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Factorization of elements in S,

Question: Given a permutation h € S, of cycle type
p= (1> p2 >+ > g > 0),
what is the number HY(1) of distinct ways it can be written as a product
h=(aiby)--(aqbq)

of d transpositions ?

Young diagram of a partition. Example . = (5,4, 4,2)
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Classical Hurwitz numbers Group theoretical/combinatorial meaning

Representation theoretic answer (Frobenius):

X)\

(cont I
Al 26

—
where hy = (det ey ,H)') is the product of the hook lengths of

the partition A = Ay > -+ > Ay > 0,
é()\) _2
xa((2, (1)) ha
cont(A) :== > (j—1) Z AN\ —2i+1) = E—
(if)ex )

is the content sum of the associated Young diagram, x(u) is the
irreducible character of representation \ evaluated in the conjugacy
class u, and

=TT = fauto)

v

Harnad (CRM and Concordia) Weighted Hurwitz numbers and hypergeomet May 11 - 15,2015 4/39



Classical Hurwitz numbers Geometric meaning: simple Hurwitz numbers

Geometric meaning: simple Hurwitz numbers

Hurwitz numbers: Let H(u(), ..., (%)) be the number of inequivalent
branched n-sheeted covers of the Riemann sphere, with k branch
points, and ramification profiles (u("), ..., u(%)) at these points.

The genus of the covering curve is given by the Riemann-Hurwitz
formula: 229 =t(\)+4(p)—d, d:=3",(u")
where ¢*(u) := |u| — ¢(w) is the colength of the partition.

The Frobenius-Schur formula expresses this in terms of characters:

()
HE,. i) = S0 K 2H ()

A== =t O

In particular, choosing only simple ramifications p() = (2, (1)"2) at
d = k — 1 points and one further arbitrary one p at a single point, say,
0, we have the simple Hurwitz number:

HY(u) = H((2, (1)), -, (2, ()™ 1), ).
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Classical Hurwitz numbers Geometric meaning: simple Hurwitz numbers

3-sheeted branched cover with ramification profiles (3) and (2, 1)
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Classical Hurwitz numbers Double Hurwitz numbers (Okounkov)

Double Hurwitz numbers

Double Hurwitz numbers: The double Hurwitz number (Okounkov
(2000)), defined as

Cova(p, v) = Hgp(k,v)) = H((2,(1)" 1), (2,(1)" "), ).

has the ramification type (u, ) at two points, say (0, o), and simple
ramification () = (2, (1)"~2) at d other branch points.
Combinatorially: This equals the number of d-step paths in the
Cayley graph of S, generated by transpositions, starting at an
element h € C, and ending in the conjugacy class C,.

Here {C,, |u| = n € C[Sy])} is defined to be the basis of the group
algebra C[S;] consisting of the sums over all elements h in the various
conjugacy classes of cycle type pu.

C.= >, h

heconj(w)
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Classical Hurwitz numbers Double Hurwitz numbers (Okounkov)

Example: Cayley graph for S, generated by all transpositions

positioncayleyons4.png 867x779 pixels
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KP and 2D Toda 7-functions as generating functions

r-function generating functions for Hurwitz numbers
Define

TMRPU2(N 1) == ST D (N)hy T Sa ()

X
72DToda(u2) (Nt g) = Z r/{”’z)(N)S,\(t)SA(S)
y

where rUD(N) = 11 r(‘jj),, .“Z) = ue”
(ieA

and
t=(t,b,...), s=(51,8,...)

are the KP and 2D Toda flow variables.
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KP and 2D Toda 7-functions as generating functions Hirota bilinear relations

mKP Hirota bilinear relations for 7"F(N,t), t .= (t;,t,...), Ne Z

?{ NN g 2 PNt — [z )r PNt + 6t + [z7']) = 0
Z=00

§0tz):=> ot 2, [z7V):= 17 z~!, identically in 6t = (0ty, 61, ...)
i=1

v

2D Toda Hirota bilinear relations for 72°%(N.t,s), s := (51,52, . ..)

