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Heisenberg model

The Heisenberg X X0 model on the chain is defined by the Hamiltonian

1 _— + —
H= D) Z(0k+10k~ +o0).

The local spin operators 0. = 5(of £ i0}) and o obey the
commutation rules: [0}, 0, | = o 07, (07,07 ] = £206 07 (31 is the
Kronecker symbol). The spin operators act in the space ;1 spanned

over the states ®k\[:0 |s)k, where |s); implies either spin “up”, |1), or

1), state at k' site. The states [1) = (é) and |]) = <O)

spin “down”,

1
provide a natural basis of the linear space C?. The state [{}) with all spins
“up™ [1) = ®., 1), is annihilated by the Hamiltonian (2):

n=0

Hf) =0
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Heisenberg model

The N-particle state-vectors, the states with NV spins “down”, is
convenient to express by means of the Schur functions:

)= Y sk (1Top, ) i
AC{MN}

The summation is over all partitions A satisfying
M=M+1—N2>X > Xy >---> Ay > 0. The sites with spin
“down” states are labeled by the coordinates yi;, 1 <i < N. These
coordinates constitute a strictly decreasing partition
M >y > pe > ... > py > 0. The relation A\j = pi; — N + j, where
1 < j < N, connects the parts of A to those of . Therefore, we can
write: A = p — 51\/ where dy is the strict partition (N —1,...,1,0).
The parameters u3, = (u?,...,u% ) are arbitrary complex numbers.
The Schur functions S» are defined by the Jacobi-Trudi relation:

det(2}* N F) < ren

Sa(xy) = Sa(z1, 29, ...,2N) = Vo) ,
in which V(xy) is the Vandermonde determinant
Vxy) = det(fﬂ‘;\rik)lgl%kSN = H () — Tp,) .
1<m<I<N
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Heisenberg model
The conjugated state-vectors are given by

W) = Y <TT|(]FV[0L>SA(VN2)~
AC{MN} ’

There is a natural correspondence between the coordinates of the spin
“down” states p and the partition A expressed by the Young diagram

Puc.: Relation of the spin "down” coordinates © = (8,5, 3,2) and partition
A =(53,22) for M =8, N =4.
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Heisenberg model

For the periodic boundary conditions (’Zium) = nf if parameters
ui = e (1< j < N) satisfy the Bethe equations,

PZ<A[+1)07 _ (71)N71 , 1 S 7 S N,
then the state-vectors become the eigen vectors of the Hamiltonian:
H[U(ON)) = En(On) [V(ON)) -

The solutions 6; to the Bethe equations can be parametrized such that

2 N -1 .
o ) ., 1<j<N,
g M+1<IJ 2 ) =J=a

where I; are integers or half-integers depending on whether NV is odd or
even.
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Heisenberg model

The eigen energies of the model are equal to

a Y 2 N-1
En(On) = *ZCOSGJ = chos <]\[—|—1 (Ij - 2)) :
J=1 Jj=1
The ground state of the model is the eigen-state that corresponds to the

lowest eigen energy Ev (65 ). It is determined by the solution to the
Bethe equations at /; = N — j:

and is equal to
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Heisenberg model

We shall consider the two types of the the thermal correlation functions
in a system of finite size will be considered. We call them the persistence
of ferromagnetic string and the persistence of domain wall. The
persistence of ferromagnetic string is related to the projection operator
II,, that forbids spin “down” states on the first n sites of the chain:

. U(08) | I, e ™™ T, | U(65)) _ V4o
05 n.1) = On) |1 n | FOy =11 2%
TORnD = aegn e uiegy 1L

5=0
where ¢ is the inverse temperature ¢t = 1/T.

The persistence of domain wall is related to the operator F,, that creates
a sequence of spin “down’ states on the first n sites of the chain:

_ 95 F+ e tH Fn N, gg ’ - n—1
.F(ol%[i",’ﬂ,t) = < ( N— r;) | | ( N—n,)> 7 Fn, — H O'j_ '
(U(ON_,) et “P( Nen)) j=0

Here 65 s the set of ground state solutions to the Bethe equations for
the system of N — n particles.
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Heisenberg model

The calculation of introduced correlation functions will be based on the
Binet—Cauchy formula adapted for the Schur functions:

Prm(yn.xn) = D> Salyn)Salxw)

AC{(L/n)V}
_ ﬁ g | 96t (hg) 1< <n
) TVl vix)

=1

where the summation is over all partitions A satisfying:
L>X > Xy >---> Ay >n, and the entries 7},; are given by:
B 1— (wkiy‘j)N+L7TL

T
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Random walks

Consider the simplest one-particle correlation function
My
G (j,mlt) = (1] o e or, ).

