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Notation

A few words on the metric notation. We will be using the convention (—,+,+,+), even though we
might switch time to time to the other option (+,—, —, —). This might happen for our convenience,
but also for pedagogical reasons. Students should not be shielded too much against the phenomenon
of changes of convention and notation in books and articles. Also, references are provided in alpha-

betical order by the name of the first author.

Units

We will adopt natural, or high energy physics, units. There is only one fundamental dimension,

energy, after setting h=c=k, =1,

[Energy] = [Mass] = [Temperature] = [Length] ' = [Time] .

The most common conversion factors and quantities we will make use of are
1 GeV™! =1.97 x 1071 cm=6.59 x 102" sec,

1 Mpc= 3.08x10%* cm=1.56x10% GeV~1,

Mp) = 1.22 x 1019 GeV,

Ho= 100h Km sec™! Mpc™'=2.1h x 1074 GeV,

pe = 1.87h% - 107gem ™3 = 1.05R% - 10 eV ecm ™3 = 8.1h2 x 10747 GeV?,

To = 2.75 K=2.3x10713 GeV,

Toq = 5.5(Qh?) eV,

Tis = 0.26 (Tp/2.75K) eV.

s = 2969 cm 3.
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Introduction

Inflation is a beautiful theoretical paradigm which explains why our universe looks the way we see it. It
assumes that in the early universe an infinitesimally small patch underwent this period of rapid exponen-
tial expansion becoming the universe (or much larger portion of) we observe today. The observed universe
is therefore so homogeneous and isotropic because inhomogeneities were wiped out [27]. In fact, the main
subject of these lectures regards another incredible gift inflation give us [28, 33, 68]. The inflationary ex-
pansion of the universe quantum-mechanically excite quantum fields and stretches their perturbations from
microphysical to cosmological scales. These vacuum fluctuations become classical on large scales and induce
energy density fluctuations. When, after inflation, these fluctuations re-enter the observable universe, they
generate temperature and matter anisotropies. It is believed that this is responsible for the observed cosmic
microwave background (CMB) anisotropy and for the large-scale distribution of galaxies and dark matter.
Inflation brings another bonus: it sources gravitational waves as a vacuum fluctuation, which may contribute
to CMB anisotropy polarization and are now the subject of an intense search program. Therefore, a prediction
of inflation is that all of the structure we see in the universe is a result of quantum-mechanical fluctuations
during the inflationary epoch.

The goal of these lectures is to provide a pedagogical introduction to the inflationary paradigm and to
the theory of cosmological perturbations generated during inflation and they are organized as follows.

The reader might find also useful consulting the following textbooks [20, 40, 43, 44, 52, 56, 69] (where

some notes are taken from) and review [52] for more material.



Part 1

Basics of the Big-Bang model

Our current understanding of the evolution of the universe is based upon the Friedmann-Robertson-Walker
(FRW) cosmological model, or the hot big bang model as it is usually called. The model is so successful that
it has become known as the standard cosmology. The FRW cosmology is so robust that it is possible to make
sensible speculations about the universe at times as early as 10742 sec after the Big Bang.

Our universe is, at least on large scales, homogeneous and isotropic. This observation gave rise to the

so-called Cosmological Principle. The best evidence for the isotropy of the observed universe is the uniformity

Figure 1: The CMB radiation projected onto a sphere.

of the temperature of the cosmic microwave background (CMB) radiation: intrinsic temperature anisotropies
is smaller than about one part in 10°. This uniformity signals that at the epoch of last scattering for the
CMB radiation (about 200,000 yr after the bang) the universe was to a high degree of precision (order of 1075
or so0) isotropic and homogeneous. Homogeneity and isotropy is of course true if the universe is observed at
sufficiently large scales. Indeed, our observed universe has a current size of about 4000 Mpc. The inflationary
theory, as we shall see, suggests that the universe continues to be homogeneous and isotropic over distances
larger than 4000 Mpc.

From now on we will work under the assumption that our observable universe is homogeneous and isotropic
on large scales and that our spacetime is a maximally symmetric space satisfying the Cosmological Principle.

This is the so-called Friedmann-Robertson-Walker metric, which can be written in the form



dr?

1—Ekr?

where (t,r, 0, ¢) are comoving coordinates, a(t) is the cosmic scale factor and k can be chosen to be +1, —1, or

ds? = —dt* + a*(t) + r2d6? 4 r?sin? 0dp? | | (1)

0 by rescaling the coordinates for spaces of constant positive, negative, or zero spatial curvature, respectively.
The coordinate r is dimensionless, i.e. a(t) has dimensions of length and only relative ratios are physical,
and r ranges from 0 to 1 for £ = +1. The time coordinate is just the proper (or clock) time measured by an
observer at rest in the comoving frame, i.e., (r, 0, ¢)=constant.

In order to illustrate the meaning of the constant k, consider the simpler case of a two spatial dimensions.
Examples of two-dimensional spaces that are homogeneous and isotropic are the flat plane R? (flat geometriy),
the positively-curved closed two-sphere S? (closed geometry) and the negatively-curved hyperbolic plane H?
(open geometry). Consider first a two-sphere S? of radius @ and embedded in a three-dimensional space R3.

The equation of the sphere of radius a is

2+ a2 4 2k = a’ (2)

The element of length is the three-dimensional Euclidean space is

dx? = daf + daj + dz3. (3)

Since z3 is a fictitious coordinate, we can eliminate it in favour of the other two and write

(r1dxy + z2dzs)?
dx? = da? 4 dz3 + PR (4)
1 2

Now, let us introduce the polar coordinates

x1 =1"cosf, zo=1"sind, (5)
in terms of which the infinitesimal line length becomes

a2dr'? /
St 2462 (6)

dx? =
a2 _

Finally, with the definition of a dimensionless coordinate r = r'/a (0 < r < 1), the spatial metric becomes
dr?

1—1r2

Note the similarity between this metric and the £k = 1 FRW metric, which therefore has the global geometry

dx? = a? [ + r2d92] . (7)

of a sphere. The equivalent formulas for a space of constant negative curvature can be obtained with the

replacement a — ¢a. In this case the embedding is in a three-dimensional Minkowski space. The metric

corresponding to the form for the negative curvature case k = —1 is
dr?
dx? =a? 2d6? 8
X’ = a [1 T, (8)

which resembles £k = —1 FRW metric, which therefore has the global geometry of a hyperboloid. Finally, the

spatially-flat model can be obtained from either of the above examples by taking the radius a to infinity. For



the flat case the scale factor does not represent any physical radius as in the closed case, or an imaginary
radius as in the open case, but merely represents how the physical distance between comoving points scales
as the space expands or contracts.

Let us now summarize here the main passages leading to the FRW metric.
1. First of all, we write the FRW metric as
ds? = —dt? + a®(t)gi;da’da?. (9)

From now on, all objects with a tilde will refer to three-dimensional quantities calculated with the
metric g;;.

2. One can then calculate the Christoffel symbols in terms of a(t) and fij - Recalling from the GR course

that the Christoffel symbols are

1 ag v 89 A 891/)\
TH . = Zghe P PA 1
A = 99 <5:c)‘ T T ar )| (10)

we may compute the non vanishing components

Fijk = Fijk?
. a
FZjO - a 5’3,
a .
Foz'j = agij = aagi;- (11)

3. The relevant components of the Riemann tensor

A A A A A
R, =007, — 0,17, +T Mprﬂya -T u,,F”,w (12)
for the FRW metric are
i ag
R0 = *55]'7
Rkikj = Eij + 2d2§ij. (13)

4. Now we can use Eij = 2kg;; (as a consequence of the maximally symmetry of g;;) to calculate R,,,.

The nonzero components are

Ro = -32,
a
Rij = (ad + 242 + Qk’) Eij,
a a? k

7



5. The Ricci scalar is

6, . .
R:?(aa—i—cﬁ—i—k), (15)
and

6. the Einstein tensor G, = R, — %g#,,R has the components

at  k
Goo = 3 ((12 + a2> ;
GOi = 07

.. .2 k
Gij = —(2a+a+ )gij' (16)

1 Standard cosmology

The dynamics of the expanding universe only appeared implicitly in the time dependence of the scale factor
a(t). To make this time dependence explicit, one must solve for the evolution of the scale factor using the

Einstein equations

1
R, — ig;wR =81GNTuw — Mg, 17

where T, is the stress-energy tensor for all the fields present (matter, radiation, and so on) and we have
also included the presence of a cosmological constant. With very minimal assumptions about the right-hand
side of the Einstein equations, it is possible to proceed without detailed knowledge of the properties of the

fundamental fields that contribute to the stress tensor T}, .

1.1 The stress-energy momentum tensor

To be consistent with the symmetries of the metric, the total stress-energy tensor tensor must be diagonal,
and by isotropy the spatial components must be equal. The simplest realization of such a stress-energy tensor

is that of a perfect fluid characterized by a time-dependent energy density p(¢) and pressure P(t)

| T8 = (p+ P)utu, + Po, = diag(—p, P, P, P), | (18)

where u#* = (1,0,0,0) in a comoving coordinate system. This is precisely the energy-momentum tensor of a
perfect fluid. The four-vector u,, is known as the velocity field of the fluid, and the comoving coordinates are
those with respect to which the fluid is at rest. In general, this matter content has to be supplemented by an
equation of state. This is usually assumed to be that of a barytropic fluid, i.e. one whose pressure depends
only on its density, P = P(p). The most useful toy-models of cosmological fluids arise from considering a

linear relationship between P and p of the type



=} ()

where w is known as the equation of state parameter. Occasionally also more exotic equations of state are
considered. For non-relativistic particles (NR) particles, there is no pressure, pyg = 0, i.e. wnr = 0, and

such matter is usually referred to as dust. The trace of the energy-momentum tensor is

TV = —p+3P. (20)

For relativistic particles, radiation for example, the energy-momentum tensor is (like that of Maxwell theory)

traceless, and hence relativistic particles have the equation of state

1
P = Zpr, 21
3P (21)

and thus w, = 1/3. For physical (gravitating instead of anti-gravitating) matter one usually requires p > 0
(positive energy) and either P > 0, corresponding to w > 0 or, at least, (p + 3P) > 0, corresponding to the
weaker condition w > —1/3. A cosmological constant, on the other hand, corresponds, as we will see, to a
matter contribution with wy = —1 and thus violates either p > 0 or (p + 3P) > 0.

Let us now turn to the conservation laws associated with the energy-momentum tensor,

vV, T" = 0. (22)

The spatial components of this conservation law give

V,TH =VoT" + V;T7" = 0+ V;T7" = PV;g" =0, (23)

where the last passage has been made because the metric is covariantly conserved. The only interesting

conservation law is thus the zero-component

V.1 =8, T" + T4, TV +T°,T" =0, (24)

which for a perfect fluid becomes

p+T" 00+ Thp +T9%T7 =0. (25)

Using the Christoffel symbols previously computed, see Eq. (11), we get

6+3H(p+P)=0] (26)

For instance, when the pressure of the cosmic matter is negligible, like in the universe today, and we can treat

the galaxies (without disrespect) as dust, then one has

‘pNR a® = constant (MATTER) ‘ (27)

The energy (number) density scales like the inverse of the volume whose size is ~ a® On the other hand, if

the universe is dominated by, say, radiation, then one has the equation of state P = p/3, then



pra* = constant (RADIATION). ‘ (28)

The energy density scales like the inverse of the volume (whose size is ~ a®) and the energy which scales like
1/a because of the red-shift: photon energies scale like the inverse of their wavelengths which in turn scale

like 1/a. More generally, for matter with equation of state parameter w, one finds

pa*F®) = constant. (29)

In particular, for w = —1, p is constant and corresponds, as we will see more explicitly below, to a cosmological
constant vacuum energy

pa = constant (VACUUM ENERGY). | (30)

The early universe was radiation dominated, the adolescent universe was matter dominated and the adult
universe is dominated by the cosmological constant. If the universe underwent inflation, there was again
a very early period when the stress-energy was dominated by vacuum energy. As we shall see next, once
we know the evolution of p and P in terms of the scale factor a(t), it is straightforward to solve for a(t).
Before going on, we want to emphasize the utility of describing the stress energy in the universe by the simple
equation of state P = wp. This is the most general form for the stress energy in a FRW space-time and the
observational evidence indicates that on large scales the FRW metric is quite a good approximation to the
space-time within our Hubble volume. This simple, but often very accurate, approximation will allow us to

explore many early universe phenomena with a single parameter.

2 The Friedmann equations

After these preliminaries, we are now prepared to tackle the Einstein equations. We allow for the presence of

a cosmological constant and thus consider the equations

Gy + Mgy = STGNT - 31
/ w Iz

It will be convenient to rewrite these equations in the form

1
R, = 87Gx <T,W - 2g,WT§> + Agpu- (32)

Because of isotropy, there are only two independent equations, namely the 00-component and any one of the

non-zero ij-components. Using Egs. (14) we find

—3% = 4nGn(p+3P)—A,
a a? k A

Using the first equation to eliminate d from the second, one obtains the set of equations for the Hubble rate

10



k 87TGN A
H? 4+ -~ = ——= — 34
TET T3 "3 (34)
and for the acceleration
a 47TGN A
- 3P)+ — | 35
o= TN aP) + (3)

Together, this set of equation is known as the Friedman equations. They are supplemented by the conservation
equation (26). Note that because of the Bianchi identities, the Einstein equations and the conservation
equations should not be independent, and indeed they are not. It is easy to see that (34) and (26) imply the
second order equation (35) so that, a pleasant simplification, in practice one only has to deal with the two
first order equations (34) and (26). Sometimes, however, (35) is easier to solve than (34), because it is linear
in a(t), and then (34) is just used to fix one constant of integration.

Notice that Egs. (34) and (35) can be obtained, in the non-relativistic limit P = 0 from Newtonian
physics. Imagine that the distribution of matter is uniform and its matter density is p. Put a test particle
with mass m on a surface of a sphere of radius a and let gravity act. The total energy is constant and therefore

mM

1
Eyin + Epot = imd2 — Gn—— = Kk = constant. (36)
a

Since the mass M contained in a sphere of radius a is M = (4wpa®/3), we obtain

1 .92 47TGN

ma
2 3

By dividing everything by (ma?/2) we obtain Eq. (34) with of course no cosmological constant and after

mpa® = Kk = constant. (37)

setting k = 2k/m. Eq. (35) can be analogously obtained from Newton’s law relating the gravitational force
and the acceleration (but still with P = 0).
The expansion rate of the universe is determined by the Hubble rate H which is not a constant and

generically scales like t=!. The Friedmann equation (34) can be recast as

I (38)

Q—1=
3H2/87GyN  a?H?’

where we have defined the parameter 2 as the ratio between the energy density p and the critical energy

density p

p 3H?
a=" p = .

Since a?H? > 0, there is a correspondence between the sign of k and the sign of (Q — 1)

k=+1 = Q>1 CLOSED,
k=0 = Q=1 FLAT, (40)
k=-1 = Q<1 OPEN.

11



Eq. (38) is valid at all times, note also that both 2 and p. are not constant in time. At early times once has
a radiation-dominated (RD) phase radiation and H? ~ a~* with (2 — 1) ~ a?; during the matter-dominated
phase (MD) one finds H?> ~ a3 with (2 — 1) ~ a. These relations will be crucial when we will study
the inflationary universe. From the FRW metric it is also clear that the effect of the curvature becomes
important only at a comoving radius r ~ \k|’1/ 2. So we define the physical radius of curvature of the universe

Reury = a(t)|k|7Y2 = (6/]>R|)'/2, related to the Hubble radius H~! by

Hfl

Rcurv = A a111/9°
Q—1]1/2

(41)

When |© — 1] <« 1, such a curvature radius turns out to be much larger than the Hubble radius and we can
safely neglect the effect of curvature in the universe. Note also that for closed universes, k = +1, Ry 1S just

the physical radius of the three-sphere.

3 Equilibrium thermodynamics of the early universe

Because the early universe was to a good approximation in thermal equilibrium at very early epochs, we can
assume that it was characterized by a RD phase and we will quickly review some basic thermodynamics of it.
The number density n, energy density p and pressure P of a dilute, weakly interacting gas of particles

with ¢ internal degrees of freedom can be written in terms of its phase space distribution function f(p)

n = (2i)3/d3pf(p),

p = (2i)3/d3pE(p)f(p),
P o= G [ si) P (42)

where E? = |p|? + m?2.The phase space f is given by the familiar Fermi-Dirac or Bose-Einstein distributions

f(p) = [exp(E/T) £ 1] 7", (43)

where we have neglected a possible chemical potential, +1 refers to Fermi-Dirac species and —1 to Bose-
Einstein species. From the equilibrium distributions, the number density n, energy density p and pressure P

of a species of mass m, and temperature 1" are

o E2 _ m2)1/2
wo= 2 [TappE_mI) T
272 J,, exp(E/T) +1
— i Ood 2(E2*m2)1/2
Pr= o m exp(E/T)+ 1’
00 E2 _ ;m2)3/2
p o= I [T aplE=m) (44)

672 J,, exp(E/T)+1"

In the relativistic limit T' > m we obtain

12



(72/30)gT* (BOSE)

7T\ (7/8)(x2/30)gT*  (FERMI)
| weymmert sose)
(3/4)(¢(3)/m*)gT? (FERMI)
P = p/3. (45)

Here ((3) ~ 1.2 is the Riemann zeta function of three. The total energy density and pressure of all species in

equilibrium can be expressed in terms of the photon temperature T’

7\ % g [ (u? — 22)1/242
T4 ia ? d 7
2 (T) o2 /T Y ep(u) £1

Pr =
all species
7\ % g [ (u? — 22)3/2
p. = 1 — : dy —— 46
Z_ (T) 67r2/T‘ " exp(u) £1 (46)
all species e

where x; = m; /T and u = E/T and we have taken into account the possibility that the species have a different
temperature than the photons.

