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Part I: An overview of flux compactifications

Setup, problems and solutions

Properties of the effective theories

Part II: Twisted tori (and geometric fluxes)

Part III: Effective theories for general backgrounds

Part IV: Non-geometric backgrounds                             
(Every supergravity from string theory?!)
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Part I: 
Overview of Flux 
Compactifications



Part I: Overview

String Theory as the ultimate unified theory: no 
dimensionless free parameters

But: lives in 10 (or 11) dimensions.

Low energy theory: supergravity

Standard approach to obtain sensible phenomenology 
from string theory:   compactification

Field fluctuations in the extra dimensions are seen as 
masses and couplings in 4d.

Hence: low energy properties depend on high energy 
choices



Part I: Overview

Minimal setup: pure geometry

Compactification Ansatz to 4 dimensions:

M10 = M4 × Y6

If all fluxes are set to zero F =0, the only non-trivial 
equation of motion is the Einstein equation  

RMN = 0

Other fields proportional to 4d volume (or independent)

ds2(x, y) = e2A(y)ds2
4(x) + e−2A(y)ds2

Y6
(y)



Part I: Overview

Minimal setup: pure geometry

RMN (x, y) = 0

Compactification Ansatz to 4 dimensions:

M10 = M4 × Y6

ds2(x, y) = e2A(y)ds2
4(x) + e−2A(y)ds2

Y6
(y)

M4 x Y6 is a direct product

A(y) = 0

The internal space is Ricci-flat

Rmn(y) = 0



Ansatz

Supersymmetry  

Integrability

Result: Y6 is a special holonomy manifold

⇐⇒ ∃ η | δψm = ∇mη = 0

Part I: Overview

Reduced holonomy Ricci flatness

M10 = M4 × Y6

∇2η = Rabγabη = 0



Part I: Overview

Special holonomy manifolds were classified by 
Bergèr (1955):

This is a general result for any geometric reduction 

D-d YD-d

6 Calabi-Yau (H=SU(3))

7 G2-manifolds

8 Spin(7)

MD ⇒Md × YD−d



Part I: Overview

Special-holonomy manifolds specify the vacuum

The lower dimensional effective theories describe the 
dynamics of the fluctuations around these backgrounds

Example: metric fluctuations

gMN (x, y) = g0
MN (y) + δgMN (x, y)

The background is not changed if:

RMN

(
g0

MN + δgMN

)
= 0

This forces:

MODULI FIELDSmδgmn
2 = 0



Part I: Overview

Moduli Space
(Space of Deformations)

Problem: HUGE VACUUM DEGENERACY

V
(
φi

)
= 0



Part I: Overview

For minimal supersymmetry

Since ‘86 Standard-Model like vacua have been 
searched

Heterotic string theory has large gauge groups partially 
broken by compactification  

Huge number of CY manifolds

Moduli        related to the size and shape of Y6 have flat 
potential

Y6 has SU(3) holonomy  = Calabi-Yau

φi



Part I: Overview

More modern approach: Intersecting Brane Worlds

STANDARD
MODEL

HIDDEN 
SECTOR

Gravity 
propagates in 

D=10



Part I: Overview

Can we remove the vacuum 
degeneracy?

Add non perturbative effects (difficult to 
compute and control)

Add Neveu-Schwarz and Ramond-Ramond 
fluxes!



Part I: Overview

Introducing fluxes constrains the system



Part I: Overview

Furthermore: introducing fluxes means adding 
energy to the system

Effective theory is deformed  

Vacuum degeneracy may be lifted

BUT
No-go theorem forbids this!



Part I: Overview

The No-Go Theorem
(Assumptions)

Standard action (no higher curvature corrections)

All massless fields have positive kinetic energy

Semi-negative definite potential:

Smooth solution

Warped product Ansatz:

α′R2 + . . .

