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4 A\ I
Oih(z,t) = vO2h(x,t) + 5(5’$h(x, t)? +n(x,t)
relaxation lowest order  (Gaussian noise
L (surface fension) non-linearity )

In 1D, the renormalization group provides
exact exponents
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Concrefe examples

Turbulent liquid crystals - PRL 104 230001
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Cole-Hopf mappino

{ Oih(x,t) = vO2h(x,t) + %(&,;h(x, t))? + n(x, t) }

(An(z,t) = Tn Z(x,1) )

Y
[ 07 (3.1) = %8%2(:1:,75)— V%”Z(x,t) }

diffusion equation in a random potential:
V(z,t)V(x,t") =6(t —t")R(x — ')
directed polymer parfition function
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Quanfum mechanics and replica

Y

Viz,t)

8,2(z, 1) = %822(90,75) N Z(x. 1) t

i

Path infegral representation (Feynman - Kac)

z(t)= y
Z(x,y, 1) = / o~ Jy 4715/ (P +V (a(),7)
33(0)::1:

a I
_ (rep)
Zn=Z(x1,y1,t) ... Z(Tpy Yn,t) = (X1 ... THle tHy, Y1 -+ Yn)

e =530 - 5 TG

\ /
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High-temperature and Lieb-Liniger
Rescaling of variables

r=T%"1% t=2T°k"1t

{ 232 S J

1<J

R(2) — 25(2)

We end up with the attractive
Lieb-Liniger Hamilfonian
which is infegrable in Tdimension!
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Bethe-ansatz approach

_¢H (rep)
Znp = Z(x1,y1,t) .. Z (T, Yy t) = (T1 ... Tple” |y yn)

Hard fo treat: it contains space-tfime
correlation of the KPZ height

Lo

Z, = {xg ... xole L |zg . .. 20) .

ozl i,
2
D P

decomposition in eigenstates 0

If we can compute the spectrum, we can
find arbitrary moments...
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Bethe-ansatz equations

Zn = {x0...xole L |zg . .. 20)

The initial condition is symmetric: the dynamics

ies in the bosonic sector of the Hamiltonian
4 I

- il 1 superposition of
W, = Z Ap H e Hht plane waves in
P j=1 each sector
\ )
The coefficient implements the scaftering matrix
e =] (1 - =)
1>k HpP, — KPPy
How to fix the values of rapidities?
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Periodic boundary condition

The values of rapidifies are fixed by boundary
condifions. In the symplest case

U (z1+L,....,2n) =Y, (21,...,2Zn)

Bethe-Ansatz equations for the LL model

pittal _ H Poo — pg +2C
B;éa,uoz_,uﬂ_ic

Solufions af finite L are not easy... But in
the thermodynamic limit”
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pitral H foo — 1B F2C
B#aﬂa_ﬂﬁ_w

If Im(ua) <0 for large L, we have a divergence in the I_HS\,

which must be compensated by a pole in the RHS

Lo — 1B =2 1C
\. /
(e = ki + %(mj + 1 — 2a) bound states (strings)
O-sfring /g ] :
. .
. . ‘ Re(u)
- o
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String feafures

>

Re(p)

SN
H
®

C
B, =) =) (mikj— =m;(mj—1)) energy

a=1 71=1

P, = Z i = ijkj momentum
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Needed ingredients

=z \ 2
Z, = (xg...20le L |zg ... 20) = Z Wy (2o, 27%)! o—tEu
T
WF [ P, (Zo, - - - 5 xo) = e'"orn ZAP = nle@otu }
P
a ny ; ~
Ll = e iz m,
c" ®(k,m)
Norm
d(k,m) = (ki = kj)* + (m; —my)*c®/4
3 oy (kz_kg)Q—l-(mi—l—m])Zc?/zl
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General expression for moments
>

S
The sum over eigenstates becomes the sum

over the possible partitioning of the n parficles
INfO sfrings

sum over partifions

It is exact... but how tfo deal with it?
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Partition function at fixed string number

n

[ - ! dk ; _
Zn:ZnS!(;rE) Z /H Jcl)km &

nszl ( mn )n

o, 1/3
Use the grancanomcal parfition function: A=(C{)

—A:c
=1+ Z Z” = exp(—er@—1))

In this way we can recover the free energy
distribution

lim g(x) = O(f — ) = Prob(f > x)

A— 00

01/0/7/72015 14,/29




Fredholm defterminant

Exchanging fhe two sums, we obfain

Det(l + P()K PO)
)\y—ia:(v—v/)

