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Equations of State for Perturbations
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The A Cold Dark Matter model

Background dynamics
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Equation of state parameter at the background level
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Perturbation parametrization

The evolution of cosmological perturbations encodes extra information
about the nature of dark energy.

Planck Collaboration [astro-ph/1502.01590]
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Integrated Sachs Wolf Effect

+ Modifications of the CMB B-mode amplitude and scale dependence
Amendola-Ballesteros-Pettorino [astro-ph/1405.7004]



Perturbation parametrization

The evolution of cosmological perturbations encodes extra information
about the nature of dark energy.

Gravitational potentials in the conformal Newtonian gauge:

—k*U = 47Ga’p(a, k) pA
n(a, k) =@/¥

ACDM:
77(@: k) — ﬂ(a’: k) =1

Parametrization:
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k) =1 1 fiaf —‘*EiiQea’
1+ c,(\H k)2 OR
n(a, k) =1+ f,(a) E\H i ;
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The equations of state for dark sector perturbations

The equation of state at the perturbative level (formalism)

Gﬁw = H(Ty,v + D y y) Effective stress-energy

\_/ tensor of the dark sector



The equations of state for dark sector perturbations

The equation of state at the perturbative level (formalism)

Gﬁw = W(Ty,v + D y y) Effective stress-energy

\_/ tensor of the dark sector

First order linear perturbation of the stress energy tensor:

0D¥, = (pd + 0P) u*u, + (p + P) (u,0u* + utdu, ) + 6 Po*, + PII#,

/

Differential equations for the evolution
of cosmological perturbations:

A;e — _3Ade — gKEHéde — 2]:[3e
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(:)in = —EH(':‘)m + 3Y
Al = —gKeH@m + 3X
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The equations of state for dark sector perturbations

The equation of state at the perturbative level (formalism)

Gﬁw = H(Ty,v + D y y) Effective stress-energy

\_/ tensor of the dark sector

First order linear perturbation of the stress energy tensor:

0D¥, = (pd + 0P) u*u, + (p + P) (u,0u* + utdu, ) + 6 Po*, + PII#,

/

Differential equations for the evolution

of cosmological perturbations: _ _
where the anisotropic stress and the
entropy perturbation are specified as:

— _3Ade T gKEHéde T 2]:[33

@!de — _SAde — EH@de — 2]:[3e — 3Pde
A = — Jx €y @m + 3X Equation of state for perturbations
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The stress-energy tensor of f(R) gravity

Action of f(R) gravity in the Jordan frame

S — ifd%\/fg{f}zw(n)}wm/

Action of matter fields



The stress-energy tensor of f(R) gravity

S ifd4z¢fg{7z+f(7z)}+sm

:2ﬁ:

Field equations

Guv = K (T + Upw)
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The stress-energy tensor of f(R) gravity

S i/d4m¢fg{n+f(n)}+sm

:2ﬁ:

G,uy — K (TMV + ULW)

Stress-energy tensor of f(R) gravity

ﬁ?qu = %fgpw — (R,uv + g,uvlj — V,uvv) Ir

Notations:

[

B dlna

_ Y
fr= "5
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The stress-energy tensor of f(R) gravity

1

S = zﬁfd%rmw(n)}w

G,uy — K (TMV + ULW)

U = 2 £ 90 — (Ruw + g0 — VY, fr

Q, = L+ (1 - e)fr — fh
1
Wee +1 = — (26afr + (1 + €u)fr — fR)
BQde
where () = 3% and €y = _%




where

FRW universe — Friedmann equation
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First order linear perturbations - Geometry

Calculations are done in Fourier space,
in both synchronous and conformal Newtonian gauges.

Synchronous gauge

0gij = a2hz‘j

14



First order linear perturbations - Geometry

Calculations are done in Fourier space,
in both synchronous and conformal Newtonian gauges.

Synchronous gauge

9
09;5 = a”h;j
i i s 2 X __ ol .4
Basis matrices | v;; = 2klj) e;; = 2Ly
~oA ]. ~ -+ gy A A
05 = kzk:} — 5623 ’Ué;) — 2k(1mj.) e'ij — lz 4 — Mg 4
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First order linear perturbations - Geometry

Calculations are done in Fourier space,

in both synchronous and conformal Newtonian gauges.

