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1 Chiral Effective Field Theory

Effective field theories are a general setting applicable whenever the energy
range of interest is much lower than some heavy mass scale so that heavy
particle degrees of freedom can be considered as “frozen”1 There are a lot
of examples of such a situation. One is the Euler-Heisenberg description
of light-by-light scattering for energies much smaller than the mass of the
lightest charged particle, the electron. In this limit, the interactions among
the photons, which would involve exchanges of virtual electrons in a box
diagram, can be considered as pointlike. We could say that highly virtual
particles do not live enough to propagate for long2 The pointlike, four-photon
interaction is described by an additional term in the Lagrangian density of
the effective theory of photons, which becomes

LEH = −1

4
F µνFµν + a(FµνF

µν)2 + b(F µνFνρF
ρσFσµ). (1)

The new interactions, with respect to the term already present in QED,
are parametrized by the coupling constants a and b, which are called “low-
energy constants”. Their values can be determined by a matching procedure
with QED. Their form is dictated by symmetry considerations. In this case
Lorentz symmetry and, most importantly the gauge symmetry. The latter
forces the appearances of the photon field through Fµν or covariant deriva-
tives. The interactions above arethe simplest ones that can be written down
respecting these symmetry. For example, it is easy to show that a term
with 3 powers of the field-strength tensor Fµν vanish. Of course there could
be more complex terms involving more than 4 powers of Fµν, which would
contribute to more complex processesm and would involve higher number of
derivatives. In general, the different terms can be ordered according to the
power of derivatives involved, which translates into the power of momenta.
The higher this power, the smaller their contributions at low energy.

Very similarly, theW boson exchange diagram relevant in β-decays shrinks
to a 4-fermion contact interactions at energies much smaller than the mass
of the exchanged boson, giving rise to the Fermi theory of weak interactions.

1There are a lot of excellent reviews about this subject, and I cannot aim at providing
one of comparable quality, not even at being exhaustive in the reference list ... [1, 2, 3, 4,
5, 6].

2I like to recall a warning written in Griffith’s book on particle physics: when a physicist
invokes the uncertainty principle keep a hand on your wallet...
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In the above examples, the low-energy version of the theory involves a
subset of the fields entering the fundamental theory. The heaviest fields are
simply “integrated out” and their effect is contained in the actual values of
the low-energy constants. This situation is sometimes referred to as “decou-
pling” effective field theory. But that is not always the case. Sometimes the
ingredients of the effective description are completely different than in the
fundamental theory. One example is the Ginzburg-Landau theory of super-
conductivity [7], which is formulated in terms of a new ingredient, the order
parameter, which bears little resemblance with the fundamental theory of
the interactions of electrons and ions. Associated to this we have the phe-
nomenon of spontaneous symmetry breakdown, i.e. the fact that the ground
state of the system does not possess the same symmetry (in this case gauge
symmetry) as the theory itself. It was precisely this situation that was trans-
lated to the realm of particle theory by Nambu [8] in the context of the chiral
symmetry of strong interactions.

2 QCD chiral symmetry and its consequences

Chiral symmetry is approximately exhibited by QCD due to the small values
of the light quark masses, as compared to the intrinsic scale of the theory,
ΛQCD. Indeed, if we set the light quark masses to zero, then we can mix
independently the left and right chiralities of the quarks,

ψL =


u
d
...


L

→ VLψL, ψr =


u
d
...


R

→ VLψR, (2)

where ψR/L = (1±γ5)/2ψ and the transformation matrix VR/L ∈SU(Nf ), Nf

being the number of light flavours, in the case of interest Nf = 2. Without
quark masses, this transformation leaves the Lagrangian invariant, since the
kinetic term does not mix chiralities,

ψ̄i /Dψ = ψ̄Ri /DψR + ψ̄Ri /DψR. (3)

In the absence of quark masses the left and right chiralities live their life
independently.

This is a global symmetry, since if we allow VL and VR to depend on the
spacetime point, then we could not shift the transformation matrix through
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the (covariant) derivative. It is also a continuous symmetry, characterized
by parameters αa

R/L, such that the SU(N) transformation matrices can be
written

VR/L = e
−i
∑

a
λa

2
αa
R/L , (4)

in terms of the group generators λa in the defining representation (in theNf =
2 case λa = τa, the Pauli matrices, a = 1, 2, 3). As all continuous symmetries,
chiral symmetry implies the existence of conserved Noether currents and
associated charges. Their identification as

Ja
µR/L = ψ̄R/Lγµ

λa

2
ψR/L (5)

is left as an exercise, together with the properties of the corresponding charges

Qa
R/L =

∫
d3xJa

0R/L (6)

which, in force of the current conservation equation ∂µJµ = 0, are time-
independent. These Noether currents are the same as the electroweak cur-
rents, that is, to these currents are coupled weakly interacting particles. This
is a particularly useful circumstance, which make the matrix elements of these
Noether currents observable.

It is customary to define the vector and axial vector currents as the ap-
propriate combinations

V a
µ = Ja

µR + Ja
µL, Aa

µ = Ja
µR − Ja

µL, , (7)

with corresponding vector and axial vector charges denoted as Qa and Qa
5

respectively. At this point it is worthwile to observe that actually the sym-
metry group of the Lagrangian is U(Nf )×U(Nf ), so that the index a runs
over the U(1) component too, say a = 0. But this is only possible for the
vector symmetry, because the axial U(1) is affected by the QCD anomaly.
The charges are the group generators and they satisfy the group algebra.
Also the currents, by covariance, satisfy what is called the “current algebra”,

[Qa, V b
µ ] = ifabcV c

µ , [Qa, Ab
µ] = ifabcAc

µ, (8)

[Qa
5, V

b
µ ] = ifabcAc

µ, [Qa
5, A

b
µ] = ifabcV c

µ . (9)

On the basis of these relations a number of results were obtained in the ’60,
at a time when the theory of strong interaction was not yet known.
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3 Chiral Ward identities

The symmetry, which at the classical level is simply expressed by the current
conservation relation (or partial conservation), implies, at the quantum level,
a whole hierarchy of relations among Green functions, i.e. vacuum correlation
functions of time-ordered products of local operators involving the Noether
currents themselves. These quantum-field theoretical objects are of interest
because they are related, through the LSZ reduction formula, with matrix
elements of the scattering operator.

