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|. What are Macdonald polynomials?
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Symmetric group

Lets; (i=1,...,n—1) be generators of the symmetric group S;:

SiSi+1Si = Si+1S5iSi+1

st =1,
There exist a natural t-deformation of S;:
(T—t2)(Ti+t8)=0, (i=1,...,n-1),

TTiaTi= T TiTian.

This is the Hecke algebra (of type A,_1) and S, is recovered when t — 1.
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Polynomial action

The generators s; act naturally on polynomials:

S,'f(...,X,',X,'H,...)Zf(...,X,'H,X/,...) i=1,...n—1

and the t-deformation also has an action:

_1? X — Xit1 (1 _ S,‘).
Xi — Xit1

Tl_i1 :ti% _¢
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Polynomial action

The generators s; act naturally on polynomials:

S,'f(...,X,',X,'H,...)Zf(...,X,'H,X/,...) i=1,...n—1

and the t-deformation also has an action:

1 1 — X
TH =tfe 2 T _g).
Xi — Xit1

The shifted operator,

=T+ k=5

satisfies the Yang—Baxter equation,

Ti(W) T (U4 v)Ti(v) = Tip1 (V) Ti(u + v) Tz (U).
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Nonsymmetric Macdonald polynomials

We can extend to the affine Hecke algebra by adding a cyclic shift operator:

(wh)(X1, ..y Xn) = F(QXny X1, -+ oy Xn—1),

wli = Tiyqw.
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Nonsymmetric Macdonald polynomials

We can extend to the affine Hecke algebra by adding a cyclic shift operator:
(wh)(X1, ..y Xn) = F(QXny X1, -+ oy Xn—1),
wli = Tiyqw.
This algebra has a family of commuting operators (Abelian subalgebra) generated by

the Murphy elements:

Yi=T - ToqwT, - T

I

which commute:

¥, ¥l =0.

Remark: Symmetric functions of {Y;} are central, i.e. commute with all elements in the

Hecke algebra. o
QACEMJ
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Nonsymmetric Macdonald polynomials

Since the Y; commute, they can be diagonalised simultaneously:

Definition (Nonsymmetric Macdonald polynomial E,)

YiEx = yi(A\)Ex,
The index A = (A1,. .., An) is @ composition, \; € No, and
yi(\) = tp(A)qu
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Nonsymmetric Macdonald polynomials

Since the Y; commute, they can be diagonalised simultaneously:

Definition (Nonsymmetric Macdonald polynomial E,)

YiEx = yi(A\)Ex,
The index A = (A1,. .., An) is @ composition, \; € No, and
yi(\) = tp(A)qu

Example:
If X =(3,0,4,4,2), then define p = (2,1,0,—-1,-2)

Dominant weight A™ = (4,4,3,2,0)

Reorder p in the same way as reordering A™ — \

p()‘) = (07 -2,2,1,-1 ) QACEMI
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Macdonald polynomials

E\ forms a basis in the ring of polynomials with top-degree \*,

A A
EA(X1,...,X,,):X1‘---xn”+Zch“
n<A

(summation in dominance ordering)

Definition (Symmetric Macdonald polynomials)

P)\+:ZE)\

A<AT

Macdonald polynomials are (g, t) generalisations of Schur polynomials.

QACEMJ
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[l. Matrix Product Form
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Exchange relations

Let § be the anti-dominant weight (61 < 62 < ... < dn).

Definition (The exchange basis)

fs := Es

1
Pp— 3 _1 . .
foxidmp, =0 2T ya. A > A,
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Exchange relations

Let § be the anti-dominant weight (61 < 62 < ... < dn).