f{ ZN-N'g=s0t2) r2Toda( N t — [271] 8)2 RN/t + ot + [z7'],8) =
Z=00

i ZN-N'g=s0s2)2loda(N 4 1 t, s — [2])r2T%(N' — 1,1, + ds + [2])
Z=

1 .
[z]i = 7z’, identically in 6t = (0t1,dtp,...), 08 := (851,98p,...)

v

Harnad (CRM and Concordia) Weighted Hurwitz numbers and hypergeomet May 11 - 15, 2015 10/39



KP and 2D Toda 7-functions as generating functions T-functions as generating functions for Hurwitz numbers

Hypergeometric r-functions as generating functions for Hurwitz
numbers

For N = 0, we have

,.)(\U,Z)(O) — ylM gzeont(x)

Using the Frobenius character formula:

sm= Y e

Z
AP

where we restrict to
iti .= pi, Isi = p;
and the P,’s are the power sum symmetric functions

()

n n
P,u:Hp/J,'a Pi ::ZX; p; :Zyjav
i=1 a=1 a=1
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KP and 2D Toda 7-functions as generating functions T-functions as generating functions for Hurwitz numbers

Hypergeometric r-functions as generating functions for Hurwitz
numbers

r)(\U»Z) — I’>(\U’z)(0) — yPlgzeont()
7_(u,z)(t) — 7_KP(u,Z)(O’ t) _ Z UlA‘h;1 ezcont(A) S)\(t)

—Z Z > HUwP.)
n=0  d=0 " p,ul=n

7_2D(u,z) (t, S) — 7_2DToda(u,z)(07 t, S _ Z U|)\|ezcont()\)s>\(t)8)\(s)

=y u Z 3 Ho(nv)Pu(t)Pu(s)
n=0 d=0

" powslpl=vi=n

These are therefore generating functions for the single and double
Hurwitz numbers.

v
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KP and 2D Toda 7-functions as generating functions Fermionic representation

Fermionic representation of KP and 2D Toda 7-functions

rMPU2(N, 1) = (N5 (Yul1e?724_(1,0,0...)|N)
72DTodau2) (N, 1, 8) = (N|A (t)uF e2729_(s)|N)

where the fermionic creation and annihiliation operators {;, wT},ez

13y
satisfy the usual anticommutation relations and vacuum state |0)
vanishing conditions

[, o1+ =85 wil0)=0, fori<0, ¢f0)=0,

1 k.ot
Fio= 2> 5 v

jeZ

fori >0,

(1) = e izt t,-J,-7 4_(s) = izt s,-J/’ Ji = Z¢k¢£+i’ ieZ.

keZ
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KP and 2D Toda 7-functions as generating functions Fermionic representation

Question: How general is this?

Is this just a unique case? Or are there other KP or 2D Toda
T-functions that are generating functions for enumerative
geometrical / combinatorial invariants?

Answer: Very general

There is an infinite dimensional variety of such 7-functions. This
particular class consists of 7-functions of hypergeometric type:

7(N,t,8) = > n(N)Sx(1)Sx(s)
X

where r\(N) is given by a content product formula

n(N) = H INtj—i

(e

for an infinite sequence {r;};cz of (real or complex) numbers.

v
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KP and 2D Toda 7-functions as generating functions Fermionic representation

Weighted Hurwitz numbers and their transforms

Every such 7-function can be used as a generating function for

enumerative geometric/combinatorial invariants of the Hurwitz type.

Moreover, by application of suitable symmetries, these can be

transformed into other 7-functions, that are not of this class, but which

are generating functions for:

@ Gromov-Witten invariants (intersection indices on moduli

spaces of marked Riemann surfaces). (Related to Hurwitz
numbers by the ELSV formula.)

@ Hodge integrals (i.e. GW combined with Hodge classes) (Also
related to Hurwitz numbers by the ELSV formula.)

