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The Heisenberg XX0 model on the chain is de�ned by the Hamiltonian

H ≡ −1

2

∑
(σ−k+1σ

+
k + σ+

k+1σ
−
k ) .

The local spin operators σ±k = 1
2 (σxk ± iσ

y
k) and σzk obey the

commutation rules: [σ+
k , σ

−
l ] = δkl σ

z
l , [σzk, σ

±
l ] = ±2 δkl σ

±
l (δkl is the

Kronecker symbol). The spin operators act in the space HM+1 spanned

over the states
⊗M

k=0 |s〉k, where |s〉k implies either spin �up�, |↑〉, or

spin �down�, |↓〉, state at kth site. The states |↑〉 ≡
(

1
0

)
and |↓〉 ≡

(
0
1

)
provide a natural basis of the linear space C2. The state |⇑〉 with all spins

�up�: |⇑〉 ≡
⊗M

n=0 |↑〉n is annihilated by the Hamiltonian (2):

Ĥ |⇑〉 = 0
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The N -particle state-vectors, the states with N spins �down�, is
convenient to express by means of the Schur functions:

|Ψ(uN )〉 =
∑

λ⊆{MN}

Sλ(u2
N )

(
N∏
k=1

σ−µk

)
|⇑〉 .

The summation is over all partitions λ satisfying
M≡M + 1−N ≥ λ1 ≥ λ2 ≥ · · · ≥ λN ≥ 0. The sites with spin
�down� states are labeled by the coordinates µi, 1 ≤ i ≤ N . These
coordinates constitute a strictly decreasing partition
M ≥ µ1 > µ2 > . . . > µN ≥ 0. The relation λj = µj −N + j, where
1 ≤ j ≤ N , connects the parts of λ to those of µ. Therefore, we can
write: λ = µ− δN , where δN is the strict partition (N − 1, . . . , 1, 0).
The parameters u2

N ≡ (u2
1, . . . , u

2
N ) are arbitrary complex numbers.

The Schur functions Sλ are de�ned by the Jacobi-Trudi relation:

Sλ(xN ) ≡ Sλ(x1, x2, . . . , xN ) ≡
det(xλk+N−k

j )1≤j,k≤N

V(xN )
,

in which V(xN ) is the Vandermonde determinant

V(xN ) ≡ det(xN−kj )1≤j,k≤N =
∏

1≤m<l≤N

(xl − xm) .
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The conjugated state-vectors are given by

〈Ψ(vN ) |=
∑

λ⊆{MN}

〈⇑|
(

N∏
k=1

σ+
µk

)
Sλ(v−2

N ) .

There is a natural correspondence between the coordinates of the spin
�down� states µ and the partition λ expressed by the Young diagram

Ðèñ.: Relation of the spin �down� coordinates µ = (8, 5, 3, 2) and partition

λ = (5, 3, 2, 2) for M = 8, N = 4.
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For the periodic boundary conditions σ#
k+(M+1) = σ#

k if parameters

u2
j ≡ eiθj (1 ≤ j ≤ N) satisfy the Bethe equations,

ei(M+1)θj = (−1)N−1 , 1 ≤ j ≤ N ,

then the state-vectors become the eigen vectors of the Hamiltonian:

H |Ψ(θN )〉 = EN (θN ) |Ψ(θN )〉 .

The solutions θj to the Bethe equations can be parametrized such that

θj =
2π

M + 1

(
Ij −

N − 1

2

)
, 1 ≤ j ≤ N ,

where Ij are integers or half-integers depending on whether N is odd or
even.
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The eigen energies of the model are equal to

EN (θN ) = −
N∑
j=1

cos θj = −
N∑
j=1

cos

(
2π

M + 1

(
Ij −

N − 1

2

))
.

The ground state of the model is the eigen-state that corresponds to the
lowest eigen energy EN (θ g

N ). It is determined by the solution to the
Bethe equations at Ij = N − j:

θ g
j ≡

2π

M + 1

(
N + 1

2
− j
)
, 1 ≤ j ≤ N ,

and is equal to

EN (θ g
N ) = −

sin πN
M+1

sin π
M+1

.
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We shall consider the two types of the the thermal correlation functions
in a system of �nite size will be considered. We call them the persistence

of ferromagnetic string and the persistence of domain wall . The
persistence of ferromagnetic string is related to the projection operator
Π̄n that forbids spin �down� states on the �rst n sites of the chain:

T (θ g
N , n, t) ≡

〈Ψ(θ g
N ) | Π̄n e

−tH Π̄n |Ψ(θ g
N )〉

〈Ψ(θ g
N ) | e−tH |Ψ(θ g

N )〉
, Π̄n ≡

n−1∏
j=0

σ0
j + σzj

2
,

where t is the inverse temperature t = 1/T .
The persistence of domain wall is related to the operator F̄n that creates
a sequence of spin �down� states on the �rst n sites of the chain:

F(θ̃ g
N−n, n, t) ≡

〈Ψ(θ̃ g
N−n) | F̄+

n e
−tH F̄n |Ψ(θ̃ g

N−n)〉
〈Ψ(θ̃ g

N−n) | e−tH |Ψ(θ̃ g
N−n)〉

, F̄n ≡
n−1∏
j=0

σ−j .