The Hamiltonian may be expressed in the form

1
H= 5 Z(Uk—HJk + O'A_HO'A ZAan' ot

n,m

where A,,,, is the hopping matrix with the entries equal to

Anm - 577,—!—1,771, + 577,—1,'771-
Differentiating G (7, m|t) with respect to ¢ and applying the commutation
relation

m Z ATI "L(Tn (7771 ’
we obtain the equality
—G (j,m|t) = (| of M Ho, |1)
= Z A,,,,, ﬂ| + tH > - Z An,mG (7‘ TL|t) .
n
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Random walks

The correlation function satisfies the difference equation:

d
SG(ymlt) = G (Gom = 106) + G (jym +1]1),

for the fixed subindex j, and the same equation for the subindex j with
the fixed m. The initial condition is defined by the equality

G (j,m|0) = 6. The correlator G (j,(|t) may be considered as the
exponential generating function of random walks. Expanding correlation
functions in powers of ¢ one has

tK

G (jmlt) =" =
1

(Mo (H) op, 1)
Applying then the commutation relations, one obtains

HKU;;, |ﬂ> = HK?I[H7O—’ITI,] \TT> = FK1 ZAmmU;l |ﬂ>

ni

§ ATLK71,;<,1 ---Ang’rn Am mo';h» |ﬂ>

N1yeens nK
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Random walks

The multiplication on (1} oj will fix the ending point of the trajectory:

(1 UT(H)KU; ) = &(j,m|K) = Z Ajng_q-Bryn, Bnym -
MK —1
The position of the walker on a lattice is Iabelled by the spin down state,
while the spin up states correspond to the empty sites, A, is an
elementary step. The obtained equality enumerates all admissible
trajectories of the walker starting from the site j and terminating at m.
The function &(j, m|K) satisfies equation:

G, mK+1)=6m-— 1K)+ 6(,m+1|K).

Puc.: A random walk in K = 17 steps.
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Random walks

The multi-particle correlation function

G(jlaj?: '“ujN;l]le: ~1N|t) = <TH U;U;...O’jNG_tHO'iO'l;...O'ZV ‘ﬂ> :

Applying the of commutation relation

N
[H,Jaag...al}} = ZJE...JI;H [H7Ul;}ol;+1 Oy
k=1

we obtain the equation

N

d . . . .
%G(Jla e il Iv(t) = Z(G(]lv e INs s Loy s e+ 15 DN ()
k=1

+G(jl:"'ajN:,Z]a127"'7lk - 1,,ZN|t))
The condition G(j1, ..., jn; 11, l2, ..., In|t) = 0 if I, =1, ji = j, for any

1 < 4,1 < N is guaranteed by the property of the Pauli matrices
(o) =0.
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Random walks

The solution of the equation is represented in the determinant form
G(.jla *JN, lla (XY} IN|t) = det {G(777 ls“)}r,s:]’m,N .

where G(j,[|t) are the one-particle correlation functions.

+ + F K. —_— _— :
The average (m aleIjZ...ajN(—H) o, 0,0, |1) is equal to the.
number of configurations that have the N random turns walkers being
initially located on the lattice sites [y > [ > ... > [y and after K steps

arrived at the positions j; > jo > ... > jn.

X

Puc.: Random turns walkers.
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For the infinite in the both sides lattice the one-particle correlation
function is

1 T o .
G(j,mlt) = Im—;(2t) = 5~ / 2teosteilm=0 g9

Expanding modified Bessel function in powers of ¢

tk
Ln—j(2t) = Z (k_j+,,,,>,<k+j_m),
2 ° 2 :

k>|l—j

where the sum is taken over k satisfying the condition
k+ [j — m| = 0(mod2), we obtain

K!

K—j+m | K+j—m |.
2 ' 2 '

It is a well known binomial formula for a number of all lattice paths from
m to j of length K on the infinite lattice.

&(j, m|K) =
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The generating function of N random turns walkers being initially
located on the lattice sites [; > I5 > ... > [y > 0 and arrived at the
positions j; > jo > ... > jy > 0 is

G(jl, ...,jN; ll, ...7lN|t)

AN - N -
() / do .. / N R R P .
2 Jy _ r,s=1 N

T & .

Making use of the symmetry of the integrand with respect to

permutations of the variables 6,,...,0y
1 T s 5 Z"\" o
G(jl, m:jN'll lN|t) = / d91/ dfye b2 =1 €08 Om
e eo v ), )
xsy (e, et cie“‘\")s,,,(efwl,(fw% e i) H |05 —ei0x |2

1<j<k<N

where \p, = jp, — N+ kand up =1l — N + k.