@ Donaldson-Thomas invariants (e.g. of toric Calabi-Yau
manifolds)

@ This also underlies the (Eynard-Orantin) programme of
Topological recursion.
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Composite, signed, weighted and quantum Hurwitz numbers Combinatorial weighted Hurwitz numbers: weighted paths

Weight generating functions

In all cases we have a weight generating function

)=1+) Giz' (=exp® forsingle and double Hurwitz numbers)

and a content product formula

= Glz), f=T[ GG-n2). T=m{]n.

(i))ex i=1

Hypergeometric 2D Toda 7-function: generalized Hurwitz
generating function
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Composite, signed, weighted and quantum Hurwitz numbers Fermionic representation

Fermionic representation of hypergeometric 2D Toda 7-functions

7G(2).2DToda( ) t §) = (|4, (t)e>iez Tfﬁ¢i¢f@,(s)|N>

where the fermionic creation and annihiliation operators {;, z/;,T},-ez
satisfy the usual anticommutation relations and vacuum state |0)

vanishing conditions

[i, ol =65 wil0)=0, fori<0, ¢fl0)=0, fori>0,

A(t) = eXS i A () = eXT s = ZW”L/» jieZ.
keZ
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Composite, signed, weighted and quantum Hurwitz numbers Weighted Hurwitz numbers

Definition (Paths in the Caley graph and signature)

A d-step path in the Cayley graph of S, (generated by all
transpositions) is an ordered sequence

(h, (a1 by)h, (a2 b2)(ay by)h, ..., (aqgbg)---(ai by)h)

of d + 1 elements of S,. If h € cyc(v) and g € cyc(u), the path will be
referred to as going from cyc(v) to cyc(u).

If the sequence by, bo, .. ., by is either weakly or strictly increasing,
then the path is said to be weakly (resp. strictly) monotonic.

The signature of the path (ag by) - - - (a1 by)h is the partition A of
weight |A\| = d whose parts are equal to the number of times each
particular number b; appears in the sequence by, b», . . ., by, expressed
in weakly decreasing order.

v
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Composite, signed, weighted and quantum Hurwitz numbers Weighted Hurwitz numbers

Definition (Jucys-Murphy elements)
The Jucys-Murphy elements (71, ..., 7n)

b—1
Jp = Z(ab), b=2,...n, J3:=0

a=1

are a set of commuting elements of the group algebra C[S,]

JaTIb = IpJa-

Definition (Two bases of the center Z(C(S,)) of the group algebra)

Cyclesums: C,:= » h
hecye(w)

Orthogonal idempotents: F) := h, Z xa(1)Cu,  FaF, = F\dx,
plul=IA=n

v

Harnad (CRM and Concordia) Weighted Hurwitz numbers and hypergeomet May 11 - 15, 2015 19/39



Composite, signed, weighted and quantum Hurwitz numbers Weighted Hurwitz numbers

Theorem (Jucys, Murphy)

fehy, f(J,...,Tn) € Z(C[Sn)].

and
f(Tv, ..., In)Fa=f{i — iHFx, (i) € A

Let

G(z,x) = ﬁ G(zxa) e A,  G(zJ):= G(z,7) € Z(C[Sh])
a=1

then

G(zT)Fr = [] G(z(j— i))Fy

(Hex
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Composite, signed, weighted and quantum Hurwitz numbers Weighted Hurwitz numbers

Weighted path enumeration

Let mfw be the number of paths (a;b1) - - - (a)x bjx) h of signature A
starting at an element in the conjugacy class cyc u with cycle type i
and ending in cycv.

