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The spherical mean field and the NN interaction

The usual procedure to generate a mean field in a system of N
interacting fermions, starting from their free interaction, is the
Hartree-Fock approximation, extremely successful in atomic
physics. Whatever the origin of the mean field, the eigenstates
of the N-body problem are Slater determinants i .e.
anti-symmetrized products of N single particle wave functions.
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The spherical mean field and the NN interaction

In the nucleus, there is a catch, because the very strong short
range repulsion and the tensor force make the HF
approximation based upon the bare nucleon-nucleon force
impracticable.

However, at low energy, the nucleus do manifest itself as a
system of independent particles in many cases, and when it
does not, it is due to the medium range correlations that
produce strong configuration mixing and not to the short range
repulsion.
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The meaning of the Independent Particle Model

Does the success of the shell model really “prove” that
nucleons move independently in a fully occupied Fermi sea as
assumed in HF approaches? In fact, the single particle motion
can persist at low energies in fermion systems due to the
suppression of collisions by Pauli exclusion.

To know more, read the article “Independent particle motion
and correlations in fermion systems” V. R. Pandharipande, et
al., RMP 69 (1997) 981.
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The meaning of the Independent Particle Model

Brueckner theory takes advantage of the Pauli blocking to
regularize the bare nucleon- nucleon interaction, in the form of
density dependent effective interactions of use in HF
calculations or G-matrices for large scale shell model
calculations.

The price to pay is that the independent particles are now
dressed nucleons which require the use of effective transition
operators.
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The limits of the IPM; Back to Doubly magic 40Ca

The single particle orbits around the Fermi level for 40Ca
are:

0f5/2
1p1/2
1p3/2
0f7/2

pf -shell
0d3/2
1s1/2
0d5/2

sd -shell

The experimental gap between the sd -shell and the
pf -shell is about 7 MeV
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The IPM predictions for the excitation spectrum of
40Ca are:

0+ ground state

Quasi degenerated 1p-1h states of negative parity at about
7 MeV of excitation energy

Quasi degenerated 2p-2h states of positive parity at about
14 MeV of excitation energy

An so on . . .

But nature likes to play tricks!
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Add a 3− at 3.74 MeV and a 5− at 4.49 MeV
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Spherical Mean Field vs Correlations

It is evident that the IPM model fails completely in
describing the low energy spectrum of 40Ca, apart from its
ground state

The more so because the excited 0+ at 3.74 MeV is the
head of a triaxial rotational band, corresponding to a
deformed β=0.3 intrinsic state. This band is of 4p-4h
nature and should naively appear at 28 MeV

In addition, the excited 0+ at 5.21 MeV is the head of a
super deformed band, β=0.6. This band is of 8p-8h nature
and should naively appear at 56 MeV

Shouldn’t we speak of doubly magic STATES instead of
doubly magic NUCLEI?

All that bring us to the basic point; The dominance of
correlations in the nuclear many body system
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The Nuclear A-body Problem

The challenge is to find Ψ(~r1,~r2,~r3, . . .~rA) such that

HΨ=EΨ, with

H=
A
∑

i

Ti +
A
∑

i ,j

V2b(~ri ,~rj) +
A
∑

i ,j ,k

V3b(~ri ,~rj ,~rk )

The knowledge of the eigenvectors Ψ and the eigenvalues
E make it possible to obtain electromagnetic moments,
transition rates, weak decays, cross sections,
spectroscopic factors, etc.

