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Many of the exact results in low-dimensional systems come from exact solu-
tions in 1 + 1–dimensional QFT

particle  solution

S−matrixVirasoro  representations

operator algebra

no direct notion of fieldsno direct notion of particles

Conformal Field Theory

at  criticality

Integrable Field Theory

away from criticality

Recovering the space of fields from the S-matrix is important in principle and
in practice



Space of conformal fields (BPZ ’84)

Correspondence with the lowest weight representations of the Virasoro alge-
bra. The space of fields splits into families, each one consisting of a primary
Φ0 and infinitely many descendants

Φ(x) = L−i1 . . . L−iI
L̄−j1 . . . L̄−jJ

Φ0(x)

0 < i1 ≤ i2 ≤ . . . ≤ iI 0 < j1 ≤ j2 ≤ . . . ≤ jJ

(lΦ, l̄Φ) =

(
I∑

n=1

in ,

J∑
n=1

jn

)
left and right level

(∆Φ, ∆̄Φ) = (∆Φ0
+lΦ, ∆̄Φ0

+l̄Φ) conformal dimensions

XΦ = ∆Φ + ∆̄Φ scaling dimension
sΦ = ∆Φ − ∆̄Φ spin
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Φl

The actual ‘filling’ of each level depends on the existence of null vectors

The role of internal symmetries is best understood using modular invariance
(Cardy ’86)



Two-dimensional massive field theories

Since a massive theory is a perturbation of a CFT, it should have the same
field content (up to internal symmetry breaking effects).

How to see this now that conformal symmetry is gone?

Integrable theories. The S-matrix is known exactly

|Aa(θ1)Ab(θ2)〉in = Scd
ab(θ1 − θ2)|Ac(θ1)Ad(θ2)〉out

Field content and correlation functions must be determined from particle
dynamics

I’ll consider a large class of theories (includes sine-Gordon) characterized by

1) abelian internal symmetry group G

2) asymptotic diagonality, i.e. lim
θ→±∞

Scd
ab(θ) = e±2iπαabδc

aδ
d
b



Form factor equations (Karowski,Weisz ’78; Smirnov ’80s)

FΦ
a1...an

(θ1, . . . , θn) = 〈0|Φ(0)|Aa1(θ1) . . . Aan
(θn)〉 (= 0 if

∑n
j=1 Caj

6= −CΦ)

FΦ
a1...an

(θ1 + Λ, . . . , θn + Λ) = esΦΛFΦ
a1...an

(θ1, . . . , θn) (1)

FΦ
...aiai+1...(. . . , θi, θi+1, . . .) = Sbibi+1

aiai+1
(θi − θi+1)FΦ

...bi+1bi...(. . . , θi+1, θi, . . .) (2)

FΦ
a1...an

(θ1 + 2iπ, θ2, . . . , θn) = e−2iπγΦ,a1FΦ
a2...ana1

(θ2, . . . , θn, θ1) (3)

Resθa−θb=iuc
ab

FΦ
aba1...an

(θa, θb, θ1, . . . , θn) = iΓc
ab FΦ

ca1...an
(θc, θ1, . . . , θn) (4)

Resθ′=θ+iπ FΦ
āaa1...an

(θ′, θ, θ1, . . . , θn) =

i
[
δb1

a1
. . . δbn

an
− e2iπγΦ,aSb1...bn

a1...an
(θ|θ1, . . . , θn)

]
FΦ

b1...bn
(θ1, . . . , θn) (5)

γΦ,a semi-locality index

〈· · ·Φ1(ze2iπ, z̄−2iπ)Φ2(0) · · ·〉 = e2iπγΦ1,Φ2 〈· · ·Φ1(z, z̄)Φ2(0) · · ·〉

γΦ,a = γΦ,ϕa
Cϕa

= Ca sϕa
= 0

�
�
�
�

�
�
�
�
x

0

The form factor equations contain only the spin and charge data of the field
−→ infinitely many solutions. Look at asymptotic behavior



The operators Λa (GD ’08)

lim
θn→+∞

FΦ
a1...an

(θ1, . . . , θn−1, θn + 2iπ) =
n−1∏
j=1

e−2iπαajan lim
θn→+∞

FΦ
ana1...an−1

(θn + 2iπ, θ1, . . . , θn−1)