Since the energy density and pressure of non-relativistic species is exponentially smaller than that of
relativistic species, it is a very good approximation to include only the relativistic species in the sums and we

obtain

where

g(T)= > gi (?)4+; > (?)4 (48)

bosons fermions

counts the effective total number of relativistic degrees of freedom in the plasma. For instance, for T' < MeV,

the only relativistic species are the three neutrinos with T, = (4/11)"/ 3T, and the photons. This gives

4/3
g« (K MeV) = g 3 (= families) - 2 (= Weyl d.o.f.) - (141> + 2 (= photon d.o.f.) ~ 3.36. (49)

o ¢)

For 100 MeV > T > 1 MeV, the electron and positron are additional relativistic degrees of freedom and
T, =T,. We thus find

g«(100MeV > T > 1MeV) = - 3 (= families) - 2 (= Weyl d.o.f.) + 2 (= photon d.o.f.)

+ -4 (= Dirac d.o.f.) ~ 10.75. (50)

ol N ool

For T > 300 GeV, all the species of the Standard Model (SM) are in equilibrium: 8 gluons, W=, Z, three
generations of quarks and leptons and one complex Higgs field and g, ~ 106.75.

13



During early RD phase when p ~ p, and supposing that g, ~ constant, we have that the Hubble rate is

81GN 8T pr 8r w2 4
= r:* = —_— * T T’ 51
5 7~ 3z sz 5090 (51)

where Gy = 1/M13,1 and Mp; ~ 1.2- 10" GeV is the Planck mass. We get therefore

H2

T2
H ~ 1.66¢)> Sy (52)
Pl

and the corresponding time is, being H ~ 1/2t~1,

—1/2 Mp T\
t~03g." 7 = (MeV> sec. (53)

In thermal equilibrium the entropy per comoving volume V', S, is conserved. It is useful to define the entropy

density s as

s S _ptl (54)

It is dominated by the relativistic degrees of freedom and to a very good approximation

272
e
S 45 gxs ) (55)

where

ges(T)= > gi (?)3 +£ > (?)3, (56)

bosons fermions

For most of the history of the universe, all particles had the same temperature and one replace therefore
g«s with g,. Note also that s is proportional to the number density of relativistic degrees of freedom and in

particular it can be related to the photon number density n,

)

Today sg ~ 7.04n., . The conservation of S implies that s ~ =3 and therefore

’ g«sT3a® = constant ‘ (58)

during the evolution of the universe we are concerned with. The fact that S = g,sT3a® = constant implies

that the temperature of the universe evolves as

T g, (59)
/

When g,g is constant one gets the familiar result 7 ~ a~'.

The factor g*_s1 % enters because whenever a
particle species becomes non-relativistic and disappears from the plasma, its entropy is transferred to the
other relativistic particles in the thermal plasma causing T to decrease slightly less slowly (sometimes it is

said, but in a wrong way, that the universe slightly reheats up).

14



Lastly, an important quantity is the entropy within a horizon volume: Sgor ~ H 3T?; during the RD

epoch H ~ T?/Mpy, so that
SHOR ~ (Mpl>3 (60)
T .
From this we will shortly conclude that at early times the comoving volume that encompasses all that we can
see today (that is a region as large as our present horizon) was comprised of a very large number of causally

disconnected regions.

4 The particle horizon and the Hubble radius

A fundamental question in cosmology that one might ask is: what fraction of the universe is in causal contact?
More precisely, for a comoving observer with coordinates (rg, 6y, ¢o), for what values of (r, 8, ¢) would a light
signal emitted at ¢ = 0 reach the observer at, or before, time ¢? This can be calculated directly in terms of
the FRW metric. A light signal satisfies the geodesic equation ds? = 0. Because of the homogeneity of space,
without loss of generality we may choose rg = 0. Geodesics passing through r = 0 are lines of constant 6§ and
¢, just as great circles passing from the poles of a two-sphere are lines of constant 6 (i.e., constant longitude),
so df = d¢ = 0. Of course, the isotropy of space makes the choice of direction (6g, ¢g) irrelevant. Thus, a

light signal emitted from coordinate position (rg, 6o, ¢o) at time ¢ = 0 will reach rq = 0 in a time ¢ determined

by
t dt/ TH d /
[ o
o a(t’) 0 1—Fkr'2

The proper distance to the horizon measured at time ¢ is

tay “da’ 1 TH dr’
Ru(t) = a(t) /0 7 = /0 o~ /O - (PARTICLE HORIZON). | (62)

If Ru(t) is finite, it sets the boundary between the visible universe and the part of the universe from which
light signals have not reached us. The behavior of a(t) near the singularity will determine whether or not the
particle horizon is finite. We will see that in the standard cosmology Ry(t) ~ t, that is the particle horizon

is finite. The particle horizon should not be confused with the notion of the Hubble radius

1
== % (HUBBLE RADIUS). (63)

The Hubble radius has the following meaning: it is the distance travelled by particles in the course of one
expansion time, roughly the time which takes the scale factor to double (think of the distance as dt ~
(da/a)H~1) [20]. So the particle horizon and the Hubble radius are different quantities: particles separated
by distances greater than Ry (t) have never communicated with one another; on the contrary, if they are
separated by an amount larger than Hubble radius H ', this means that they cannot communicate at the
given time ¢. We shall see that in standard cosmology the distance to the horizon is finite, and up to numerical

factors, equal to the Hubble radius, H !, but during inflation, for instance, they are drastically different.
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One can also define a comoving particle horizon distance

t dtl a da/ a , 1

Here, we have expressed the comoving horizon as the logarithmic integral of the comoving Hubble radius
(aH)™!

% (COMOVING HUBBLE RADIUS), (65)

a

which will play a crucial role in inflation. Particles separated by comoving distances greater than 7y never
talked to each other; if separated by comoving distances greater than (aH)~!, they are not talking at some
time 7. It is therefore possible that 7 could be much larger than the comoving Hubble radius at the present
epoch, so that there could not be any communication today but there was at earlier epochs. As we shall see,
this might happen if the comoving Hubble radius early on was much larger than it is now so that 7y got most
of its contribution from early times. We will see that this can happen, although it did not happen during
matter-dominated or radiation-dominated epochs. In those cases, the comoving Hubble radius increases with
time, so typically we expect the largest contribution to 74 to come from the most recent times.

Recall that in a universe dominated by a fluid with equation of state P = w/p we have n = 2/3(1 4+ w).

The comoving Hubble radius goes like

=" (66)

In particular, for a MD universe w = 0 and n = 2/3, while for a RD universe w = 1/3 and n = 1/2. In both
cases the comoving Hubble radius increases with time. We see that in the standard cosmology the particle
horizon is finite, and up to numerical factors, equal to the Hubble radius, H~'. For this reason, one can use
the words horizon and Hubble radius interchangeably for standard cosmology. As we shall see, in inflationary
models the horizon and Hubble radius are drastically different as the horizon distance grows exponentially
relative to the Hubble radius; in fact, at the end of inflation they differ by eV, where N is the number of
e-folds of inflation.

Note also that a physical length scale A is within the Hubble radius if A < H~!. Since we can identify

the length scale A with its wavenumber k, A = 27a/k, we will have the following rule

iH < 1= SCALE X OUTSIDE THE HUBBLE RADIUS
a
% > 1= SCALE X WITHIN THE HUBBLE RADIUS
a

Notice that in standard cosmology

A A aH
PARTICLE HORIZON Ry A~ == (67)
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This shows once more that Hubble radius and particle horizon can be used interchangeably in standard

cosmology.

5 Some conformalities

Before launching ourselves into the description of the shortcomings of the Big-Bang model and inflation, we
would like to go back to the concept of conformal time which will be useful in the next sections. The conformal

time 7 is defined through the following relation

dt
dr = —. 68
- (68)
The metric ds? = —dt? + a?(t)dx? then becomes
ds? = a*(7) [—dr® + dx?] . (69)

The reason why 7 is called conformal is manifest from Eq. (69): the corresponding FRW line element is
conformal to the Minkowski line element describing a static four dimensional hypersurface.

Any function f(t) satisfies the rule

fo = L0, (10)
for = L5 - who, ()

where a prime now indicates differentiation wrt to the conformal time 7 and

I
H=— (72)
In particular we can set the following rules
H = g = a; = ﬂ7
a a a
CLN rHQ
i = ——-—,
a a
. H o H?
H = @
o 8rGp _£:> 22— 8rGpa® _k
3 a? 3
. 4G
H = —4nG(p+P)=— H = —”T(p+3p)a2,
p + B3H(p+P)=0=p +3H(p+P)=0

Finally, if the scale factor a(t) scales like a ~ t", solving the relation (68) we find

n

a~th = a(r) ~TT7. (73)

Therefore, for a RD era a(t) ~ t'/? one has a(7) ~ 7 and for a MD era a(t) ~ t?/3, that is a(7) ~ 72.
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Part 11
The shortcomings of the standard
Big-Bang Theory

This part is dedicated to a description of the drawbacks present in the cosmological Big-Bang theory. They

are the origin for understanding why inflation is needed.

6 The flatness problem

Let us make a tremendous extrapolation and assume that Einstein equations are valid until the Planck era,

when the temperature of the universe is Tp; ~ 10'? GeV. From the equation for the curvature

K
T H2¢2’

we read that if the universe is perfectly flat, then (2 = 1) at all times. On the other hand, if there is even a

Q-1 (74)

small curvature term, the time dependence of (2 — 1) is quite different.

During a RD period, we have that H? « p, o< a~* and
1 2
-1 pryri S (75)
During MD, pnr a~3 and
Q-1 # x a. (76)

In both cases (€2 — 1) decreases going backwards with time. Since we know that today (€¢ — 1) is of order
unity, we can deduce its value at tp) (the time at which the temperature of the universe is Tp ~ 1019 GeV)

19— Vlromy (a?> ~ (TO ) ~ O(107%). 7

[Q-Tlr=n, ~ \ag)  \T}
where 0 stands for the present epoch, and Ty ~ 10713 GeV is the present-day temperature of the CMB
radiation. If we are not so brave and go back simply to the epoch of nucleosynthesis when light elements
abundances were formed, at Ty ~ 1 MeV, we get

[@=Tlreme (aN> ~ (TO ) ~ O(1071). ™

| 2 —1]|r=m, ap T%

In order to get the correct value of (9 — 1) ~ 1 at present, the value of (2 — 1) at early times have to
be fine-tuned to values amazingly close to zero, but without being exactly zero. This is the reason why the

flatness problem is also dubbed the ‘fine-tuning problem’.
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Figure 2: Illustration of the flatness problem in standard cosmology.

7 The entropy problem

Let us now see how the hypothesis of adiabatic expansion of the universe is connected with the flatness

problem. From the Friedman equations we know that during a RD period

T4
H?~p o —, 79
v (79)
from which we deduce ) )
kM kM
Q-1=—-2 =, 80
a?T4  §372 (80)
Under the hypothesis of adiabaticity, S is constant over the evolution of the universe and therefore
M2 1 1
Q—1],_, == = ~ 1079, (81)
T S ST
where we have used the fact that the present horizon contains a total entropy
4 47 2729, (To) T
Sy =—Hy?s = —Hy? =20 ~ 10%. 82
U 3 0o S 3 0 45 ( )

We have discovered that (2 — 1) is so close to zero at early epochs because the total entropy of our universe
is so incredibly large. The flatness problem is therefore a problem of understanding why the (classical) initial
conditions corresponded to a universe that was so close to spatial flatness. One would have indeed expected
the most natural number for the total entropy of the universe to be of the order of unity at the Planckian
temperature, when the horizon itself was of the order of the Planckian length. In a sense, the problem is one
of fine-tuning and although such a balance is possible in principle, one nevertheless feels that it is unlikely.
On the other hand, the flatness problem arises because the entropy in a comoving volume is conserved. It is
possible, therefore, that the problem could be resolved if the cosmic expansion was non—adiabatic for some

finite time interval during the early history of the universe.
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8 The horizon problem

According to the standard cosmology, photons decoupled from the rest of the components (electrons and
baryons) at a temperature of the order of 0.3 €V. This corresponds to the so-called surface of ‘last-scattering’
at a redshift of about 1100 and an age of about 180000 (29h?)~'/2 yrs.

From the epoch of last-scattering onwards, photons free-stream and reach us basically untouched. De-
tecting primordial photons is therefore equivalent to take a picture of the universe when the latter was about
300000 yrs old. The spectrum of the cosmic background radiation is consistent with that of a black body at
temperature 2.73 K over more than three decades in wavelength. The length corresponding to our present
Hubble radius (which is approximately the radius of our observable universe) at the time of last-scattering

was

Au(tis) = Ru(to) (‘“) — Ru(to) (;0) .

ao
On the other hand, during the MD period, the Hubble length has decreased with a different law

H20<pNRo<a73o<T3.

At last-scattering

o —3/2
H' = Ru(to) (T;> < Ry(tg).

The length corresponding to our present Hubble radius was much larger that the horizon at that time. This

can be shown comparing the volumes corresponding to these two scales

(T (T2 g
=L = — ~ 10°. 83
H® <T15) (83)

There were ~ 108 casually disconnected regions within the volume that now corresponds to our horizon! It is
difficult to come up with a process in the history of the universe that would lead to a precise black body [58]
for a bath of photons which were causally disconnected the last time they interacted with the surrounding
plasma.

The horizon problem is well represented by Fig. 3 where the blue line indicates the horizon scale and
the red line any generic physical length scale A. Suppose that, indeed, A indicates the distance between two
photons we detect today. From Eq. (83) we discover that at the time of emission (last-scattering) the two
photons could not talk to each other, the red line is above the blue line.

There is another aspect of the horizon problem which is related to the problem of initial conditions for
the cosmological perturbations.

The temperature difference measured between two points separated by a large angle (> 1°) is due to
the so-called Sachs-Wolfe effect and is caused by the fact that these two points had a different value of the
gravitational potential associated to it at the last-scattering surface. The temperature anisotropy is commonly

expanded in spherical harmonics

%(1‘0, To, ) = Z Ao (20)Yem (n), (84)
m
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Figure 3: The horizon scale (blue line) and a physical scale A (red line) as function of the scale

factor a. From Ref. [41].

where ¢ and 7y are our position and the present time, respectively, n is the direction of observation, ¢'s are
the different multipoles and®

(@em @) = 00 Srmme C, (85)
where the deltas are due to the fact that the process that created the anisotropy is statistically isotropic. The
Cy are the so-called CMB power spectrum [34]. For homogeneity and isotropy, the Cy’s are neither a function
of xg, nor of m. The two-point-correlation function is related to the Cy’s in the following way

<5TT(n) 5T;n’) >

Z <aé'ma‘z/m’ >Y2m (n)}/;m/ (1’1/)

' mm/

S Vi)Y () = = 320+ 1)CePi=m ) (36)
l m

™
4

where we have used the addition theorem for the spherical harmonics, and Py is the Legendre polynomial of
order £. In expression (86) the expectation value is an ensemble average. It can be regarded as an average
over the possible observer positions, but not in general as an average over the single sky we observe, because

of the cosmic variance?.

1 An alternative definition is Cy = (|agm|”) = ﬁ Eﬁlz% |agm|”.
2The usual hypothesis is that we observe a typical realization of the ensemble. This means that we expect

the difference between the observed values |agm|2 and the ensemble averages Cy to be of the order of the
mean-square deviation of |agm|2 from Cy. The latter is called cosmic variance and, because we are dealing
with a Gaussian distribution, it is equal to 2Cy for each multipole £. For a single ¢, averaging over the (2¢+41)
values of m reduces the cosmic variance by a factor (2¢ + 1), but it remains a serious limitation for low

multipoles.
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Figure 4: The CMBR anisotropy as function of ¢ from the recent Planck satellite data.

Let us now consider the last-scattering surface. In comoving coordinates the latter is ‘far’ from us a

to )
/ dt = / dr = (19 — 7is) - (87)
t a Tis

1s

distance equal to

A given comoving scale )\ is therefore projected on the last-scattering surface sky on an angular scale

A
0~ —-, (88)
(70 — 7is)
where we have neglected tiny curvature effects. Consider now that the scale A is of the order of the comoving
sound horizon at the time of last-scattering, A ~ ¢s75, where ¢5 ~ 1/ V/3 is the sound velocity at which photons

propagate in the plasma at the last-scattering. This corresponds to an angle
~ e, (89)

where the last passage has been performed knowing that 7y > 7. Since the universe is MD from the time
of last-scattering onwards, the scale factor has the following behavior: a ~ T~ ~ t2/3 ~ 72, where we have
made use of the relation (73). The angle Oyor subtended by the sound horizon on the last-scattering surface

then becomes

TN\ 12
OHOR =~ Cs <T10) ~1°, (90)

where we have used Tis ~ 0.3 eV and Ty ~ 10~ GeV. This corresponds to a multipole ¢10R

fion = 5 T~ 200. (91)

HOR
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From these estimates we conclude that two photons which on the last-scattering surface were separated by an
angle larger than fyog, corresponding to multipoles smaller than fior ~ 200 were not in causal contact. On
the other hand, from Fig. 4 it is clear that small anisotropies, of the same order of magnitude §T/T ~ 107°
are present at £ < 200. We conclude that one of the striking features of the CMB fluctuations is that they
appear to be non causal. Photons at the last-scattering surface which were causally disconnected have the
same small anisotropies! The existence of particle horizons in the standard cosmology precludes explaining
the smoothness as a result of microphysical events: the horizon at decoupling, the last time one could imagine
temperature fluctuations being smoothed by particle interactions, corresponds to an angular scale on the sky

of about 1°, which precludes temperature variations on larger scales from being erased.