But, how to solve this problem beyond the IPM?
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Beyond the IPM; The mean field way

HF-based approaches rely on the use of density
dependent interactions of different sort; Skyrme, Gogny, or
Relativistic Mean Field parametrizations

The correlations are taken into account breaking
symmetries at the mean field. Particle number for the
pairing interaction and rotational invariance for the
quadrupole-quadrupole interaction

Projections before (VAP) or after (PAV) variation are
enforced to restore the conserved quantum numbers

Ideally, configuration mixing is also implemented through
the GCM
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Beyond the IPM; The Interacting Shell Model (ISM)

Is an approximation to the exact solution of the nuclear A-body
problem using effective interactions in restricted spaces

The single particle states (i,j, k, .....), which are the solutions of
the IPM, provide as well a basis in the space of the occupation
numbers (Fock space). The many body wave functions are
Slater determinants:

Φ = a†
i1
,a†

i2
,a†

i3
, . . . a†

iA
|0〉

We can distribute the A particles in all the possible ways in the
available single particle states, getting a complete basis in the
Fock space. The number of Slater determinants will be huge
but not infinite because the theory is no longer valid beyond a
certain cutt-off.
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A formal solution to the A-body problem

Therefore, the ”exact” solution can be expressed as a linear
combination of the basis states:

Ψ =
∑

α

Φα

and the solution of the many body Schödinger equation

HΨ = EΨ

is transformed in the diagonalization of the matrix:

〈Φα|H|Φβ〉

whose eigenvalues and eigenvectors provide the ”physical”
energies and wave functions
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The Interacting Shell Model (ISM) or (SM-CI)

A Shell Model calculation amounts to diagonalizing the
effective nuclear hamiltonian in the basis of all the Slater
determinants that can be built distributing the valence
particles in a set of orbits which is called valence space.
The orbits that are always full form the core.

If we could include all the orbits in the valence space (a full
No Core calculation) we should get the ”exact” solution.
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Effective interactions for CI-SM calculations)

The effective interactions are obtained from the bare
nucleon-nucleon interaction by means of a regularization
procedure aimed to soften the short range repulsion. In
other words, using effective interactions we can treat the
A-nucleon system in a basis of independent
quasi-particles. As we reduce the valence space, the
interaction has to be renormalized again in a perturbative
way. Up to this point these calculations are in fact ”ab initio”

In fact, the realistic NN interactions seem to be correct
except for its simplest part, the monopole hamiltonian
responsible for the evolution of the spherical mean field.
Therefore, we surmise that the three body forces will only
contribute to the monopole hamiltonian.
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The three pillars of the shell model

The Effective Interaction

Valence Spaces

Algorithms and Codes
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Dimensions

If the number of states in the valence space for the protons
is Dπ and for the neutrons is Dν

The dimension of the basis for nπ valence protons and nν

valence neutrons is:
(

Dπ

nπ

)

×

(

Dν

nν

)

For instance for 48Cr in the pf -shell, D=23 474 025. In
reality we only need the M=0 Slater Determinants and this
gives D0=1 963 461

The maximum dimension in the pf -shell corresponds to
60Zn, D0= 2 292 604 744
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The Hamiltonian

As our basis is provided by the IPM, it is natural to express
the many body states and the Hamiltonian in terms of
creation and annihilation of particles in IPM states

In addition, this approach makes it possible to distinguish
the components of the Hamiltonian which only contribute
to the spherical mean field from those which are
responsible for the many body correlations
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The Hamiltonian

H =
∑

r

ǫr +
∑

r≤s,t≤u,Γ

W Γ
rstuZ+

rsΓ · ZtuΓ,

where Z+

Γ
( ZΓ) is the coupled product of two creation

(annihilation) operators

Z+

rsΓ = [a†
r a

†
s]
Γ

where Γ is a shorthand for (J,T); r , s ..... run over the orbits of
the valence space; ǫr are the single particle energies and W Γ

rstu
the two body matrix elements:

W Γ
rstu = 〈jr js(JT )|V |jt ju(JT )〉
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How to compute the two-body matrix elements

In the occupation number representation (Fock space) all the
information about the interaction is contained in its two body
matrix elements. The many body problem then reduces to the
manipulation of the creation and annihilation operators using
the Wick theorem and techniques alike.

The most general method to compute the two body matrix
elements is due to Slater and carries its name. When the
independent particle wave functions are those of the harmonic
oscillator or if they can be represented by linear combination of
a few harmonic oscillator states, the method of choice is that of
Brody and Moshinsky
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