Definition (The exchange basis)

fs := Es

1
Pp— 3 _1 . .
foxidmp, =0 2T ya. A > A,

Then f solves the exchange equations

1
Tif  xjxgqn. = 2F . A= A,
Tif

— A0
Wf>\m>\1a~-v>\n—1 - q f>\1a<-<a>\n'

_1
=172f Ny A > A,

[ERTRS

e Dynamics of the multispecies asymmetric exclusion process g
o t'/2-deformed Knizhnik-Zamolodchikov equations ACEMS
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Matrix product ansatz

Assume
A(Xt e xn) =T [AA1 (x1) - -~AAn(xn)S},

This implies a matrix product for Macdonald polynomials as also

Pyv= > A

A<AT

‘Normalisation of ASEP’.
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Matrix product ansatz

Assume
A(Xt e xn) =T [AA1 (x1) - -~AAn(xn)S},

This implies a matrix product for Macdonald polynomials as also

Pyv= > A

A<AT

‘Normalisation of ASEP’.

The exchange relations imply the following algebra for the ‘matrices’ A:

AA(Y) = AA(X),
(AOAW) = AWAX)) = AOAY),
SAI(Gx) = G A(X)S,

QACEMJ

x—y

AOOAW) - )
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Zamolodchikov-Faddeev algebra

For A\ C r" the algebra relations can be rephrased by writing
AV (x) = (Ao(x),... A(x),

as an (r + 1)-dimensional operator valued column vector.

Lemma (ZF algebra)

The exchange relations are equivalent to

R(x,y) - [A(x) ® Ay)] = [A(y) ® A(X)]

R(x,y) is the Ui% (sh+1) R-matrix of dimension (r 4 1)? (r = 1 is the 6-vertex model).

QACEMJ

Matrix product formula for Macdonald polynomials



Yang-Baxter algebra and Nested Matrix Product Form

More familiar is rank r Yang-Baxter algebra:

R(x,y) - [L(x) ® Ly)] = [L(y) ® L(x)] - R(x.y)
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Yang-Baxter algebra and Nested Matrix Product Form

More familiar is rank r Yang-Baxter algebra:

R(x,y) - [L(x) ® Ly)] = [L(y) ® L(x)] - R(x.y)

Assume a solution of the following modified RLL relation
AO(x,y) - [Lx) @ Ly)| = [L) @ L) - BV (x,y)
sLi(ax) = 9" 'Ly(x)s.

in terms of an (r + 1) x r operator-valued matrix L(x) = LV (x).
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Yang-Baxter algebra and Nested Matrix Product Form

More familiar is rank r Yang-Baxter algebra:

R(x,y) - [L(x) ® Ly)] = [L(y) ® L(x)] - R(x.y)

Assume a solution of the following modified RLL relation
AO(x,y) - [Lx) @ Ly)| = [L) @ L) - BV (x,y)
sLi(gx) = ¢ 7Li(x)s.
in terms of an (r + 1) x r operator-valued matrix L(x) = L") (x).
Then
) =
r

A =LY - L V(%) - LV (x)
SN — N . glr=1 . g1
Solves the ZF algebra

R(x,y) - [A() @ A(y)] = [Ay) © A(X)]
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Rank 1 solution

1t ()G (2]

The corresponding solution to the Yang—Baxter algebra is equal to

i
L(1)(X) _ ():a i) ’

where the operators a, a' and k satisfy the t-oscillator relations

a'k=tka', ak=t"ka,
taa' —ala=1t—1.
Trivialising reduces the rank, and thus obtain the solution A (x)

(1 aT)HC 1). QACEMJ'
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Rank 2 solution
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We construct a solution of the ZF algebra in the following way:

; ; 1 a 1 1+ xal
APX)=1[®x)- [Vx) =[xk 0 (X) = kx
xa x xa+ x?
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We construct a solution of the ZF algebra in the following way:

; ; 1 a 1 1+ xa
APX)=1[®x)- [Vx) =[xk 0 (X) = kx
xa x xa+ x?
The associated rank 2 solution to the Yang—Baxter algebra is
1 al &
L®(x)= | xatk: xke 0|,
xa xalap x

where {ay, a, ki} and {a», al, k»} are two commuting copies of the t-oscillator algebra.

QACEMJ
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We construct a solution of the ZF algebra in the following way:

; ; 1 af 1 1+ xal
APX)=1[®x)- [Vx) =[xk 0 (X) = Kk .
xa x xa+ x?