There is a very convenient way to resume all these Ward identities. It
consists of promoting the global symmetry to a local one. This means that
the symmetry transformation parameters αa

R/L are allowed to depend on the
spacetime. Under such local transformations,

ψR → VR(x)ψR, ψL → VL(x)ψL, (10)

the Lagrangian is not left invariant, unless we equip it with external fields
that transform as gauge fields, in order to absorb the non-invariant terms.
We will thus write,

ψ̄Ri /DψR + ψ̄Rr
µγµψR, (11)

with the external field rµ transforming under the symmetry transfornation
as

rµ → VRr
µV †

R − i∂µVRV
†
R, (12)

and, to gauge the left transformations, we have to introduce a corresponding
external field ℓµ, transforming analogously. The external fields rµ and ℓµ are
matrices in flavor space, they belong to the group algebra, so that we can
expand them in the basis of the generators,

rµ =
∑
a

raµ
λa

2
, ℓµ =

∑
a

ℓaµ
λa

2
. (13)

We have thus promoted the global symmetry to a local one. The added terms
amount to

LQCD → LQCD[vµ, aµ] ≡ LQCD + ψ̄γµ (vµ + γ5aµ)ψ, (14)

where

vµ =
1

2
(ℓµ + rµ), aµ =

1

2
(rµ − ℓµ), (15)
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are the vector and axial external sources which couple to the vector and axial
currents V a

µ and Aa
µ. We can also introduce scalar and pseudoscalar external

sources, s(x) =
∑

a s
a(x)λa/2 and p(x) =

∑
a p

a(x)λa/2 coupling to the scalar
and pseudoscalar bilinear densities,

Sa(x) = ψ̄
λa

2
ψ, P a(x) = ψ̄

λa

2
γ5ψ, (16)

and thus introducing a source-dependent Lagrangian

LQCD[vµ, aµ, s, p] = L0
QCD + ψ̄ {γµ [vµ + aµγ5]− s+ ipγ5}ψ. (17)

More precisely, L0 is the Lagrangian in the chiral limit. This Lagrangian
is left invariant under local chiral transformations, provided the vector and
axial sources transform following Eq. (12), and scalar and pseudoscalar ones
as,

s+ ip→ VR(s+ ip)V †
L , s− ip→ VL(s− ip)V †

R. (18)

Besides rendering the theory chiral gauge invariant, the external sources are
alsto useful because they can generate the Green functions of quark bilinears,
through the generating functional W [vµ, aµ, s, p],

eiW [vµ,aµ,s,p] =
∫

DµQCDe
i
∫

dxLQCD[vµ,aµ,s,p]. (19)

By differentiating W with respect to its arguments and evaluating the result
at zero external sources, we get all connected Green functions of the quark
bilinears. If, instead of evaluating the functional derivatives at zero value of
the external sources we put vµ = aµ = p = 0 and s = M, where M is the
light quark mass matrix, we obtain the physical correlation functions, away
from the chiral limit.

Now, what happens if we subject the sources to the chiral gauge trans-
formations Eqs.(12)-(??) that we introduced?

eiW [v′µ,a
′
µ,s

′,p′] =
∫

DµQCDe
i
∫

dxLQCD[v′µ,a
′
µ,s

′,p′] =
∫
DµQCDe

i
∫

dxL̃QCD[vµ,aµ,s,p],

(20)
where L̃ is written in terms of the antitransformed quark fields,

ψR/L = VR/Lψ̃R/L, (21)

using the invariance of the complete Lagrangian. But the quark fields are
mere functional integration variables, dummy variables. Provided that the

5



QCD functional measure is invariant under the transformation, say DµQCD =
Dµ̃QCD, we can conclude that

eiW [v′µ,a
′
µ,s

′,p′] = eiW [vµ,aµ,s,p]. (22)

which express the invariance of the generating functional under local chiral
transformation. It should be remembered that, for axial transformation,
the integration measure is not invariant, nevertheless the Jacobian can be
expressed in closed form, and this has been done by Bardeen. So the correct
equation is

W [v′µ, a
′
µ, s

′, p′] = W [vµ, aµ, s, p] + ∆[vµ, aµ, s, p;VLV
†
R]. (23)

It is called the chiral anomaly, but we need not discuss it here. By focusing on
infinitesimal transformations, characterized by infinitesimal vector and axial
parameters αa = (αa

R+α
a
L)/2, β

a = (αa
R−αa

L)/2, and taking a derivative with
respect to αa and βa one obtains two functional equations which contain all
the constraints from the chiral Ward identities for quark bilinears. To obtain
such equations is left as the second exercise.

Of course these are just formal manipulations, as we don’t know how
to calculate the functional integral. Perturbation theory in powers of the
QCD coupling constants will certainly not work at large distances, due to
the asymptotic freedom. We have to resort to some other strategy.

4 Spontaneous breakdown of chiral symme-

try and non-linear realization

The chiral symmetry of QCD in the limit of two massless light quarks is
spontaneously broken to the vectorial subgroup of isospin,

SU(2)L × SU(2)R → SU(2)V. (24)

This means that, while the Lagrangian of the theory is invariant under the
whole chiral group, the vacuum state only respects the isospin group, i.e. it
is annihilated by the corresponding charge. This implies the existence in the
spectrum of the theory of multiplets of particles degenerate in mass, which
form irreducible representation of the isospin group, like the doublet of nu-
cleons, the triplet of pions, the quadruplet of ∆ etc. If the vacuum were also
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invariant under the whole group, then we would expect multiplets of degen-
erate hadrons with particles of different parities, since the chiral group does
not respect parity. For example, the pion triplet should be accompanied by a
scalar/isoscalar particle, which doesn’t seem to be the case. The origin of the
phenomenon of spontaneous breaking of chiral symmetry (SBChS) is entirely
dynamical3, it does not depend on any external agent, as it happens for the
electroweak symmetry, broken by a scalar field (the Higgs field) to minimize
its potential. This dynamics can be largely attributed to the gluons and
their self-interactions, also responsible for the phenomenon of confinement
and the generation of mass. These are so complex problems that, after more
than 50 years, they remain unsolved4. However, there exists ample evidence
for SBChS, both from phenomenology and from lattice QCD simulations.
The spontaneous breaking has two consequences, which are expressed by the
Goldstone’s theorem [9]: the first is the existence of a massless particle for
each one of the “broken generators”, i.e. the generators which do not annihi-
late the vacuum state, which couples to the corresponding Noether current;
the second is the fact that these “Goldstone bosons” interact weakly at low
energy. This is also expressed in the form of “soft pions theorems” which
were used in the past to derive results which are authomatically embedded
in the ChEFT. The pions, which are identified with the Goldstone bosons,
are not massless, because the chiral symmetry is not an exact one. But their
mass is much smaller than the mass of any other hadrons. This corresponds
to the fact that the light quarks are not exactly massless. Their mass5 is
approximately mup ∼ 2 MeV and mdown ∼ 5 MeV, both values much smaller
than the typical hadronic scale ΛH ∼ 1 GeV. In any case, the coupling of
pions to the axial current is dictated by Lorentz symmetry,