VD ≤ 0

ds2(x, y) = e2A(y)
(
ds2

4(x) + ds2
Y6

(y)
)



Part I: Overview

The No-Go Theorem

The trace of the Einstein equation on the space-time 
indices becomes an equation for the warp factor:

For a p-form Fp respecting Poincaré invariance

Integrating by parts (r.h.s positive definite for M4 or dS)

T̃ = −Fµνρσm1...mp−4F
µνρσm1...mp−4 +

d

D − 2

(
1− 1

p

)
F 2

∫

Y6

(
∇e(D−2)A

)2
≤ 0⇒ A = const

(D − 2)−1e(2−D)A∇2e(D−2)A = R4 + e2AT̃



Part I: Overview

The No-Go Theorem

The trace of the Einstein equation on the space-time 
indices becomes an equation for the warp factor:

For a p-form Fp respecting Poincaré invariance

We are left with 2 options:

1) Minkowski (R4 = 0) and NO fluxes

2) Anti-de Sitter spacetime (R4 < 0) with flux

T̃ = −Fµνρσm1...mp−4F
µνρσm1...mp−4 +

d

D − 2

(
1− 1

p

)
F 2

0 = R4 + e2AT̃



Part I: Overview

The No-Go Theorem

String theory can avoid (naturally) these constraints.

Exotic theories (Type * theories)

Use non-compact manifolds

Introduce sources (D-branes and O-planes)

Must produce negative tension (O-planes)

Higher derivative terms (stringy corrections)       
Natural in Heterotic theory for anomaly cancellation



Part I: Overview

Moduli Space
(Space of Deformations)

This is “The Landscape of Flux Compactifications”

The string theory landscape

! Landscape is huge.

! But: still highly constrained (! “swampland”). Plausibly only
finite number compatible with rough observational constraints.

! In principle we could hope to one day classify all vacua and
find unique one matching precision data, enabling us to
predict everything we want to know.

V
(
φi

)



The string theory landscape

! Landscape is huge.

! But: still highly constrained (! “swampland”). Plausibly only
finite number compatible with rough observational constraints.

! In principle we could hope to one day classify all vacua and
find unique one matching precision data, enabling us to
predict everything we want to know.

Part I: Overview

Determine the number of different vacua

Determine their properties (classify them)

Extract phenomenology (        ...distribution)Λ,α,

Measure? (anthropic vs. entropic selection)

Dynamical selection

What do we do with this?



Part I: Overview

These Lectures’ 
Approach:

Effective Theories
(Bottom-Up)



Part I: Overview

What kind of effective theories do we get?

How much can we believe these theories?

Which 4d supergravities have a stringy origin and 
which ones have not?

Can we realize any 4d sugra from some 10d 
construction?

Equivalence classes?



Part I: Overview

Fluxes generate a potential for the moduli fields:

Let us give a v.e.v. to the common sector 3-form

The 3-form kinetic term becomes a scalar potential in 4d 

But there is more...

〈HIJK(x, y)〉 = hIJK

∫

M10

H ∧ !H =
∫

d4x
(
habcg

ad(x)gbe(x)gcf (x)hdef + . . .
)

= V (gab)



Part I: Overview

Gauged SUGRA (couplings and potential) fixed by the 
gauge group (and symplectic embedding)

Fluxes determine (non abelian) gauge couplings:

Jacobi identities = 10/11d Bianchi identities

Vector fields from the metric       and tensorsgµI BµI

∫
H ∧ !H =

∫
d4x

√
−g4

(
∂µBν

a∂µBνbgab

+ ∂µBν
agµbgνc habc + . . .