= e−2iπγΦ,an

n−1∏
j=1

e−2iπαajan lim
θn→+∞

FΦ
a1...an

(θ1, . . . , θn)

=⇒ FΦ
a1...an

(θ1, . . . , θn) = fΦ,an

a1...an−1(θ1, . . . , θn−1) eyΦ,anθn , θn → +∞ , n > 1

yΦ,an
= −γΦ,an

−
n−1∑
j=1

αajan
+ kΦ,an

kΦ,an
∈ Z

fΦ,an

a1...an−1(θ1, . . . , θn−1) satisfy the equations for F
Φ(an)

a1...an−1(θ1, . . . , θn−1) with

sΦ(a)
= sΦ − yΦ,a γΦ(a),b = γΦ,b − αab CΦ(a)

= CΦ + Ca

ΛaF
Φ
a1...ama(θ1, . . . , θm, θ) ≡ lim

θ→+∞
e−yΦ,aθFΦ

a1...ama(θ1, . . . , θm, θ) = FΦ(a)

a1...am
(θ1, . . . , θm), m ≥ 0

ΛaΦ = Φ(a)



Introduce a ”dual charge” C̃ (defined modZ), so that

γΦ1,Φ2
= CΦ1

C̃Φ2
+ C̃Φ1

CΦ2

sΦ = CΦC̃Φ + nΦ nΦ ∈ Z

Θ ≡ T µ
µ (CΘ = C̃Θ = sΘ = 0) Θa ≡ Θ(a) = ΛaΘ

αab = −γΘa,b = −C̃Θa
Cb S-matrix determines values of C̃

sΘa
= −αaa+nΘa

Θa parafermionic if αaa /∈ Z/2 (cfr Smirnov ’90)

yΦ,a = sΦ − sΦ(a)
= −[CaC̃Φ + (CΦ + Ca)C̃Θa

] + kΦ,a kΦ,a = nΦ − nΦ(a)

F = space of fields

= space of form factor solutions =
⊕
C,C̃,n

Fn
C,C̃

dimFn
C,C̃

= ∞

Λa : Fn
C, C̃

−→ Fn−ka

C+Ca, C̃+C̃Θa (mod Z)

Fn
C,C̃

=
⊕
ka∈Z

Fn,ka

C,C̃



• Lower bound on asymptotic behavior

〈Φ(a)〉 = ΛaF
Φ
a (θ) = FΦ

a (0) lim
θ→+∞

e(−yΦ,a+sΦ)θ = FΦ
a (0) lim

θ→+∞
esΦ(a)

θ

〈Φ(a)〉 < ∞ =⇒ sΦ(a)
≤ 0 i.e.

yΦ,a ≥ sΦ if FΦ
a (0) 6= 0

– yΦ,a takes integer-spaced values and is bounded from below, like the con-
formal level

– the form factor eqs (Lorentz and analytic properties) imply a semi-infinite
integer gradation for the space of fields

• Upper bound on asymptotic behavior (GD, Mussardo ’95)

From the spectral representation of correlation functions in reflection-positive
theories

yΦ,a ≤ XΦ/2 if sΦ = 0

=⇒ 0 ≤ yΦ,a < 1 for Φ scalar, relevant with FΦ
a 6= 0

– since yΦ,a takes integer-spaced values, only the minimal value is selected

– explains the observed effectiveness of the upper bound



Eigenfields of Λa : Λaφa = λφa
φ̄a

φ̄a C, C̃-conjugate of φa, sφa
= sφ̄a

= 0

−→ yφa,a = 0 minimal asymptotic behavior allowed for scalar fields

φa ∈


F0,0
−Ca,0

⊕
F0,0

0,−C̃Θa

if Ca 6= 0⊕
C F

0,0
C,0

⊕
C̃ F

0,0
0,C̃

if Ca = 0
φ̄a = φā

ΛaF
φa

a =

 λφa
〈φā〉

F φa

a

=⇒ λφa
=

F φa

a

〈φā〉
universal number

For example : lim
θ2→+∞

F φa

āa(θ1, θ2) =
F φa

a F φā

ā

〈φā〉
Example of asymptotic factorization (Smirnov ’90; Koubek,Mussardo ’93;
GD,Simonetti,Cardy ’96; GD,Niccoli ’05; Balog,Weisz ’07)