The associated rank 2 solution to the Yang—Baxter algebra is

1 al &
L®(x)= | xatk: xke 0|,

xa xalap x

where {ay, a, ki} and {a», al, k»} are two commuting copies of the t-oscillator algebra.
The map af, a; — 1 and ks — 0 reduces the rank of L®(x) by one

11 a ) 1 a
LX) | xke xke 0] = [PX)=[xe 0],

Xar Xapo X Xao X
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Example
E§(X17 o, X6, q = tu, t) =Tr [Ao(X1 )Ao(Xg)A1 (X3)A1 (X4)A2(X5)A2(X6)S],

A(x) =1+ xa',

Ai(x) = xk,

Ax(x) = xa+ X,
S has the form

S =k"=diag{1,t",t7 ...} =diag{1,9 ', q7 %, ...}.

Tr [(1 + X1 a*> (1 + xzaT) xskxakxs (a+ Xs5) X (2 + Xs) S}

= X3XsXs5Xg IF |:(X5X6k2 + (X1 + X2)(X5 + xe)aTKQa =+ X1 X2(aT)2k232) S:| s
A\

where other terms involving unequal powers of a' and a have zero trace. ACEMS
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Example

Normalising with Tr(k?S) we finally get
Es(x1,..., X q =1, 1) = XsXaXEX§

>Tratak®S +Tr(ah)2a?k?S

XaXaXsXs (X1 + X2 ) (X5 + X p%
+ X3Xa X5 X6 (X1 + X2) (X5 + Xg)t ks T 1 XoX3 X4 X5 Xgt Y

Traces can be easily calculated using a Fock space representation.

alm=01—-t""m+1) am=01-t")zm-1)
k =diag{1,t" ", t72 ..}

QACEMJ
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l1l. General solution and combinatorics
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General L-matrix

Related work (x = 1) by (Ferrari& Martin), (Evans, Ferrari & Mallick), (Prolhac, Evans &

Mallick), (Arita, Ayyer, Mallick & Prolhac), (Linusson&Ayyer),. ..

The matrix L") (x) is given by

XH:n:i+1 k"“ i :j
L) =< xaa T kmy 0>
0, i<j

forall1 <i,j<r,and

r
<< Bl =xa [] kno1<i<r L =1,

m=i+1

where {a;, a,ﬂ ki}, 1 <i < r arer commuting copies of the t-oscillator algebra.
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corresponds with %) = kskeai,

MNNN

g——3

1
st k2a1
XKz ao
Xas
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Trivialising ay

Xk3 ko 0

RS
afxixll
DDD Xxksa>  xks
RIEE

x 0o,

Xas  Xaxa)
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Solution of ZF algebra

1 a, al 2\ @ w (o)
4909~ ( wom o 8) o) ()-8
xas Xxasah x X As(x)
(3)
a6 8| (S8 oy (9
W OS o] lHE (D) =g |-
b1t As(x)

t] ot} ot

From this it is easy to extract individual components, for example:

€LL) + HEHL

As(x) = ® @ o §
xkés)a(;) X k3 k2 ACEMI
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Combinatorial rule

Forr=3and A =(0,2,3,1,0,2), the matrix product can be represented in the
following way:

X6 o

X5

X4
Tr(Ao(x1)A2(X2)As(Xs) A1 (Xa) Ao(X5)A2(X6)S) = x5 o

Xo o

X1
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Column by column transition

With A = (3,1,0,2). We obtain the following four terms:

—O—0—T@ —O—T—o0—T=@
Xa
X3 B B >
X2 u {
X1 IDJ
w ST 7] BT
X3 _—0 ——Il
X2 | o
X1
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Macdonald polynomials

Recall symmetric Macdonald polynomials:

P)\+: Z f)\

A<t

Theorem (Cantini, dG, Wheeler)

Forxcr”
Pa(Xi,. . Xnig, )= > Tr [SHAM, x,},
plpt=x

where the sum is over all permutations . of \.
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