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XXZ model

• The model is defined by the Hamiltonian

HXXZ = J
N∑

i=1

{
σx

i σ
x
i+1 + σy

i σ
y
i+1 + ∆(σz

i σ
z
i+1 − 1)

}
.

• ∆ = −1/2 is the combinatorial point of the model:
The ground state is related to the alternating sign matrices
(Batchelor, De Gier, Nienhuis; Razumov, Stroganov; Di Francesco,
Zinn-Justin; Cantini, Sportiello; and many other authors).

• The spin chain is related to the dense O(1) loop model:
Finite size exact expressions for certain correlation functions were
conjectured (Mitra, Nienhuis, De Gier, Batchelor, ..)

• Features: Polynomial ground state with simple eigenvalue

• Methods: q-Knizhnik Zamolodchikov equations, solving recurrence
relations, guess work.

• Can we approach the correlation functions using the
Slavnov determinant?
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ABA

The central object of the Algebraic Bethe Ansatz for the spin 1/2 XXZ model
is the R-matrix:

R(µ, t) =


a(µ, t) 0 0 0

0 b(µ, t) c(µ, t) 0
0 c(µ, t) b(µ, t) 0
0 0 0 a(µ, t)

 .

a(µ, t) =
q2µ− t
q(µ− t)

, b(µ, t) = 1,

c(µ, t) =
(q2 − 1)

√
µ t

q(µ− t)
.

This R-matrix satisfies the Yang-Baxter equation:

Ri,j (µi , µj )Ri,k (µi , µk )Rj,k (µj , µk ) = Rj,k (µj , µk )Ri,k (µi , µk )Ri,j (µi , µj ).
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ABA
Introduce the L-matrix:

Lj (µ, zj ) = R0,j (µ, zj ),

which we use to construct the monodromy matrix:

T (µ) = LN(µ, zN)..L1(µ, z1).

The monodromy matrix can be written as a 2×2 matrix:

T (µ) =

(
A(µ) B(µ)
κC(µ) κD(µ)

)
,

The operators A, B, C and D form the Yang-Baxter algebra with the
commutation relations given by the RTT relations

R1,2(µ1, µ2)T1(µ1)T2(µ2) = T2(µ2)T1(µ1)R1,2(µ1, µ2),

where we used the notation T1(µ) = T (µ)⊗ Id and T2(µ) = Id ⊗ T (µ).
The Hamiltonian H can be written in terms if the transfer matrix:

T (µ) = A(µ) + κD(µ)
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ABA
The n-particle eigenstate of the transfer matrix is:

ψn =
n∏

i=1

B(ζi |z1, .., zN)|0〉,

where the parameters ζ1, .., ζn satisfy the Bethe equations:

N∏
i=1

a(ζk , zi )
n∏

i=1
i 6=k

a(ζi , ζk )− κ
N∏

i=1

b(ζk , zi )
n∏

i=1
i 6=k

a(ζk , ζi ) = 0, k = 1, 2, ..n.

The eigenvalues of the transfer matrix are:

τn(µ) =
N∏

i=1

a(µ, zi )
n∏

i=1

a(ζi , µ) + κ

N∏
i=1

b(µ, zi )
n∏

i=1

a(µ, ζi ).

The scalar products of states are defined as

Sn(µ1, .., µn; ζ1, .., ζn) = 〈0|
n∏

i=1

C(µi )
n∏

i=1

B(ζi )|0〉.

Where ζ1, .., ζn are the Bethe roots, µ1, .., µn are free parameters.
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Form factors
We are interested in computing the expectation values of local spin operators:

〈O〉 = 〈0|
n0∏

i=1

C(µi )O
n∏

i=1

B(ζi )|0〉,

where O stands for σ+
m , σ−m or σz

m, and the vector

〈0|
n0∏

i=1

C(µi ),

is the dual Bethe state when µi are the Bethe roots. If O can be written in
terms of A, B, C and D we can use the Yang-Baxter algebra to obtain:

〈0|
n0∏

i=1

C(µi )O =
∑

k

θk 〈0|
n∏

i=1

C(ν
(k)
i ).

We get

〈O〉 =
∑

k

θk Sn(ν
(k)
1 , .., ν

(k)
n ; ζ1, .., ζn).
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σz expectation value

Take σz
m and write it in the F-basis (Kitanine, Maillet, Terras):

σz
m =

∏
i<m

T (zi )(A(zm)− κD(zm))
∏
i>m

T (zi ),

where z ’s are the inhomogeneities. This expression boils down to

〈σz
m〉 = 2

m−1∏
i=1

τn(zi )
n∏

i=m+1

τn(zi )〈0|
n∏

i=1

C(µi )A(zm)
n∏

i=1

B(ζi )|0〉 − Sn({µ}; {ζ}).