Call Ωa the space of solutions of the form factor equations satisfied by the
eigenfield(s) φa (i.e. same spin=0, same C and C̃)

criticality (CFT) off-criticality (IFT)

V∆ =
∞⊕

l=0

V∆,l Ωa =
∞⊕

k=0

Ωa,k

l = l̄=level k ≡ kΦ,a = yΦ,a

primary ∈ V∆,0 φa ∈ Ωa,0

(∂∂̄)j V∆,l ⊆ V∆,l+j (∂∂̄)j Ωa,k ⊆ Ωa,k+j

Natural conjectures

– Critical and off-critical field spaces are isomorphic. In particular

Ωa =
⊕
∆∈Da

V∆

– Simplest cases: k = l Ωa,l =
⊕

∆∈Da
V∆,l

– More generally it could be k−l fixed and positive for some ∆ (e.g. irrelevant
primaries)

– Ωa,0 should be spanned by primary fields. Do the basis of φa’s and that of
primaries coincide when dimΩa,0 > 1 ?



Sine-Gordon ASG =
∫

d2x
(
1
2
(∂µϕ)2 − τ cosβϕ

)
Particles: soliton/antisoliton A±

Amplitudes:

S++
++(θ) = S0(θ) = − exp

−i

∫ ∞

0

dx

x

sinh x
2

(
1− ξ

π

)
sinh xξ

2π
cosh x

2

sin
θx

π


S+−

+−(θ) = −
sinh πθ

ξ

sinh π
ξ
(θ − iπ)

S0(θ)

S−+
+−(θ) = −

sinh iπ2

ξ

sinh π
ξ
(θ − iπ)

S0(θ) ξ =
πβ2

8π − β2

Asymptotic phases: αab = −1
4

(
1 + π

ξ

)
ab = −2π

β2 ab a, b = ±1

C± = ±1 −→ C̃Θa
=

2π

β2
a (modZ) sΘa

=
2π

β2
+ nΘa

Primaires: Um,ν(x) = e
i
[

2π

β
mϕ̃(x)+νβϕ(x)

]
CUm,ν

= m C̃Um,ν
= ν (modZ)

Predicted eigenfields of Λ±: φ± = U∓1,0 + U0,∓2π/β2 = e∓i2π

β
ϕ̃ + e∓i2π

β
ϕ

Can be checked in principle against the Lukyanov-Zamolodchikov form factors



Model G a Ca αab C̃Θa
sΘa

(modZ) φa

sine-Gordon U(1) ±1 a −2π
β2 ab 2π

β2 a
2π
β2 e∓i2π

β
ϕ̃ + e∓i2π

β
ϕ

minimal ZN ZN 1, . . . , N-1 a ab
N

− a
N

−a2

N
σN−a + µN−a

no symmetry I mod. dep. 0 0 0 0 all primaries

Conjecture: the eigenfields of Λa1 . . .Λam
are primaries with charge −

∑m
i=1 Cai



Theories without internal symmetries

Ca = 0 ∀a −→ no mass degeneracy; αab = 0 ∀a, b

Sab(θ) =
∏

γ∈Gab

tγ(θ) tγ(θ) =
tanh 1

2
(θ + iπγ)

tanh 1
2
(θ − iπγ)

CΦ = C̃Φ = 0 ∀Φ −→ sΦ ∈ Z, yΦ,a = kΦ,a ∈ Z ∀Φ

F =
⊕

s∈Z, k≥s

Fs,k
0,0 Ωa =

⊕
k≥0

F0,k
0,0 =

⊕
∆

⊕
l≥0

V∆,l ∀a

Ising model with magnetic field at T = Tc :

G11 = {2/3,2/5,1/15} −→ 8 particles (Zamolodchikov ’88)

λφ =
F φ

1

〈φ〉
=

 −0.640902..