The one-particle correlation function on the semiaxis (0 < j,m < o)
satisfies the boundary condition G(j, m|t) = 0 for j,m = —1:

G(j,m|t) = % / e 0sin [(j + 1)0] sin [(m + 1)6] db

- ijm(2t) - Ij+m,+2(2t) .

This function is the exponential generating function of Catalan paths.

The Catalan path is a lattice path that starts at (0, ), ends in (K, m),
and only contains upsteps (1, 1) and downsteps (1 — 1), in such a way
that it never goes below the t-axis.

Puc.: A Catalan path in K = 16 steps starting from a point (0, 3) and
terminating at (16, 5).
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The number of Catalan paths in K steps from j to m is equal to

, K K
®(JWL|K) = (K—j-ﬁ—m) - <K+j+m+2) :
2 2

The Dyck path is the Catalan path that starts at the origin and ends at
(2K,0). The exponential generating function of such paths is

o0

G(0,0[t) = 711 (2t) Z

where C}, are Catalan numbers

1 (2
Ck_k:Jrl(k:)’

and the number of Dyck paths is

8(0,012K) = Cx
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The multi-particle correlation function on a semi-infinite lattice is an
exponential generating function of the random turn paths starting at

ly >l > ... > Iy > 0 and terminating at j; > jo > ... > jy > 0 that do
not pass below ¢ axis is equal to

. . 1 . . N cos
G(j1, - ins e, s INt) = W/ d91---/ df) €2t Em=1 205 Om

X gp)\((37’0176162’“ 16\)91) ( 7L015(371627...,(37'9N)
2
X H det {sin sf
(1<7',5<N{ T} ’
1<j<k<N N~ 7

where A\, = jp. — N +k, pp =l — N + k and

Akt K —k+1 (A +K—k+1)
- )

—(K—k+1

K—k+1 l’j< + ))

det < k<r (7]

Spk(x171727 ey UK ) =
dety < k<r (7]

is the character of the irreducible representatlon of the symplectic Lie
algebra corresponding to a partition \.

N.M. Bogoliubov



The calculation of correlation functions of the model is based on
Binet-Cauchy formula:

X _ det(Thy)i<kj<n
,\CZMN Sa(x)Sa(y) = Pr)Vnly)

where the summation is over all partitions A satisfying:
M > X > Xy >---> Ay > 0. The entries

1 — (zpy, )MV

' 1 —ary;

To study the asymptotical behaviour of the introduced correlation
functions we need to calculate the the ¢-parameterized Binet-Cauchy
relation. We puty = q = (¢,¢%,...,¢"), x=q/qg=(1,q,...,¢" 1)
and obtain
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o | MM Gk
Z S)\ S)\ q/Q) (q)VN (q/q) det i+k—1
eI 1—¢ 1<5, k<N

= "M o (BZVV“_ED — Z(N,N, M).
+7- 1<i,j<M

The entries of the last determinant are the ¢-binomial coefficients:

{R] _ [R]!

o) = R M T

and
Mtk

N N
Z(N,N, M) UU g

is the MacMahon generating function of plane partitions in the
N x N x M box.
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A combinatorial description of the Schur functions may be given in terms
of semistandard Young tableaux. A filling of the cells of the Young
diagram of X\ with positive integers n € N7 is called a semistandard
tableau of shape X provided it is weakly increasing along rows and strictly
increasing along columns. The weight x” of a tableau 7" is defined as

XT = F[QL‘Ti7 N
i

where the product is over all entries T;; of the tableau 7". An equivalent
definition of the Schur function is given by

S)\(ZL’l,IL'Q,...,fL'r,n) - ZXT7
T

where m > N, and the sum is over all tableaux T" of shape A\ with the
entries being numbers from the set {1,2,... m}.
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There is a natural way of representing each semistandard tableau of
shape A\ with entries not exceeding /N as a nest of self-avoiding lattice
paths with prescribed start and end points.

51 [ [ [ [xs [ ]
X2 [X2 [X2

X3 |X3 |X4

Puc.: A semistandard tableau of shape A = (6, 3,3, 1).

An equivalent representation of the Schur function

1
Sx(x1, e, ..., xN) :Zij]’

c j=1
where summation is over all admissible nests C, the power [; of x; is the
number of steps to north taken along the vertical line z;.
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3 [ [ [ [xs [xe |
X2 | X2 (X2

X3 [X3 [Xa

The k' lattice path is contained in a rectangle of the size A\, x (N — k).
The starting point of each path is the lower left vertex. The volume of
the path is the number of squares below it in the corresponding
rectangle. The volume of the nest of lattice paths C is:

N N

[Cle =Y (N =il =Y (= Din—js1.