Synchronous gauge

0gij = a2hz‘j

Two scalar modes Two vector modes

1
hz‘j = ghégj —+ h“O'g'j + hY - Vij + hT . €ij

Two tensor modes

16



First order linear perturbations - Geometry

Calculations are done in Fourier space,
in both synchronous and conformal Newtonian gauges.

Conformal Newtonian gauge

6900 = —2a*1

(59’?;_?' = —2(1',2@36@_?' -+ hY . Vij T ht . €4
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First order linear perturbations - Geometry

Calculations are done in Fourier space,
in both synchronous and conformal Newtonian gauges.

Appearance of an additional perturbed d.o.f . due to f(R)

Bean-Bernat-Pogosian-Silvestri-Trodden [astro-ph/0611321]

_ fp 0R
X = T 6H?

A key point in our analysis is that we eliminate this geometrical d.o.f in the
benefit of the perturbed fluid d.o.f.

/
Notation: €g — — 67132 hence, X = frrROR
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First order linear perturbations - Fluid

First order perturbation of a generic stress-energy tensor

0D*, = (pd + 6 P) uhu, + (p + P) (v, 0u* + u¥du,) + 6 Pé*, + PII*,

19



First order linear perturbations - Fluid

First order perturbation of a generic stress-energy tensor

0D*, = (pd + 6 P) uhu, + (p + P) (v, 0u* + u¥du,) + 6 Pé*, + PII*,

Density contrast Hubble flow_* Perturbed velocity field
6 =dp/p u, = (—1,0) ou, = (0, 0u;)
Scalar mode of the ikJ St
perturbed velocity field: § = J Perturbed pressure,
k2 recast into the
gauge invariant
Gauge invariant dimensionless Dimensionless entropy perturbation
linear combination perturbed velocity field R
oP dP A
A=0+3(14+w)H ©=3(1+w)HEO wl = - = (A—@)
P p

Anisotropic stress
Hz'j = HSO'z'j + ITV - Vij + I . €]

One scalar mode Two vector/tensor modes

20



Gauge invariant notations

Synchronous gauge Conformal Newtonian gauge
b
T 9K2 0
Y T +€,T Y
VA n—T @
X Z'+Y Z'+Y
W X' —eq(X+Y) X' —eq(X+Y)
X Xs + frT Xe .
- R) sector
Y X+ (F-adl)T ¢ ®
g0 = —2a°1

c?gi-j = —2&‘,2@6@3’ + hY - Vij T+ ht - €44




Gauge invariant notations

Synchronous gauge Conformal Newtonian gauge
i

T 9K2 0
Y T + €T Y
Z n—T ¢
X Z'+Y Z'+Y
4% X' —eq(X+Y) X' —eq(X+Y)
X Xs + frT Xc ¢
. R) sector
X’ Xs + (fr — €afR)T X~ fp )

Fluid variables

S.G. C.N.G.

O, +3(1+w)T O,
§P, + P'T 5P.

S (D)»
..U>®

22



Example 1: Expression of x and the perturbed Ricci scalar

_ fr 0R
X = . 6H?

= fRROR

a’6R = h + 3Hh — 4k*n
a26R = —6¢ — 6} («,L n 3&) —12 ('H + 'H2) b — 4k2p + 2k

0R = —6H?*(W +4X — 1K*(Y — 2Z) — &T)

Gauge inyariant Synchronous gauge Conformal Newtonian gauge
notation
" /
X X+ frRT X
o~ Ir 11¢2 k
X—E{W-I—4X—§K (Y_QZ)} K= —
a

23



Example 2: Space-Time projection of the perturbed field equations
2X = 0,0, +Q,.0,.

In the conformal Newtonian gauge: 0 Gdoo — —2{1,21,b

8gij = —2a°Pd;; + hY - vi; + h" ey
X=Z+Y =¢ +

O—0, —3HA+we ¢ T¥=H{0+we)bs+ (1 +w.)bn}

24



Example 2: Space-Time projection of the perturbed field equations
2X = 0,0, +Q,.0,.