9 The solution to the standard cosmology shortcomings

From the considerations made so far, it appears that solving the shortcomings of the standard Big Bang

theory requires two basic modifications of the assumptions made so far:

e The universe has to go through a non-adiabatic period. This is necessary to solve the entropy and the

flatness problem. A non-adiabatic phase may give rise to the large entropy Sy we observe today.

e The universe has to go through a primordial period during which the physical scales A evolve faster

than the Hubble radius H~1.

The second condition is obvious from Fig. 5. If there is period during which physical length scales grow

log A\

(RD)
(MD)

» loga

end of inflation

Figure 5: The behavior of a generic scale A and the Hubble radius H ! in the standard inflationary

model. From Ref. [41].

faster than the Hubble radius H !, length scales A which are within the horizon today, A < H~! (such as the
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distance between two detected photons) and were outside the Hubble radius at some period, A > H~! (for
instance at the time of last-scattering when the two photons were emitted), had a chance to be within the
Hubble radius at some primordial epoch, A\ < H~! again. If this happens, the homogeneity and the isotropy
of the CMB can be easily explained: photons that we receive today and were emitted from the last-scattering
surface from causally disconnected regions have the same temperature because they had a chance to talk to
each other at some primordial stage of the evolution of the universe. The solution to the horizon is based on
the difference between the (comoving) particle horizon and the (comoving) Hubble radius: Ry is bigger than
the Hubble radius now, so that particles are in causal contact early on, but not at later epochs.

The second condition can be easily expressed as a condition on the scale factor a. Since a given scale A
scales like A ~ a and the Hubble radius H~! = a/a, we need to impose that there is a period during which

<H)\_1>.>0:>d>0. (92)

Notice that is equivalent to require that the ratio between the comoving length scales A/a and the comoving

Hubble radius
() - (%) - () =

increases with time. We can therefore introduced the following rigorous definition: an inflationary stage is a

period of the universe during which the latter accelerates

INFLATION <= a>0.

Comment: Let us stress that during such a accelerating phase the universe expands adiabatically. This
means that during inflation one can exploit the usual FRW equations. It must be clear therefore that the
non-adiabaticity condition is satisfied not during inflation, but during the phase transition between the end
of inflation and the beginning of the RD phase. At this transition phase a large entropy is generated under

the form of relativistic degrees of freedom: the Big Bang has taken place.
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Part 111

The standard inflationary universe

From the previous section we have learned that an accelerating stage during the primordial phases of the

evolution of the universe might be able to solve the horizon problem. Therefore we learn that
a>0<= (p+3P) <0.

An accelerating period is obtainable only if the overall pressure P of the universe is negative: P < —p/3.
Neither a RD phase nor a MD phase (for which P = p/3 and P = 0, respectively) satisfy such a condition. Let
us postpone for the time being the problem of finding a ‘candidate’ able to provide the condition P < —p/3.
For sure, inflation is a phase of the history of the universe occurring before the era of nucleosynthesis (¢ ~ 1
sec, T'~ 1 MeV) during which the light elements abundances were formed. This is because nucleosynthesis is
the earliest epoch we have experimental data from and there is agreement with what the standard Big-Bang
theory predicts. However, the thermal history of the universe before the epoch of nucleosynthesis is unknown.

In order to study the properties of the period of inflation, we assume the extreme condition P = —p which
considerably simplifies the analysis. A period of the universe during which P = —p is called de Sitter stage.
By inspecting the FRW equations and the energy conservation equation, we learn that during the de Sitter

phase

p = constant,

H = constant,
where we have indicated by Hj the value of the Hubble rate during inflation. Correspondingly, we obtain
a=ar eHI(t*tI), (94)

where t1 denotes the time at which inflation starts. Let us now see how such a period of exponential expansion

takes care of the shortcomings of the standard Big Bang Theory.?

10 Inflation as a solution to the standard cosmology

problems

10.1 Inflation and the horizon problem

During the inflationary (de Sitter) epoch the Hubble radius H; ! is constant. If inflation lasts long enough,
all the physical scales that have left the Hubble radius during the RD or MD phase can re-enter the Hubble

3 Despite the fact that the growth of the scale factor is exponential and the expansion is superluminal, this
is not in contradiction with what dictated by General Relativity. Indeed, it is the space-time itself which is

propagating so fast and not a light signal in it.
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radius in the past: this is because such scales are exponentially reduced. Indeed, during inflation the particle

horizon grows exponential

boat H 1 ta(t)
— — [(t*t[) _ 7H1(t7t1) ~
RH(t) a(t) /tI r(t,) ay e ( 1> {6 ]tl =~ 71 , (95)

while the Hubble radius remains constant

HUBBLE RADIUS = = = H;", (96)
a

and points that our causally disconnected today could have been in contact during inflation. Notice that in

comoving coordinates the comoving Hubble radius shrink exponentially

COMOVING HUBBLE RADIUS = H te~fit=t), (97)

while comoving length scales remain constant. As we have seen in the previous section, this explains both the
problem of the homogeneity of CMB and the initial condition problem of small cosmological perturbations.
Once the physical length is within the horizon, microphysics can act, the universe can be made approximately
homogeneous and the primeval inhomogeneities can be created.

Let us see how long inflation must be sustained in order to solve the horizon problem. Let ¢; and ¢¢ be,
respectively, the time of beginning and end of inflation. We can define the corresponding number of e-foldings
N

N =t = [Halte — ). (98)

A necessary condition to solve the horizon problem is that the largest scale we observe today, the present
horizon Hj !, was reduced during inflation to a value A, (¢;) smaller than the value of Hubble radius H !

during inflation. This gives

—1( & ag (1o N —1
o (t) = Hy o ) \an, o |7 I

where we have called Tt the temperature at the end of inflation (to be identified with the reheating temperature

Tru at the beginning of the RD phase after inflation, see later). We get

T T T;
pe — | — — | =67+ — .
NN1n< 0) ln( 1) 67 ln< 1)

Apart from the logarithmic dependence, we obtain N > 70.

10.2 Inflation and the flatness problem

Inflation solves elegantly also the flatness problem. Since during inflation the Hubble rate is constant
k 1
2z S 2

On the other end the condition (77) tells us that to reproduce a value of (9 — 1) of order of unity today

QO-1=

the initial value of (2 — 1) at the beginning of the RD phase must be |Q — 1| ~ 107%°. Since we identify the
beginning of the RD phase with the beginning of inflation, we require

Q—1f,_, ~107°%.
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Figure 6: Illustration of the solution of the flatness problem in standard inflationary cosmology.

2
% — <al> — ¢ 2N (99)

12 — 1|t:t1 ag
Taking |2 — 1|t:t1 of order unity, it is enough to require that N = 70 to solve the flatness problem.

1. Comment: In the previous section we have written that the flatness problem can be also seen as a
fine-tuning problem of one part over 10°°. Inflation ameliorates this fine-tuning problem, by explaining a tiny
number ~ 1076 with a number N of the order 70.

2. Comment: The number N ~ 70 has been obtained requiring that the present-day value of (y — 1) is
of order unity. For the expression (99), it is clear that, if the period of inflation lasts longer than 70 e-foldings,
the present-day value of )y will be equal to unity with a great precision. One can say that a generic prediction

of inflation is that

INFLATION = Q=1

This statement, however, must be taken cum grano salis and properly specified. Inflation does not change
the global geometric properties of the space-time. If the universe is open or closed, it will always remain open
or closed, independently from inflation. What inflation does is to magnify the radius of curvature Reyy SO
that locally the universe is flat with a great precision. The current data on the CMB anisotropies confirm

this prediction.

10.3 Inflation and the entropy problem

In the previous section, we have seen that the flatness problem arises because the entropy in a comoving
volume is conserved. It is possible, therefore, that the problem could be resolved if the cosmic expansion was
non-adiabatic for some finite time interval during the early history of the universe. We need to produce a

large amount of entropy Sy ~ 10%°. Let us postulate that the entropy changed by an amount

Sp =238 (100)
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from the beginning to the end of the inflationary period, where Z is a numerical factor. It is very natural to
assume that the total entropy of the universe at the beginning of inflation was of order unity, one particle per
horizon. Since, from the end of inflation onwards, the universe expands adiabatically, we have Sy = Sy. This
gives Z ~ 10%°. On the other hand, since S¢ ~ (afo)3 and St ~ (aITI)?’, where T; and T} are the temperatures

of the universe at the end and at the beginning of inflation, we get

arg N 30 (11
— ) = ~ 10 — 101
(&) = =10 (7). o)

which gives again N ~ 70 up to the logarithmic factor In (77/T¢). We stress again that such a large amount
of entropy is not produced during inflation, but during the non-adiabatic phase transition which gives rise to

the usual RD phase.

11 Inflation and the inflaton

In the previous subsections we have described the various advantages of having a period of accelerating phase.
The latter required P < —p/3. Now, we would like to show that this condition can be attained by means of
a simple scalar field. We shall call this field the inflaton ¢.

The action of the inflaton field reads

S:/d4x —g/::/d‘lx\/fg [—; PO — V(D) ], (102)

where \/—g = a> for the FRW metric. From the Eulero-Lagrange equations

WO(/=9L)  d(v=gL) _
T ) (103)

we obtain

Aval)

b+3He — =

+V(¢) =0} (104)

where V'(¢) = (dV(¢)/d¢). Note, in particular, the appearance of the friction term 3H $: a scalar field rolling

down its potential suffers a friction due to the expansion of the universe. Using the relation

o0y/—g 1 —
sghv 2 9 G

we can write the energy-momentum tensor of the scalar field

2 4S
T = T /=g 09" = 0,00, ¢ + g L.

The corresponding energy density py and pressure density Py are

12 2
po =T =2 +vig)+ T (105)
T (Vo)?
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Notice that, if the gradient term were dominant, we would obtain P, = —p4/3, not enough to drive inflation.

We can now split the inflaton field in
() = ¢o(t) + 0 (x, 1),

where ¢ is the ‘classical’ (infinite wavelength) field, that is the expectation value of the inflaton field on the
initial isotropic and homogeneous state, while d¢(x, t) represents the quantum fluctuation around ¢g. As for
now, we will be only concerned with the evolution of the classical field ¢y. This separation is justified by
the fact that quantum fluctuations are much smaller than the classical value and therefore negligible when

looking at the classical evolution. The energy-momentum tensor becomes

.2
Ty = po = 22+ V(60), (107)
T 12
T 8y, a0s

If
V(o) > &5
we obtain the following condition
Py >~ —pg.
From this simple calculation, we realize that a scalar field whose energy is dominant in the universe and whose

potential energy dominates over the kinetic term drives inflation. Inflation is driven by the vacuum energy of

the inflaton field.

11.1 Slow-roll conditions

Let us now quantify better under which circumstances a scalar field may give rise to a period of inflation.

The equation of motion of the classical value of the field is
b0+ 3Heo + V' (¢o) = 0. (109)

If we require that (;5(2) < V(¢o), the scalar field is slowly rolling down its potential. This is the reason why
such a period is called slow-roll. We may also expect that, being the potential flat, éo is negligible as well.
We will assume that this is true and we will quantify this condition soon. The FRW equation becomes

87TGN
3

H? ~ Vo), (110)

where we have assumed that the inflaton field dominates the energy density of the universe. The new equation

of motion becomes
3Hpy = —V' (o), (111)

which gives ¢g as a function of V' (¢0). Using Eq. (111) slow-roll conditions then require

2
P2 < V(po) = (‘;) < H?
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and

|bo| < [3H o] = |V"'| < H? |,

It is now useful to define the slow-roll parameters, ¢ and 7 in the following way

i 2 @ A%
€ = —*z:“GNQLOz: —(2250 = () ’
H H oM p, H? 167GN \ V
1 %4 1v”
" = se ()5
o = n—e:f(b—(.),
Hao

where we have indicated by Mp the reduced Planck mass,

-—2 1 Mp12
Pl= o~ — .
8GN 8

(112)

It might be useful to have the same parameters expressed in terms of conformal time

Hl 62
€ = 1_W:47TGN?,
6/
0 = 7]761177{(%).

The parameter € quantifies how much the Hubble rate H changes with time during inflation. Notice that,
since

Y H+H?=(1- ¢ H?,
a

inflation can be attained only if € < 1:

INFLATION <= e<1.

As soon as this condition fails, inflation ends. In general, slow-roll inflation is attained if € < 1 and || < 1.
During inflation the slow-roll parameters € and 7 can be considered to be approximately constant since the

potential V(¢) is very flat.

Comment: In the following, we will work at first-order perturbation in the slow-roll parameters, that is
we will take only the first power of them. Since, using their definition, it is easy to see that é,n = O (62, 7]2),

this amounts to saying that we will treat the slow-roll parameters as constant in time.
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Within these approximations, it is easy to compute the number of e-foldings between the beginning and
the end of inflation. If we indicate by ¢; and ¢¢ the values of the inflaton field at the beginning and at the
end of inflation, respectively, we have that the total number of e-foldings is

te
Hdt

ti
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= —— deo (113)

We may also compute the number of e-foldings AN which are left to go to the end of inflation

dan 7
AN ~ 87rGN/ v dog, (114)
[or:
where ¢an is the value of the inflaton field when there are AN e-foldings to the end of inflation.
1. Comment: A given scale length A\ = a/k leaves the Hubble radius when k = aHy where Hy is the the
value of the Hubble rate at that time. One can compute easily the rate of change of Hf as a function of k

dnHZ (dnHZ\ [ dt \ (dna\ _H 1 _H _
din k _< dt dina ) \dnk ) =258 7 " T (115)

2. Comment: Take a given physical scale A today which crossed the Hubble radius during inflation. This

A <af> e ANy = ) (TO> e ANN — HI_l,
ag Tt

where AN, indicates the number of e-foldings from the time the scale crossed the Hubble radius during

happened when

inflation to the end of inflation. This relation gives a way to determine the number of e-foldings to the end of

inflation corresponding to a given scale

A yi/4 T;
ANy =65 +1In| =) 42— ) —In ([~ ).
A=hotn (3000 Mpc) e (1014 GeV) " (1010 Gev>

Scales relevant for the CMB anisotropies correspond to AN ~60.

12 The last stage of inflation and reheating

Inflation ended when the potential energy associated with the inflaton field became smaller than the kinetic
energy of the oscillating field. The process by which the energy of the inflaton field is transferred from the
inflaton field to radiation has been dubbed reheating. In the old theory of reheating [1, 22] the comoving
energy density in the zero mode of the inflaton decays into normal particles. The latter then scatter and

thermalize to form a thermal background. Of particular interest is a quantity known usually as the reheat
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temperature, denoted as Try. It is calculated by assuming an instantaneous conversion of the energy density
in the inflaton field into radiation. The decay happens when the width of the inflaton energy, I'y, is equal to
H, the expansion rate of the universe.

The reheat temperature is calculated quite easily. After inflation, the inflaton field executes coherent

oscillations about the minimum of the potential at some ¢y ~ ¢,

1 1
V(¢o) =~ §V”(¢m)(¢0 - ¢m)2 = §m2(¢0 - ¢m)2~ (116)
Indeed, the equation of motion for ¢ is
bo + 3Hdo +m?(do — ¢m) = 0, (117)
whose solution is
1\ 3/2
do(t) = 61 (2) " coslmit — 1) (118)

where now the label ; denotes here the beginning of the oscillations. Since the period of the oscillation is
much shorter than the Hubble time, H > m, we can compute the equation satisfied by the energy density

stored in the oscillating field averaged over many oscillations

) d
<,0¢> - di < ¢0 +V( ¢O)> >many oscillations

(90 (G0 V0)) )y tains
= <¢0 ( 3H¢0) >
many oscillations

~3H(3%)
many oscillations

- —3H<p¢> , (119)

many oscillations

1SS

where we have used the equipartition property of the energy density during the oscillations <¢>(2) /2y = (V(o)) =
(pp/2) and Eq. (109). The solution of Eq. (119) is (removing the symbol of averaging)

aj 3
ps=(pa) (2) (120)
The energy density of an oscillating scalar field scales like a non-relativistic fluid, the reason being that the

effective averaged pressure vanishes:

1.
P = (35710
< many oscillations 2¢)0 (¢0) many oscillations

1.,
- v > — 0. 121
<2¢0>many oscillations < (¢O) many oscillations ( )

The Hubble expansion rate as a function of a is
8 (pg)i (ai3

H(a) = 8 (7) . 122
@ =5 (5 (122)
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Equating H(a) and I'y leads to an expression for (ai/a). Now if we assume that all available coherent
energy density is instantaneously converted into radiation at this value of (a;/a), we can find the reheat
temperature by setting the coherent energy density, ps = (py)i(ai/a)?, equal to the radiation energy density,
pr = (12/30)g. Ty, where g, is the effective number of relativistic degrees of freedom at temperature Try.