⟨0|Aa
µ(x)|πb(p)⟩ = Fπpµe

−ip·x, (25)

where the dependence on x is a consequence of the translational invariance
of the vacuum. It is parametrized in terms of a single constant Fπ, the pion
decay constant, which can be measured in the weak decay π → µ+ ν̄µ, and is
approximately Fπ ∼ 92.4 MeV. Using the current conservation, in the chiral

3Therefore a more appropriate qualification would be “dynamical” breaking.
4One of the “millennial questions” of the Clay Institute concerns the mechanism of the

generation of mass in the theory of gluons.
5The above values refer to the current PDG compilation, at a renormalization scale of

2 GeV in the MS-bar scheme.
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limit, we get as a consequence that

FπM
2
π → 0. (26)

Thus, two possibilities arise in principle, that Mπ → 0 in the chiral limit, as
appropriate for a Goldstone boson, or that Mπ stays different from zero but
instead Fπ → 0. The latter possibility can be excluded, and one compelling
reason comes from the neutron β decay. The involved hadronic matrix ele-
ment, in this case is

⟨n(p1)|A1
µ − iA2

µ|p(p2)⟩, (27)

where p1 and p2 represent the neutron and proton momenta, respectively,
and the currents are evaluated at x = 0 (as usual, the x dependence follows
from the translational symmetry). On general grounds, invoking Lorentz
symmetry, the above matrix element is parametrized by two form factors as
follows,

ū(p1

{
GA(q

2)γµ +H(q2)qµ
}
γ5u(p2), (28)

where u(p) denote the positive energy solutions of the Dirac equation, while
q = p1−p2 is the momentum transfer. In the chiral limit, current conservation
implies

2mNGA(q
2) + q2H(q2) = 0, (29)

after using the Dirac equation. Therefore, by taking the limit q → 0 one
would have, in the chiral limit, 2mNGA(0) = 0, a hard-to-believe constraint,
since the axial coupling constant of the nucleon, gA = GA(0) ∼ 1.27. The
solution to this puzzle comes from the existence of a massless pole in the
pseudoscalar form factor H(q2). Indeed, the latter can be decomposed into
a pion-pole contribution plus a rest,

H(q2) =
√
2gπNN

1

M2
π − q2

√
2Fπ + H̃(q2). (30)

What enters in the above expression are the coupling of the pion state to the
nucleons, denoted as gπNN and to the axial current, that we already know
from Eq. (25). Thus we get from Eq. (29), provided Mπ → 0 in the chiral
limit,

2mNGA(0) = 2FπgπNN , (31)

which is the famous Goldberger-Treiman relation. The pion-nucleon coupling
constant which appears in this relation is the one parametrizing an interaction
of the form

LπNN = gπNNN̄π
aτaγ5N, (32)
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and amount approximately to gπNN ∼ 13. Thus, even from a purely phe-
nomenological perspective, the pion has to be thought of as the Goldstone
boson of SBChS, which in the chiral limit is massless and weakly interacting.

The two facts above allow to establish a calculational scheme for the
generating functional (23). It is based on a representation in terms of the
lightest vacuum excitations of the theory, the pions [10]. So the same func-
tional W [vµ, aµ, s, p] is written as a result of a theory of interacting pions,

eiW [vµ,aµ,s,p] =
∫
DUei

∫
dxLeff [U ;vµ,aµ,s,p]. (33)

If we want it to respect the chiral Ward identities, we have to demand that
the effective Lagrangian be invariant under the local chiral transformations
of the sources6. But first we should ask: how to the pions transform under
the chiral symmetry?

Let us denote by π the pion fields. Under a transformation g of the chiral
group G =SU(2)L×SU(2)R, it will be transformed as

π
g−→ π′ = f(π, g), (34)

with a certain function f which must satisfy the group composition law, i.e.

π
g1−→ π′ = f(π, g1)

g2−→ π′′ = f(π′, g2) = f(f(π, g1), g2) = f(π, g2g1). (35)

Consider now a transformation h ∈ G that leaves the origin of the pion field
manifold invariant, i.e.

f(0, h) = 0. (36)

It can readily be checked that all such transformations form a subgroup
H ⊂ G. Moreover, for any g ∈ G and h ∈ H,

f(0, g) = f(0, gh), (37)

in force of the group composition law (35). Thus, for any ḡ,

f(0, ḡ) = f(0, g), ∀g ∈ ḡH, (38)

where ḡH denotes what is called a left coset of the subgroup H. Let us recall
that given any subgroup H of a larger group G, the latter can be uniquely
decomposed in left cosets,

G = H ∪ g1H ∪ g2H ∪ g3H ∪ ..., (39)

6The effect of the chiral anomaly can be accounted for by considering specific terms to
the effective Lagrangian.
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with an infinity of factors in our case. We can view f(0, ...) as a function
which takes from the set of all the left cosets of H (the factors in the above
equation) to the manifold of the pion fields7. In addition, the correspondence
is invertible, since, if f(0, g) = f(0, g′) then

f(0, g−1g′) = f(f(0, g′), g−1) = f(f(0, g), g−1) = f(0, g−1g) = 0 (40)

which implies that g−1g′ ∈ H so that there is a h ∈ H such that

g−1g′ = h =⇒ g′ = gh, (41)

i.e. g and g′ belong to the same left coset. So there is a one-to-one corre-
spondence between the left cosets of H and the pion field manifold. Each
pion field corresponds to some left coset of H, i.e. to one of the factors
appearing in Eq. (39). The set of all left cosets of H is called the quotient
space and it is denoted by G/H. The pion fields live in this space, they
can be viewed as coordinates of this space. In the case of chiral symmetry
breakdown G =SU(2)L×SU(2)R/SU(2)V the coset space is a group itself,
the group SU(2). The pion field is thus essentially an SU(2) matrix. To set
the correspondence between the coset space and SU(2) elements we have to
choose a representative in each left coset, say

g = (gL, gR) → (1, gRg
−1
L ). (42)

So, to every group transformation g, there corresponds a unique element
of the coset space, represented by a SU(2) matrix U = gRg

−1
L . We know

that group transformation transform under group operation by the group
composition law (by definition), so that

g = (gL, gR)
(VL,VR)−→ (VLgL, VRgR) (43)

which corresponds to the coset space element U ′,

U ′ = VRgRg
−1
L V −1

L = VRUV
−1
L (44)

so that the SU(2) matrix U , which can be taken to represent the pion field,
transforms as

U → U ′ = VRUV
†
L . (45)

7Remember that we can think of a group transformation g as a “field” of transforma-
tions, since we promoted the symmetry to a local one.
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Different choices of the group representatives of the coset space elements
(for instance g → (gLg

−1
R , 1) would correspond to different transformation

properties of the pion field matrix, which however lead to the same physical
consequences, it would just amount to a change of coordinates of the coset
space. The canonical choice for the parametrization of the SU(2) matrix U
in terms of the pion field is

U = e
i
F

∑
a
πaτa , (46)

where the constant F sets the scale of the pion field. Another frequently
used parametrization is the σ-model one

U = σ +
i

F

∑
a

πaτa, σ2 +
π2

F 2
= 1, (47)

You may prove, as exercise number 3, that the most general possible parametriza-
tion is

U =
√
1− π2f(π2) + if(π2)

∑
a

πaτa, (48)

with a real scalar function f , using the fact that πa is an isotriplet, the
known transformation properties of U under isospin (VL = VR = V ), and
the requirement of definite transformation laws for U under the discrete
symmetries. Show also that, up to four powers of the pion fields, the most
general parametrization depends on only two arbitrary parameters, one of
which sets the overall scale of the pion field.