Here θ̃ g
N−n is the set of ground state solutions to the Bethe equations for

the system of N − n particles.
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The calculation of introduced correlation functions will be based on the
Binet�Cauchy formula adapted for the Schur functions:

PL/n(yN ,xN ) ≡
∑

λ⊆{(L/n)N}

Sλ(yN )Sλ(xN )

=

(
N∏
l=1

ynl x
n
l

)
det(Tkj)1≤k,j≤N

V(yN )V(xN )
,

where the summation is over all partitions λ satisfying:
L ≥ λ1 ≥ λ2 ≥ · · · ≥ λN ≥ n, and the entries Tkj are given by:

Tkj =
1− (xkyj)

N+L−n

1− xkyj
.
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Consider the simplest one-particle correlation function

G (j,m|t) ≡ 〈⇑| σ+
j e

tHσ−m |⇑〉.

The Hamiltonian may be expressed in the form

H ≡ −1

2

∑
(σ−k+1σ

+
k + σ+

k+1σ
−
k ) = −

∑
n,m

∆nmσ
−
n σ

+
m ,

where ∆nm is the hopping matrix with the entries equal to

∆nm = δn+1,m + δn−1,m.

Di�erentiating G (j,m|t) with respect to t and applying the commutation
relation

[H, σ−m] =
∑
n

∆nmσ
−
n σ

z
m ,

we obtain the equality

d

dt
G (j,m|t) = 〈⇑| σ+

j e
tHHσ−m |⇑〉

=
∑
n

∆nm〈⇑| σ+
j e

tHσ−n |⇑〉 =
∑
n

∆nmG (j, n|t) .
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The correlation function satis�es the di�erence equation:

d

dt
G (j,m|t) = G (j,m− 1|t) +G (j,m+ 1|t) ,

for the �xed subindex j, and the same equation for the subindex j with
the �xed m. The initial condition is de�ned by the equality
G (j,m|0) = δjm. The correlator G (j, l|t) may be considered as the
exponential generating function of random walks. Expanding correlation
functions in powers of t one has

G (j,m|t) =
∑
K

tK

K!
〈⇑| σ+

j (H)Kσ−m |⇑〉.

Applying then the commutation relations, one obtains

HKσ−m |⇑〉 = HK−1[Ĥ, σ−m] |⇑〉 = ĤK−1
∑
n1

∆n1mσ
−
n1
|⇑〉

=
∑

n1,...,nK

∆nKnK−1
...∆n2n1

∆n1mσ
−
nK
|⇑〉.
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The multiplication on 〈⇑| σ+
j will �x the ending point of the trajectory:

〈⇑| σ+
j (H)Kσ−m |⇑〉 = G(j,m|K) =

∑
n1,...,nK−1

∆jnK−1
...∆n2n1

∆n1m .

The position of the walker on a lattice is labelled by the spin down state,
while the spin up states correspond to the empty sites, ∆ps is an
elementary step. The obtained equality enumerates all admissible
trajectories of the walker starting from the site j and terminating at m.
The function G(j,m|K) satis�es equation:

G(j,m|K + 1) = G(j,m− 1|K) + G(j,m+ 1|K) .

Ðèñ.: A random walk in K = 17 steps.
N.M. Bogoliubov
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The multi-particle correlation function

G(j1, j2, ..., jN ; l1, l2, ..., lN |t) = 〈⇑| σ+
j1
σ+
j2
...σ+

jN
e−tHσ−l1σ

−
l2
...σ−lN |⇑〉 .