The result is

200

90 1/4 1/4
TRy = ( ) \/F¢Mp =0.2 (g) \/F¢Mp1. (123)

8m3g.

In some models of inflation reheating can be anticipated by a period of preheating [39] when the the classical

inflaton field very rapidly decays into ¢-particles or into other bosons due to broad parametric resonance.

12.1 Preheating

In preheating there is a new decay channel that is non-perturbative: stimulated emissions of bosonic particles
into energy bands with large occupation numbers are induced due to the coherent oscillations of the inflaton
field. The oscillations of the inflaton field induce mixing of positive and negative frequencies in the quantum
state of the field it couples to because of the time-dependent mass of the quantum field. Let us take, for the
sake of simplicity, the case of a massive inflaton ¢ with quadratic potential V(¢) = %ngzSQ, coupled to a
massless scalar field x via the quartic coupling g?¢3x?2.

Neglecting the Hubble rate in the frequency term (being smaller than the time-dependent term), the

evolution equation for the Fourier modes of the x field with momentum k is

Xy + wiXy =0, (124)
with
Xk = CLS/Z(t)Xk,
Go= K (t) + g 0). (125)

This Klein-Gordon equation may be cast in the form of a Mathieu equation

X+ [A(k) — 2g cos 22] Xy = 0, (126)
where z = mt and
]{32
(I)2
= PP 127
9 4m?2’ (127)

where @ is the amplitude and m is the frequency of inflaton oscillations, ¢g(t) = ®(¢)sin(mt). Notice that,
at least initially, if ® > Mp;

o2 M2

can be extremely large. If so, the resonance is broad. For certain values of the parameters (A, q) there are

exact solutions Xy and the corresponding number density ni grows exponentially with time because they
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belong to an instability band of the Mathieu equation
Xy oc e™ =y o @2t (129)

where the parameter py depends upon the instability band and, in the broad resonance case, ¢ > 1, it is
~0.2.

These instabilities can be interpreted as coherent “particle” production with large occupation numbers.
One way of understanding this phenomenon is to consider the energy of these modes as that of a harmonic
oscillator, By, = | Xy|?/24wE|X1|?/2 = wi(ni+1/2). The occupation number of level k can grow exponentially
fast, nx ~ exp(2uxmt) > 1, and these modes soon behave like classical waves. The parameter ¢ during
preheating determines the strength of the resonance. It is important to notice that, after the short period of
preheating, the universe is likely to enter a long period of matter domination where the biggest contribution
to the energy density of the universe is provided by the residual small amplitude oscillations of the classical
inflaton field and/or by the inflaton quanta produced during the back-reaction processes. This period will end
when the age of the universe becomes of the order of the perturbative lifetime of the inflaton field, ¢ ~ ].“;1.
At this point, the universe will be reheated up to a temperature Try obtained applying the old theory of

reheating described previously.

13 A brief survey of inflationary models

Even restricting ourselves to a simple single-field inflation scenario, the number of models available to choose
from is large. It is convenient to define a general classification scheme, or “zoology” , for models of inflation.
We divide models into three general types: large-field, small-field, and hybrid [21]. A generic single-field
potential can be characterized by two independent mass scales: a “height” A%, corresponding to the vacuum
energy density during inflation, and a “width” u, corresponding to the change in the field value A¢ during

inflation:

V(p)=A'f (Z)) : (130)

Different models have different forms for the function f. Let us now briefly describe the different class of

models.

13.1 Large-field models

Large-field models are potentials typical of the “chaotic” inflation scenario [47], in which the scalar field is
displaced from the minimum of the potential by an amount usually of order the Planck mass. Such models are
characterized by V" (¢) > 0, and —e < § < e. The generic large-field potentials we consider are polynomial
potentials V (¢) = A*(¢/u)’, and exponential potentials, V (¢) = A*exp (¢/u). In the chaotic inflation
scenario, it is assumed that the universe emerged from a quantum gravitational state with an energy density
comparable to that of the Planck density. This implies that V(¢) ~ Mf%l and results in a large friction term

in the Friedmann equation. Consequently, the inflaton will slowly roll down its potential. The condition for
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V(¢)

¢ (inflaton)

Figure 7: Large field models of inflation. From Ref. [41].

inflation is therefore satisfied and the scale factor grows as
alt) = are U W H), (131)

The simplest chaotic inflation model is that of a free field with a quadratic potential, V' (¢) = m?$?/2, where

m represents the mass of the inflaton. During inflation the scale factor grows as
a(t) — aIe27rGN(¢12_¢2(t)) (132)

and inflation ends when ¢ = O(Mp;). If inflation begins when V(¢;) ~ Mg, the scale factor grows by a
factor exp(4mM3,/m?) before the inflaton reaches the minimum of its potential. We will later show that the
mass of the field should be m ~ 10~6Mp if the microwave background constraints are to be satisfied. This

implies that the volume of the universe will increase by a factor of Z3 ~ 3x10"

and this is more than enough
inflation to solve the problems of the hot big bang model.

In the chaotic inflationary scenarios, the present-day universe is only a small portion of the universe which
suffered inflation. Notice also that the typical values of the inflaton field during inflation are of the order of

Mpy, giving rise to the possibility of testing planckian physics [17].

13.2 Small-field models

Small-field models are the type of potentials that arise naturally from spontaneous symmetry breaking (such
as the original models of “new” inflation [3, 46]) and from pseudo Nambu-Goldstone modes (natural inflation
[25]). The field starts from near an unstable equilibrium (taken to be at the origin) and rolls down the
potential to a stable minimum. Small-field models are characterized by V" (¢) < 0 and n < —e. Typically €
is close to zero. The generic small-field potentials we consider are of the form V (¢) = A*[1 — (¢/u)?], which
can be viewed as a lowest-order Taylor expansion of an arbitrary potential about the origin. See, for instance,

Ref. [19].
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V(¢)

¢ (inflaton)

Figure 8: Small field models of inflation. From Ref. [41].

13.3 Hybrid models

The hybrid scenario [16, 48, 49] frequently appears in models which incorporate inflation into supersymmetry
[61] and supergravity [50]. In a typical hybrid inflation model, the scalar field responsible for inflation evolves
toward a minimum with nonzero vacuum energy. The end of inflation arises as a result of instability in a
second field. Such models are characterized by V" (¢) > 0 and 0 < € < §. We consider generic potentials for
hybrid inflation of the form V (¢) = A* [1 + (¢/p)"]. The field value at the end of inflation is determined by

some other physics, so there is a second free parameter characterizing the models.

V(¢)

¢ (inflaton)
Figure 9: Hybrid field models of inflation. From Ref. [41].

This enumeration of models is certainly not exhaustive. There are a number of single-field models that
do not fit well into this scheme, for example logarithmic potentials V (¢) o In (¢) typical of supersymmetry
[14, 23, 24, 32, 38, 51, 52, 62]. Another example is potentials with negative powers of the scalar field V (¢)
¢~ P [7] used in intermediate inflation and dynamical supersymmetric inflation [35, 36]. Both of these cases
require and auxiliary field to end inflation and are more properly categorized as hybrid models, but fall
into the small-field class. However, the three classes categorized by the relationship between the slow-roll
parameters as —e < § < € (large-field), 6 < —e (small-field) and 0 < € < § (hybrid) seems to be good enough

for comparing theoretical expectations with experimental data.
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Part IV
Inflation and the cosmological

perturbations

As we have seen in the previous section, the early universe was made very nearly uniform by a primordial
inflationary stage. However, the important caveat in that statement is the word ‘nearly’. Owur current
understanding of the origin of structure in the universe is that it originated from small ‘seed’ perturbations,
which over time grew to become all of the structure we observe. Once the universe becomes matter dominated,
some seeds of the density inhomogeneities start growing thanks to the phenomenon of gravitational instabilities
thus forming the structure we see today [57]. The gravitational instability is called Jeans instability.

The presence of the primordial inflationary seeds is also confirmed by detailed measurements of the CMB
anisotropies; the temperature anisotropies at angular scales larger than 1° are caused by some inflationary
inhomogeneities since causality prevents microphysical processes from producing anisotropies on angular scales
larger than about 1°, the angular size of the horizon at last-scattering.

Our best guess for the origin of these perturbations is quantum fluctuations during an inflationary era in
the early universe. Although originally introduced as a possible solution to the cosmological conundrums such
as the horizon, flatness and entropy problems, by far the most useful property of inflation is that it generates
spectra of both density perturbations and gravitational waves. These perturbations extend from extremely
short scales to cosmological scales by the stretching of space during inflation.

Once inflation has ended, however, the Hubble radius increases faster than the scale factor, so the fluctu-
ations eventually reenter the Hubble radius during the radiation- or matter-dominated eras. The fluctuations
that exit around 60 e-foldings or so before reheating reenter with physical wavelengths in the range accessible
to cosmological observations. These spectra provide a distinctive signature of inflation. They can be measured
in a variety of different ways including the analysis of microwave background anisotropies.

The physical processes which give rise to the structures we observe today are well-explained in Fig. 10.

Since gravity talks to any component of the universe, small fluctuations of the inflaton field are intimately
related to fluctuations of the space-time metric, giving rise to perturbations of the curvature R (which will be
defined in the following; the reader may loosely think of it as a gravitational potential). The wavelengths A of
these perturbations grow exponentially and leave soon the Hubble radius when A > H~!. On super-Hubble
scales, curvature fluctuations are frozen in and may be considered as classical. Finally, when the wavelength
of these fluctuations reenters the horizon, at some radiation- or matter-dominated epoch, the curvature
(gravitational potential) perturbations of the space-time give rise to matter (and temperature) perturbations
via the Poisson equation. These fluctuations will then start growing giving rise to the structures we observe
today.

In summary, two are the key ingredients for understanding the observed structures in the universe within

the inflationary scenario:
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Figure 10: A schematic representation of the generation of quantum fluctuations during inflation.

From Ref. [41].

e Quantum fluctuations of the inflaton field are excited during inflation and stretched to cosmological
scales. At the same time, being the inflaton fluctuations connected to the metric perturbations through

Einstein’s equations, ripples on the metric are also excited and stretched to cosmological scales.

e Gravity acts a messenger since it communicates to baryons and photons the small seed perturbations

once a given wavelength becomes smaller than the Hubble radius after inflation.

Let us now see how quantum fluctuations are generated during inflation. We will proceed by steps. First,
we will consider the simplest problem of studying the quantum fluctuations of a generic scalar field during
inflation: we will learn how perturbations evolve as a function of time and compute their spectrum. Then —
since a satisfactory description of the generation of quantum fluctuations have to take both the inflaton and
the metric perturbations into account — we will study the system composed by quantum fluctuations of the

inflaton field and quantum fluctuations of the metric.
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14 Quantum fluctuations of a generic massless scalar

field during inflation

Let us first see how the fluctuations of a generic scalar field x, which is not the inflaton field, behave during

inflation. To warm up we first consider a de Sitter epoch during which the Hubble rate is constant.

14.1 Quantum fluctuations of a generic massless scalar field during

a de Sitter stage

We assume this field to be massless. The massive case will be analyzed in the next subsection. Expanding

the scalar field y in Fourier modes

dgk ik-x
dx(x,t) = 2n)? " oxk(t) ax + h.c.,

with ay the standard annihilation operator, we can write the equation for the fluctuations as
]{12
OXk + 3H oxk + o oxk = 0. (133)
Let us study the qualitative behavior of the solution to Eq. (133).

e For wavelengths within the Hubble radius, A\ < H~!, the corresponding wavenumber satisfies the

relation k£ > a H. In this regime, we can neglect the friction term 3H dxy and Eq. (133) reduces to
k2
OXk + P oxk =0, (134)

which is — basically — the equation of motion of an harmonic oscillator. Of course, the frequency term
k?/a* depends upon time because the scale factor a grows exponentially. On the qualitative level,
however, one expects that when the wavelength of the fluctuation is within the horizon, the fluctuation

oscillates.

e For wavelengths above the Hubble radius, A > H~!, the corresponding wavenumber satisfies the

relation k < aH and the term k?/a? can be safely neglected. Eq. (133) reduces to
0Xk +3H dxkx =0, (135)
which tells us that on super-Hubble scales §xx remains constant.

We have therefore the following picture: take a given fluctuation whose initial wavelength A ~ a/k is within
the Hubble radius. The fluctuations oscillates till the wavelength becomes of the order of the horizon scale.
When the wavelength crosses the Hubble radius, the fluctuation ceases to oscillate and gets frozen in.

Let us now study the evolution of the fluctuation in a more quantitative way. To do so, we perform the
following redefinition

5Xk=@
a
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and we work in conformal time dr = dt/a. For the time being, we solve the problem for a pure de Sitter
expansion and we take the scale factor exponentially growing as a ~ ef’*; the corresponding conformal factor

reads (after choosing properly the integration constants)

a(t) = —% (1 <0).

In the following we will also solve the problem in the case of quasi de Sitter expansion. The beginning of

inflation coincides with some initial time 7, < 0. We find that Eq. (133) becomes

"
o (k2 - aa> S0y = 0. (136)

We obtain an equation which is very ‘close’ to the equation for a Klein-Gordon scalar field in flat space-time,

the only difference being a negative time-dependent mass term —a’/a = —2/72. Eq. (136) can be obtained

1 1 "
55, = / ar {250{3 -3 <k2 - C;) 501%] : (137)

which is the canonical action for a simple harmonic oscillator with canonical commutation relations

from an action of the type

dopdoy — dodoy = —i. (138)

The action (137) can be obtained also in a more straightforward way. The starting action for the scalar field

X in conformal time is

S = —% /deBm vV—g99"" 0,0x0,0x = %/drdg’:ﬁ a’ [(&5)()2 — (8i6x%)?| . (139)
We have
b’ bo
5X/ = 7 - ﬁal, (140)

and therefore

S = 1/dfd?’ (8,60) +<“>
2 a
1 3 a 2 2
= 5 drd®z | (0-60) + " 50 ——8 §0)? — (0;60)
1 3
= i/de (‘3(50 +

1
= 3 / drd3x (8760) +

r "
- %/deg’x (8-60)° + %502 - (8150)2} , (141)

which gives the equation of motion (136).
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Let us study the behavior of this equation on sub-Hubble and super-Hubble scales. Since

k

A A
oH 7

on sub-Hubble scales k% > a” /a Eq. (136) reduces to
Soyl + k? Soye = 0,

whose solution is a plane wave
—ikT —ikT

ny
Vak Pk

We find again that fluctuations with wavelength within the horizon oscillate exactly like in flat space-time.

60'1( = Al

(k> aH). (142)

This does not come as a surprise. In the ultraviolet regime, that is for wavelengths much smaller than the
Hubble radius scale, one expects that approximating the space-time as flat is a good approximation. To choice
of the the coefficients A; and As is equivalent to the choice of the vacuum and it is standard to choose the
so-called Bunch-Davies vacuum, the state which minimises the vacuum expectation value of the Hamiltonian.

Indeed, the energy of each mode is Ex = |00} |? + k?|dox|?. If we write doy = re’®* with both ry and ax

real, the commutation relation (138) imposes raj = —1/2 and correspondingly Fy = (r})? +1/(4rd) + krg,
which is minimised for 7. = 0 and rx = 1/v2k. As a consequence, ax = —k7. This corresponds to A; =1

and As = 0, therefore

(k> aH). (143)

On super-Hubble scales, k? < a”’/a Eq. (136) reduces to

a//

doe — —dox =0
Ok a Ok y
which is satisfied by
dox = B(k)a (k< aH). (144)
where B(k) is a constant of integration. Roughly matching the (absolute values of the) solutions (143) and
(144) at k = aH (—k7 = 1), we can determine the (absolute value of the) constant B(k)

Blh]a = = = |BE)] = —= =~

Going back to the original variable dxy, we obtain that the quantum fluctuation of the x field on super-Hubble

scales is constant and approximately equal to

H
2k3

16Xk ~ (ON SUPER — HUBBLE SCALES).

In fact we can do much better, since Eq. (136) has an ezact solution:

5o —e_m<1—i> (145)
k= V2k kT )~
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This solution reproduces all what we have found by qualitative arguments in the two extreme regimes k < aH
and k > aH. The reason why we have performed the matching procedure is to show that the latter can be
very useful to determine the behavior of the solution on super-Hubble scales when the exact solution is not

known.

14.2 Quantum fluctuations of a generic massive scalar field during

a de Sitter stage

So far, we have solved the equation for the quantum perturbations of a generic massless field, that is neglecting

the mass squared term mi. Let us know discuss the solution when such a mass term is present. Eq. (136)

becomes
oy + [k* + M?(7)] S0 = 0, (146)
where )
1 /m
M2<T): (mi_2H2) GQ(T):ﬁ (H,2—2>
Eq. (146) can be recast in the form
soit+ 12— = (12— Y] b = 0 147
I e Rl (147)

where
9 m2
2

The generic solution to Eq. (146) for vy real is
S0 = /=7 [cl(k) HO (~kr) + ea(k) H? (<k7)]

where H, ﬁi) and H l(,i) are the Hankel’s functions of the first and second kind, respectively. If we impose again
the Bunch-Davies vacuum, that is that in the ultraviolet regime k > aH (—k7 > 1) the solution matches the
plane-wave solution e~%*7 /v/2k, and knowing that

2 (p—my _= 2 (pmy, =
HV (@ > 1)~y — o= 8n5) HO (@ > 1)~ \/7€Z(wm4),
x x T
we set co(k) =0 and ¢ (k) = @ ¢!(*xT3)5 The exact solution becomes
dox = g ei(nt3)d V=T Hl(,i)(—k‘T). (149)

On super-Hubble scales, since Hl(,i) (x < 1) ~ \/2/me i5 23 (D(vy)/T'(3/2)) x~¥x, the fluctuation (149)

becomes

Sox = ei(Vx_%)%Q(Vx—%) F(VX) L (_]m-)%—”x.