Nothing must depend on the choice of the pion field, since U is a mere
functional integration variable. Or, better said, the QCD Green functions
generated by the functionalW must be independent of the choice of the pion
field, and the same is true for on-shell pion amplitudes, which constitute
pole residues of those correlation functions. Off the mass-shell there can be
differences though. At the level of the effective Lagrangian, a change of field
variables φ induces additional terms in the action, which are proportional to
the equations of motion, since, if the equation of motions are fulfilled, then
the action is stationary with respect to change of fields,

δS

δφ
= 0. (49)

Such “equations of motion terms” will affect off-shell amplitudes, renormal-
ization constants, but not physical quantities. They are therefore irrelevant.
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5 Construction of the effective Lagrangian

We determined the required transformation properties of the SU(2) pion
field matrix U . Remember that VR and VL are spacetime dependent, so the
derivatives of the pion field matrix will lead to extra contributions

∂µU → ∂µVRUV
†
L + VR∂

µUV †
L + VRU∂

µV †
L (50)

which can be eliminated by the use of the covariant derivative

DµU = ∂µ − irµU + iUℓµ, (51)

which transform homogeneously under chiral symmetry

DµU → VRD
µUV †

L . (52)

The same can be done for derivatives of the χ source,

Dµχ→ VRD
µχV †

L . (53)

We may form invariant structures by taking flavour traces (denoted as ⟨...⟩)
of alternate products of operators transforming covariantly like U or U †. In
addition we may also use the left and right source curvatures

Rµν → VRRµνV
†
R, Lµν → VLLµνV

†
L , (54)

to form invariant structures like e.g.

⟨RµνULµνU †⟩. (55)

Of course we can build an infinite variety of chiral invariant operators, but
they can be ordered according to the number of (covariant) derivatives,
and/or external sources involved. Since each derivatives brings down one
power of momenta, this ordering corresponds to a low-momentum expan-
sion. An important fact is that there are no possible invariants without
derivatives or external sources at all: the only one would be ⟨U †U⟩ which
is however constant since U ∈SU(2). The first non trivial operator contains
two derivatives

⟨DµU †DµU⟩, (56)

and belong to the leading order Lagrangian

L(2) =
F 2
0

4

[
⟨DµU †DµU⟩+ 2B0⟨U †χ+ χ†U⟩

]
, (57)
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together with a linear term in the scalar/pseudoscalar source χ = s + ip,
which provides a mass term for the pions, once evaluated at s = M the
quark mass matrix. The superscript (2) in the Lagrangian specifies the so
called “chiral power”, according to the standard chiral counting

∂µ ∼ Dµ ∼ pµ ∼Mπ ∼ O(p), χ ∼ O(p2). (58)

The constant F0 which already appeared in the expression of U , is there to
ensure a properly normalized pionic kinetic term. The other constant that
appears at leading order (LO) is B0, which is related to the vacuum quark-
antiquark condensate in the SU(2) chiral limit. Notice that this Lagrangian
already contains an infinite tower of pion self-interactions, which are always of
derivative type, in the chiral limit. This is the manifestation of the good old
soft pion theorems. Such interactions are also not renormalizable. But this
causes no harm, as the renormalizability is recovered order by order in the
chiral counting. This was Weinberg’s original insight in the ’70s, according
to which a given diagram with L loops, I internal lines and ni vertices of
type i, each with chiral dimension di, will scale like pν with

ν = 4L− 2I +
∑
i

nidi. (59)

Using the topological identity relating L, I and V =
∑

i ni, the total number
of vertices,

L = I − V + 1, (60)

we have that
ν = 2L+ 2 +

∑
i

ni(di − 2). (61)

This implies that the loops are more and more suppressed in the chiral count-
ing, since, as we have already noticed, di ≥ 2. Notice that this depends
crucially on the adoption of a mass-independent regularization scheme for
the loop integrals, such as dimensional regularization, and on the fact that
no hard scale is present in the integrands. This will change when there are
nucleon propagators in the loops. But in this case we see that, up to a given
chiral power ν only a finite number of diagrams needs to be calculated, and
the divergences can be absorbed in the coefficients of the higher-order La-
grangians, which contain by construction all possible chiral invariant terms.
What is the higher-order Lagrangian? Lorentz covariance and the adopted
chiral counting implies that it may contain up to 4 (covariant) derivatives, or
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2 derivatives and a χ source or source curvature, or two χ sources or source
curvatures. The complete list of operators is [11]

L(4) =
ℓ1
4
⟨DµU †DµU⟩2 +

ℓ2
4
⟨DµU †DνU⟩⟨DµU

†DνU⟩

+ℓ3B
2
0⟨U †χ+ χ†U⟩2 + ℓ4

B0

2
⟨DµU †Dµχ+Dµχ†DµU⟩

+ℓ5⟨RµνULµνU
†⟩+ i

2
ℓ6⟨RµνDµUDνU

† + LµνDµU
†DνU⟩

−ℓ7
B2

0

4
⟨U †χ− χ†U⟩2 (62)

Whenever possible the terms with a single trace have been expressed as
products of traces, using the Cayley-Hamilton relations satisfied by any 2×2
matrix X,

X2 −X⟨X⟩+ detX = 0, (63)

that, applied to X = A+B implies also

AB +BA− A⟨B⟩ −B⟨A⟩ − ⟨AB⟩+ ⟨A⟩⟨B⟩. (64)

Also, terms with squared covariant derivatives, like D2U can be eliminated
using the equation of motion, according to the discussion above. The con-
stants ℓi are “low-energy constants” (LECs), whence their initial, while other
pure source contact terms like ⟨χ†χ⟩ are multiplied by “high-energy con-
stants” denoted by hi.