Use the commutation relations to commute A through the B’s:

〈σz
m〉 = Sn({µ}; {ζ})−

n∑
a=1

faSn({µ}; ζ1, .., ζ̂a, .., ζn, zm),

where fa are some coefficients depending on the Bethe roots (µj and ζj are
the Bethe roots).
We need to compute the scalar product Sn({µ}, {ζ}), with Bethe roots ζ and
free parameters µ.
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Slavnov determinant
Introduce the matrix:

Ωj,k =
∂τn(µk |ζ1, .., ζn)

∂ζj

n∏
i=1

c−1(ζi , µk ).

Then the Slavnov determinant reads:

Sn(µ1, .., µn; ζ1, .., ζn) =
(q2 − 1)n

2n

∏
i<j

c(µj , µi )c(ζi , ζj ) det
1≤j,k≤n

Ωj,k .

Introduce two functions:

FN(x) =
N∏

i=1

(x − q2zi ), Qn(x) =
n∏

i=1

(x − ζi ).

The matrix elements become Ωj,k ∝ cj,k :

cj,k =
1

µk − ζj

(
Q(q−2µk )F (q4µk )

µk − q2ζj
+ κ

Q(q2µk )F (q2µk )

ζj − q2µk

)
.

We need to compute the determinant:

Sn ∝
1∏

i≤j (ζj − ζi )(µj − µi )
det

1≤j,k≤n
cj,k .
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Symmetrization of the Slavnov determinant

• Our goal is to compute the Slavnov determinant at ∆ = −1/2 for the
ground state (N = 2n) and twist κ = q2.

• At this point we know the Q-function (Di Francesco, Zinn-Justin)

Q(t) = q2n sYn+1 (z1, .., z2n; t)
sỸn

(z1, .., z2n)
.

sYn and sỸn
are the Schur functions of the partitions

Yn = {n, n, n − 1, n − 1, .., 1, 1, 0} and Ỹn = {n, n − 1, n − 1, .., 1, 1, 0}.
• We also know the eigenvalue of the transfer matrix:

τn(µ) = −q2n+1 F (µ)

F (q2µ)
,

• A symmetric function of the Bethe roots f (ζ1(z1, .., z2n), .., ζn(z1, .., z2n))
can be written as a a function of z ’s f̃ (z1, .., z2n) explicitly using the
Q-function.

• We need to symmetrize the matrix elements cj,k w.r.t. the Bethe roots ζi .
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• We also know the eigenvalue of the transfer matrix:

τn(µ) = −q2n+1 F (µ)

F (q2µ)
,

• A symmetric function of the Bethe roots f (ζ1(z1, .., z2n), .., ζn(z1, .., z2n))
can be written as a a function of z ’s f̃ (z1, .., z2n) explicitly using the
Q-function.

• We need to symmetrize the matrix elements cj,k w.r.t. the Bethe roots ζi .



Introduction Scalar product Integration of the Slavnov determinant Scalar product at q3 = 1

Symmetrization of the Slavnov determinant

• Our goal is to compute the Slavnov determinant at ∆ = −1/2 for the
ground state (N = 2n) and twist κ = q2.

• At this point we know the Q-function (Di Francesco, Zinn-Justin)

Q(t) = q2n sYn+1 (z1, .., z2n; t)
sỸn
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• We also know the eigenvalue of the transfer matrix:

τn(µ) = −q2n+1 F (µ)

F (q2µ)
,

• A symmetric function of the Bethe roots f (ζ1(z1, .., z2n), .., ζn(z1, .., z2n))
can be written as a a function of z ’s f̃ (z1, .., z2n) explicitly using the
Q-function.

• We need to symmetrize the matrix elements cj,k w.r.t. the Bethe roots ζi .



Introduction Scalar product Integration of the Slavnov determinant Scalar product at q3 = 1

Symmetrization of the Slavnov determinant

• Our goal is to compute the Slavnov determinant at ∆ = −1/2 for the
ground state (N = 2n) and twist κ = q2.

• At this point we know the Q-function (Di Francesco, Zinn-Justin)

Q(t) = q2n sYn+1 (z1, .., z2n; t)
sỸn
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Symmetrization of the Slavnov determinant
• Introduce the Izergin matrices:

aj,k =
1

(µk − ζj )(µk − q2ζj )
,

bj,k =
1

(µk − ζj )(ζj − q2µk )
,

so that

cj,k = Q(q−2µk )F (q4µk )aj,k + κQ(q2µk )F (q2µk )bj,k .