Applying the of commutation relation

[H, σ−l1σ
−
l2
...σ−lN ] =

N∑
k=1

σ−l1 ...σ
−
lk−1

[H, σ−lk ]σ−lk+1
...σ−lN

we obtain the equation

d

dt
G(j1, ..., jN ; l1, ..., lN |t) =

N∑
k=1

(G(j1, ..., jN ; l1, l2, ..., lk + 1, ..., lN |t)

+G(j1, ..., jN ; l1, l2, ..., lk − 1, ..., lN |t))

The condition G(j1, ..., jN ; l1, l2, ..., lN |t) = 0 if lk = lp, jk = jp for any
1 ≤ j, l ≤ N is guaranteed by the property of the Pauli matrices
(σ±k )2 = 0.
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The solution of the equation is represented in the determinant form

G(j1, ..., jN ; l1, ..., lN |t) = det {G(jr, ls|t)}r,s=1,...,N .

where G(j, l|t) are the one-particle correlation functions.
The average 〈⇑| σ+

j1
σ+
j2
...σ+

jN
(−H)Kσ−l1σ

−
l2
...σ−lN |⇑〉 is equal to the

number of con�gurations that have the N random turns walkers being
initially located on the lattice sites l1 > l2 > ... > lN and after K steps
arrived at the positions j1 > j2 > ... > jN .

Ðèñ.: Random turns walkers.
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For the in�nite in the both sides lattice the one-particle correlation
function is

G(j,m|t) = Im−j(2t) =
1

2π

∫ π

−π
e2t cos θei(m−j)θdθ.

Expanding modi�ed Bessel function in powers of t

Im−j(2t) =

∞∑
k≥|l−j|

tk(
k−j+m

2

)
!
(
k+j−m

2

)
!

where the sum is taken over k satisfying the condition
k + |j −m| = 0(mod2), we obtain

G(j,m|K) =
K!(

K−j+m
2

)
!
(
K+j−m

2

)
!
.

It is a well known binomial formula for a number of all lattice paths from
m to j of length K on the in�nite lattice.
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The generating function of N random turns walkers being initially
located on the lattice sites l1 > l2 > ... > lN ≥ 0 and arrived at the
positions j1 > j2 > ... > jN ≥ 0 is

G(j1, ..., jN ; l1, ..., lN |t)

=

(
1

2π

)N ∫ π

−π
dθ1...

∫ π

−π
dθNe

2t
∑N

m=1 cos θm det
{
ei(ls−jr)θr

}
r,s=1,...,N

.

Making use of the symmetry of the integrand with respect to
permutations of the variables θ1, . . . , θN

G(j1, ..., jN ; l1, ..., lN |t) =
1

(2π)NN !

∫ π

−π
dθ1...

∫ π

−π
dθNe

2t
∑N

m=1 cos θm

×sλ(eiθ1 , eiθ2 , ..., eiθN )sµ(e−iθ1 , e−iθ2 , ..., e−iθN )
∏

1≤j<k≤N

|eiθj−eiθk |2 ,

where λk = jk −N + k and µk = lk −N + k.
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The one-particle correlation function on the semiaxis (0 ≤ j,m <∞)
satis�es the boundary condition G(j,m|t) = 0 for j,m = −1:

G(j,m|t) =
1

π

∫ π

−π
e2t cos θ sin [(j + 1)θ] sin [(m+ 1)θ] dθ

= Ij−m(2t)− Ij+m+2(2t) .

This function is the exponential generating function of Catalan paths.
The Catalan path is a lattice path that starts at (0, j), ends in (K,m),
and only contains upsteps (1, 1) and downsteps (1− 1), in such a way
that it never goes below the t-axis.

Ðèñ.: A Catalan path in K = 16 steps starting from a point (0, 3) and
terminating at (16, 5).
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The number of Catalan paths in K steps from j to m is equal to

G(j,m|K) =

(
K

K−j+m
2

)
−
(

K
K+j+m+2

2

)
.

The Dyck path is the Catalan path that starts at the origin and ends at
(2K, 0). The exponential generating function of such paths is

G(0, 0|t) =
1

t
I1(2t) =

∞∑
k=0

t2k

2k!
Ck ,

where Ck are Catalan numbers

Ck =
1

k + 1

(
2k

k

)
,

and the number of Dyck paths is

G(0, 0|2K) = CK .
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The multi-particle correlation function on a semi-in�nite lattice is an
exponential generating function of the random turn paths starting at
l1 > l2 > ... > lN ≥ 0 and terminating at j1 > j2 > ... > jN ≥ 0 that do
not pass below t axis is equal to

G(j1, ..., jN ; l1, ..., lN |t) =
1

(π)NN !

∫ π

−π
dθ1...