6 The physics of the LECs

There is another aspect to discuss concerning the LECs, i.e. the fact that
they contain information about the short-distance physics that is not explic-
itly included in the effective theory. This is called “resonance saturation”.
Indeed, heavier mesons can be included rather easily in the same picture,
similarly to what will be explained for nucleons in the next lecture. Suppose,
for simplicity, that there existed a scalar-isoscalar meson, described by a field
ϕ, with mass mS. Due to the particularly simple transformation properties,
it is straightforward to write chiral invariant coupling of this field to the
pions. One such coupling would be

hϕ⟨DµU †DµU⟩, (65)
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with a coupling h to be determined from the phenomenology. In the func-
tional integral we will have to integrate over ϕ as well. A given term of the
perturbative expansion will have e.g.

1

2
i2
∫
d4z1hϕ(z1)⟨DµU †DµU⟨(z1)

∫
d4z2hϕ(z2)⟨DνU †DνU⟨(z2) (66)

which will involve the ϕ propagator∫ d4p

(2π)4
i

p2 −m2
S + iϵ

e−ip·(z1−z2). (67)

If the flowing momentum p is such that p2 << m2
S the ϕ propagator becomes

a Dirac δ function and its contribution amounts to a term

i2

2
h2
(
−i
m2

S

)∫
d4z1⟨DµU †DµU⟩2(z1), (68)

the same as would be given by the vertex proportional to ℓ1. Therefore the
heavy meson entails a contribution to the LEC ℓ1

ℓ
(ϕ)
1 =

h2

2m2
S

. (69)

So, in general we can say that the LECs mimic the effect of virtual heavier
particles, which have been “integrated out” from the theory. This works in
practice much better for the vector meson (vector meson dominance), the
principle is the same, the calculation a little more involved.

7 Extension to nucleons

In extending the effective chiral Lagrangian to include nucleons, the first
thing we have to establish is how nucleons transform under the chiral sym-
metry. We know that they form an isodoublet under isospin, the vectorial
SU(2),

N =

(
p
n

)
, (70)

but this leaves open many possibilities. One such possibility is that the re-
spective chiralities transform linearly under the corresponding SU(2) trans-
formations, e.g.,

NL → VLNL, NR → VRNR, (71)
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where NR/L = (1± γ5)/2N . When restricted to vector transformation VR =
VL = V then the isospin transformation properties are satisfied. However,
the same is true for other choices, e.g.

N → VLN, (72)

or
N → VRN. (73)

It would seem that there is ample freedom in the choice of the representation.
However, all the different choices are equivalent, since one can pass from
one representation to the other by using the Goldstone bosons’ field U . For
instance, if we start from the transformation law (72), then the fieldN ′ = UN
transform according to (73),

N ′ = UN → VRUV
†
LVLN = VRUN = VRN

′. (74)

As we saw in the case of the pions, a field redefinition does not affect the phys-
ical consequences of the theory. Nevertheless, among all possible choices of
transformation properties, there is a particularly convenient one. The reason
is that all of the above choices lead to non-derivative couplings with pions,
a fact that renders the crucial property at the basis of soft pion theorems
(that would nevertheless arise), not immediately transparent from the power
counting. This is clear, e.g. using the (parity respecting) representation (71),
since in this case the nucleon mass term would take the chiral invariant form

mN(N̄RUNL + N̄LU
†NR) = mN

(
N̄
U + U †

2
N + N̄

U † − U

2i
iγ5N

)
, (75)

leading to a tower of non-derivative pion-nucleon interactions, in addition to
a pseudoscalar coupling. Notice that a pseudoscalar pion-nucleon coupling is
a rather reasonable choice. A choice which is “equivalent” to the axial vec-
tor coupling, as stated by so-called “equivalence theorems. These theorems
involve precisely some field redefinition (or equations of motion) to demon-
strate the equivalence. For instance, it is left as the 4th exercise to prove
that, starting from the πN interaction Lagrangian

N̄(i/∂ −mN)N − igN̄γ5τ · πN, (76)

the nucleon field redefinition,

N → N ′ = e
−i g

2mN
γ5τ ·πN (77)
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leads to the replacement of the pseudoscalar coupling with the axial vector
one,

g

2mN

N̄γµγ5∂µτ · πN, (78)

in addition to more many-pion couplings. The same results can be obtained
by partial integration of the axial vector coupling and by using the nucleon
equation of motion. We see that, in order to eliminate the unwanted non-
derivative pion couplings issuing from N̄RUNL + N̄LU

†NR, we have to split
the SU(2) matrix U = uu and assign it partially to the left and right-handed
nucleon fields, i.e.,

N ′
L = uNL, N ′

R = u†NR, (79)

so that the mass term does not involve the pion field U anymore. We have
now to determine the transformation properties of the transformed fields,
and therefore of the square root u =

√
U . We know that

u2 → u′2 = VRu
2V †

L , (80)

and require that there is a SU(2) matrix h such that

VRuh
† = huV †

L , (81)

so that
u′ = VRuh

† = huV †
L , u′† = hu†V †

R = VLu
†h†. (82)

h is called the compensator field and we can give an explicit expression for
it from

u′ =
√
VRUV

†
L = huV †

L =⇒ h =
√
VRUV

†
LVL

√
U †. (83)

In spite of the apparent uglyness, the transformation properties of the rede-
fined nucleon fields are very simple,

N ′
L = uNL → huV †

LVLN = huNL = hN ′
L, (84)

and the same for N ′
R. Then finally the redefined nucleon field N transforms

homogeneously,
N → hN. (85)

You can easily prove that the set of transformations

U → VRUV
†
L , N → hN, (86)
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with the above definition of the compensator field h, defines a (non-linear)
representation of the chiral group, in the sense that it respects the group
composition law. This is the exercise #5. We have disposed of the (non-
derivative) pion interaction. What about the derivative one? We saw that
they must come from the covariant derivative of the pion field DµU , which,

however, transforms as U itself, DµU → VRDµUV
†
L . We can put it inside a

nucleon bilinear if we multiply it by appropriate factors of the u fields, e.g.

u†DµUu
† → hu†V †

RVRDµUVLV
†
Lu

†h† = h(u†DµUu
†)h†, (87)

and the same happens with uDµU
†u. It is convenient to define the object

uµ = iu†DµUu
† = −iuDµU

†u→ huµh
†, (88)

where the i ensures its hermiticity. An invariant operator is e.g.

N̄γµγ5uµN, (89)

which gives a πNN derivative coupling of axial vector type. The presence
of γ5 is dictated by the parity invariance. Indeed, the pions inherits its
properties under the discrete symmetries from the fact that it couples to the
Noether axial current,

⟨0|ψ̄γµγ5
τa

2
ψ(x)|πb(p)⟩ = ipµe−ip·xFπ, (90)

therefore it is pseudoscalar and even under charge conjugation. So, e.g.,
under parity

U
P→ U †, uµ

P→ −uµ. (91)

So the pions can basically enter only through the field uµ. Notice that, up
to one spacetime derivative, we cant’ have further invariant operator, as uµ
is traceless, so that e.g.