• Take the matrix aj,k and apply the symmetrization transform ρ:

ρi,j =
ζ i−1

j∏
k 6=j (ζj − ζk )

,

µ2−i
k Q(µk )Q(q−2µk )× ρi,jaj,k =

n∑
j=1

ζ i−1
j∏

l 6=j (ζj − ζl )

µ2−i
k Q(µk )Q(q−2µk )

(µk − ζj )(µk − q2ζj )

=
n∑

j=1

q−2ζ i−1
j µ2−i

k

∏
l 6=j

(µk − ζl )(µk q−2 − ζl )

(ζj − ζl )
= f (µk ).
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• The Lagrange polynomial f (µk ) is known at µk = ζi :

f (ζi ) =
1

1− q2 Q(q−2ζi ).

• And also at µk = q2ζi :

f (q2ζi ) = q2−2i 1
q2 − 1

Q(q2ζi ).

• It is easy to check that

f (µ) =
Q(µ)q2−2i −Q(q−2µ)

q2 − 1
,

• The transform ρ brings the matrices aj,k and bj,k to the form:

ρi,jaj,k = µi−2
k

Q(µk )q2−2i −Q(q−2µk )

(q2 − 1)Q(µk )Q(q−2µk )
,

ρi,jbj,k = µi−2
k

Q(µk )q2i−2 −Q(q2µk )

(q2 − 1)Q(µk )Q(q2µk )
.
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• After the symmetrization we obtain:

c̃i,k =
µi−2

k

(q2 − 1)

(
q2−2iF (q4µk ) + κq2i−2F (q2µk )

−
(F (q4µk )

Q(µk )
Q(q−2µk ) + κ

F (q2µk )

Q(µk )
Q(q2µk )

) )
.

• This expression is symmetric in the Bethe roots, they are contained in
the Q-function which is known to us at q3 = 1 (∆ = −1/2) and κ = q2.

• Recall the T -Q relation:

qnτ(µ)F (q2µ) =
F (q4µ)

Q(µ)
Q(q−2µ) + κ

Q(q2µ)

Q(µ)
F (q2µ).

• The scalar product becomes:

S̃n =
1∏

i≤j (µj − µi )
det

1≤i,k≤n
µi−2

k

(
q2−2i F (q4µk )

F (q2µk )
+ q−2+2iκ− qnτ(µk )

)
.

Note, this expression is valid for generic q.
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• When q3 = 1 and κ = q2 we know that:

τ(µ) = −q2n+1 F (µ)

F (q2µ)
.

• Matrix elements c̃i,k become

c̃j,k =
µj−2

k

q2 − 1
(
q2−2jF (q4µk ) + q2jF (q2µk ) + qF (µk )

)
.

• The functions F are the generating functions of the elementary
symmetric polynomials:

Fn(x) =
2n∑

i=0

(−q2)2n−ix ie2n−i (z1, .., z2n),

ek (z1, .., zm) =
∑

1≤i1<i2<···<ik≤m

zi1 zi2 . . . zik ,

ek (z1, .., zm) = 0, for k < 0 or k > m.

• Substituting this into the expression c̃j,k :

c̃j,k =
µj−2

k q4n

q2 − 1

2n∑
s=0

(−1)sµs
k e2n−s

(
q1−2s + q2j + q2+2s+2j),
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• The matrix elements c̃ can be rewritten as:

c̃j,k =
3qn−j

q2 − 1

n∑
m=1

(−1)j+m+1µ3m−3
k e2n−3m+j+1.

• The last expression is nothing but the product of two n × n matrices

Ak,m = µ3m−3
k , Bm,j = e2n−3m+j+1,

• The matrix A is the Schur polynomial of the partition Yn = {2n − 2i}n
i=1

det A = sYn (µ1, .., µn).

• This Schur function has a simple factorized form:

sYn (µ1, .., µn) =
∏

1≤i<j≤n

(µ2
i + µiµj + µ2

j ).

• The matrix B is the Schur polynomial of the partition
Ỹn = {n, n − 1, n − 1, .., 1, 1, 0} by the dual Jacobi-Trudi identity

det B = sỸn
(z1, .., z2n).

• The determinant Sn becomes:

Sn =
3nqn∏n

i=1 µ
1/2
i ζ

1/2
i∏n

i=1 q2nF (q2µi )
sYn (µ1, .., µn)sỸn

(z1, .., z2n).
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(z1, .., z2n).

• The determinant Sn becomes:

Sn =
3nqn∏n

i=1 µ
1/2
i ζ

1/2
i∏n

i=1 q2nF (q2µi )
sYn (µ1, .., µn)sỸn
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Normalization of the ground state
• When the parameters µ are also the Bethe roots in:

Sn(µ1, .., µn; ζ1, .., ζn) = 〈0|
n∏

i=1

C(µi )
n∏

i=1

B(ζi )|0〉.

