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2.1 Spectrum of perturbations in spatially
flat gauge

Let us complete the calculation of the spectrum of scalar and tensor
perturbations in the spatially flat gauge. We will see that in this
gauge the action for scalar perturbations is the one of a massless
scalar field at leading order in slow-roll, as the mixing with gravity
only induces corrections which are explicitly slow-roll suppressed.
We start from the action

. M3 1
S - / &'z /g [—Q—PR — 59" 0u90,6 — V(¢)} BN CAY
Tt is useful to write the metric in the so-called ADM form
ds? = —~N2di? + hy(dat + Nidt)(da? + NV dt) . (2.2)

We can now rewrite the action using the Gauss-Codazzi relation,
R= OGR4 KK i _ K? which relates the 4d Ricci scalar R with
the 3d one B R and the extrinsic curvature of surfaces of constant
time Kj; defined as

1.,
Ky = j\ﬁ]Eij By = a(flij — ViN; — V; Ny}, (2.3)
where the covariant derivatives are with respect to the 3d induced
metric. The action takes the form

" ME 1@ -1 TR
§ = [ diavh{ =L [V OR -+ N7 By BV~ E )
(2.4)
+ %N‘l(q;‘» — Nigig)? — %Nh.fiaiqsajqb - NV} :

where we have used v—g =N vh. It is time to choose the gauge.
We choose to set to zero the 2 scalar degrees of freedom in the spatial
part of the metric: this is called spatially flat gauge. Actually the
spatial metric is not flat, but perturbed only by transverse and
traceless perturbations, i.e. gravitational waves. Perturbations are
therefore of the form

hig = a®(t)(8i5 + ¥ij) Ov; =0 7i=10 (2.5)
b = dolt) + (&) (2.6)

This choice of gauge does not affect the ADM variables N and Ni
Notice that these variables appear in the action (2.4) without time
derivatives. This means that these degrees of freedom do not prop-
agate and act as Lagrange multipliers, whose equations of motion
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are constraint equations. These constraint equations will allow us
to relate N and N to the scalar degree of freedom : plugging the
solutions back into the action (2.4), we will get an action where only
the physical propagating degrees of freedom appeai:  and the ten-
sor modes ;5. We need to express N and N7 in terms of ¢ at first
order in pertwrbations: a second order term would go to multiply
dS/ON and 8S/ON' at zeroth order, i.e. on the unperturbed solu-
tion. But the unperturbed solution solves the constraint equations,
s0 these terms vanish. From now on we take v = 0 as at linear order
there is no mixing between tensor and scalar modes.

With these simplifications the equations obtained by varying
with respect to Nt and N are:

MRO; [N“UEL — 61 B)] — 806 = 0 (2.7)
M
;I\;;(EUEU EQHN""QS +V = (2.8)

One can write N' = d;a0 + AT, with Nk transverse 9; NL =0. The
vector mode NE is not sourced by the scqlal @ in eq. {2. 7) and can
thus be set to zero: vector and scalar perturbations cannot mix at
linear order. Using that Ej; = aad;; for the unperturbed solution,
and E(l)
form

—8'9;a for the linear perturbation, eq. (2.7) takes the

O(2HMASN — do) = 0. (2.9)
The other unknown o dropped from this equation so one can solve
for the perturbation in the lapse
o

SN =
2H M3

0. (2.10)

Equation (2.8} takes the form

M? 4 . :
[251\’ 6H? + FH&)%J ~ NG+ dop +V'ip=0 (2.11)

which gives using (2.10)

2 1 i
oy —_ . & $o v/ .
Y75 V71 [(HM? Vet dod

Now we see what we were looking for: (2.10) and (2.12) imply
that 6N and a are slow-roll suppressed with respect to ¢. This
implies that plugging these solutions back into the action will give
corrections to the action for ¢ which are slow-roll suppressed. Let

(2.12)

33

v
b
Hite

ANy
He
b
b H%'{'f,a




us see this explicitly. The quadratic terms that we get expanding
(2.4) are of the form

l + 2 1 2 l Vel 2
— 2HM%?adN — 3H2MBSN? — ¢odN¢ + ¢od%ap — NV’
(2.13)

where we have integrated by parts to obtain the term before the
last in the second line. Let us concentrate on the second line, which
comes from the mixing of ¢ with gravity. The contributions with «
cancel using the expression for N and we are left with

., y .
_ HZ 14’2 ¢0 2 QSO b (,b(} prl 2 ) 214
SEME gy w2y ¢ (214)

The second term can be integrated by parts using VA = a® and
its dominant contribution in slow-roll cancels with the first term.
Rewriting the last term using the slow-roll parameter ¢, we are thus
led (neglecting terms further suppressed in slow-roll) to the action
for ¢

1 1
5= fd‘lrm3 [——an“"aﬂgo&,(p - —2-V”<p2 + 3€II2lp2:| . (2.15)

At leading order in slow-roll the action for ¢ is the one of a massless
gcalar: the mixing with gravity just induces an e suppressed mass
term.! Tor reference, the exact action at all orders in slow-roll is

1 1 1d/a*H
— 4 . ‘3 e 114 = /” 2 2
S fd Ta [ 59 OO 21 7 +—a3 T (——"—H )(p
(2.16)

O,{ Cowt|e \'f)\‘s l"'?"w"—"f’ai-u?ﬁi. ('me;i..u(t’-’s Cu{m'c ofwi ex‘/"f.e?*s;:'rc-fl feuy,\g

(v W o chomw

1One can calculate the tilt of the spectrum of { also starting from the spec-
trum of ¢ and converting to ¢ at the end. This requires keeping the mass terms
in the action (2.16) and the deviation of the metric from exact de Sitter.
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