [21]. The lower panels show results normalised to the central NNLL+NNLO e!ciencies.

Our central predictions have µR = µF = Q = M/2 and
scheme a matching, with MSTW2008NNLO PDFs [54].
We use the anti-kt [29] jet-algorithm with R = 0.5, as
implemented in FastJet [55]. For the Higgs case we use
the large mtop approximation and ignore bb̄ fusion and
b’s in the gg ! H loops (corrections beyond this approx-
imation have a relevant impact [16, 56]). To determine
uncertainties we vary µR and µF by a factor of two in
either direction, requiring 1/2 " µR/µF " 2. Maintain-
ing central µR,F values, we also vary Q by a factor of
two and change to matching schemes b and c. Our final
uncertainty band is the envelope of these variations. In
the fixed-order results, the band is just the envelope of
µR,F variations.

The results for the jet-veto e!ciency in Higgs and Z-
boson production are shown in Fig. 2 for 8 TeV LHC
collisions. Compared to pure NNLO results, the cen-
tral value is slightly higher and for Higgs production, the
uncertainties reduced, especially for lower pt,veto values.
Compared to NNLO+NLL results [21], the central values
are higher, sometimes close to edge of the NNLO+NLL
bands; since the NNLO+NLL results used the same ap-
proach for estimating the uncertainties, this suggests that
the approach is not unduly conservative. In the Higgs
case, the NNLO+NNLL uncertainty band is not particu-
larly smaller than the NNLO+NLL one. This should not
be a surprise, since [21] highlighted the existence of pos-
sible substantial corrections beyond NNLL and beyond
NNLO. For the Higgs case, we also show a prediction
from POWHEG [20, 40] interfaced to Pythia 6.4 [17] at
parton level (Perugia 2011 shower tune [41]), reweighted

to describe the NNLL+NNLO Higgs-boson pt distribu-
tion from HqT (v2.0) [7], as used by the LHC experi-
ments. Though reweighting fails to provide NNLO or
NNLL accuracy for the jet veto, for pt,veto scales of prac-
tical relevance, the result agrees well with our central
prediction. It is however harder to reliably estimate un-
certainties in reweighting approaches than in direct cal-
culations.
Finally, we provide central results and uncertainties

for the jet-veto e!ciencies and 0-jet cross sections (in
pb) with cuts (in GeV) like those used by ATLAS and
CMS, and also for a larger R value:

R pt,veto !(7 TeV) "(7 TeV)
0-jet !(8 TeV) "(8 TeV)

0-jet

0.4 25 0.63+0.07
!0.05 9.6+1.3

!1.1 0.61+0.07
!0.06 12.0+1.6

!1.4

0.5 30 0.68+0.06
!0.05 10.4+1.2

!1.1 0.67+0.06
!0.05 13.0+1.5

!1.5

1.0 30 0.64+0.03
!0.05 9.8+0.8

!1.1 0.63+0.04
!0.05 12.2+1.1

!1.4

Interestingly, the R = 1 results have reduced upper un-
certainties, due perhaps to the smaller value of the NNLL
f(R) correction (a large f(R) introduces significant Q-
scale dependence). The above results are without a ra-
pidity cut on the jets; the rapidity cuts used by ATLAS
and CMS lead only to small, < 1%, di"erences [21].
For the 0-jet cross sections above, we used total

cross sections at 7 TeV and 8 TeV of 15.3+1.1
!1.2 pb and

19.5+1.4
!1.5 pb respectively [57, 58] (based on results in-

cluding [45–49]) and took their scale uncertainties to be
uncorrelated with those of the e!ciencies. Symmetris-
ing uncertainties, we find correlation coe!cients between

Banfi, Monni, Salam, Zanderighi

(Similar studies with a SCET formalism by Becher, Neubert)

Banfi, Monni, Salam, Zanderighi



EVEN BETTER PRECISION?

• The cross-section for gluon fusion is a 
very important ingredient for Higgs 
coupling extractions,

• causing the largest theoretical uncertainty.