−3.70658..
(GD, Mussardo ’95; GD, Simonetti ’96)

|F σ
1 /〈σ〉| = 0.6408(3), |F ε

1/〈ε〉| = 3.707(7) (Caselle,Hasenbusch ’00, lattice)

– The solutions of Λφ = λφφ are the primaries



Checking out levels: the Lee-Yang model (GD, Niccoli ’08)

A = AM2,5
+ g

∫
d2x ϕ(x)

Critical theory (g = 0): c = −22/5 simplest non-trivial fixed point

two primaries: I (∆ = ∆̄ = 0) ϕ1,2 ≡ ϕ (∆ = ∆̄ = −1/5)

Massive theory: S(θ) =
tanh 1

2(θ+2iπ

3 )
tanh 1

2(θ−2iπ

3 )
(Cardy, Mussardo ’89)

Expectation for scalar sector: k = l F0,l
0,0 =

⊕
∆=0,−1/5

V∆,l

We show this and its analogue for any value of the spin by form factor
counting

Differences with previous counting works:

– Cardy, Mussardo ’90: thermal Ising (free, chiral)

– Koubek ’95: Lee-Yang (no notion of levels in the massive theory)

– Smirnov ’95; Jimbo, Miwa, Takeyama ’03: generalization to sine-Gordon
and restrictions (again no levels)



Form factor parameterization (Al.Zamolodchikov ’91):

FΦ
n (θ1, . . . , θn) = 〈0|Φ(0)|θ1 . . . θn〉 = UΦ

n (θ1, . . . , θn)
∏

1≤i<j≤n
Fmin(θi−θj)

cosh
θi−θj

2 [cosh(θi−θj)+
1

2]

Fmin(θ) = −i sinh θ
2

exp
{
2
∫∞
0

dt
t

cosh t

6

cosh t

2
sinh t

sin2 (iπ−θ)t
2π

}
UΦ

n (θ1, . . . , θn) linear combinations of symmetric polynomials σ(n)
k (eθ1, . . . , eθn)

Counting:

The basis of ”kernel fields”

A basis for initial conditions is
1

2

3

4

5

n

F
(a1,..,aN−1|A)
n (θ1, ..., θn) =


0, n < N

(σ(N)
N )A

∏
1≤i≤N−1(σ

(N)
i )ai

∏
1≤i<j≤N Fmin(θi − θj), n = N

a1, . . . , aN−1 non-negative integers, A ∈ Z s =
∑N−1

i=1 iai + NA

F
(a1,..,aN−1|A)
N (θ1 + α, . . . , θj + α, θj+1, . . . , θn) ∼ eyjα, α → +∞, 1 ≤ j ≤ N − 1

yj =
∑j−1

i=1 iai + j
(∑N−1

i=j ai + A + N − j
)

y ≡ Max{yj}j={1,...,N−1}



Define the non-negative integers l = Max{s, y,0} l̄ = l − s

Count how many solutions of type (l, l̄) can be obtained in terms of a1, . . . , aN−1, A

Result : d(l, l̄) ≡ # of solutions of type (l, l̄)
= dI(l)dI(l̄) + dϕ(l)dϕ(l̄)

dI(l) =
∞∑

N=0

P (N, l −N(N + 1)) dϕ(l) =
∞∑

N=0

P (N, l −N2)

P (N, M) = # of partitions of the integer M into the integers 1,2, . . . , N

dΦ(l) = # of conformal descendants of the primary Φ at level (l,0)

=⇒ d(l, l̄) coincides with the total number of fields at level (l, l̄) in M2,5

– The critical and off-critical spaces of fields are isomorphic

– The integers l, l̄ we defined in the massive theory are the conformal levels
(l = k in the scalar case)

– A complete identification of the solutions exists for l, l̄ ≤ 7 (GD,Niccoli ’05)



Summary

The program of deriving the field content from the S-matrix is in an advanced
state for massive integrable theories

– A large class of these theories admits a general classification of fields in
terms of charges, spin and asymptotic behavior of form factors

– The asymptotic behavior admits a lower bound and takes integer-spaced
values reproducing the semi-infinite level gradation familiar from CFT

– The form factor equations allow for the introduction of operators Λa map-
ping fields into fields

– The scalar eigenfields of the operators Λa have minimal (constant) asymp-
totic behavior and appear to select primary fields in the massive theory

– The isomorphism of critical and off-critical field spaces has been shown for
a theory emanating from a non-trivial RG fixed point

Perspectives

– Any integrable theory

– Dropping integrability ?

– Higher dimensions ?