In the conformal Newtonian gauge: 0 Gdoo — —2{1,21,b

(Sg?;j = —2{12@(5@3‘ + hY - Vij + h' - €44
X=2'4+Y=¢+7¢

O—0, —3HA+we ¢ T¥=H{0+we)bs+ (1 +w.)bn}

Example 3: Gauge invariant entropy perturbation

Conformal Newtonian gauge:

§P dP .
wh === — 5= (A - 6) 5P dP
p dp wlh=-"——-"-19§
op dp
Synchronous gauge:
o°P P/ dP
wl' = + —T - —0+3H1+w)fd —-3H(1+w)d —3(1 +w)T)

p P dp

5P dP) P’ dP (6P dP)
wlh=|-——- — )6+ —T+30+w)—T=(——— |6
(50 dp p ( )dp op  dp
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Perturbed field equations

0Guy = Kk (0T + 0U L)

—2K?*Z = Q. A, + QA
2X = 0.0, + 0.0,
2 42X — 2K2 (Y — Z) = Qo (6Pn/ ) + Qe (6Pac/pac)
LK2(Y — Z) = QuwITS, + Quow,IT5,

Scalar

Vector

Tensor

26



Perturbed stress-energy tensor of £f(R) gravity

KUpy = %fgw — (Ruw + 90—V, V) fr

RéU,uv — _fR(Sva + %féguv =+ %gp,vfﬂ(s,}z — f’RRRuvéR
+0 (V”lefﬁ) — (DfR) 69,&1} — g.uvé (Df'R)

27



"‘ﬁéU,uu — _fR(SR,uv =+ %fag,uv + %g,uva‘SR — fRRR,uuéR
+6 (VuVufr) — (OFr) 6guw — g6 (Ofr)

Perturbed fluid variables of the f(R) fluid
(VECTOR and TENSOR)

Quewq I}, = _%fkhvn — é {3 —eu)fr+ fr} hY’
QoW ITh, = — 5 frh™ — :{(3 —€x) fr + fR} L™ — s fRK?R”

28



"‘ﬁéU,uu — _fR(SR,uv =+ %fag,uv + %g,uva‘SR — fRRR,uuéR
+6 (VuVufr) — (OFr) 6guw — g6 (Ofr)

Perturbed fluid variables of the f(R) fluid
(VECTOR and TENSOR)

Qacwally, = _%f"i’»hw’_ s{B—en)fr+ fr}h"
Qdewdeﬂi = —%thTn_ % {(3 _ EH)fR + f’;?,} hTf - %fRK2hT

To get the EoS in the tensor and vector sectors, one replaces h" thanks to the fields equations:

V" 4+ (2 — 2en)hY = Quwn Il + Quow ITY,
%hT” + (% — %EH)hTJr — %KQhT = Qw1 + Qyewe I

29



Perturbed field equations

5"+ (3 = §en)h" = Quw,IT) + QowalIL),
s+ (5 = penh™ 4 G = Quw, I, 4 Quows, I,

Perturbed fluid variables of the f(R) fluid
(VECTOR and TENSOR)

Quwe Ty, = —§ h’w,“_ % (3 —€eu)fr + fr} B’
Quwa I}, = —§ fr hT’i L{B—eu)fr + fR} B — LfRKRT

Equations of state for perturbation in the vector and tensor sectors:

1
QdewdeH:{e:—El f} hY’

1 fy 1 fr
Q ]:[T — _ R T/ - K2hT
aoWactlae = "6 T 2" T 3T £

30



"‘ﬁéU,uu — _fR(SR,uv =+ %fag,uv + %g,uva‘SR — fRRR,uuéR
+6 (VuVufr) — (OFr) 6guw — g6 (Ofr)

Perturbed fluid variables of the f(R) sector
(SCALAR)

QaeAye = —gx€uX + f;gX + %fRKQZ

31



Anisotropic stress of the dark sector

Start with the field equation:

IK2(Y — 2) = Quw, 5 + Quow, TS, o

In the C.N.G.:
X=¢"+7¢
Y =9
Z=¢

Assume no matter anisotropic stress.