•  shall we go to an NNNLO precision? 

• We can know already the precision 
which we can claim at the next order.

• surprisingly, we can only reduce the scale 
uncertainty from a 8% at NNLO to 5% 
at NNNLO. 

NNLO

NNNLO

NNNLO is necessary 
to instill more 

confidence in our 
existing predictions.



A PATH TO NNNLO

REVERSE UNITARITY AND 
THRESHOLD EXPANSIONS



EXISTING NNLO METHODS

• Pioneering work by van Neerven et al in Drell-Yan (~1990).

- computing the inclusive cross-section in the soft limit  
- followed by complete calculation for arbitrary partonic energy. 

• Additional techniques for Higgs production

- Soft limit (Catani, de Florian, Grazzini; Harlander,Kilgore)
- Systematic method for threshold expansion and resuming of the series 
(Harlander,Kilgore)

z ≡ M2
V

ŝ
→ 1.

σ̂RR = (1− z)−1−4�
�
a1 + a2(1− z) + a3(1− z)2 + . . .

�

σ̂RV = (1− z)−1−4�
�
b1 + b2(1− z) + b3(1− z)2 + . . .

�

+(1− z)−1−2�
�
c1 + c2(1− z) + c3(1− z)2 + . . .

�



REVERSE UNITARITY

• Convert phase-space integrals into loop integrals. 

• Use IBP identities and the Laporta algorithm to reduce phase-space integrals into master integrals

•  Simplification for cut propagators.

• Few remaining master integrals. Solved using differential equations, derived and solved in the same way 
as for loop master integrals (Kotikov; Gehrmann, Remiddi, Smirnov, Veretin, ...) 

Melnikov, CA

δ
�
p2 −M2

�
→ i

p2 −M2
− c.c.

can almost
forget about it

�
ddk

∂

∂kµ

qµ

k2 . . .
= 0 � I1 + I2 + . . . = 0

�
i

k2

�n

→ 0, n = 0,−1, 2, . . .



REVERSE UNITARITY 

• 18 double real-radiation master 
integrals

• 7 real-virtual master integrals

• 3 double-virtual master 
integrals for the two-loop form 
factor 

Melnikov, CA



FROM NNLO TO NNNLO
NLO NNLO NNNLO

topologies

master integrals 
per topology

total number of 
master integrals

1 11 217

1 ~5 ~25

1 18 ~1000

integrations over real radiation 
tree-level graphs

integrations over real radiation 
tree-level graphs

integrations over real radiation 
tree-level graphs

•Sheer magnitude of such a calculation is frightening 
•But, we can hope in sharpening our methods



IN THIS TALK

• Threshold series expansion with the “reverse unitarity” method
- z  =1  limit is extremely useful as a first step towards a complete calculation
- necessary boundary condition for solving master integral differential 
equations
- important contribution to the cross-section

• The method allows for a systematic expansion around the soft limit, 
acquiring as many terms in the series as computer power permits us to 
do so. 

• Enormous simplification permitting the use of IBP identities directly in the 
soft limit. 



THE NLO REAL RADIATION 
EXAMPLE

Consider the NLO real radiation topology:

ν1, ν2 = . . . ,−2,−1, 0, 1, 2, . . .

Scaling of the gluon momentum:
(no approximation made)

I [ν1, ν2] =

�
ddk

δ
�
(p12 − k)2 −M2

V

�
δ
�
k2

�

[(k − p1)2]
ν1 [(k − p2)2]

ν2

I [ν1, ν2] = z̄1−ν12−2�Ireg [ν1, ν2] Ireg [ν1, ν2] =

�
ddl

δ
�
(l − p12)2

�
δ
�
l2
�

[(l − p1)2]
ν1 [(l − p2)2]

ν2

one-scale integral

two-scale 
integral

divergentexponent X
= LOGS

k = z̄ l, z̄ ≡ 1− z = 1− M2
V

ŝ



THE NLO REAL RADIATION 
EXAMPLE

Ireg [ν1, ν2] =

�
ddl

δ
�
(l − p12)2

�
δ
�
l2
�

[(l − p1)2]
ν1 [(l − p2)2]

ν2

Trivial to perform the integration over the rescaled momentum. 
But, let’s resist the temptation.