)



Part I: Overview

A Lightning Review of 
Gauged Supergravities



Part I: Overview

Standard supergravity has a scalar manifold     
describing their    -model

A subgroup of its isometries are realised as global 
symmetries

Deformation

This process modifies

M
σ

Lagrangean Susy rules
O(g) mass terms O(g2) potential O(g) fermion shifts

global symmetries local
gauging

∂µ Dµ = ∂µ + gAµ

Remarkably:

No need of O(g3) terms to 
consistently close the action



Part I: Overview

Explicit realization in 4d:
{
gµν ,ψi

µ, AI
µ,λA,φa

}

Consider the isometries δφa = εαka
α(φ)

A subgroup can be gauged by the vector fields

Dµφa = ∂µφa + AI
µ θα

I ka
α

Modified SUSY rules

Geometric relations
DaSij = NA

i ea
Aj + ka

I f I
ij

Scalar potential:

δψi
µ = Dµεi + hI(φ)F I νργµνρεi + g γµ Sijεj

δλA = eA
ai(φ) D/φa εi + fA

I (φ) γµνF I
µνεi + g NA

i εi

V = N i
AgA

BNB
i − tr S2



Part I: Overview

Introducing fluxes generates a backreaction on Y6     

(and its moduli space)

The 4d effective theory has a potential

Which modes should we keep?

Moduli acquire mass

“Small fluxes” approximation



Part I: Overview

“Small fluxes” approximation

For zero fluxes the geometry is given M10 = M4 × Y6

Turning on fluxes d ! H = . . .

Rmn = Hm
ijHnij + . . .

Linear approx. = No backreaction 
(H small compared to the curvature ~1/t)

We also need to impose flux quantisation 

1
2πα′

∫

C3

H = N H ∼ α′

t3
<<

1
t

t2 >> α′

Good supergravity 
approximation!



Part I: Overview

Other issues:

Consistent truncations vs. Effective 
theories                                                 
(do we actually need a vacuum?)

Effective potentials may not contain all 
the 10d information 



Part I: Overview

An Example: IIB on 
Calabi-Yau + Fluxes        

(T6/Z2xZ2 with O-planes)

Reminder of IIB action and Bianchi

S =
1

2κ2
10

∫
d10x

√
−ge−2Φ

(
R + 4∂µΦ∂µΦ− 1

2
H2

)

− 1
4κ2

10

∫
d10x

√
−g

(
F 2

1 + F̃ 2
3 +

1
2
F̃ 2

5

)

− 1
4κ2

10

∫
C4 ∧H3 ∧ F3

τ ≡ C0 + ieΦ G3 ≡ F − τH

dF̃5 = H3 ∧ F3

dF̃3 = H3 ∧ F1



Part I: Overview

An Example: IIB on 
Calabi-Yau + Fluxes        

(T6/Z2xZ2 with O-planes)

A very simple (singular) Calabi–Yau manifold is the 
Z2xZ2 orbifold of T6

The orbifold action is

This results in a factorized (T2)3 

Each torus has one complex structure modulus Ui and 
one Kæhler modulus Ti

4 5 6 7 8 9

Z2 – – – – + +
Z2 + + – – – –

Z2 x Z2 – – + + – –



Part I: Overview

The complex structure moduli are

U i =
1

gi
11

(√
detgi + i gi

12

)
where gi =

(
gi
11 gi

12

gi
12 gi

22

)

The Kæhler moduli are

T i = ci + i
√

detgi

They also follow as deformation parameters of  the 
complex structure

Ω = αΛXΛ(U)− βΛFΛ(U) with α, β ∈ H3(M, R)

with ω ∈ H2(M, R)!6C4 + iJ = T iωi



Part I: Overview

We can actually write the surviving basis of 3-forms

And of 2-forms

dy4 ∧ dy5 dy6 ∧ dy7 dy8 ∧ dy9

Ω =
(
dy4 + U1dy5

)
∧

(
dy6 + U2dy7

)
∧

(
dy8 + U3dy9

)