∫ π

−π
dθNe

2t
∑N

m=1 cos θm

× spλ(eiθ1 , eiθ2 , ..., eiθN )spµ(e−iθ1 , e−iθ2 , ..., e−iθN )

×
∏

1≤j<k≤N

(
det

1≤r,s≤N
{sin sθr}

)2

,

where λk = jk −N + k, µk = lk −N + k and

spλ(x1, x2, ..., xK) =
det1≤j,k≤K(xλk+K−k+1

j − x−(λk+K−k+1)
j )

det1≤j,k≤K(xK−k+1
j − x−(K−k+1)

j )

is the character of the irreducible representation of the symplectic Lie
algebra corresponding to a partition λ.
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The calculation of correlation functions of the model is based on
Binet-Cauchy formula:∑

λ⊆MN

Sλ(x)Sλ(y) =
det(Tkj)1≤k,j≤N

VN (x)VN (y)
,

where the summation is over all partitions λ satisfying:
M ≥ λ1 ≥ λ2 ≥ · · · ≥ λN ≥ 0. The entries

Tkj =
1− (xkyj)

M+N

1− xkyj
.

To study the asymptotical behaviour of the introduced correlation
functions we need to calculate the the q-parameterized Binet-Cauchy
relation. We put y = q ≡ (q, q2, . . . , qN ), x = q/q ≡ (1, q, . . . , qN−1)
and obtain

N.M. Bogoliubov
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∑
λ⊆MN

Sλ(q)Sλ(q/q) = V−1
N (q)V−1

N (q/q) det

(
1− q(M+N)(j+k−1)

1− qj+k−1

)
1≤j,k≤N

= q
NM
2 (1−M) det

([
2N + i− 1
N + j − 1

])
1≤i,j≤M

= Z(N,N,M) .

The entries of the last determinant are the q-binomial coe�cients:[
R
r

]
≡ [R]!

[r]! [R− r]!
, [n] ≡ 1− qn

1− q
,

and

Z(N,N,M) =

N∏
k=1

N∏
j=1

1− qM+j+k−1

1− qj+k−1

is the MacMahon generating function of plane partitions in the
N ×N ×M box.
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A combinatorial description of the Schur functions may be given in terms
of semistandard Young tableaux. A �lling of the cells of the Young
diagram of λ with positive integers n ∈ N+ is called a semistandard

tableau of shape λ provided it is weakly increasing along rows and strictly
increasing along columns. The weight xT of a tableau T is de�ned as

xT ≡
∏
i,j

xTij
,

where the product is over all entries Tij of the tableau T . An equivalent
de�nition of the Schur function is given by

Sλ(x1, x2, . . . , xm) =
∑
T

xT ,

where m ≥ N , and the sum is over all tableaux T of shape λ with the
entries being numbers from the set {1, 2, . . . ,m}.
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There is a natural way of representing each semistandard tableau of
shape λ with entries not exceeding N as a nest of self-avoiding lattice
paths with prescribed start and end points.

Ðèñ.: A semistandard tableau of shape λ = (6, 3, 3, 1).

An equivalent representation of the Schur function

Sλ(x1, x2, . . . , xN ) =
∑
C

N∏
j=1

x
lj
j ,

where summation is over all admissible nests C, the power lj of xj is the
number of steps to north taken along the vertical line xj .
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The kth lattice path is contained in a rectangle of the size λk × (N − k).
The starting point of each path is the lower left vertex. The volume of
the path is the number of squares below it in the corresponding
rectangle. The volume of the nest of lattice paths C is:

| ζ |C =

N∑
j=1

(N − j)lj =

N∑
j=1

(j − 1)lN−j+1.

The q-parametrized Schur function is a partition function of the nest:

Sλ(q) =
∑
C

q|ξ|C = q|λ|
∑
C

q|ζ|C , |λ| =
N∑
k=1

λk .
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The representation of the Schur function corresponding to the conjugate
nest of self-avoiding lattice paths

Sλ(y1, y2, . . . , yN ) =
∑
B

N∏
j=1

y
(M−lj)
j ,

where summation is over all admissible nests B of N self-avoiding lattice
paths. The volume of the nest B of lattice paths is given by

| ζ |B =
N∑
j=1

(j − 1)(M − lj).
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The scalar product may be graphically expressed as a nest of N
self-avoiding lattice paths starting at the equidistant points Ci and
terminating at the equidistant points Bi (i = 1, . . . , N). This
con�guration is known as watermelon

Ðèñ.: Watermelon con�guration and correspondent plane partition.