I'(3/2) vk

Going back to the old variable dxk, we find that on super-Hubble scales, the fluctuation with nonvanishing

mass is not exactly constant, but it acquires a tiny dependence upon the time

42



H k 2 Vx
1) ~ — N PER — HUBBLE SCALE
|0xk| T (aH> (ON SUPER — HU SCALES)

If we now define, in analogy with the definition of the slow roll parameters n and € for the inflaton field, the

parameter 7, = (m3 /3H?) < 1, one finds

3
5 Uy 2 Ty (150)

14.3 Quantum to classical transition

We have previously said that the quantum flactuations can be regarded as classical when their corresponding
wavelengths cross the Hubble radius. To better motivate this statement, we should compute the number of
particles nyx per wavenumber k on super-Hubble scales and check that it is indeed much larger than unity,
ng > 1 (in this limit one can neglect the “quantum” factor 1/2 in the Hamiltonian Hy = wy (nk + %) where
wy is the energy eigenvalue). If so, the fluctuation can be regarded as classical. The number of particles ny

can be estimated to be of the order of Hy/wy, where Hy is the Hamiltonian corresponding to the action

Sk = / dr B(Saf + % (k* — M?(1)) 5012(} . (151)

One obtains on super-Hubble scales

Nﬁ izi £_4>>1
T VE3) k aH ’

which confirms that fluctuations on super-Hubble scales may be indeed considered as classical.

14.4 The power spectrum

Let us define now the power spectrum, a useful quantity to characterize the properties of the perturbations.

For a generic quantity g(x,t), which can expanded in Fourier space as

3 .
g(x) = / (‘;T’j (),

the power spectrum can be defined as
(019, 92 10) = (2m)*6® (k1 + ko) g, (152)
where |0) is the vacuum quantum state of the system. This definition leads to the relation

(0]g?x, )] 0) :/ g:;gkg_k/ gil;jlgklz/ %Pg(k), (153)

which defines the power spectrum of the perturbations of the field g(x,t) as

_ k? 2
Py(k) = o5 lgwl™| (154)
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14.5 Quantum fluctuations of a generic scalar field in a quasi de

Sitter stage

So far, we have computed the time evolution and the spectrum of the quantum fluctuations of a generic scalar
field x supposing that the scale factor evolves like in a pure de Sitter expansion, a(7) = —1/(H7). However,
during inflation the Hubble rate is not exactly constant, but changes with time as H = —e H2 (quasi de Sitter
expansion), In this subsection, we will solve for the perturbations in a quasi de Sitter expansion. Using the

definition of the conformal time, one can show that the scale factor for small values of € becomes

Eq. (146) has now a squared mass term

M?(1) = mia2 - %,
where
a” 1
- ~ = (2+ 3e). (155)

Taking m? /H? = 31, and expanding for small values of e and 7, we get Eq. (147) with

3
Uy §+€_77X' (156)

Armed with these results, we may compute the power spectrum of the fluctuations of the scalar field y. The
fluctuations are (nearly) frozen in on super-Hubble scales (the time dependence comes only from the mass
term and not from the deviation from de Sitter) a way of characterizing the perturbations is to compute

the spectrum on scales larger than the Hubble radius at the end of inflation (recall that the Hubble rate is

a//a2 ~ 7_6)
Bt , HN\? (k)22
Psx (k) = o2 [oxx|” = (2W> (ke> (157)

where ke = a.H.. We may also define the spectral index ns, of the fluctuations as

dln Py
Nsxy — :W:3—2VX:277X—26.

The power spectrum of fluctuations of the scalar field x is therefore nearly flat, that is is nearly independent
from the wavelength A = 7 /k: the amplitude of the fluctuation on super-Hubble scales does not (almost)
depend upon the time at which the fluctuations crosses the Hubble radius and becomes frozen in. The small
tilt of the power spectrum arises from the fact that the scalar field y is massive and because during inflation
the Hubble rate is not exactly constant, but nearly constant, where ‘nearly’ is quantified by the slow-roll
parameters €. Adopting the traditional terminology, we may say that the spectrum of perturbations is blue if
nsy > 1 (more power in the ultraviolet) and red if ns, < 1 (more power in the infrared). The power spectrum

of the perturbations of a generic scalar field x generated during a period of slow roll inflation may be either
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blue or red. This depends upon the relative magnitude between 7, and e. For instance, in chaotic inflation
with a quadric potential V(¢) = m2¢?/2, one can easily compute

(m? —m?),

ngy — 1 =2n, — 2¢ Y

" 3H?

which tells us that the spectrum is blue (red) if m2 > m7 (m3 < m?).

Comment: We might have computed the spectral index of the spectrum Ps, (k) by first solving the
equation for the perturbations of the field x in a di Sitter stage, with H = constant and therefore ¢ = 0,
and then taking into account the time-evolution of the Hubble rate introducing the subscript in Hy whose
time variation is determined by Eq. (115). Correspondingly, Hy is the value of the Hubble rate when a given
wavelength ~ k~! crosses the horizon (from that point on the fluctuations remains frozen in). The power

spectrum in such an approach would read

Pt = () (1) (159)

with now 3 — 2v, >~ 27,. Using Eq. (115), one finds

dinPs,  din H2
1= - 320, =2, — 2
féx Ak dlmk 0 X T AT

which reproduces our previous findings.

Comment: Since on super-Hubble scales (remember that the time dependence on the deviation from De

Sitter vanishes when taking into account that dxx = adoy)

Xk = /72]{3 ol - /721{.3 Thn ol )

we discover that

|0Xk| = |Hny Oxx| < [H dxx|, (159)

that is on super-Hubble scales the time variation of the perturbations can be neglected if needed.

15 Quantum fluctuations during inflation

As we have mentioned in the previous section, the linear theory of the cosmological perturbations represents
a cornerstone of modern cosmology and is used to describe the formation and evolution of structures in the
universe as well as the anisotropies of the CMB. The seeds were generated during inflation and stretched over
astronomical scales because of the rapid superluminal expansion of the universe during the (quasi) de Sitter
epoch.

In the previous section we have already seen that perturbations of a generic scalar field x are generated
during a (quasi) de Sitter expansion. The inflaton field is a scalar field and, as such, we conclude that inflaton

fluctuations will be generated as well. However, the inflaton is special from the point of view of perturbations.
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The reason is very simple. By assumption, the inflaton field dominates the energy density of the universe
during inflation. Any perturbation in the inflaton field means a perturbation of the stress energy-momentum

tensor

0¢p = 01},

A perturbation in the stress energy-momentum tensor implies, through Einstein’s equations of motion, a

perturbation of the metric

0Ty, = [5RW — %6 (gWR)} =81GT ), = dguu.

On the other hand, a pertubation of the metric induces a back reaction on the evolution of the inflaton

perturbation through the perturbed Klein-Gordon equation of the inflaton field

0Guy =9 (—6,ﬁ“q/> + g‘;) =0= §¢.

This logic chain makes us conclude that the perturbations of the inflaton field and of the metric are tightly

coupled to each other and have to be studied together

0¢p <= g

As we will see shortly, this relation is stronger than one might think because of the issue of gauge invariance.
Before launching ourselves into the problem of finding the evolution of the quantum perturbations of the
inflaton field when they are coupled to gravity, let us give a heuristic explanation of why we expect that
during inflation such fluctuations are indeed present.
If we take Eq. (104) and split the inflaton field as its classical value ¢g plus the quantum fluctuation d¢,
d(x,t) = ¢o(t) + dp(x,1), the quantum perturbation d¢ satisfies the equation of motion
V356

a2

8¢+ 3H 66 — +V"6¢ =0. (160)

Differentiating Eq. (109) with respect to time and taking H constant (de Sitter expansion) we find
(d0)" +3Hoo + V" do = 0. (161)

Let us consider for simplicity the limit k/a < H and let us disregard the gradient term. Under this condition
we see that gz'SO and 0¢ solve the same equation. The solutions have therefore to be related to each other by a

constant of proportionality which depends upon space only, that is

8¢ = — o 0t(x). (162)

This tells us that ¢(x,t) will have the form

[$(x,t) = o (x,t = 6t(x)) .|
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This equation indicates that the inflaton field does not acquire the same value at a given time ¢ in all the
space. On the contrary, when the inflaton field is rolling down its potential, it acquires different values from
one spatial point x to the other. The inflaton field is not homogeneous and fluctuations are present. These

fluctuations, in turn, will induce fluctuations in the metric.

15.1 The metric fluctuations

The mathematical tool to describe the linear evolution of the cosmological perturbations is obtained by

perturbing at the first-order the FRW metric ggl),),

gw = 9Q0) + dgum(xt); g < g\ (163)

The metric perturbations can be decomposed according to their spin with respect to a local rotation of the

spatial coordinates on hypersurfaces of constant time. This leads to

e scalar perturbations,
e vector perturbations,

e tensor perturbations.

Tensor perturbations or gravitational waves have spin 2 and are the “true” degrees of freedom of the gravita-
tional field in the sense that they can exist even in the vacuum. Vector perturbations are spin 1 modes arising
from rotational velocity fields and are also called vorticity modes. Finally, scalar perturbations have spin 0.
Let us make a simple exercise to count how many scalar degrees of freedom are present. Take a space-time
of dimensions D = n + 1, of which n coordinates are spatial coordinates. The symmetric metric tensor g,
has %(n 4 2)(n + 1) degrees of freedom. We can perform (n + 1) coordinate transformations in order to
eliminate (n + 1) degrees of freedom, this leaves us with $n(n + 1) degrees of freedom. These in(n + 1)
degrees of freedom contain scalar, vector and tensor modes. According to Helmholtz’s theorem we can always
decompose a vector U; (i =1,--- ,n) as U; = ;v +v;, where v is a scalar (usually called potential flow) which
is curl-free, v; ;) = 0, and v; is a real vector (usually called vorticity) which is divergence-free, V - v = 0.
This means that the real vector (vorticity) modes are (n —1). Furthermore, a generic traceless tensor II;; can
always be decomposed as I1;; = IIJ; +I1}; + 117, where I, = (— k;c];f] + %&j) IL, 11}, = (—i/2k) (KTl 4 k;I1,)
(k;IT; = 0) and k,'HiTj = 0. This means that the true symmetric, traceless and transverse tensor degrees of

freedom are 3(n — 2)(n+ 1).

The number of scalar degrees of freedom are therefore

1 1

in(n—kl) —(n—1)— §(n—2)(n—|—l) =2,

while the degrees of freedom of true vector modes are (n — 1) and the number of degrees of freedom of true
tensor modes (gravitational waves) are 1(n—2)(n+1). In four dimensions n = 3, meaning that one expects 2
scalar degrees of freedom, 2 vector degrees of freedom and 2 tensor degrees of freedom. As we shall see, to the

two scalar degrees of freedom from the metric, one has to add an another one, the inflaton field perturbation
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d¢. However, since Einstein’s equations will tell us that the two scalar degrees of freedom from the metric are
equal during inflation, we expect a total number of scalar degrees of freedom equal to 2.

At the linear order, the scalar, vector and tensor perturbations evolve independently (they decouple)
and it is therefore possible to analyze them separately. Vector perturbations are not excited during inflation
because there are no rotational velocity fields during the inflationary stage. We will analyze the generation
of tensor modes (gravitational waves) in the following. For the time being we want to focus on the scalar
degrees of freedom of the metric.

Considering only the scalar degrees of freedom of the perturbed metric, the most generic perturbed metric

reads

—(14+2® 0;B
Juv = a® ( ) s (164)
0;B (1-29)6;; + D;j;E
while the line-element can be written as
ds* = a®[— (14 2®)dr* 4+ 20;Bdrda’ + (1 -2¥)6;; + Di;E) da* da’], (165)

where Dij = (8187 — %61] VQ)

We now want to determine the inverse g"” of the metric at the linear order
9" gor = 8. (166)
We have therefore to solve the equations
(gt + 9") (9% + gar) = L. (167)

where gé‘oo)‘ is simply the unperturbed FRW metric. Since

1 -1 0
pro o -
g(O) - a2 0 5” ) (168)
we can write in general
00 1
97 = S (=1+X);
a
. 1 .
g()z — = azy7
a
g 1 » g
g7 = = (1+22)6Y + DVK). (169)

Plugging these expressions into Eq. (167) we find for y =v =0
(-1 4+ X)(~-1 — 2®) + 'Y 9;B = 1. (170)
Neglecting the terms —2® - X e 9'Y - 9; B because they are second-order in the perturbations, we find

1-X+426=1 = X=20. (171)
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Analogously, the components ;1 = 0, v =i of Eq. (167) give
(=1 4+ 2®)(0;B) + &Y [(1 — 2W)6;; + D;;E] = 0. (172)

At the first-order, we obtain

Finally, the components u =i, v =j give
O'BO;B + (1 +22)6" + D*K) (1-2W)é; + Dy E) = 0. (174)
Neglecting the second-order terms, we obtain
(1-2¥+22)5; + DIE+ D/K =0;=72=3¥; K=-E, (175)
The metric g"¥ finally reads

, 1 [ -1+2® d'B
9" == ) . (176)
a J'B (1 +2W)67 — DIE

15.2 Perturbed affine connections and Einstein’s tensor

In this subsection we provide the reader with the perturbed affine connections and Einstein’s tensor. First,
let us list the unperturbed affine connections

a i a a
F80 ~a’ Loy = Eajv F?j = Ediﬁ (177)
Yy = Iy, = Tiy = 0. (178)

The expression for the affine connections in terms of the metric is

o 1 . (99 dg dg
S PR T )

Ozh oxY oxP

which implies

1 g 9950 _ 99s
ST — Z 5q%P Y P _ 2l
By 2% (8x5 * B Ozr
L oo 9990y 9d95p 9095+
= — 180
g ( dzP oz dzr )’ (180)
or in components
6Ty, = @, (181)
!/
oTY, = 9;® + %&B, (182)
!/
ST, = %aiB + 0'B' + 9'®, (183)
o a’ a , a’ 1 ,
; 1
oy, = — W'y + 5DijE’, (184)
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) ) . ) sy 1 - 1 ; 1.
0Ty = 0,08, — OpU S, + O 6y, — %813 Sji+ 5 0DLE + S OWDIE — S0 Dy E.

We may now compute the Ricci scalar, defined as

Ry = 0,TS, — 0, T8, + I9,T7, — T3, T7,.

oo pv

Its variation at the first-order reads

5R;w = aa org, — au 6F3a + 5F?a FZV + Fgoe 6FZV

pv

- oG, Iy, — TI'g, ol,.

The background values are given by

" l
a

Roo = —3% +3(5)2, Roi = 0

" !/

= (54 (5))o

/ , ,
000 = %WB +0,0'B' + 8;0'® + 30" + 3%@ + 3%@',

which give

a

a N\ 2 a 1
SRo; = —O;B + ( ) ;B + 20,V +2—0,® + §6kDiKE’,
a a a

a a a’ a 2
SRy = (— Y S S () o
a a a a
a’ a 2 a
2%y () U0+ 00" — L0,0"B) oy
a a a

a a a 2
- 8i3jB/ + *DijEl + fDijE + () DijE
a a a
1 " a
1 1 1
+ §8k8inE + 5a,caij.“E - iﬁkBkDijE,
The perturbation of the scalar curvature

R = gua Rauy

for which the first-order perturbation is
0R = 69" Rop + g"“ 5Rau'

The background value is

while from Eq. (194) one finds

/
SR = %( — 620,0'B — 20:0'B' — 20,00 — 61"
a a
"

a a a ; _
6% — 1820 —12% 8 + 49,0'0 + 9,0' D! E)
a a a

20

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)



Finally, we may compute the perturbations of the Einstein tensor

1
G/Ll/ = R/Lu - 5 9uv R7 (197)
whose background components are
a/ 2 a// a/ 2
Goo = 3 (g) R Goi = 0, Gij = (— 2; + (;) )(Sij. (198)
At first-order, one finds
1 1
6Guu = 5Ruu - 5 6gul/ R — 5 Guv R ’ (199)
or in components ) ,
, , 1 ,
§Goo = 72% 8:0' B — 6% V4200 + 5 0,0'DFE, (200)
a a 2 1 a
6Go; = —2— 0;B+ <> 0;B +20; ¥’ + iak DEE' +2= 9,9, (201)
a a a
a a a a 2
6Gi; = 2<I>’+4\IJ’+4<I>—2() )
a a a a

a a 2
+ 4@—2() U+ 20" — 90" U
a a
! . 1
+ 2% 0,0"B + 0,0°B' + 9,0 + 50k D, E) 5ii
a

"

’
— 8i8jB/ + 618]\11 — 8i8jA + @ DijE/ -2 @ DijE
a a

2
a 1 1 %
+ <a> D E+ §DijE” + §6kaiDjE
1, 1, % a’
+ 50°0; DB — 00" Dy E — 2 20,0, B. (202)

For convenience, we also give the expressions for the perturbations with one index up and one index down

G = §(g" Gaw)
= 09" Gay + ¢""0Gav, (203)
or in components

1 /\ 2 ! / . . 1 ;

0GY = — {6 (3) O+ 62V +220,0'B — 20,00 — = 9,0 DiKE} : (204)
a a a a 2
0 1 a' ;1 K 1
060 = = |22 0,0 — 20,9’ — 9, DEE'| (205)
a a 2
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. 1 ’ " D) ) ’
5GE = [(2“@%4“ o-2(2) 0+ 000+ 420 4 20
a a

a? a a
i a i i/ 1 m ok i
: 3 a i / a B nl 1 i
— 8’6j<1> + azaj\ll — 2—8z5jB -0 8jB + ijE + §DjE
a a

1 i 1 % 1 %
+ SO0 DiE + 5 0:0; DTE — S 0,0 DjE} :

15.3 Perturbed stress energy-momentum tensor

(206)

As we have seen previously, the perturbations of the metric are induced by the perturbations of the stress

energy-momentum tensor of the inflaton field

1
j_ju.u = 3/L¢3y¢ - g/u/ (2 gaﬁ 3a¢85¢ + V(Qb)) )

(207)

whose background values are (we are not going to put the subscript ¢ any longer for the background quantities)

1
Too = §¢/2 + V(¢)a®,
T(J'i = 07

1
ﬂ- — <2 (;5/2 — V(¢) a2> (S”
The perturbed stress energy-momentum tensor reads

6T/,LV = 8”(5¢ 8u¢ + 8u¢81/5¢ - 5guu (; gaB 8a¢8,@¢ + V((b))

1 ov ov
Guv (259“[3 0o D50 + g°° 0add Dp¢ + 3755¢ + aqs&b) :

In components we have
oV

99
0Ty = 0; 00 ¢" + %8,;B¢’2 — 0;BV(¢)a’,

8Too = 6¢' ¢ + 20V (¢)a® + a® = ¢,

0Ty = (6¢’ ¢ — ®¢* — a? %w ~ ¢ + 20V () a2) 8ij
+ %Diqus’Q — Di;EV(¢)d>.