From the projection of the stress energy tensor of the dark sector:

Quowy 15, = —iK*% — L frK? (Y — Z)

1
1+ f

Hence we deduce the expression of Y in terms of Z and : Y =7 —

Combined to the field equation, this yields the expression of the anisotropic stress in terms of :

32



allowing to eliminate x. Then X and Z are written in terms of the perturbed
fluid variable thanks to the field equations:

_%K2Z — QmAm _I_ QdeAde

P Eal

2X — Qm@m _I_ Qde@de

This yields the equation of state for the dark sector anisotropic stress:

K2 Ae_ e m
30k €n { ‘ 2(1‘|‘f’R) ° Qa. 1 + fr

<
wde]:[de _

In the C.N.G.:

X=¢+1

Y =1
Z=¢

I

!
Q R P

©
Qde 2(1 + fR) B

|

33



Entropy perturbation in the dark sector
The field equation for the pressure perturbation is
%W +2X — §K2 (Y o Z) — Qm (6APm/pm) T Qde(é‘jpde/pde)
Assume no matter entropy perturbation.

The pressure perturbation is then written in terms of the entropy perturbation

or = 4P (5 _g)

Recall the definition of x to eliminate W: X = J;—E {W +4X — %Kz (Y — 27 ) }

1
T 1+ X

To eliminate Y, use the previous expression linking x to Y and Z: Y =/

Finally, thanks to the equation of state of the dark anisotropic stress, and the field equations,
X, X and Z are expressed in terms of the perturbed fluid variables, yielding the equation of state
for the entropy perturbation in the dark sector.

34



Equations of state for f(R) perturbations

Anisotropic stress

wH5:1K2{A— R__§, + m IR
de de 2(1—|—fR) de Qde ]_—I—fR

Entropy perturbation

€ 2(1+ o i A
Wyel'qe = [Cde 3g;€H ( ?;) fR] Age — (4.0

_ 9f, _ f! "
_|_g_§; |:Cm __Em fR’ f';z} Am_ gm Cm@m

3gken  frn

Notations
g€y — € dP; K2 k
P = — =14 — K=—
C 39KEH dp, gK + 36}1 a
H' R’

+
|

Q2 R

Qde 2(1 + f’R)

o)
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Consider a dark sector f(R) fluid with constant equation of state at the background level:

Wy, = cste
Assume a dust like matter fluid: w, =0
This determines all background functions: Qi (a) — 32}2
P = Pioa_3(1+wi)

36



Consider a dark sector f(R) fluid with constant equation of state at the background level:

Wy, = cste
Assume a dust like matter fluid: w, =0
This determines all background functions: Qi (a) — 32}2
P = Pioa_3(1+wi)

,,,,,,,,,,,,,,,,,,,,, > EH({],) . %(]— + wdeQde)

R(a) = 12H?(1 — Ley)

As we saw, the time-time projection of the stress-energy tensor of the dark sector gives:

f /
Qye = T 6H? + (1 —eu)fr— fr

which is a second order differential equation that completely determines f(R),

RH R!
1" / 1
f_l_(EH_]-_ﬁ f‘l‘@ = —R'(1,,
once the initial conditions are specified for f and f'. Song-Hu-Sawicki [arXiv:0610532]

37



RH R!
'+ (EH =1l= ﬁ) i+ cr2d = —R'Qy.



ffr_l_(

The particular solution is:

_1_R_H)ff

fpart — _6H2Qde

R!
6H?

f= _Rfﬂde

39



RH R!
£ (o1 ) '+ gpaf = —R

The particular solution is: foare = —6H 2Q0..

In the matter domination era, the differential equation without r.h.s reduces to

2f" +7f ' —3f =0 leadingto f=A,aPt +A_aP~ with p,=

—7++73

4
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RH R!
£ (o1 ) '+ gpaf = —R

The particular solution is: foare = —6H 2Q0..

In the matter domination era, the differential equation without r.h.s reduces to

—7++73

2f” + Tf’ — 3f =0 leading to f — A+ap+ + A aP— with Py = ;

Due to tight observational constraint in the high curvature regime ,the decaying mode is unacceptable
so we set its amplitude to zero:
A =0

Hence, initial conditions are specified in the matter domination era as

f(ainit) — fpart( 1n1t) _I_ A—|—a'1nlt
ff (a’iﬂit) — f;art (a’init) —I_p—i—A—i—a?ﬂTt

41



RH R!
£ (o1 ) '+ gpaf = —R

The particular solution is: foare = —6H 2Q0..