(l − p1)
2 + (l − p2)

2 = (l − p12)
2 + l2 − p212 �

Double cut of one-loop form factor integrals

REVERSE UNITARITY:

δ
�
l2
�
, δ

�
(l − p12)

2
�
→ i

l2
,

i

(l − p12)2
�

One master integral: 
two massless particle phase-space measure



FIRST LESSONS

• A rescaling of gluon momenta which captures their behavior in 
the soft limit leads to phase-space integrals which depend only 
on a single kinematic scale (at NLO). 

• Reverse unitarity and integration by parts minimize the 
amount of integrations (down to one integral). 

• Calculation is almost entirely algebraic (=algorithmic).   



MULTIPLE REAL EMISSION

reverse unitarity

I =

�
ddq1 . . . d

dqNδ(q21) . . . δ(q
2
N )δ

�
(p12 − q12...N )2 −M2

V

� ��M2
��2

I =

�
ddq1 . . . ddqN

q21 . . . q
2
N ((p12 − q12...N )2 −M2

V )

��M2
��2

SCALING: qi → z̄qi (no approximation made yet)

I = z̄N(d−2)−1

�
ddq1 . . . ddqN

q21 . . . q
2
N ((p12 − q12...N )2 − zq212...N )

|M|2 (z̄qi, p1, p2)

Correct asymptotic
behavior

New integral depends on z. But it is regular at z=1.  
Can be expanded INSIDE the integration sign.



MULTIPLE REAL RADIATION

I = z̄2N�−1
�
I(0)reg + I(1)regz̄ + I(2)regz̄

2 + . . .
�

Taylor expanding the integrand:

MASTERS

IBP 
REDUCTION

•Integrals of sub-leading terms reduce to the same master integrals as the 
ones making up the strict soft limit!
•Computing more terms in the series expansion is an algebraic problem

•no new master integrals emerge.   



DOUBLE REAL RADIATION AT 
NNLO

• 18 master integrals for a generic value of z. 

• Two master integrals for the expansion around the soft limit: 

• Recall the master integrals for the two-loop form factor :

• They are of  similar nature (coincide in the “wrong” limit z=0).



TRIPLE REAL RADIATION AT 
NNNLO

• Looked at some of the 215 topologies which appear at NNNLO.

• A verified example of a topology is shown here.

• 23 master integrals for generic z. 

• These collapse to one very simple master integral, the phase-
space measure, when expanding around threshold.

• Total number of master integrals 
~ master integrals for the three-loop form  factor with a 
quadruple cut (< 10).  



WORK IN HAPPY PROGRESS

• Identifying and reducing to master integrals all triple real-radiation topologies

• Further steps: 
- extend this method to combinations of real and virtual    radiation
- requires scalings of loop-momenta in the soft limit and it is 
conceptually harder.  
- success for real-virtual master integrals at NNLO 
(Dulat, Mistlberger)
- a lot more inventiveness is needed for  RVV and RRV at NNNLO, 
but we hope to get guidance from the two-loop master integral 
computations for Higgs+1jet production (Gehrmann,Remiddi)

• Watch this space



CONCLUSIONS

• Higgs discovery came with excitement, a feeling of relief, but also puzzles. 

• Soon we will move to an era of Higgs boson precision phenomenology

• This era for theorists has started since long time ago, with precise calculations for inclusive and 
differential Higgs cross-sections and decay rates at very high orders in perturbation theory. 

•  Further progress can come with even harder calculations at even higher orders and the 
development of new methods in perturbative QCD. 

• First attempt to improve on gluon fusion inclusive cross-section, performing an expansion in the 
soft limit.  

• Extended the application of the reverse unitarity method to threshold expansions of phase-space 
integrals. 

• Attainable NNNLO precision 5%.   