Definition
The weighting factor for paths of signature \, |\| = d is defined to be

¢
G,\ = H G)\i'
i=1

(ee]
Then G(z,7)C. =) Z,F&(u,v)C,2°
d 1
where F&(u,v Z eNuns
)\ |A|=d

is the weighted sum over all such d-step paths, with weight G,.
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Composite, signed, weighted and quantum Hurwitz numbers Weighted Hurwitz numbers

Theorem (Hypergeometric 7-functions as generating function for
weighted paths)

Combinatorially,

C(t,s) = ZFFSA(t)SA(S Z Z FG 1, V)P ()P, (s)z°.
A

IuIII

is the generating function for the numbers Fg( w, v) of weighted d-step
paths in the Cayley graph, starting at an element in the conjugacy
class of cycle type n and ending at the conjugacy class of type v, with
weights of all weakly monotonic paths of type \ given by G,.
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Composite, signed, weighted and quantum Hurwitz numbers Geometric weighted Hurwitz numbers: weighted coverings

Suppose the generating function G(z) and its dual G(z) := G(lz)

can be represented as infinite products

Gz) =T[4 +20). G(2) =] 15
i=1 i=1 '

Define the weight for a branched covering having a pair of branch
points with ramification profiles of type (u, ), and k additional
branch points with ramification profiles (1.'),..., 1)) to be:

We(u™M,.. ., 1™ = my(c) = 1 Z Z Cig*((ﬁ(ﬂ) . C,-Z*(%(k))’
|aut()\)’ O'Esk1§i1<'“<ik 7 7
—1)™) . .

Wé(/j’(1)77u(k)) = f)\(c) = L Z Z C,Z ((1/3(1))7"'C,'£ (([f)(k))v
|aut()\)‘ O'ESk 1§’1§§’k 7 ’

where the partition A of length k has parts ()\q,..., A\x) equal to the

colengths (¢*(u("), ..., ¢*(uR)), arranged in weakly decreasing

order, and |aut()\)| is the product of the factorials of the multiplicities of

the parts of \.
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Composite, signed, weighted and quantum Hurwitz numbers Geometric weighted Hurwitz numbers: weighted coverings

Definition (Weighted geometrical Hurwitz numbers)

The weighted geometrical Hurwitz numbers for n-sheeted branched
coverings of the Riemann sphere, having a pair of branch points with
ramification profiles of type (i, v), and k additional branch points with
ramification profiles (1", ..., (%)) are defined to be

0 !/
l/) :Z Z WG(/’(’(1)7"'7/’L(k))H(ILL(1)7"'7/’L(k)7/’L7V)

k=0 (), (k)
T & (u0)=d

Hd /’L7 Z Z Wé(/,(/(1)’...7/,L(k))H(/J,(1)’...7/,L(k)7/,L’I/)7
k=0 () L0

zf; £+ (u0)=d

where 3~ denotes the sum over all partitions other than the cycle type
of the identity element.
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Composite, signed, weighted and quantum Hurwitz numbers Geometric weighted Hurwitz numbers: weighted coverings

Theorem (Hypergeometric 7-functions as generating function for
weighted branched covers )

Geometrically,

ZrA Sx(H)Sx(s Z > HE& (1, v)Pu(H)P.(8)2°.

4=0 /i
is the generating function for the numbers Hg(u, v) of such
weightedn-fold branched coverings of the sphere, with a pair of
specified branch points having ramification profiles (.., v) and genus
given by the Riemann-Hurwitz formula

2 —29 = l(p) + Uv)

Y |
1
|
Bl
Q
A

Corollary (combinatorial-geometrical equivalence)

HE(u,v) = F&(u,v)
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Composite, signed, weighted and quantum Hurwitz numbers Example: Belyi curves: strongly monotone paths

Example: Belyi curves: strongly monotone paths

G(2)=E(z):=1+2z, E(z,J)=]](0+27)

a=1

Ei=1, G =E=0forj>1,

rf=1+z, r(2)= [] (1 +2(-1)
((i)ex

J J—1
TF=> IW(1+kz), T5=-> In(1-kz), j>0.
k=1 k=1
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Composite, signed, weighted and quantum Hurwitz numbers Example: Belyi curves: strongly monotone paths

Example: Belyi curves: strongly monotone paths

The coefficients FZ(u, v) are double Hurwitz numbers for Belyi
curves, which enumerate n-sheeted branched coverings of the
Riemann sphere having three ramification points, with ramification
profile types 1 and v at 0 and oo, and a single additional branch point,
with n — d preimages.