N̄γµγ5N⟨uµ⟩ = 0. (92)

We can also have derivatives of the nucleon fields, but we have to construct
a chiral covariant derivative, since for local chiral transformation

N → hN =⇒ ∂µN → h∂µN + ∂µhN. (93)

This is done as usual, by introducing a connection with the duty to absorb
the extra piece,

DµN = (∂µ + Γµ)N, (94)
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where we require that
Γµ → hΓµh† − ∂µhh†. (95)

Now, we know that

u→ huV †
L =⇒ ∂µu→ ∂µhuV †

L + h∂µuV †
L + hu∂µV †

L , (96)

so the field ∂µu can serve the purpose, but it has to be combined with u†,

∂µuu† → h(∂µuu†)h† + ∂µhh† + hu∂µV †
LVLu

†h† (97)

the unwanted term depending on ∂µV †
L can be compensated by the inclusion

of the external source ℓµ whose transformation properties involves precisely
that term. Finally parity requires that also the right handed source be in-
cluded. At the end we find, for the chiral connection

Γµ =
1

2

(
u†∂µu− ∂µuu†

)
− i

2
uℓµu† − i

2
u†rµr, (98)

which ensures that

DµN = (∂µ + Γµ)N → hDµNh†. (99)

Also the scalar/pseudoscalar sources can be used to build homogeneously
transforming building blocks, as

u†χu†, uχ†u, (100)

and the curvatures,
u†Rµνu, uLµνu

†, (101)

that transform as uµ. The chiral counting is modified, due to the fact that the
nucleon mass mN is not protected by chiral symmetry, it must be counted as
order O(1). Only the space part of nucleon four-momenta must be counted as
a small parameter, therefore also covariant derivatives of nucleon fields must
count as O(1), while /D −mN ∼ O(p). The leading order πN Lagrangian is
therefore of order O(p),

L(1)
πN = N̄

(
i /D −mN +

1

2
gA/uγ5

)
N, (102)

with a single LEC, gA, that determines the nucleon coupling to the pion and
also to the axial current. This is the celebrated Goldberger-Treiman relation,
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which is authomatically built in in the effective theory. At the following order
more LECs appear [12],

L(2)
πN = N̄

{
2B0c1⟨U †χ+ χ†U⟩ − c2

4m2
N

⟨uµuν⟩(DµDν + h.c.)

+
c3
2
⟨uµuµ⟩+

i

4
c4σ

µν [uµ, uν ]

+2B0c5
(
uχ†u+ u†χu† − ⟨U †χ+ χ†U⟩

)
+

c6
8mN

σµν(u†Rµνu+ uLµνu
†)

+
c7

8mN

σµν⟨Rµν + Lµν⟩
}
N. (103)

The LEC c1 is related to the πN σ-term, i.e. the light-quark condensate
inside the nucleon, which also dictates the chiral expansion of the nucleon
mass. c2, c3 and c4 can be measured in πN scattering, and the first two
play an important role since they get large contributions from ∆-resonance
saturation, by a similar mechanism to what we have seen in the previous
lecture for the ℓi. Other constants describe the structure of the nucleon, like
the anomalous magnetic moment of the proton and neutron.

8 The problem of the heavy mass

After presenting the low-energy expansion of the counterterms, we would like
to present the low-energy expansion of the loops, as done for the pions. We
would like to say that a given loop has a “chiral dimension”, dictating its
low-momentum behaviour,

D = 4L− 2Iπ − IN +
∑
i

nidi, (104)

where L is the number of loops, Iπ the number of pion internal lines (propa-
gators), IN the number of nucleon propagators and ni the number of vertices
of type i, each of dimension di in the chiral counting. This would follow from
counting the nucleon propagators as O(p−1), the inverse of i /D−mN ∼ O(p).
Another way to put it is to say that the virtual nucleons always carry mo-
mentum q = mNv + k with v the four-velocity, v2 = 1 and k ∼ O(p), so

1

/q −mN + iϵ
=

/q +mN

q2 −mN + iϵ
∼ /q +mN

2mNv · k + iϵ
∼ O(p−1). (105)
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Figure 1: Pion loop contribution to the nucleon self-energy.

If that was the case then, using the already discussed topological identity
which relates the number of loops L, the number of total internal lines I =
Iπ + IN and the number of vertices V =

∑
i ni,

L = Iπ + IN − V + 1, (106)

to remove the number of pion propagators, and the relation

2IN + EN =
∑
i

nifi, (107)

which counts the total number of nucleon lines (external EN or internal IN)
attached to the vertices, where to vertices of type i are attached fi nucleon
lines, we would arrive at

D = 2L+ 2− 1

2
EN +

∑
i

ni

(
di − 2 +

1

2
fi

)
, (108)

whence we would observe that D is bounded from below, for a given pro-
cess, since chiral symmetry ensures that, for each vertex di − 2 + fi/2 ≥ 0.
We would then have a well defined loop expansion as in the purely pionic
case. Unfortunately, the presence of the nucleon mass mN , which is a hard
scale entering in the loop integrals, not suppressed in the chiral counting,
complicates the life a bit. Indeed, you can prove as exercise # 6, that the
nucleon self energy diagram depicted in Fig. 1, which should be of order
O(p3) on the basis of the above couunting, scales instead, in ordinary di-
mensional regularization, as m3

N , so it is O(1). This is the consequence of
the presence of a hard scale in the integrand, which was not the case for
the pions, when using a mass-independent regularization scheme. Thus, it
doesn’t happen anymore that loop renormalize the higher order LECs. They
also renormalize the lower order LECs! One way to cure these drawbacks is
to use the so-called heavy-baryon formalism. This was originally introduced
for the heavy quarks, but it works in the same way. The idea is that, in the
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limit of infinite mass, the four-velocity of each baryon is fixed, it will never
be changed by processes that happen at low momenta. In other words, if we
start from some (on-mass-shell) state with momentum

Pµ = mNvµ, v2 = 1, (109)

then every soft transition will lead to a momentum

P ′
µ = mNvµ + kµ = mNv

′
µ, v′2 = 1, (110)

so that in the limit mN → ∞ we have vµ = v′µ, So, each baryon has a
definite 4-velocity in this limit, that we can keep track of, and that will never
change. Then, in defining the theory, we can introduce velocity-dependent
heavy fermion fields. Once a given velocity is picked up, it will not change.
Formally the velocity-dependent fields are defined in terms of the original
nucleon field N like

N = e−imNv·x (Hv + hv) , (111)

with Hv and hv representing eigenspinors of /v = γµvµ,

/vHv = Hv, /vhv = −hv. (112)