In the matter domination era, the differential equation without r.h.s reduces to

—7++73

2f” + Tf’ — 3f =0 leading to f — A+ap+ + A aP— with Py = ;

Due to tight observational constraint in the high curvature regime ,the decaying mode is unacceptable
so we set its amplitude to zero:
A =0

Hence, initial conditions are specified in the matter domination era as

f(a’init) — fpart( 11111;) _I_ A+a1n1t
f (a’lﬂlt) T pdl‘t( init) —I_p—i—A—i—a?n_i_t

Different f(R) function are parametrized by a single number, A , or equwalently

Song-Hu-Sawicki [arXiv:0610532]

42



Solving the dynamics

Perturbed fluid equations 6(VHD ﬁw) —

A’—3wA—2wHS—I—gKEH(:) =3(14+w)X
O +3(%L —w+ 3€4)0 —34LA — 2uIl® —3uT =3(1+w)Y

43



Solving the dynamics

Perturbed fluid equations 6(VHD ﬁw) —

A — 3wA — 2wII® + guey© = 3 (14+w)X

O +3(%L —w+ 3€4)0 —34LA — 2uIl® —3uT =3(1+w)Y

The two perturbed fluid equations The two perturbed fluid equations
of the dark sector of the standard matter fluid
~ r ja]
A;e — _BAde — gKfHede — QHSB Arn — _gKEH@m +3X

Fal Fal

!

é!de — _3Ade — EHéde — 2]:[3e — 3Tde em — _EH@m + 3Y
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Solving the dynamics

Perturbed fluid equations 6(VHD ﬁw) —

A — 3wA — 2wII® + guey© = 3 (14+w)X
_|_

O +3(%L —w+ 3€4)0 —34LA — 2uIl® —3uT =3(1+w)Y
The two perturbed fluid equations The two perturbed fluid equations
of the dark sector of the standard matter fluid
. r -~
Afde — _BAde - gKEH@dB - 2]:[39 Am — _gKEH@m —I_ 3-X
é’de — _3Ade — EHéde — 2]:[3e — 3Tde @:,n — _EHem + 3Y

And one evolution equation for the metric perturbations 7' = X —Y

(coming from the definition of the gauge invariant notation: X = 7' +Y)

X,Y are then replaced by their expression in terms of the fluid variables (and Z), according to the
analysis made in the previous slides.
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Background evolution determined by:

QdeD!

46



Background evolution determined by: Qdeo, W, Wy, Dy

System of first order differential equations for the evolution of perturbations
, n

Ade —_ _BAde — gKEH@de - 2]:[33

@’de — _3Ade — EH@de — 2]:[3e — 3Fde

O =—€,0, +3Y )
X-Y

N
[

47



Background evolution determined by: Qdeﬂ, W, Wy, Dy

System of first order differential equations for the evolution of perturbations

Battye-Bolliet-Pearson [arXiv:1508.04569]

X =10,6.+10.06,

-2

Y —_ Y(Z, Adej édej Am! ém)

A!de —_ _BAde — gKEHéde - 2]:[33
Y = —3A,, — enO, — 2113, — 3T,

de

)

A = —gu .0, +3X . . . .

A . II;, =1 (Ade, O, Ar, O
@iﬂ — _EH@m _I_ 3Y de de( d X d X )
Z.f — X . Y- Pde — Pde(Adej @deﬂ Am! @m)

Initial conditions for perturbations are set in the matter dominated era, when departure from
General Relativity are expected to be negligible (observational constraints)

— 2172 8g00 = —2a*
Ade(a’init) — 0 QmAm(afinit) - 3K Zinit 6gi; = —2a*pdi; +hY -vi; + R - ey
A A Y=y
@de (a’init) — O Qm@m(a’init) — 2Zinit Z=¢

48



Evolution of the gravitational potentials

From the equation of state of the anisoptropic stress and the definition of y,
one gets the following relation:

~ 8goo = —2a%¢
) . 5;,- — 20206 + hY vy + h" - e
BK (Y—QZ)=SBW+1QBX+3E—E(Y—Z) Y=y , Fo
- Z=9 T @t fr) o

49



Evolution of the gravitational potentials

From the equation of state of the anisoptropic stress and the definition of y,
one gets the following relation: g0 = 2%

5 3 8gij = —2a2q55ij +hY v +hT e
BKX(Y —2Z) = 3BW + 12BX +3&(Y = 2) ., M

7 = (b Bo _EH(]-"'.f’R,) |c.v,=a0

Transition scale: BK?~1= 27 — %Y

0.65 ] |
0.60l n(a, k) =2/¥ |
] 0.8}

0.55} ': :
EO.SO- E06
0.45/ o4
0.40| 0.2
0.35| 00

10°  10* 0001 0010 0.100 105 104 0001 0010 0.100

k (h/Mpc) k (h/Mpc)

Figure: Spectrum of the ratio Z/Y (or —®/¥) for different values of the equation of state parameter
when B =1 (left) and different designer f(R) scenarios parametrized by B =1 and with w_= -1 (right).