For convenience, we list the mixed components

STE = 6(g" Toy)
= 5,9“& Tow + g”a (sTaUa

52

(208)

(209)

(210)

(211)

(212)

(213)



or

R L LS

§Ti = O0'B¢* + 06 ¢,

§T) = 060 ¢,

ST = (—¢¢’2+5¢'¢ (b 55 )J (214)

15.4 Perturbed Klein-Gordon equation

The inflaton equation of motion is the Klein-Gordon equation of a scalar field under the action of its potential

V(¢). The equation to perturb is therefore

vy ov
F 0, (V=39" 0,6) = 55 (215)
which at the zero-th order gives the inflaton equation of motion
! ov
" 20'7 r_ _ 2 2 216
¢ +2—¢ 95 ° (216)

The variation of Eq. (215) is the sum of four different contributions corresponding to the variations of ﬁ,

v—g, g"¥ and ¢. For the variation of g we have

69 = 99" 0gup, (217)

which give at the linear order

W= -

N Ve
e g (18)

Plugging these results into the expression for the variation of Eq. (216)

li /
50,0"¢ = —b¢" — 2%5¢’ 0,006 +23¢" + 4%%’ Py
+ 3U'¢ + 0;0'B¢
PV o
= 21
0 ——5 92 “ (219)
Using Eq. (216) to write
20¢" + 4L q>¢ _wav 2 (220)
oo
Eq. (219) becomes
/
56" + 2%5¢' — 8,000 — ¢ — 3V — 8,0°B¢
PV 1%
= - —2® —a® 221
8¢ 5o 52 ¢ 96 (221)

After having computed the perturbations at the linear order of the Einstein’s tensor and of the stress energy-
momentum tensor, we are ready to solve the perturbed Einstein’s equations in order to quantify the inflaton
and the metric fluctuations. We pause, however, for a moment in order to deal with the problem of gauge

invariance.
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15.5 The issue of gauge invariance

When studying the cosmological density perturbations, what we are interested in is to follow the evolution
of a space-time which is neither homogeneous nor isotropic. This is done by following the evolution of the
differences between the actual space-time and a well understood reference space-time. So we will consider small

perturbations away from the homogeneous, isotropic space-time (see Fig. 11). The reference system in our case
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Figure 11: In the reference unperturbed universe, constant-time surfaces have constant spatial
curvature (zero for a flat FRW model). In the actual perturbed universe, constant-time

surfaces have spatially varying spatial curvature. From Ref. [41].

is the spatially flat Friedmann—Robertson—Walker space-time, with line element ds? = a?(7) (—dT2 + dx2).
Now, the key issue is that general relativity is a gauge theory where the gauge transformations are the generic
coordinate transformations from a local reference frame to another.

When we compute the perturbation of a given quantity, this is defined to be the difference between the
value that this quantity assumes on the real physical space-time and the value it assumes on the unperturbed
background. Nonetheless, to perform a comparison between these two values, it is necessary to compute the
at the same space-time point. Since the two values “live” on two different geometries, it is necessary to specify
a map which allows to link univocally the same point on the two different space-times. This correspondence
is called a gauge choice and changing the map means performing a gauge transformation.

Fixing a gauge in general relativity implies choosing a coordinate system. A choice of coordinates defines a

threading of space-time into lines (corresponding to fixed spatial coordinates x) and a slicing into hypersurfaces
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(corresponding to fixed time 7). A choice of coordinates is called a gauge and one should be aware that there

is no preferred gauge

GAUGE CHOICE <= SLICING AND THREADING

Similarly, we can look at the change of coordinates either as an active transformation, in which we slightly
alter the manifold or as a passive transformation, in which we do not alter the manifold, all the points remain
fixed, and we just change the coordinate system. So this is tantamount to a relabeling of the points. From the
passive point of view, in which a coordinate transformation represents a relabeling of the points of the space,
one then compares a quantity, say the metric (or its perturbations), at a point P (with coordinates z*) with
the new metric at the point P’ which has the same values of the new coordinates as the point P had in the
old coordinate system, z#(P’) = z#(P). This is by the way an efficient way to detect symmetries (isometries
if one is concerned with the metric), we only need to consider infinitesimal coordinate transformations.

From a more formal point of view, operating an infinitesimal gauge transformation on the coordinates

ot = ! + ozt (222)
implies on a generic quantity ) a transformation on its perturbation

0Q = 6Q + £52Qo (223)

where Qg is the value assumed by the quantity ) on the background and £5, is the Lie-derivative of () along
the vector dz#. Notice that for a scalar, the Lie derivative is just the ordinary directional derivative (and
this is as it should be since saying that a function has a certain symmetry amounts to the assertion that its
derivative in a particular direction vanishes).

Decomposing in the usual manner the vector dx*

gz0 = &(x");
szt = 9'B(at) + vi(at); ot =0, (224)

we can easily deduce the transformation law of a scalar quantity f (like the inflaton scalar field ¢ and energy
density p). Instead of applying the formal definition (223), we find the transformation law in an alternative
(and more pedagogical) way. We first write 0 f (z) = f(z) — fo(x), where fo(z) is the background value. Under
a gauge transformation we have g?(ﬁ) = f(zF) — fo(zF). Since f is a scalar we can write f(z#) = f(z*) (the
value of the scalar function in a given physical point is the same in all the coordinate system). On the other
side, on the unperturbed background hypersurface the background solution is the same, fo(;cﬁ) = fo(;cB). We

have therefore
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F(@) = fo(20)
= f(z") — fo(20)

Sf ()

o 0
= f(a") — 620 fgiﬁ ) ,fo(x0)7
(225)
from which we finally deduce
of =of = o€,

For the spin zero perturbations of the metric, we can proceed analogously. We use the following trick. Upon
a coordinate transformation z# — zF = 2# 4 dz#, the line element is left invariant, ds? = ds?. This implies,
for instance, that a2(:/13v0) (1 + 2&)) (d?nvo)z = a?(2°) (1 +2®) (dz®)2. Since aQ(;/va) ~ a?(2%) + 2aa’ €% and
da0 = (1+¢)da + gf: dz?, we obtain 1+ 2 = 1 + 2® + 2HE + 26, A similar procedure leads to the
following transformation laws

& = @ - T

_ a

B — B+§O+ﬁ/

~ 1 !
Vo= v v L
B 3 a

E = E+28.

The gauge problem stems from the fact that a change of the map (a change of the coordinate system) implies
the variation of the perturbation of a given quantity which may therefore assume different values (all of them
on a equal footing!) according to the gauge choice. To eliminate this ambiguity, one has therefore a double

choice:
e Identify those combinations representing gauge invariant quantities;

e choose a given gauge and perform the calculations in that gauge.

Both options have advantages and drawbacks. Choosing a gauge may render the computation technically
simpler with the danger, however, of including gauge artifacts, i.e. gauge freedoms which are not physical.
Performing a gauge-invariant computation may be technically more involved, but has the advantage of treating

only physical quantities.
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Let us first indicate some gauge-invariant quantities. They are the so-called gauge invariant potentials or

Bardeen’s [6] /
1 E
Do = & - - K—B + 2) a] : (226)

1 a E'
U=V +_-_V’E—- —(B-—]. 227
al + 6 a ( 5 ) (227)
Analogously, one can define a gauge invariant quantity for the perturbation of the inflaton field. Since ¢ is a

scalar field §¢ = (6¢ — ¢’ £°) and therefore

6¢GI:6¢—¢>’(E2—B).

is gauge-invariant. Analogously, one can define a gauge-invariant energy-density perturbation

!
Spar — 5p—p’(E2—B).

We now want to pause to introduce in details some gauge-invariant quantities which play a major role in the
computation of the density perturbations. In the following we will be interested only in the coordinate trans-
formations on constant time hypersurfaces and therefore gauge invariance will be equivalent to independence

from the slicing.

15.6 The comoving curvature perturbation

The intrinsic spatial curvature of hypersurfaces on constant conformal time 7 and for a flat universe is given

by

GR= évQ\p.
a

The quantity ¥ is usually referred to as the curvature perturbation. We have seen, however, that the the
curvature potential ¥ is not gauge invariant, but is defined only on a given slicing. Under a transformation

on constant time hypersurfaces 7 — 7 + &Y (change of the slicing)

U — U4 H

We now consider the comoving slicing which is defined to be the slicing orthogonal to the world lines of
comoving observers. The latter are free-falling and the expansion defined by them is isotropic. In practice,
what this means is that there is no flux of energy measured by these observers, that is Tp; = 0. During
inflation this means that these observers measure d¢com = 0 since Tp; goes like 9;0¢(x, 7)¢' (7).

Since ¢ — 3¢ — ¢'6€0 for a transformation on constant time hypersurfaces, this means that
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3¢
¢

that is €9 = i—‘? is the time-displacement needed to go from a generic slicing with generic §¢ to the comoving

6¢_>6¢C0m:6¢_¢/£0:():>€0:

slicing where d¢¢om = 0. At the same time the curvature pertubation ¥ transforms into

)
U Ve =V + HEO =T+ Hg.
The quantity
R=V+ Hé—?:\IJqLHé—?b
¢ ¢

is the comoving curvature perturbation. This quantity is gauge invariant by construction and is related to the
gauge-dependent curvature perturbation ¥ on a generic slicing to the inflaton perturbation d¢ in that gauge.
By construction, the meaning of R is that it represents the gravitational potential on comoving hypersurfaces

where d¢ =0

R= W,

15.7 The curvature perturbation on spatial slices of uniform energy

density

We now consider the slicing of uniform energy density which is defined to be the slicing where there is no
perturbation in the energy density, §p = 0.
Since 6p — 6p — p’ &0 for a transformation on constant time hypersurfaces, this means that
/1 ¢0 o_ 0p
5p—>5punif:5p_p§ =0=¢ =—

)

that is €0 = i—? is the time-displacement needed to go from a generic slicing with generic dp to the slicing of

uniform energy density where dpunir = 0. At the same time the curvature pertubation ¥ transforms into

é
\Ij_>\llunif:\1/+ HSOZ\I/‘F H;e

The quantity

C=T+ H6—€:\II+H6—P
p p
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is the curvature perturbation on slices of uniform energy density. This quantity is gauge invariant by con-
struction and is related to the gauge-dependent curvature perturbation ¥ on a generic slicing and to the
energy density perturbation §p in that gauge. By construction, the meaning of { is that it represents the

gravitational potential on slices of uniform energy density

¢= ‘I’|5p:0~
Notice that, using the energy-conservation equation p’ + 3 H(p + P) = 0, the curvature perturbation on slices
of uniform energy density can be also written as
op

VTP

During inflation p+ P = q52. Furthermore, on super-Hubble scales from what we have learned in the previous
section (and will be rigorously shown in the following) the inflaton fluctuation d¢ is frozen in and 5 = (slow

roll parameters) x H §¢. This implies that 6p = ¢d¢ + V'd¢p ~ V'6¢ ~ —3Hpd¢, leading to

3H

3¢2

0p =V + Héj =R (ON SUPER — HUBBLE SCALES)

(~U+

The comoving curvature pertubation and the curvature perturbation on uniform energy density slices are

equal on super-Hubble scales during inflation.

15.8 Scalar field perturbations in the spatially flat gauge

We now consider the spatially flat gauge which is defined to be the the slicing where there is no curvature
Vet = 0.

Since U — ¥ + H £° for a transformation on constant time hypersurfaces, this means that

v
xp—upﬁat:qw%gozozwoz—ﬂ,

that is ¢€¥ = —W/ H is the time-displacement needed to go from a generic slicing with generic ¥ to the spatially

flat gauge where Wg,t = 0. At the same time the fluctuation of the inflaton field transforms as

e —sor L
66— 66— 9/ = 66+ 2. .

The quantity

—oor Y w—gor Ly
Q=06+ V=00+ ;U =1R

is the inflaton perturbation on spatially flat gauges. This quantity is often referred to as the Sasaki or

Mukhanov variable [55, 66]. This quantity is gauge invariant by construction and is related to the inflaton
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perturbation d¢ on a generic slicing and to the curvature perturbation ¥ in that gauge. By construction, the

meaning of @ is that it represents the inflaton potential on spatially flat slices

Q= 0¢ly_g-

Notice that d¢ = —¢’87 = —¢dt on flat slices, where 6t = £° is the time displacement going from flat to
comoving slices. This relation makes somehow rigorous the expression (162). Analogously, going from flat to

comoving slices one has R = —H dt.

15.9 Adiabatic and isocurvature perturbations

Let us comment now on the type of perturbation we may have. Arbitrary cosmological perturbations can be

decomposed into:

e adiabatic or curvature perturbations are along the same trajectory in phase-space of the background
solution. Given a generic scalar quantity X, its perturbations can be described by a unique perturbation

in expansion with respect to the background

Hét=H 6% FOR EVERY X.

In particular, this holds for the energy density and the pressure

b _oP
p P
which implies that P = P(p). This explains why they are called adiabatic. They are called curvature

perturbations because a given time displacement 0t causes the same relative change 06X /X for all

quantities. In other words the perturbations is democratically shared by all components of the universe.

e isocurvature perturbations perturb the solution away from the background solution
0X
X

One can specify a generic isocurvature perturbation § X by giving its value on uniform-density slices,

# 67}/ FOR SOME X AND Y.

related to its value on a different slicing by the gauge-invariant definition

m X

)
X [5p=0 X P

For a set of fluids with energy density p;, the isocurvature perturbations are conventionally defined by

the gauge invariant quantities

dp; 50')
Sy =3H (22 %) —3(¢,—¢)).
j (Pi 5 (G —¢)

One simple example of isocurvature perturbations is the baryon-to-photon ratio
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S =0(np/ny) =—— —". (228)

1. Comment:

From the definitions above, it follows that the cosmological perturbations generated during inflation
are of the adiabatic type if the inflaton field is the only field driving inflation. However, if inflation is
driven by more than one field, isocurvature perturbations are expected to be generated (and they might
even be cross-correlated to the adiabatic ones [8, 9, 11]). In the following we will give one example of

the utility of generating isocurvature perturbations.

2. Comment: The perturbations generated during inflation are nearly Gaussian, i.e. the two-point
correlation functions (like the power spectrum) suffice to define all the higher-order even correlation
functions, while the odd correlation functions (such as the three-point correlation function) vanish.
This conclusion is drawn by the very same fact that cosmological perturbations are studied linearizing
Einstein’s and Klein-Gordon equations. This turns out to be a good approximation because we know
that the inflaton potential needs to be very flat in order to drive inflation and the interaction terms
in the inflaton potential might be present, but they are small. Non-Gaussian features are therefore
suppressed since the non-linearities of the inflaton potential are suppressed too. The same argument
applies to the metric perturbations; non-linearities appear only at the second-order in deviations from
the homogeneous background solution and are therefore small. This expectation is confirmed by a
direct computation of the cosmological perturbations generated during inflation up to second-order
in deviations from the homogeneous background solution which fully accounts for the inflaton self-

interactions as well as for the second-order fluctuations of the background metric [2].