Notice that, since /v2 = v2 = 1, then the eigenvalues of /v can either be +1 or
−1. The eigenspinors can be obtained by the action of the projectors

P± =
1± /v

2
. (113)

In the nucleon rest frame, in which v = (1, 0, 0, 0), the Hv and hv fields are
expressed, respectively, in terms of the large and small components of the
nucleon Dirac spinors, whence the notation. The phase factor in Eq. (111) is
meant to absorb most of the time-dependence of Hv due to the heavy mass.
The relation (111) can be used to express the Lagrangian in terms of the
heavy fermion fields. Using the defining properties (112) one obtains, e.g.,

H̄ve
imNv·x

(
i /D −mN +

1

2
gA/uγ5

)
e−imNv·xHv (114)

=
1

2
H̄ve

imNv·x
[
/v
(
i /D −mN +

1

2
gA/uγ5

)
+
(
i /D −mN +

1

2
gA/uγ5

)
/v
]
e−imNv·xHv

and using the Clifford algebra the above expression is equal to

H̄v (iv ·D + gAS · u)Hv (115)
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where the spin four-vector,

Sµ =
i

2
σµνγ5vν , σµν =

i

2
[γµ, γν ]. (116)

Notice that the heavy scale, the nucleon mass mN , has disappeared from
the Lagrangian involving Hv, which was the purpose of the formalism. The
leading order Lagrangian becomes,

L(1)
πN = H̄v (iv ·D + gAS · u) +

[
h̄v

(
i/d

⊥ − gA
2
v · uγ5

)
Hv + h.c.

]
+h̄v (−2mN − iv ·D − gAS · u)hv, (117)

where d⊥µ = dµ − d · vvµ, such that
{
/d
⊥
, /v
}
= 0. One can then “integrate

out” the field hv, by using iteratively the equations of motion, so that the
dependence on mN is reduced to additional vertices representing relativis-
tic 1/mN corrections. Notice however that, despite being formally Lorentz
invariant, the dependence on v introduces a preferred reference frame. One
way to restore the appropriate relativistic properties is to impose the so-
called “reparametrization invariance”, i.e. the freedom to relabel the four
velocity by addition of small terms,

(v, k) → (v + q/mN , k − q), with (v + q/mN)
2 = 1, (118)

which puts non-trivial constraints on the construction of the Lagrangian.
We will not pursue this formalism, since in the case of more nucleons, as will
be seen, it is natural, following Weinberg, to abandon the Lorentz-invariant
perturbation theory, or Feynman diagrams, and use the old-fashioned time-
ordered perturbation theory (TOPT). Indeed, TOPT can also be profitably
used in the 1-nucleon sector. To understand this, let’s come back to the
example of the nucleon self energy diagram, Fig. 1, which involves the scalar
integral ∫ d4k

(2π)4
1

[k2 −M2 + iϵ] [(p− k)2 −m2
N + iϵ]

, (119)

which should count as O(p) in the näıf counting. We can calculate thihs
integral by first doing the integration over the temporal component k0. This
procedure actually generates the TOPT diagrams. In the complex k0 plane
the integrand has 4 poles located at

k20 − k2 −M2 + iϵ = 0 =⇒ k0 = ±
(√

k2 +M2 − iϵ
)
, (120)

(k0 − p0)
2 − (k− p)2 −m2

N + iϵ = 0 =⇒ k0 = p0 ±
(√

(k− p)2 +m2
N − iϵ

)
,(121)
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two in the upper and two in the lower complex plane. We can close the
contour at infinity, since the integrand goes like k−4

0 , and use Cauchy theorem.
Choosing to complete the contour counterclockwise at positive imaginary
infinity, we get contribution from the two poles at

k0 ∼
√
k2 +M2 ≡ ωk, k0 ∼ p0 −

√
(k− p)2 +m2

N ∼ O(p2). (122)

Neglecting O(p2) contributions the contour integration gives

2πi
1

4mnω2
k

, (123)

which, after integration over the spatial k, restores the proper counting ∼
O(p).

9 Two and many nuclear forces

The addition of more nucleons in the effective theory does not change the
principles for the construction of the effective Lagrangian. However, the
counting implied by Eq. (108) is violated by diagrams involving purely nu-
cleonic intermediate states [14]. In the language of Feynman diagrams this
corresponds to infrared divergences, or “pinch singularities” [13]. On the
other hand, if the perturbative framework implied by Eq. (108) worked one
would never encounter nuclear bound states. Therefore Weinberg suggested
to define a nuclear effective potential as consisting of only irreducible time-
ordered diagrams, i.e. ignoring the purely nucleonic intermediate states.
The neglected diagrams will be generated as iteration of the effective poten-
tial by the dynamical equation in the form of a Schroedinger or Lippmann
-Schwinger equation. Thus, since the effective potential does not include
the power-counting violating diagrams, it can be calculated perturbatively
in the low-energy expansion following the counting (108). Various different
methods to derive and regularize the effective potential have been developed,
which are described in detail in many reviews [15, 16, 17, 18, 19]. From the
point of view of vertices, the presence of many nucleons allows to write down
many-nucleon contact interactions, as e.g.

o1 = N †NN †N, o2 = N †σ⃗N ·N †σ⃗N,
o3 = N †τaNN †τaN, o4 = N †σ⃗τaN ·N †σ⃗τaN.

(124)
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Notice that the absence of low-energy suppression due to derivatives doesn’t
impair the chiral counting (108) since di − 2 − f2/2 = 0. The first one of
the above structures is obviously invariant under the chiral transformation
of the nucleon fields (85), as well as the second one, since the spin matrix σ⃗
commutes with the flavour matrix h 8. A little more thought is required to
show that also the last two structures are invariant under the transformation
(85), since h does not commute with the isospin matrix τa. The proof is left
as an exercise. The LECs multiplying these contact operators must be fixed
from nucleon-nucleon data, contrary to the πN LECs, which can be taken
from the 1-nucleon sector. Thus it is important to know their exact number
at each order. Indeed, not all of the above contact operators are independent,
as can be verified by simultaneously changing spin and isospin indeces of two
nucleon fields (which are evaluated at the same space-time point) and using
Fierz-like identities like

δs′1s1δs′2s2 =
1

2
δs′1s2δs′2s1 +

1

2
σs′1s2

· σs′2s1
. (125)