Jj=1 Jj=1

The g-parametrized Schur function is a partition function of the nest:

N
Sx(@) = > glfle =gy e A ="
C C k=1
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The representation of the Schur function corresponding to the conjugate
nest of self-avoiding lattice paths

VOV

N
M—1;
SA(ZU1-,?J2,...,yN):ZHy§ )’

B j=1
where summation is over all admissible nests B of N self-avoiding lattice
paths. The volume of the nest B of lattice paths is given by

N

Cls =326 - DM — 1),

=1
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The scalar product may be graphically expressed as a nest of V
self-avoiding lattice paths starting at the equidistant points C; and
terminating at the equidistant points B; (i = 1,..., N). This

configuration is known as watermelon

Puc.: Watermelon configuration and correspondent plane partition.

The partition function of watermelons (the generating function of
watermelons) is equal to the g-parameterized scalar product:

Z(N,N,M) =Y glfletlcls = %" 3,(q)Sx(a/q)
w ACMN

= (Un(q )| ¥n(a/a)?)),



n—1 =
a;’+a,-

The matrix element of the projection operator I7,, = [] 5 is equal
j=0
to
(C(vn) | e ML, | (uy)) = > Saz (V) Sar (ufy)

AEARC{(M/n)N}

x (] (H (f:lL) e~ tH (H U“z}?) [1)

=1 p=1
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The answer for the persistence of the ferromagnetic string is

< (01%/ n) | IE;’; eiLH F’I ‘\P( N— n)>

T(O%,n,t)=
(W(OF_,) | e ™ |W(05_))
otEN(0F) M o ge
:7“ G(k, [t) 105 =k07) .
M+ 1)V <HZ 1)
n 1<i,j<N

An alternative expression:

s ‘V( 0% e tHE ON)—En (0%
{on}
2

X ’V(eie’v) PM/,,,,(e*wN , 61"65")| ,
where M =M +1— N and

PM/”(e_vaewﬁ) = Z Sx(e70V) S (V).
AC{(M/n)N}
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For a long enough chain, M > 1, and N moderate: 1 < N < M, the
correlation function may be expressed as

. |V 0%, |2 7 7 tZ(cos()l cos 0,2)
T(Oanﬂt) - ]\1+ NNI
o T dd, .. d
X [Py (€70, %) [T [ —e™ e

1<k<I<N (2m) ™

In the large ¢ limit (small temperature limit ¢ = 1/7")) in the leading
order in ¢~

T(08 ~0,n,t) ~ A2(N,N,M — N + 1 —n) e*V:Mb)
2m N?
— —logt
M1 2 BTN

where A(N, N, M — N + 1 —n) is the number of plane partitions in a
box N x N x (M —N+1—n) and

®(N, M,t) = N?log

N
¢n = logG(N +1) — 510g27r,

N.M. Bogoliubov



<0 Heisenberg model Randomwalks onaplane withawallll
Barnes function
N
¢on = logG(N +1) — 510g27r.

In terms of Barnes function, the number of boxed plane partition

G} (N+1)G(M+2—n+N)G(M+2—n—N)

A(N,N,]\/ffN*F].*TL) = G(2N+1)G2(]\1+2_n)

The asymptotic behavior of the approximate expression of the persistence
of ferromagnetic string is:

8~ ~ 2 o M
log 7 (608 ~0,n,t) ~ N-log <C NN )

For the persistence of domain wall correlation function the asymptotic we
have:

N3/2 M—n
log F(08 ~ 0,n,t) ~ N?log 2N(N—-n)log (| D )
0g F( ,n, 1) Og(B]\,/[tl/Q)+ (N=n) 0%( 2N—n)
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M

Hxxz = *% Z(JI:—HUZ:F ol 0y + % (054107 — 1) + hof)
k=0

e A—0

o A— —
Izing limit:

1 . . g
AEHEOO X Hxxyz = Hiy = T ;(U;+1UZ —1).

Strong anisotropy limit:
X 1 M B . . - i B M X X
Hgp = —5 ];077 (Opy1 O +01 10, Thop) P, P = kl;[o(ﬂquﬂqk) ,

where g, = 5 (I —o7), and [Hsa, Hiz) = 0. The nearest neighbours
with spins "down"are not allowed.
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The state vector:

oy = Y s (e ).

AC{(M-2(N-1))V}

—

The summation is over all partitions B
Hi > Pit1+ L.

Four vertex model

-
++
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