The genus of the covering curve is again given by the
Riemann-Hurwitz formula:

2—2g=((\) + {(u) — d.

Combinatorially, FZ(u, v) enumerates d-step paths in the Cayley
graph of S, from an element in the conjugacy class of cycle type  to
the class of cycle type v, that are strictly monotonically increasing
in their second elements.
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Composite, signed, weighted and quantum Hurwitz numbers Example: Composite Hurwitz numbers

Example: Composite Hurwitz numbers: multimonotone paths

6(2) = E@) = (1+ 2 E@.0) = [[(1+20)', Ef = (7

I
a=1

F e F@= [0y,
(er

j Ul
=1 i=1
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Composite, signed, weighted and quantum Hurwitz numbers Example: Composite Hurwitz numbers

Composite Hurwitz numbers: multimonotone paths )cont’d)

The coefficients ng(u, v) are double Hurwitz numbers that enumerate
branched coverings of the Riemann sphere with ramification profile
types 1 and v at 0 and oo, and k additional branch points, such that the
sum of the colengths of the ramification profile type is equal to k.

The genus is again given by the Riemann-Hurwitz formula:
2-29=0\)+¢(u)—d.

Combinatorially, ng(u, v) enumerates d-step paths in the Cayley
graph of S, formed from consecutive transpositions, from an element
in the conjugacy class of cycle type u to the class of cycle type v, that
consist of a sequence of k strictly monotonically increasing
subsequences in their second elements.
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Composite, signed, weighted and quantum Hurwitz numbers Example: Signed Hurwitz numbers

Example: Signed Hurwitz numbers: weakly monotone paths

n
G(z) = H(z) = 1172, H(z,J)= H(1 — 277", H=1,ieNt
a=1
er=(1 _Zj)_17 r)l\-l(z): H (1 —Z(j—i))_1,
(e
i j—1
T/ =->"In(1—iz), T5=) In(1+iz), j>0.
i=1 i=1

Harnad (CRM and Concordia) Weighted Hurwitz numbers and hypergeomet May 11 - 15,2015 30/39



Composite, signed, weighted and quantum Hurwitz numbers Example: Signed Hurwitz numbers

Signhed Hurwitz numbers: weakly monotone paths (cont’d)

The coefficients HZ(u, v) are double Hurwitz numbers that enumerate
n-sheeted branched coverings of the Riemann sphere curves with
branch points at 0 and oo having ramification profile types . and v, and
an arbitrary number of further branch points, such that the sum of the
complements of their ramification profile lengths (i.e., the “defect"
in the Riemann Hurwitz formula) is equal to d. The latter are counted
with a sign, which is (—1)"*¢ times the parity of the number of branch
points .

The genus g is again given by the Riemann-Hurwitz formula:

229 =0(\) + f(u) — d

Combinatorially, H%(u,v) = F7(u, v) enumerates d-step paths in the
Cayley graph of S, from an element in the conjugacy class of cycle
type u to the class cycle type v, that are weakly monotonically
increasing in their second elements.
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Composite, signed, weighted and quantum Hurwitz numbers Quantum Hurwitz numbers

Weight generating functions for Quantum Hurwitz numbers

—e (972 Liy(q,2) =) ————~ (quantum dilogarithm)
b b _ k
| = k(1-9%)
]
_ q
/=0
n oo )
E(q,7) =[] [I(1 + 9'27a),
a=1i=0

= [[0+d2), @) HH +qkz(j - 1)),
k=0

k=0 (jj)e
J
—> Lis(g.—
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Composite, signed, weighted and quantum Hurwitz numbers Quantum Hurwitz numbers