• We get the normalization of the ground state:

Nn ∝ sỸn
(z1, .., z2n)sYn (ζ1, .., ζn)

n∏
i=1

ζi

F (q2ζi )
= sỸn

(z1, .., z2n)

∏n
i=1 Q(qζi )∏2n
i=1 Q(zi )

.

• Where we wrote the numerator and the denominator as a product of
Q-functions.

• Observe the following identity:
n∏

i=1

Q(qζi ) =
sỸn

(z1, .., z2n)s2
Y ′

n
(z1, .., z2n)

sY 0
n

(z1, .., z2n)

2n∏
i=1

Q(zi )

F (zi )

• Hence the norm of the ground state is equal to:

Nn =
s2

Ỹn
(z1, .., z2n)s2

Y ′
n
(z1, .., z2n)

s2
Y 0

n
(z1, .., z2n)sY2n (z1, .., z2n)
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〈σz
m〉

Recall the equation:

〈σz
m〉 = Sn(ζ1, ..)− 2

n∏
i=1

b(ζi , zm)

a(ζi , zm)

n∑
i=1

c(ζi , zm)

b(ζi , zm)

∏
j 6=i

a(ζj , ζi )

b(ζj , ζi )
Sn(zm, ζ1, .., ζ̂i , ..).

• In terms of the symmetrized scalar product S̃n:

〈σz
m〉 = S̃n

(
1 + 6q

Q(zm)Q(q2zm)

F (qzm)
Gn

)
,

Gn =
n∑

i=1

ζizmF (qζi )

(ζi − zm)(qζi − zm)(ζi − qzm)Q(q2ζi )
∏

j 6=i (ζi − ζj )
.

• It can also be written as a determinant:

〈σz
m〉 ∝ det

1≤j,k≤n

(
ζ3j−2

k F (qzm)Q(qzm)− 2z3j−2
m F (qζk )Q(qζk )

)
. (1)

• Now the problem is to symmetrize this w.r.t. the Bethe roots ζ.
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〈σz
m〉 = S̃n

(
1 + 6q

Q(zm)Q(q2zm)

F (qzm)
Gn

)
,

Gn =
n∑

i=1

ζizmF (qζi )

(ζi − zm)(qζi − zm)(ζi − qzm)Q(q2ζi )
∏

j 6=i (ζi − ζj )
.

• It can also be written as a determinant:

〈σz
m〉 ∝ det

1≤j,k≤n

(
ζ3j−2

k F (qzm)Q(qzm)− 2z3j−2
m F (qζk )Q(qζk )

)
. (1)

• Now the problem is to symmetrize this w.r.t. the Bethe roots ζ.
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〈σz
m〉

• Use the transformation ρ to symmetrize the 〈σz
m〉 determinant:

〈σz
m〉 ∝ det

1≤j,k≤n

(
hj+3k−2−nF (qzm)Q(qzm)− 2z3k−2

m

3n∑
i=0

(−q)ih2n+j−iγi

)
.

• This is an explicit formula since we know hi (ζ1, .., ζn).

• This formula is not computationally efficient.
We need a different symmetrization procedure instead of ρ, or we need
to perform other manipulations to simplify this determinant.
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Bethe roots
• Since we know the Q-function we can derive the correspondence

between the pair (eB, hB) and (es, hs)

F (q2t)Q(q2t) =
3n∑

k=0

(−1)k t3n−k
k∑

j=0

eB
j es

k−j =
3n∑

k=0

(−1)k t3n−kγk .

where γ’s are Schur functions:

γ3j = (−1)j sπ2j

sỸ
, j = 0, .., n

γ3j+1 = (−1)j sπ2j+1

sỸ
, γ3j+2 = 0, j = 0, .., n − 1.

For some partitions πk which are derived from Ỹ .

• Define δk = det1≤i,j≤k γ1−i+j , then

es
k =

k∑
i=0

γk−ihB
i , hs

k =
k∑

i=0

(−1)iδk−ieB
i ,

eB
k =

k∑
i=0

γk−ihs
i , hB

k =
k∑

i=0

(−1)i+kδk−ies
i ,
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Conclusion

• Root of unity

A similar computation for the systems with odd length.

Computation of more complicated correlation functions.

Application to the dense O(n = 1) loop model.

• Generic q

Symmetrization of Slavnov determinants for other
boundary conditions?

Can we relate the symmetrized scalar product determinant
and the determinants appearing in the separation of
variables (SoV) approach?
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