15.10 The next steps

After all these technicalities, it is useful to rest for a moment and to go back to physics. Up to now we have
learned that during inflation quantum fluctuations of the inflaton field are generated and their wavelengths
are stretched on large scales by the rapid expansion of the universe. We have also seen that the quantum
fluctuations of the inflaton field are in fact impossible to disentangle from the metric perturbations. This
happens not only because they are tightly coupled to each other through Einstein’s equations, but also
because of the issue of gauge invariance. Take, for instance, the gauge invariant quantity Q = d¢ + % v. We
can always go to a gauge where the fluctuation is entirely in the curvature potential ¥, QQ = % W, or entirely
in the inflaton field, Q = §¢. However, as we have stressed at the end of the previous section, once ripples in
the curvature are frozen in on super-Hubble scales during inflation, it is in fact gravity that acts as a messenger
communicating to baryons and photons the small seeds of perturbations once a given scale reenters the horizon
after inflation. This happens thanks to Newtonian physics; a small perturbation in the gravitational potential
¥ induces a small perturbation of the energy density p through Poisson’s equation VW = 47Gxdp. Similarly,
if perturbations are adiabatic/curvature perturbations and, as such, treat democratically all the components,

a ripple in the curvature is communicated to photons as well, giving rise to a nonvanishing 67'/T.
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These considerations make it clear that the next steps of these lectures will be

e Compute the curvature perturbation generated during inflation on super-Hubble scales. As we have
seen we can either compute the comoving curvature perturbation R or the curvature on uniform energy

density hypersurfaces (. They will tell us about the fluctuations of the gravitational potential.

e See how the fluctuations of the gravitational potential are transmitted to photons, baryons and matter

in general.

We now intend to address the first point. As stressed previously, we are free to follow two alternative roads:
either pick up a gauge and compute the gauge-invariant curvature in that gauge or perform a gauge-invariant

calculation. We take both options.

15.11 Computation of the curvature perturbation using the longi-
tudinal gauge

The longitudinal (or conformal newtonian) gauge is a convenient gauge to compute the cosmological pertur-
bations. It is defined by performing a coordinate transformation such that B = E = 0. This leaves behind
two degrees of freedom in the scalar perturbations, ® and W. As we have previously seen, these two degrees
of freedom fully account for the scalar perturbations in the metric.

First of all, we take the non-diagonal part (i # j) of the (ij)-Einstein equation. Since the stress energy-

momentum tensor does not have any non-diagonal component (no stress), we have

8,‘(9]‘(\1/—(1)):0:}\11:(1)

and we can now work only with one variable, let it be ¥. The (0i)-component of Einstein equation gives
HQ%
¢’

while the (00)- and the diagonal part (i¢)-component (i = j) component of Einstein equations give respectively

U+ HU =47Gn¢’ dp =€ (229)

SH(W + HU) - V20 = —drGy (¢’5¢>’ — 6 a2v'5¢) : (230)
1z N 2
(2“@ - (C;) ) U4+ 3HY + 0" = 4nGy (¢>’5¢’ — aQV’ch)) . (231)
If we now use the fact that a”’/a = (H' + H?), sum the two equations above and use the background

Klein-Gordon equation to eliminate V', we arrive at the equation for the gravitational potential

/1 11
xp;;+2(7{¢,) {<+2<H’Hi>\llk+k2\11k0 (232)

and in terms of the slow-roll parameters € and 7

WY+ 2H (1 —€) Uy + 2H? (1 — 2€) Uy + k* Uy = 0. (233)
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Using the same logic leading to Eq. (159), we can infer that on super-Hubble scales the gravitational potential
U is nearly constant (up to a mild logarithmic time-dependence proportional to slow-roll parameters), that
is Uy ~ (slow-roll parameters)x Wy. This is hardly surprising, we know that fluctuations are frozen in on
super-Hubble scales.

Using Eq. (229), we can therefore relate the fluctuation of the gravitational potential ¥ to the fluctuation
of the inflaton field §¢ on super-Hubble scales

Uy ~ eH‘ﬁ“ (ON SUPER — HUBBLE SCALES). (234)

This gives us the chance to compute the gauge-invariant comoving curvature perturbation Ry

Rk:mk+H‘T‘:(1+e)H‘?:H%‘. (235)

¢

The power spectrum of the the comoving curvature perturbation Ry then reads on super-Hubble scales

k* H? 2 k3 2
Pr =5 0dk|" = ——— 6| .
2m? 2 4 12;>1€7T2

What is left to evaluate is the time evolution of d¢x. To do so, we consider the perturbed Klein-Gordon

equation (221) in the longitudinal gauge (in cosmic time)

. . k2 ..
Opx + 3HIPy + ﬁ&bk + Vllfs(bk = —Q\I/kvl + 4Ty .

Since on super-Hubble scales ‘4%&5‘ < U V'], using Eq. (234) and the relation V’ ~ —3H ¢, we can rewrite

the perturbed Klein-Gordon equation on super-Hubble scales as

S + 3Hody + (V' — 6eH?) 5y = 0.

We now introduce as usual the field dxx = d¢x/a and go to conformal time 7. The perturbed Klein-Gordon

equation on super-Hubble scales becomes, using Eq. (155) and a”/a ~ (2 + 3¢) /72,

1/, 1
OXie — = (V - 4) dxx =0,
v o= Z + 9¢ — 37,
3
v o= S-nt 3e. (236)

Using what we have learned in the previous section, we conclude that

3
H 3T
EEAES NS ((5{) (ON SUPER — HUBBLE SCALES)

which justifies our initial assumption that both the inflaton perturbation and the gravitational potential are
nearly constant on super-Hubble scale and one has to recall that exact extra dependence on time from going
to dxk to d¢y is absorbed in H.

We may now compute the power spectrum of the comoving curvature perturbation on super-Hubble scales
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Pr(k) = STON (HNT(R N L (HANS RN, (kT
R T 27 aH N 2M§)16 27 aH ~ R \aH ’

where we have defined A% as the amplitude of the comoving curvature perturbation and ng its spectral index

_ dinPr
~ dlnk

nrR — =3 —2v = 2n — Ge.

We conclude that inflation is responsible for the generation of adiabatic/curvature perturbations with an
almost scale-independent spectrum.

From the curvature perturbation we can easily deduce the behavior of the gravitational potential ¥y from
Eq. (229). The latter is solved by

Uy = Alk) 4 4G /t dt" a(t') ¢(t') S (t') ~ Alk) + € Ry
a a a

We find that during inflation and on super-Hubble scales the gravitational potential is the sum of a decreasing
function plus a nearly constant in time piece proportional to the curvature perturbation. Notice in particular
that in an exact de Sitter stage, that is ¢ = 0, the gravitational potential is not sourced and any initial

condition in the gravitational potential is washed out as ¢~ ! during the inflationary stage.

15.12 Computation of the curvature perturbation using the flat
gauge

We might have computed the spectrum Pgr (k) by first solving the equation for the perturbation d¢x in the
flat slice in a de Sitter stage, with H = constant (¢ =7 = 0) and then taking into account the time-evolution

of the Hubble rate and of ¢ introducing the subscript in Hy and Q'ﬁk. The time variation of the latter is

dlngy [ dindy dt \ (dna\ ¢ 1 .
dnk < at ) (dlna> (dlnk) =g it T (237)

Correspondingly, (ﬁk is the value of the time derivative of the inflaton field when a given wavelength ~ k!

determined by

crosses the horizon (from that point on the fluctuations remains frozen in). Now, remember that in the flat

gauge the Klein-Gordon equation reads

6¢k + SH(S(bk + a726¢k + V//6¢k = —2‘I)kV/ + Oro. (238)

It is clear that, up to slow-roll corrections, the scalar field perturbation in the flat gauge obeys the Klein-
Gordon equation of a massless scalar field in de Sitter since the gravitational potential is switched on only

when one is slightly away from de Sitter (for instance on super-Hubble scales the gravitational potential is
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given by —2® = ép/p ~ (V'/V)§¢$ and P ~ 0). Therefore, the curvature perturbation in such an approach

would read )
H H
R = =5 S ~ —%
Px 27 Px
which reproduces our previous findings. Correspondingly

. _l_dlnPR_dlnHﬁ_dln(;'si
RO57 Tdink dnk  dink

Notice that this trick works because R is constant on super-Hubble scales, as it works for a strictly massless

= —4de+ (2n — 2¢) = 2n — Ge.

scalar field in quasi-de Sitter for which the modes are constant on super-Hubble scales (this is not true if there
is a mass).

During inflation the curvature perturbation is generated on super-Hubble scales with a spectrum which
is nearly scale invariant, that is nearly independent from the wavelength A = 7 /k: the amplitude of the
fluctuation on super-Hubble scales does not (almost) depend upon the time at which the fluctuations crosses
the Hubble radius and then becomes frozen in after a few Hubble times. The small tilt of the power spectrum
arises from the fact that the inflaton field is massive, giving rise to a nonvanishing 7 and because during
inflation the Hubble rate is not exactly constant, but nearly constant, where ‘nearly’ is quantified by the

slow-roll parameters e.

15.13 A proof of time-independence of the comoving curvature

perturbation for adiabatic modes: linear level

From what have found so far, we may conclude that on super-Hubble scales the comoving curvature pertur-

bation R and the uniform-density gauge curvature ¢ satisfy on super-Hubble scales the relation

Rk >~ Ck-

We now describe an argument showing that, in the presence of only the adiabatic mode, the curvature
perturbation remains ezactly constant on super-Hubble scales. The general argument follows from energy-
momentum conservation [43].

Let us consider a generic fluid with energy-momentum tensor T*” = (p+ P)utu”+g*” P. The four-velocity

ut is subject to the constraint u#w, = —1. Since it can be decomposed as
1,
ut = — (6 +o*), (239)
a
we get
0 = 0. (240)

Similarly, we obtain

u; = av;. (241)
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Notice that, since we will work on super-Hubble scales we have only taken the gravitational potentials in the

metric. The associated perturbation of the energy-momentum tensor is

0Ty = —(0p+06P)+(p+P)(1—T)(=1— D)+ 3P ~ —dp,
ST ~ 0,
5T = 6&Ps, (242)

The associated continuity equation

VT =0T} +1",T) =17, T¢ (243)

gives

BTy + 05Ty +Th \Tg — T2, T¢,

= 80Tg + T\ Tp = I, T4

= Ty + T T3 — DTy — T Tx

= 80Ty + D00 TY + T T — T T8 — 7,0 T. (244)

This expression, using the Christoffel symbols in subsection 15.2 gives

6p=—3H (6p+0P)+3¥ (p+ P).

We write 6P = § Pyaq + ¢25p, where § Pyaq is the non-adiabatic component of the perturbation of the pressure
and ¢? = §P,q/dp is the adiabatic one. In the uniform-density gauge ¥ = ¢ and dp = 0 and therefore 6 P,q = 0.

The energy conservation equation implies

. H
<:—7,6Pnad~
P+p

If perturbations are adiabatic, the curvature on uniform-density gauge is constant on super-Hubble scales

¢ =0 FOR ADIABATIC MODES ON SUPER — HUBBLE SCALES.

The same holds for the comoving curvature R as the latter and ¢ are equal on super-Hubble scales. Let us
check that this is true, e.g. in the longitudinal gauge. There we have
R~ sy o0 2 (Lpynse (245)
kK &~ — k X —(—T .
¢ 2m
Therefore
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1dnRx  1dlnH 1d1n¢ dln( T)

H @ ~ B @& Hoa w3y

-1\ d(—

= —2 _—

e+ (n— (n— 36( T) dt

= —2e+( 3e) L1

o € ( 77 6 Ht ) a
1

= —2c+(n—¢€)+(n— 3¢ ( )
s

= —2c+(n—¢€)—(n—3¢)

= 0. (246)

15.14 A proof of time-independence of the comoving curvature

perturbation for adiabatic modes: all orders

We prove now that the comoving curvature perturbation is conserved at all orders in perturbation theory for
adiabatic models on scales larger than the horizon [31]. To do so, at momenta k < Ha the universe looks like

a collection of separate almost homogeneous universes. We choose a threading of spatial coordinates comoving

with the fluid

dzt . da?
P = — = =0. 247
R e (247)
The rate of the expansion is
0=V, u"= iao e (248)
p N )

where goo = N2, gij = eza%j, with detvy;; = 1. The energy conservation equation

d
u, V,TH =0= e +(p+P)6 =0, (249)

where dt/dT = u® = 1/N. Therefore, we obtain

p+3(p+P)a=0. (250)
Upon defining
a(t)e™ = e, (251)
we obtain ' )
a - ) p
3[-—-V | =3ad=———. 252
(a ) R (252)

This implies that the number of e-folds of expansion along an integral curve of the four-velocity comoving

with the fluid is
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Nty t1,2") = % / (253)

T1

T2 1 ta 1 to P
dre == dtN O =—= dt ——
i 3/t1 3/tl o+ P

xt

This implies that

a(tg)
a(tl) ’

that is the change in ¥ from one slice to another equals the difference of the actual number of e-folds and the

\I/(tg,.ri) — \I/(tl,xi) = —N(tg,tl,l‘i) +In

(254)

background. In particular, in a flat slice

: a(tg)
N(ty, t1,2") =1 255
(27 171') na(t1)> ( )
From (254) we find therefore
: N R LR ¢
— Uty 2) + U(ty, 2" :—7/ Ao, alte) (256)
p(t1,z?) p+P a(tl)
If the perturbation are adiabatic, that is if P = P(p), then we conclude that
. . 1 p(t)a:i) dp
C(z') = W(t z") - 7/ — (257)
3Jowy PP

is constant and this holds at any order in perturbation theory. This is the non-linear generalization of the
comoving curvature perturbation.

Consider now two different slices A and B which coincide at ¢t = t;. From (254) we have that

— Na(ta, t1,2") + Np(ta, t1,2") = W4(ta, ') — Up(ta, z*). (258)

Now, choose the slice A such that it is flat at ¢ = t; and ends on a uniform energy slice at ¢t = t; and B to be

flat both at ¢t; and t»

—WA(ty, 2") = Na(ta, t1, ") — No(ta, t1) = 6N |, (259)

since B is flat. This means that —W 4(t5,2?) is the difference in the number of e-folds (from ¢ = t; to t = t5)
between the uniform-density slicing and the flat slicing. Therefore, by choosing the initial slice at the ¢; to
be the flat slice and the slice at generic time ¢ to have uniform energy density, the curvature perturbation on
that slice is the difference in the number of e-folds between the uniform energy density slice and the flat slice

from t; to t

ON _~ ONG&b 86

This is indeed the easiest way of computing the comoving curvature perturbation and is dubbed the JN

—(=0N =0N(¢(x,t)) = (= (260)

formalism. In general

] 1 p(t,z?) dp
)= 6N — = =P 261
@) i), o0 (261)
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where d N must be interpreted ad the amount of expansion along the world line of a comoving observer from

a spatially flat ¥ = 0 slice at time ¢; to a generic slice at time ¢.

15.15 Gauge-invariant computation of the curvature perturbation

In this subsection we would like to show how the computation of the curvature perturbation can be performed
in a gauge-invariant way. We first rewrite Einstein’s equations in terms of Bardeen’s potentials (226) and

(227)

2 E
5GY = a2<-37—[(’;‘—[ a1 + V) + VWar + 3H (—H + H?) (2 - B)) ; (262)
0 2 / l 2 E
0GY = S (Hbar + Vo + (H - ) (5 — B) |, (263)
, 2 1 ;
Gy = - (((27{’ + 2H?) @ + HPg + Uy + 2H U + 2V2DGI) o}
" 1 3 £ % 1 i
+ (H —HH—H) 7—B 5j—§88jDG17 (264)
with Dgr = ®gr — Yqr. These quantities are not gauge-invariant, but using the gauge transformations
described previously, we can easily generalize them to gauge-invariant quantities
(Gno 0 0/ E'
1 £
sGUNY — 5qY 4 <G? - 3T,§) 0; (2 - B) : (266)
sGCGD _ sai o (G B B (267)
J J 7 2
and
E/
ST = 6TY + (T) (2 - B ) =-0p“, (268)
s = g0 1 (10~ Lop) o (2 - B) = (54 P)a ol 269
i = R N N U = (p+P)a” v, (269)
. ) . E’
T = oty + @y (G - B) = 6P, (210)

where we have written the stress energy-momentum tensor as T** = (p + P) ufu” + Pn*” with u# = (1,v?).
Barred quantities are to be intended as background quantities. Einstein’s equations can now be written in a

gauge-invariant way
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— 37‘[(7‘[ Par + \Ijé}l) + v? Uar (271)
= 47Gy (@GI ¢ + 60D ¢ + 5D g‘;a2> ,
8 (H® + Upy) = 471Gy (al- §p(GD ¢') ,
1 . 1 .
((2%' + H?) Par + HPl + Ve + 2H UG + 2V2DG1) 5 — 50'9;Dar,
_ A7 G ® 12 (GI) 41 (GI) ov 2\ si

Taking ¢ # j from the third equation, we find Dgy = 0, that is ¥g; = g1 and from now on we can work with

only the variable ®g1. Using the background relation

a/ a//

2(5)2 - = = 4nGyo” (273)

we can rewrite the system of Eqs. (272) in the form

oV
V3 ®a — 3H Py — (H +2H*)®c1 = 447Gy <5¢(GI) ¢+ 66D a(baz) ;
Oy + Hbgr = 4mGx (5¢><GI> ¢') :
Ol + 3HOL + (H + 2H?) ®ar = 4mGn <5¢(G” ¢ — 6D gga?) : (274)

Subtracting the first equation from the third, using the second equation to express 6D as a function of

®qr and @, and using the Klein-Gordon equation one finally finds the

" ¢N / 2 / ¢H
GI+2(H_¢/) GI_V (I)GI+2(H_H¢/>(I)GI:07 (275)

for the gauge-invariant potential ®g;. We now introduce the gauge-invariant quantity

u = adpV 4 20, (276)
)
= ag =ag (277)

Notice that the variable u is equal to —a @, the gauge-invariant inflaton perturbation on spatially flat gauges.