The partition function of watermelons (the generating function of
watermelons) is equal to the q-parameterized scalar product:

Z(N,N,M) =
∑
W

q|ξ|C+|ζ|B =
∑

λ⊆MN

Sλ(q)Sλ(q/q)

= 〈ΨN (q−
1
2 )|ΨN (q/q)

1
2 )〉 ,
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The matrix element of the projection operator Πn ≡
n−1∏
j=0

σ0
j +σz

j

2 is equal

to

〈Ψ(vN ) | Π̄n e
−tH Π̄n |Ψ(uN )〉 =

∑
λL,λR⊆{(M/n)N}

SλL(v−2
N )SλR(u2

N )

× 〈⇑|

(
N∏
l=1

σ+
µL
l

)
e−tH

(
N∏
p=1

σ−
µR
p

)
|⇑〉
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〈Ψ(vN ) | Π̄0 e
−tH Π̄0 |Ψ(uN )〉 =

∑
k=0

tk

k!
〈Ψ(vN ) | Π̄0Hk Π̄0 |Ψ(uN )〉

N.M. Bogoliubov
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The answer for the persistence of the ferromagnetic string is

T (θ g
N , n, t) ≡

〈Ψ(θ̃ g
N−n) | F̄+

n e
−tH F̄n |Ψ(θ̃ g

N−n)〉
〈Ψ(θ̃ g

N−n) | e−tH |Ψ(θ̃ g
N−n)〉

=
etEN (θ g

N )

(M + 1)N
det

(
M∑

k,l=n

G(k, l|t) ei(lθ
g
i −kθ

g
j )

)
1≤i,j≤N

.

An alternative expression:

T (θ g
N , n, t) =

|V(eiθ
g
N )|2

(M + 1)2N

∑
{θN}

e−t(EN (θN )−EN (θ g
N ))

×
∣∣V(eiθN )PM/n(e−iθN , eiθ

g
N )
∣∣2 ,

whereM = M + 1−N and

PM/n(e−iθN , eiθ
g
N ) =

∑
λ⊆{(M/n)N}

Sλ(e−iθN )Sλ(eiθ
g
N ) .
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For a long enough chain, M � 1, and N moderate: 1� N �M , the
correlation function may be expressed as

T (θ g
N , n, t) '

|V(eiθ
g
N )|2

(M + 1)NN !

π∫
−π

π∫
−π

. . .

π∫
−π

e
t

N∑
l=1

(cos θl−cos θ g
l )

×
∣∣PM/n(e−iθN , eiθ

g
N )
∣∣2 ∏

1≤k<l≤N

∣∣eiθk − eiθl ∣∣2 dθ1dθ2 . . . dθN
(2π)N

.

In the large t limit (small temperature limit t = 1/T )) in the leading
order in t−1:

T (θ g ≈ 0, n, t) ' A2(N,N,M −N + 1− n) eΦ(N,M,t) ,

Φ(N,M, t) = N2 log
2π

M + 1
− N2

2
log t+ 3φN ,

where A(N,N,M −N + 1− n) is the number of plane partitions in a
box N ×N × (M −N + 1− n) and

φN = logG(N + 1)− N

2
log 2π ,
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Barnes function

φN = logG(N + 1)− N

2
log 2π .

In terms of Barnes function, the number of boxed plane partition

A(N,N,M−N+1−n) =
G2(N + 1)G(M + 2− n+N)G(M + 2− n−N)

G(2N + 1)G2(M + 2− n)
.

The asymptotic behavior of the approximate expression of the persistence
of ferromagnetic string is:

log T (θ g ≈ 0, n, t) ' N2 log

(
C

(M − n)2

M(Nt)1/2

)
.

For the persistence of domain wall correlation function the asymptotic we
have:

logF(θ g ≈ 0, n, t) ' N2 log

(
B
N3/2

Mt1/2

)
+2N(N−n) log

(
D
M − n
2N − n

)
.
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ĤXXZ = −1

2

M∑
k=0

(
σ−k+1σ

+
k + σ+

k+1σ
−
k +

∆

2
(σzk+1σ

z
k − 1) + hσzk

)
,

∆→ 0

∆→ −∞
Izing limit:

lim
∆→−∞

1

∆
ĤXXZ = ĤIZ ≡

−1

4

M∑
k=0

(σzk+1σ
z
k − 1) .

Strong anisotropy limit:

ĤSA = −1

2

M∑
k=0

P (σ−k+1σ
+
k +σ+

k+1σ
−
k +hσzk)P , P ≡

M∏
k=0

(I−q̂k+1q̂k) ,

where q̂k ≡ 1
2 (I− σzk), and [ĤSA, ĤIZ] = 0. The nearest neighbours

with spins "down"are not allowed.
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The state vector:

|ΨN (u)〉 =
∑

λ̃⊆{(M−2(N−1))N}

Sλ̃(u2)

(
N∏
k=1

σ−µ̃k

)
|⇑〉 .

The summation is over all partitions
λ̃ = µ̃− 2δN (M + 2(1−N) ≥ λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃N ≥ 0), and
µ̃i > µ̃i+1 + 1.

Four vertex model

N.M. Bogoliubov
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