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The DNLS model

H =
∑

n

[
|zn|4 + z∗nzn+1 + znz

∗
n+1

]

i
dzn
dt

= 2|z|2zn + (zn−1 + zn+1)

TWO CONSERVATION LAWS

Energy: H Mass: A =
∑

n |zn|2

h: energy density a: mass density
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DNLS equilibrium phase diagram (Rasmussen, 2001)
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Operative definition of the relavant observables

1

T
=
∂S
∂H

µ

T
= −∂S

∂A

∂S
∂C1

=

〈
W‖~ξ‖
~∇C1 · ~ξ

~∇ ·

(
~ξ

‖~ξ‖W

)〉

~ξ =
~∇C1

‖~∇C1‖
− (~∇C1·~∇C2)~∇C2

‖~∇C1‖‖~∇C2‖2
; W 2 =

∑2N
j<k

[
∂C1

∂xj
∂C2

∂xk
− ∂C1

∂xk
∂C2

∂xj

]2

C1,2 = H,A

zn = x2n + ix2n+1 (Franzosi 2011, Iubini et al. 2012)
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Positive temperatures: numerical check
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exp[−(∆H − µ∆A)/T ]
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The non-equilibrium setup: steady states

T
1

µ
1

T
2

µ
2

Fluxes

Ja(n) = 2 (pn+1qn − pnqn+1) Jh(n) = − (ṗnpn−1 + q̇nqn−1)

zn = pn + iqn
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Langevin dynamics

iżn = (1 + iγ)
[
−2|zn|2zn − zn+1 − zn−1

]
+ iγµzn +

√
γT ξn(t)

ξn(t) = ξ′n + iξ′′n

ṗn = −∂H
∂qn
− γ ∂Hµ

∂pn
+
√

2γTξ′n(t)

q̇n =
∂H

∂pn
− γ ∂Hµ

∂qn
+
√

2γTξ′′n(t)

Hµ is the effective Hamiltonian Hµ = H − µA
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Non-equilibrium steady states
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Normal transport
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Non-monotonous temperature profile
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Large mass-density limit

Decompose the variable zn into λn and φn

zn =
√
a(1 + λn/4a) exp[i(2(a− 1)t+ φn + nπ)]

φ̇n = λn

λ̇n = 4a [sin(φn+1 − φn)− sin(φn − φn−1)]− γ′(λn − δµ) +
√

4γTξn

HXY =
∑
n

λ2n
2
−
∑
n

4a cos(φn+1 − φn)
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The XY model
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Frequency profile
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Frequency gradient

10
2

10
3

N

0.05

0.10

|j
p
|

1 10

m N
 -1/5

10
-3

10
-2

10
-1

10
0

∆
Ω

m
  

N
1
/5

Antonio Politi (ICSMB) Non-equilibrium transition 27 May 2014 16 / 20



Space-time pattern
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Temperature profile
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Lyapunov exponents
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Back to DNLS dynamics

0 20 40 60 80

( n-n^ ) / N
1/2

0

1

2

3

4

5

T
n

10
2

10
3

10
4

N

0.5

1

2

|j
a
|

Antonio Politi (ICSMB) Non-equilibrium transition 27 May 2014 20 / 20