2
/—dyA (y + K —:E—I—v—l—v) e

In the large fime limit, one obfains

[ Jim g(z) = Prob(f >z = ~22/%5) = FQ(S)}

i
EPL Q0 2 (2010) Tracy-Widom
Calabrese, Le Doussal, Rosso GUE distribution
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Non-crossing polymers

Can we use replica approach fo treaf
non-crossing polymers?

p = Prob(polymers do not cross)

Simplest example of interaction,
fogether with disorder...!
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Karlin-McGregor formula

Zcrossin
p = Prob(polymers do not cross) =1 — - -

Z(y27 t’xl)Z(yla t|$2)

— 1 —
Z(yh t‘xl)Z(y% t|£l32)

Similar formulas for more than two polymers
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Coinciding points

S I

Z (e, tle) Z(—e, t| —€) — Z(—e,tle) Z (e, t] — €) a
Z(0,t)0)Z(0,t|0)

= €% lim Z»(€)Z(0,t|0)" 2
n—~0

p:
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Replica for non-crossing polymers

. T ZQ(G)Z(Ovt‘O)n Z‘ r1 332) (x)‘Q

P =
21|l ]2

n—>0 Ve2

" The expression is analogous to the one for

single polymer. But the bosonic sector

gives a vanishing contribution!
_ J

How to build wave functions with different
symmetries’?
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Wave function and Young tfableau
HLL— Z({?Q —|—QCZ5 —513]

1<9

We look for eigen functions anfisymmetric
in the first two variables...

f symmetric \
314|9

\Pu(wl,ZCQ,...,CEn) <

p—t

anfisymmetric

\_ _4

More general ansafz...

Z@Q Ag exp (% pr nQ,)

J
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Nested Bethe Ansatz

ﬁ/’tjk_FiC % :UJJ'_A_Z.C/z :ei,ujL
,ujk—iC ,LLj—)\—I—’iC/Z

k%]
- )\—,Uj—iC/Q

— =1
A — ;i +ic/2

j=1

The auxliary variable A implement the symmetry
of the wave function.

d CEAVEE In general, one auxiliary\
C variable for every
/ \
N doubled column
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String ansatz?

For large L, the first equation suggests again
the presence of strings

: 1C
uh = ki + 5 (my + 1 - 2a)

What about the auxiliary variable?

01/0/7/72015 22/29




Contour integral

The solution of the second equation are non
frivial... But we are only interested on the sum

Oy~ 0V~
7= L YRS - X fer)

strings

strings
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Comparison with bosonic case

Affer summing over the auxiliary variable,
we gef an expression very similar to the
bosonic case

sum over \

o L [

v,0) Mij +ic| 1 2 )
= Sym [H — || = o = sym

i<j Hij

: j +1c
oz +ic) | | M”—] =

i<j Hij

A
=L+ 0(1)

A = u? conserved quantities
( . 20; ¢ of the LL

Norm is
2 2
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Generalized Gibbs Ensemble

n T n we replace time evolution
with a generalized
evolution with multiples fimes
Znlit1, - . 1
p = lim 07 Rt ’}]:—
n—0 1 n 2t

The average non-crossing probability is not
affected by disorder!
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Comparison with numerics
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4 Two-lines derivation N
p = 0,0, 1n Z(x,tly)

n Z(z.2y) = h(t) — £ y)°

)
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Recipe for higher moments

In order to compute higher moments

pm ="

e symmefrize the polynomial in terms of
conserved charges

ORS00 (Gr0s — 0:.,) 00 (0) _

n!

(14,71

o Wwrite the result as a sef of derivatives
applied fo the generalized moments

p™ = lim P({A, — 0, })Zn(t1,...)
n—0
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Results for higher moments
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Led d Physical picture:
ca Iﬂg oraer - for most of the realization:
. 4 m/ml(m ) 3&2m—2 o is exponentially small
P F(m n 1/2) - for a fraction 1/t
of the realization, p is O(c”2)
\_ J
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Conclusions

e \We developed a framework based on the Nested Bethe ansatz
fo deal with non-crossing polymers in random media;

e We computed exactly the large fimes asymptofics
for the moments of the non-crossing probability for
fwo polymers;

e Agreement with numerical laffice simulations:
fhe crossing probability is most of the fime exponentially small

Open questions:

e generalization to mulfi-polymers

e higher order large fime asymptofics: connection with
random mafrices”?
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