It is left as an exercise to show that o3 = −o2 − 2o! and o4 = −3o1. Thus
at the leading order (LO) only two contact LECs appear, which parametrize
the short-distance NN interaction. Together with the one-pion-exchange
diagram, they form the LO NN interaction. The first correction can be ex-
pected when we add a derivative to the vertices. From parity symmetry, no
such one-derivative NN contact operator exists. As for the πNN vertices,
we can see from the explicit expression of the LπN Lagrangian that no such
terms can be written. The following non-zero contribution to the NN ef-
fective potential arises at O(p2) (NLO), and involves pion-loops describing
two-pion exchanges, and a set of two-derivatives NN contact interactions.
In the NN center of mass systems there are 7 independent terms of such
type, each accompanied by a corresponding LEC. At N2LO (O(p3)) the NN
potential will not involve new “nucleonic” LECs. They will appear at N3LO
(O(p4)) stemming from four derivative NN contact interactions. In the NN
center of mass systems there are 15 such terms, which are usually fixed from
NN scattering data. The NN potential at N3LO thus involves about 24
free parameters to be fitted to data. The resulting χ2 is very close to 1 per
degree of freedom, thus at this order the chiral potentials are considered as
“realistic”, with considerably less fit parameters than more phenomenological

8The above operators can be viewed as the non relativistic limit of corresponding
relativistic ones, thus the nucleon fields N in this case are two-component Pauli spinors.
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approaches. Whether this can be viewed as a success of the ChEFT frame-
work or simply due to the appearance of many fitting constants at N3LO is a
matter of controversy. One important aspect that differentiates the ChEFT
approach from the phenomenological ones is the possibility to check the pat-
tern of the convergence of the low-energy expansion. Indeed, one can say
that the true “prediction” of the EFT approaches is precisely about the con-
vergence pattern. The validation of such a pattern also allows to estimate the
theoretical uncertainty induced by the truncation of the expansion, an uncer-
tainty which also affects the fitted values of the LECs and then propagates
to the preditions. Various ways to apply this procedure have been proposed
in the literature, also based on Bayesian inference [20, 21, 22, 23], and the
expectation of the EFT framework, at least in the two-nucleon sector, seem
confirmed.

The ChEFT framework also allows to justify the hierarchy of nuclear
forces, i.e. the fact that the three-nucleon force is a small correction to the
pairwise interactions and similarly for the A nucleon forces with respect to
the A− 1 ones. In order to see this, consider a generic N nucleon diagram,
made out of c connected pieces and d disconnected 1-nucleon lines. The
minimum chiral dimension of each of the connected pieces is

Di = 2−Ni,

where Ni (i = 1, ..., c) is the number of nucleon lines participating in the
i-th connected piece. Therefore, taking into account the three-momentum
conserving δ function characterizing each connected subdiagrams and each
disconnected 1-nucleon line, the total chiral dimension will be larger than

D =
c∑

i=1

(2−Ni)− 3c− 3d = −c− 2d−N. (126)

This formula implies the hierarchy of many-nucleon forces. For example, in
the case of 3 nucleon, the largest contribution to the amplitude will come from
c = 0, d = 3, amounting toD = −9. This contribution is not interesting since
it does not represent interactions. Next we have c = 1, d = 1, whence D =
−6, which represent the chiral power of two-body contributions in the N = 3
systems. The three-body contribution will correspond to c = 1, d = 0, then
D = −4. Therefore we see that the three-body contribution is at least O(p2)
suppressed with respect to the two-body one. Analogous reasoning applies
to many-nucleon forces. In reality, the three-body contribution experiences
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a further O(p) suppression, due to a cancellation occurring at the lowest
order [24]. Therefore, in ChEFT, the three-body force starts to contribute at
N2LO [25]. It is parametrized by one single three-nucleon contact interaction
LEC, traditionally called cE, and a LEC parametrizing a two-nucleon contact
interaction with attached pion line, denoted as cD. These LECs are usually
fitted to the triton and 4He binding energies, or to other observables in A ≥ 3
systems. The common wisdom is that thirteen new three-nucleon LECs arise
at N4LO [26], although it has recently been pointed out that five of these
LECs actually represent N3LO contributions [27].
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Exercises

As exercise #0, please point out the mistakes you will spot in these notes!

1. Derive the Noether currents of the chiral symmetry of QCD. To do
that, consider infinitesimal transformations and pretend the transfor-
mation parameters αa

L/R depend on the space-time point. Then the
Lagrangian is not left invariant, it acquires a variation δL ∝ ∂µαa

L.R(x),
since it must reduce to zero for spacetime-independent parameters.
The Noether currents are the proportionality factor, since the action
changes as δS =

∫
d4xJa

µ∂
µαa, and we get that the current conservation

as a consequence of the stationarity of the action if the fields satisfy
the equations of motions (on the mass shell, as it is usually said).

2. Find how the vector, axial, scalar and pseudoscalar sources transform
under infinitesimal local vector and axial transformations, with (in-
finitesimal) parameters α(x) and β(x). Impose the invariance of the
generating functionalW [vµ, aµ, s, p] of connected Green functions, with
respect to such transformation to derive two functional equations (ig-
nore the chiral anomaly for simplicity). All the chiral Ward identities,
even away from the chiral limit, are derived from these equations by
taking functional derivatives with respect to the external sources, and
putting at the end vµ = aµ = p = 0 and s = M.

3. Show that the most general parametrization of the SU(2) matrix U in
terms of the isovector pion field π(x) is the following

U = f0(π
2) + i

√
1− f0(π2)

π2

∑
a

πaτa, (127)

with a real scalar function f0. Expand up to four powers of the pion
fields, and give the most general expansion in terms of one parameter,
besides F .

4. Show that, starting from the πN interaction Lagrangian

N̄(i/∂ −mN)N − igN̄γ5τ · πN, (128)

the nucleon field redefinition,

N → N ′ = e
−i g

2mN
γ5τ ·πN (129)
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leads to the replacement of the pseudoscalar coupling with the axial
vector one,

g

2mN

N̄γµγ5∂µτ · πN, (130)

in addition to more many-pion couplings.

5. Show that the transformation

N → hN, U → VRUV
†
L , (131)

with h defined in Eq. (83), realizes a (non-linear) representation of the
chiral group, in the sense that it respects the group composition law.
Show also that, when restricted to vector transformations, you recover
the proper isospin transformation law.

6. Show by explicit calculation of the Feynman diagram, in dimensional
regularization, that the pion loop contribution to the nucleon self-
energy of Fig. 1 contains contributions of order O(m3

N) which therefore
are not suppressed in the chiral counting.

7. Show that the operator N̄τaNN̄τaN is invariant under the transfor-
mation (85) of the nucleon fields. As an intermediate step, you may
prove that,

h†τah = n̂ · τ n̂a + cos(2α) (τa − n̂ · τ )− sin(2α) (n̂× τ )a , (132)

where the SU(2) matrix h is decomposed as

h = cosα1+ i sinαn̂ · τ . (133)

8. Starting from the contact operators defined in Eq. (124), use the Fierz-
like identities for both spin and isospin indeces to show that

o3 = −o2 − 2o1, o4 = −3o1. (134)

Remember to pay the minus sign when you interchange the two nucleon
fields.
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