On the x-axis, the wavenumber is written in units ‘h/Mpc’, where h = 0.73 is the reduced Hubble

constant.
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Evolution of the gravitational potentials

From the equation of state of the anisoptropic stress and the definition of y,
one gets the following relation: g0 = 2%

591'3' = —2@2(,?552'_7' +hY. Vij + h* . €ij

BK*(Y — 2Z) = 3BW + 12BX +3%(Y —2)  ,_, f,;z

Z=¢ BDE_EH(1+f’R,) |c.v,=ao
Transition scale: BK?’~1= 27— %Y
0.65¢} |
1.0 — By=0.1
0.60f ~~====m=mene \ \
............. . 08 sl =y

0.55}
> 0.50 112 S g  Bo=10
050 — 2 K(Y — Z) = Qw7 + Qi w1l

0.45F .

0.40f .. Wor=—0.9 0.2

0.35/ R L1 D ————

107° 1074 0.001 0.010 0.100 10-5 1074 0.001 0.010 0.100
k (h/Mpc) k (h/Mpc)

Figure: Spectrum of the ratio Z/Y (or —®/¥) for different values of the equation of state parameter
when B =1 (left) and different designer f(R) scenarios parametrized by B =1 and with w_= -1 (right).

On the x-axis, the wavenumber is written in units ‘h/Mpc’, where h = 0.73 is the reduced Hubble
constant.
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Modification to the Poisson equation

C2K2Z = QA+ Qud = DA, (1 "

QdeAde

QAL

)

- 8900 = —2a%
- 0gij = —2a°@6i; + BV -vij + h" ey

Y=
Z=¢

52



Modification to the Poisson equation

Q A | (59002—2&210

e e = 93248 Vo T, o..

—2K2Z = QAL + QoA = QoA [ 14 =200 ) o= 20700 H 17w H1T- ey
3 |

Q_A_ Y =9
Z=¢
0.45; ; ; ]
; —k“VU = 41Ga“p(a, k) pA |
0.40} o, o |
€ i
1035,
< 0.30}
L
g 0.25}
- |
c 020 AN T
015 ............................
0.10! |
10°  10* 0.001 0.010 0.100
k (h/Mpc)
Figure: Scale dependence of the correcting term to the Poisson equation, evaluated today
for ditferent (constant) equation of state parameter and B =1. For recent constraints on BO
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Concluding remarks

The Equation of State approach is an elegant formalism for studying the
phenomenology of cosmological perturbations in f(R) gravity.

The f(R) modifications can be implemented by simply adding a new fluid
specie at the perturbed level, rather than modifying the whole set of equations
for the metric perturbations.

Battye, Bolliet, Pearson, f(R) as a dark energy fluid, PRD 2016.

We have illustrated the EoS approach with f(R) gravity, but it should apply to
any modified gravity theory.
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Perspectives

1) Implementation of the EoS approach In CLASS [Blas-Lesgourgues-Tram arXiv:1104.2933]

2) Classification of modified gravity theories in terms of their equations of
state for dark sector perturbations.
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The equations of state for dark energy
The equation of state at background level

Kunz [astro-ph/1204.5482]

Model equation of state Dark sector
parameters
Constant w w = wy 1
Linear (CPL) w=wo+ (1 —a)w, 2
Quadratic w = wo + w1 (1 —a) + wa(l — a)? 3
Cubic w = wy + w1 (1 — a) +wa(l — a)? +ws(1l — a)? 4
ACDM w=—(1—Qn)/[Qma3+ (1 - Q)] 1

Planck Collaboration [astro-ph/1502.01590]

\ Planck+BSH
Planck+WL

Planck+WL+BAQO/RSD

But constraints on the background
dark sector equation of state
parameter are not sufficient to
distinguish between different dark
energy ( DE) and modified gravity
(MG) models.

Constraints on the perturbative
degrees of freedom of the dark sector
are essential.
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