Symmetrized monotone monomial sums

Using the sums:

> > Xg(n ' "Xc'}k(k)

o€ Sy 0<ij <<l

K1
_ Z e 0(2) o Xo(k—1)
25 (=% N = X1y Xo2)) - (1 = Xo(1) - Xo(k))

> Z Xg(n ' "Xc'}k(k)

oeS, 1<y <<k

k k—1
_ Z Xa(1)Xa(2) T Xa(k)

OESk (1 = X1))(1 = Xo(1)Xo2)) - - (1 = Xo(1) - Xo(k))
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Composite, signed, weighted and quantum Hurwitz numbers Quantum Hurwitz numbers

Theorem (Quantum Hurwitz numbers (cont’d))

rE@2)(t, s) Zz > HE (1. v)Pu(Y)P.(s), where

v
[ul=lv|

(o)

/
Hg(q)(% V) = Z Z WE(q)(,u(1), R ,,u(k))H(,um, o ,u(k),u, v
d=0 (1), .

) 1 > i px( (o) 0% (o)
with Weg (), u®) = 15 57 3 ) g i)

" oeS 0<I1< <Ik
1 q(k 1)0* (u qg (uletk=1)
- H Z (1 —C’Z*(M(Cr ))(1 _qf*( ),,,qﬁ*(u(f’(k)))

' o€Sk

are the weighted (quantum) Hurwitz numbers that count the number
of branched coverings with genus g given by the Riemann-Hurwitz

formula: 2 —2g=/(\)+¢(n) — k. and sum of colengths d.

v
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Composite, signed, weighted and quantum Hurwitz numbers Quantum Hurwitz numbers

Corollary (Quantum Hurwitz numbers and quantum paths)

The weighted sum over d-step paths in the Cayley graph from an
element of the conjugacy class p to one in the class v

F(q) ,U'vV) _7 Z E(q pw q))\—HH

— gl
A|>\|d i=1 j=1 q

is equal to the weighted Hurwitz number
Fg(q)(:u’v V) = HCEl(q)(/L7 1/)

counting weighted n-sheeted branched coverings of P! with a pair
of branched points of ramification profiles 1« and v, and any number of
further branch points, and genus determined by the Riemann-Hurwitz
formula

2-29=40(p)+Lv)—d

and these are generated by the T function TE(32)(t, s).
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Composite, signed, weighted and quantum Hurwitz numbers Bosonic gases and Planck’s distribution law

Bosonic gases

A slight modification consists of replacing the generating function
E(q,z) by

E'(q,2):=[](1+d*2).
k=1

The effect of this is simply to replace the weighting factors

o 1
1-gt 7 g w1

If we identify
q:=e  §=kgT,

where wyq is the lowest frequency excitation in a gas of identical
bosonic particles and assume the energy spectrum of the particles
consists of integer multiples of Aw

ex = khw,
v,
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Composite, signed, weighted and quantum Hurwitz numbers Bosonic gases and Planck’s distribution law

Expectation values of Hurwitz numbers
The relative probability of occupying the energy level ¢ is

AN
1—gk  efen -1’

the energy distribution of a bosonic gas.

We may associate the branch points to the states of the gas and view
the Hurwitz numbers H(p("), ... 1)) as random variables, with the
state energies proportional to the sums over the colengths

Egr(ul)) = he* (1) Buwo,

and weight _
qf*(u(’)) 1

1 — gt (") - O
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Composite, signed, weighted and quantum Hurwitz numbers Bosonic gases and Planck’s distribution law

Expectation values of Hurwitz numbers

the normalized weighted Hurwitz numbers are expectation values

- 1
E'(q) L), .k
T e (u)=d

’
where Weiqy(u, ..., ) = = >~ W) w(ue® ... et

W, ..., p#) =

@By eu) _ 1’

d . 1 k
k=0 (1),

sk e (ul)=d

is the canonical partition function for total energy dhw.

V.
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