!6C4 + iJ = T 1dy4 ∧ dy5 + T 2dy6 ∧ dy7 + T 3dy8 ∧ dy9

dy4 ∧ dy6 ∧ dy8 dy5 ∧ dy7 ∧ dy9

dy5 ∧ dy6 ∧ dy8 dy4 ∧ dy7 ∧ dy9

dy4 ∧ dy7 ∧ dy8 dy5 ∧ dy6 ∧ dy9

dy4 ∧ dy6 ∧ dy9 dy5 ∧ dy7 ∧ dy8



Part I: Overview

The moduli describe Kæhler manifolds with 
potentials

Kcs = − log
[
i

∫
Ω ∧ Ω

]

Kk = − log
4
3

[∫
J ∧ J ∧ J

]

plus a factor for the axio/dilaton S

KS = − log
(
S − S̄

)



ds2
10 = e2A(y)(−dy2

0 + dy2
1 + dy2

2 + dy2
3) + e−2A(y)

(
9∑

i=4

(dyi)2
)

Part I: Overview

Before introducing fluxes the solution is flat 

ds2
10 = (−dy2

0 + dy2
1 + dy2

2 + dy2
3) +

(
9∑

i=4

(dyi)2
)

We can turn on 3-form fluxes on the 3-cycles

G = HNS − SFRR =
(
hΛ − SfΛ

)
αΛ − (hΛ − SfΛ) βΛ

The backreaction on the geometry generates 
only a warping in the geometry

∇2e4A = e2A GmnpG
mnp

6i(S̄ − S)
+

e−6A

4
∂mα∂mα + ρloc



Part I: Overview

Consistency further imposes that the flux gives 
a solution to the equations of motion only if it is 
of type imaginary self dual (ISD), i.e.

and

G(3,0) = G(0,3) = G(1,2) = 0

J ∧G = 0

Supersymmetry further restricts to  type (2,1) 
and primitive, i.e.

G + i ! G = 0



Part I: Overview

‣ No-backreaction approximation justified because 
full solution is warped Calabi-Yau:

‣ For “small” fluxes 

‣ Light fields are CY moduli

‣ Masses are related to the warp-factor

e2A(y) e−2A(y)ds2 =
(
−dx2

0 + dx2
1 + dx2

2 + dx2
3

)
+ ds2

CY (y)

e2A(y) ∼ 1

φi ∼ harmonic forms A(y)⇒ m2
φi "= 0

Let us now describe the deformation to the effective action



Part I: Overview

The scalar potential follows from reduction of the 3-
form kinetic term

V = −1
2

∫

Y6

G ∧ !G

i(S̄ − S)
= −1

2

∫

Y6

G+ ∧ !G
+

i(S̄ − S)
+

∫

Y6

G ∧G

(S̄ − S)

4d potential topological term
G+ ≡ 1

2
(G + i ! G)

The topological term is used to cancel tadpoles

Integrated e×m + Qloc(ND3, NO3, ND7, ...) = 0

dF5 = −iG ∧G + ρloc



Part I: Overview

For small fluxes G+ can be expanded on the basis of 
harmonic 3-forms and we get the N=1 potential

V = eK
(
gab̄DaWDb̄W − 3|W |2

)

W =
∫

G ∧ Ω

for the famous superpotential

which depends only on the axio/dilaton and complex 
structure moduli

W = ciU
i + diSU i



Part I: Overview

The consequences are:

We cannot stabilize all the moduli      
(no Kæhler dependence)

The potential is positive definite       
(no-scale model)

The only supersymmetric vacua are 
Minkowski



Part I: Overview

We can use the effective superpotential to describe 
the 10d vacua by minimizing W:

DUiW ≡ ∂UiW + ∂UiK W =
∫

G ∧ χ(2,1)
i

DT iW ≡ ∂T iW + ∂T iK W = ∂T iK

∫
G ∧ Ω

DSW ≡ ∂SW + ∂SK W =
1

S̄ − S

∫
Ḡ ∧ Ω

G(3,0) = G(0,3) = G(1,2) = 0

No conditions on G(2,1)
NP