Eq. (275) becomes

"

W - Vi - u =0, (278)
z

while the two remaining equations of the system (274) can be written as

V2dgr = 4nGy % (zu' — 2'u), (279)
2 P /
(a HGI) = 4nGnzu, (280)
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which allow to determine the variables ® and §¢(GD.

We have now to solve Eq. (278). First, we have to evaluate z”/z in terms of the slow-roll parameters

Z/ a/ ¢// H/ (b/,
= +———— =€+ —.
Hz Ha  Ho' H2 Ho'
We then deduce that
QI)II Z,
=1- =1 — .
0 He T

Keeping the slow-roll parameters constat in time (as we have mentioned, this corresponds to expand all

quantities to first-order in the slow-roll parameters), we find

N o H! (21)2
COHz | zH2 T M2

from which we deduce

2! (Z/)2
+ .
zH 22

Z”
? —_—
Expanding in slow-roll parameters we find

1
%:(1%-5)(1-@ H2 4+ (1+e—0)2 H2 ~ H2 (2 + 2 — 30).

If we set

this corresponds to

3
2§+(2€—§)2§+36—n.

N (1+e—08)(2—0)]"?
il L }

On sub-Hubble scales (k > aH), the solution of equation (278) is obviously uy =~ e~**7 /v/2k. Rewriting Eq.
(280) as

AnGna® ¢? (H
Gl — TN ¥
k K H\ap )"
we infer that on sub-Hubble scales
(I)GI ~ 47TGN(ﬁ vy

On super-Hubble scales (k < aH), one obvious solution to Eq. (278) is ux o z. To find the other solution,

we may set ux = z ux, which satisfies the equation

which gives
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On super-Hubble scales therefore we find
aé 1

uk = c1(k )——l— cof aqb/ a3¢2 zcl(k‘)ﬁ—cQ(kz)M,

where the last passage has been performed supposing a de Sitter epoch, H = constant. The first piece is the

constant mode ¢;(k)z, while the second is the decreasing mode. To find the constant c¢;(k), we apply what
we have learned previously. We know that on super-Hubble scales the exact solution of equation (278) is

U = g ci(v+3)3 V=1 H,(—kT). (281)

On super-Hubble scales, since H,(z < 1) ~ /2/me 5 2V~ 2 (T'(vy)/T(3/2)) 277, the fluctuation (281) be-

comes S rw) 1 1

_ z( —= 52 v— - _k 3V
ug = e T3/2) Vor (—kT) .
Therefore
we H 1 (kN H 1 [k\"*
a0 =] - o ()~ %7 (o) 2

The last steps consist in relating the variable u to the comoving curvature R and to the gravitational potential

®a1. The comoving curvature takes the form

H
R = g+ — ¢ = 2. (283)
10) z
Since z = acﬁ JH = av/2eMpy, the power spectrum of the comoving curvature can be expressed on super-Hubble
scales as s ) 1 i
k® Juk|? 1 H E " EN\"*
Pt = 4 [ = L (Y () g () -
272 |z M pye 27 aH aH
with
ng —1=3—2v =2n—6e. (285)

These results reproduce those found in the previous subsection. The last step is to find the behavior of the

gauge-invariant potential ®¢; on super-Hubble scales. If we recast equation (280) in the form

1 H/a _qr
o= (o) -

we can infer that on super-Hubble scales the nearly constant mode of the gravitational potential during

inflation reads

H [ H U
O = ¢ (k) [1 - / dt'a(t’)] ~ —cl(k)ﬁ =ecy(k) ~ 671( ~ € Ry. (287)

Indeed, plugging this solution into Eq. (286), one reproduces uyx = cl(k)%‘b.
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16 Gravitational waves

Quantum fluctuations in the gravitational fields are generated in a similar fashion of that of the scalar
perturbations discussed so far. A gravitational wave may be viewed as a ripple of space-time in the FRW

background metric and in general the linear tensor perturbations may be written as

ds® = a*(7) [-dr? + (655 + hyj) da'da’],
where |h;;| < 1. The tensor h;; has six degrees of freedom, but, as we studied previously, the tensor
perturbations are traceless, §% h;; = 0, and transverse 9'h;; = 0 (i = 1,2,3). With these 4 constraints, there
remain 2 physical degrees of freedom, or polarizations, which are usually indicated A = +, x. More precisely,
we can write
hij = h+ 6;5 —+ hx eixj,
where et and e* are the polarization tensors which have the following properties

A A iA A
€ij = €5i» keijfov ej; =0,

A A * ANVE N
eij<_k) = [eij(k)] ) Z (eij) €ij = 0N
ij
Notice also that the tensors h;; are gauge-invariant and therefore represent physical degrees of freedom.
If the stress-energy momentum tensor is diagonal, as the one provided by the inflaton potential T}, =

0,90, ¢ + g L, the tensor modes do not have any source and their action can be written as

-2
1 1 5 Wi 1 ,

(288)

that is the action of two (not yet canonically normalized) independent massless scalar fields. The gauge-

invariant tensor amplitude of each of these modes is (we drop for the time being the indices ;;)

aMp,
2

hi

Vk =

and it satisfies the equation

a//
vy + (kQ—a>vk=0,

which is the equation of motion of a massless scalar field in a quasi-de Sitter epoch. We can therefore make

use of the results learnt previously to conclude that on super-Hubble scales the tensor modes scale like
HN\ [k \?"
lvk| = <27r> <aH> )
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3
Vp >~ — — €.

2
Since fluctuations are (nearly) frozen in on super-Hubble scales, a way of characterizing the tensor perturba-

tions is to compute the spectrum on scales larger than the horizon

k,3 k3 kS
Prk) =55 Z hijae® = 4Z 32 oijxl* = 42 Py (\UI‘HQ + |vg ]2) : (289)
ij ij ij

This gives the power spectrum on super-Hubble scales

8 (H\’( k\"™ AN
e =i (o) (o) = (an)
MPI

where spectral index ny is the spectral index of the tensor perturbations

_ dlnPr
"I Tk

— 2up = —2e.

The tensor perturbation is almost scale-invariant. Notice that the amplitude of the tensor modes depends
only on the value of the Hubble rate during inflation. This amounts to saying that it depends only on the
energy scale V'1/4 associated to the inflaton potential. A detection of gravitational waves from inflation is

therefore a direct measurement of the energy scale associated to inflation.

16.1 The consistency relation

The results obtained so far for the scalar and tensor perturbations allow to predict a consistency relation
which holds for the models of inflation addressed in these lectures, i.e. the models of inflation driven by

one-single field ¢. We define tensor-to-scalar amplitude ratio to be

2
H
N A%w _ 8(277Mp1) :166

a g -1 H 2
(26) (QWMpl

r

This means that

r=—8nr.
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One-single models of inflation predict that during inflation driven by a single scalar field, the ratio between
the amplitude of the tensor modes and that of the curvature perturbations is equal to minus one-half of the
tilt of the spectrum of tensor modes. If this relation turns out to be falsified by the future measurements of
the CMB anisotropies, this does not mean that inflation is wrong, but only that inflation has not been driven
by only one field. Generalizations to two-field models of inflation can be found for instance in Refs. [9, 11].

Furthermore, using the consistency relation r = 16e and the definition of €, one deduces that [29]

A r 1/2
Mp (2 X 10—2> ’ (290)

meaning that a future measurement of the B-mode of CMB polarization will imply an inflaton excursus

of Planckian values. Therefore, future measurements of the B-mode polarization of the CMB will allow a
determination of the value of the energy scale of inflation. This explains the utility of CMB polarization
measurements as probes of the physics of inflation. They are fundamental to prove or disprove that inflation

took place at high-energy and to see if super-Planckian ranges were probed.

17 Transferring the perturbation to radiation during

reheating

When the inflaton decays, the comoving curvature perturbation associated to the inflaton field are transferred
to radiation. Let us see how this works [8].

Let us consider the system composed by the oscillating scalar field ¢ and the radiation fluid. Each
component has energy-momentum tensor T(‘;V) and T(’; l; The total energy momentum T+ = T(’;l; + T(‘fY ’; is

covariantly conserved, but allowing for an interaction between the two fluids

VﬂT(l:zsy) = Q)
VI = Q. (201)

where Q’(¢) and Q(”W) are the generic energy-momentum transfer to the scalar field and radiation sector

respectively and are subject to the constraint
Qs + Ql(’v) =0. (292)

The energy-momentum transfer Q@) and Q(Vv) can be decomposed for convenience as

Qlyy = Quu’+ [y,
Qly = Q'+ [l (293)

where the f"’s are required to be orthogonal to the the total velocity of the fluid u”. The energy continuity

equations for the scalar field and radiation can be obtained from ul,VuT(‘;'; = u, Q) and u, V. T (*; '; = u,Qf,
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and hence from Eq. (293)

Uy V/LT{:;; = Q(;b )

w VT = Q. (294)

In the case of an oscillating scalar field decaying into radiation the energy transfer coefficient Q¢ is given by

Q¢ = —Ipy,
Qy = TIpy, (295)

where I' is the decay rate of the scalar field into radiation.

The equations of motion for the curvature perturbations {4 and ¢, can be obtained perturbing at first
order the continuity energy equations (294) for the scalar field and radiation energy densities, including the
energy transfer. Expanding the transfer coefficients Q¢, and Q7 up to first order in the perturbations around

the homogeneous background as

Qo Qs +0Qy, (296)
Qv = Qy +0Qy, (297)

Eqgs. (294) give on wavelengths larger than the horizon scale

69/ 5+ 3H (3py + 0Ps) = 3(pg + Py) W

=aQus® +adQy, (298)
50’ +3H (5py + 0P,) — 3 (py + P,) T
=aQ P +adQ,. (299)

Notice that the oscillating scalar field and radiation have fixed equations of state with 0P, = 0 and P, =
dp~/3 (which correspond to vanishing intrinsic non-adiabatic pressure perturbations). Using the perturbed
(0 — 0)-component of Einstein’s equations for super-horizon wavelengths ¥' + H® = —#(dp/p)/2, we can

rewrite Egs. (298) and (299) in terms of the gauge-invariant curvature perturbations (4 and ¢,

/ aH Qy p (dps Op

- 5Qg — —0py + Q ( —)} 300
/ aH ! o [ dp 5p)]

= YsQ, — “Asp, 1 ( AN 301
ny p{y |: Q’Y p{y p’Y Q"/ 2p pfy p/ ( )

where 6Q, = —dQ4 from the constraint in Eq (292). If the energy transfer coefficients Q¢ and QAY are given

in terms of the decay rate I' as in Eq. (295), the first order perturbation are respectively

0Qy = —Tdpy, (302)
5Q, = Tép,. (303)
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Plugging the expressions (302-303) into Egs. (300-301), the first order curvature perturbations for the scalar

field and radiation obey on large scales

o dlpep’
G o= 5 %p(@s 0, (304)

o p P pe
&= o, [Fpp9< 2/))@ %)]

From the total comoving curvature perturbation

(305)

p p
(= f@;ﬂtf% P = pe+ py- (306)
it is thus possible to find the equation of motion for the total curvature perturbation ¢ using the evolution of
the individual curvature perturbations in Egs. (304) and (305)

/

¢

F(Co—C)+ G+ Q-1
HE(L—£)(Co— ) =—HF(C— o) (307)

where f = (ps/p). Notice that during the decay of the scalar field into the radiation fluid, p’, in Eq. (305)
may vanish. So it is convenient to close the system of equations by using the two equations (304) and (307)
for the evolution of (, and (. These equations say that ¢ = (4 is a fixed point: during the reheating phase

the comoving curvature perturbation stored in the inflaton field is transferred to radiation smoothly.

18 Comoving curvature perturbation from isocurvature

perturbation

Let us give one example of how the fact that the comoving curvature perturbation is not constant when
there are isocurvature perturbation can be useful. The paradigm we will describe goes under the name of the
curvaton mechanism.

Suppose that during inflation there is another field o, the curvaton, which is supposed to give a negligible
contribution to the energy density and to be an almost free scalar field, with a small effective mass m?2 =
|02V /00?| < H2.

The unperturbed curvaton field satisfies the equation of motion

ov
o’ +2Ho' + a237 =0. (308)

It is also usually assumed that the curvaton field is very weakly coupled to the scalar fields driving inflation and
that the curvature perturbation from the inflaton fluctuations is negligible. Thus, if we expand the curvaton
field up to first-order in the perturbations around the homogeneous background as o(x,7) = 0¢(7) + 00 (x,7),

the linear perturbations satisfy on large scales
0%V

S +2Hdso + a2W do = 0. (309)
ag
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As a result on super-Hubble scales its fluctuations do will be Gaussian distributed and with a nearly scale-

invariant spectrum given by
H,

o’

where the subscript * denotes the epoch of horizon exit £ = aH. Once inflation is over the inflaton energy

P (k) ~

(310)

density will be converted to radiation () and the curvaton field will remain approximately constant until
H? ~ m?2. At this epoch the curvaton field begins to oscillate around the minimum of its potential which can
2 2
g

be safely approximated to be quadratic V =~ %m . During this stage the energy density of the curvaton

3

field just scales as non-relativistic matter p, oc a™°. The energy density in the oscillating field is

po (T,%) = m2o?(1,%), (311)
and it can be expanded into a homogeneous background p,(7) and a first-order perturbation dp, as
Po(T,X) = po(T) + 0po (T,X) = m20 + 2m?2 o do. (312)

As it follows from Eqgs. (308) and (309) for a quadratic potential the ratio do /o remains constant and the
resulting relative energy density perturbation is

&“:2<&>; (313)

Po o
Such perturbations in the energy density of the curvaton field produce in fact a primordial density perturbation
well after the end of inflation. The primordial adiabatic density perturbation is associated with a perturbation
in the spatial curvature ¥ and it is, as we have shown, characterized in a gauge-invariant manner by the
curvature perturbation ¢ on hypersurfaces of uniform total density p. We recall that at linear order the

quantity ( is given by the gauge-invariant formula
0
<=W+H§, (314)

and on large scales it obeys the equation of motion

H
/:7Pna’ 1
¢ p+P6 d (315)

In the curvaton scenario the curvature perturbation is generated well after the end of inflation during the
oscillations of the curvaton field because the pressure of the mixture of matter (curvaton) and radiation
produced by the inflaton decay is not adiabatic. A convenient way to study this mechanism is to consider the
curvature perturbations (; associated with each individual energy density components, which to linear order

are defined as

QEW+H<?Q. (316)

Therefore, during the oscillations of the curvaton field, the total curvature perturbation can be written as a

weighted sum of the single curvature perturbations
p Po
CZﬁCw+?a:(1—f)Cw+me (317)

78



where the quantity

305

=l
Py + 3po

defines the relative contribution of the curvaton field to the total curvature perturbation. From now on we

(318)

shall work under the approximation of sudden decay of the curvaton field. Under this approximation the

curvaton and the radiation components p, and p, satisfy separately the energy conservation equations

Py = —4Hp,,
Py = —3Hpo, (319)

and the curvature perturbations (; remains constant on super-Hubble scales until the decay of the curvaton.

Therefore from Eq. (317) it follows that the first-order curvature pertubation evolves on large scales as

¢ =fC—G)=HIA- &), (320)

and by comparison with Eq. (315) one obtains the expression for the non-adiabatic pressure perturbation at

first order
5Pnad :pa(l_f)(CJ _C’Y)' (321)

Since in the curvaton scenario it is supposed that the curvature perturbation in the radiation produced at the

end of inflation is negligible, then

16p
(=0 - - =0 322
vy 4 p’y ( )
Similarly the value of (, is fixed by the fluctuations of the curvaton during inflation
16ps
=0 — =% = (., 323
G 3, Cot (323)

where I stands for the value of the fluctuations during inflation. From Eq. (317) the total curvature pertur-

bation during the curvaton oscillations is given by

¢= /G- (324)

As it is clear from Eq. (324) initially, when the curvaton energy density is subdominant, the density pertur-
bation in the curvaton field {, gives a negligible contribution to the total curvature perturbation, thus corre-
sponding to an isocurvature (or entropy) perturbation. On the other hand during the oscillations p, x a3
increases with respect to the energy density of radiation p, o< a—*, and the perturbations in the curvaton
field are then converted into the curvature perturbation. Well after the decay of the curvaton, during the
conventional radiation and matter dominated eras, the total curvature perturbation will remain constant on

super-Hubble scales at a value which, in the sudden decay approximation, is fixed by Eq. (324) at the epoch

of curvaton decay
¢=/plos (325)

where D stands for the epoch of the curvaton decay.
Going beyond the sudden decay approximation it is possible to introduce a transfer parameter r defined
as

¢ =r1C, (326)
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where ( is evaluated well after the epoch of the curvaton decay and (, is evaluated well before this epoch.
Numerical studies of the coupled perturbation equations has been performed and show that the sudden decay

approximation is exact when the curvaton dominates the energy density before it decays (r = 1), while in the

r <p;)D . (327)

19 Symmetries of the de Sitter geometry and its con-

opposite case

sequences

Before launching ourselves into the computation of the post-inflationary evolution of the cosmological pertur-
bations, we wish to summarize the symmetries of the de Sitter geometry to understand better the properties
of the inflationary perturbations.
The four-dimensional de Sitter space-time of radius H~! is described by the hyperboloid
1
Ay B 2 2 2 :

UABX X = 7X0 +X7 +X5 = ﬁ (Z = 1,273), (328)

embedded in five-dimensional Minkowski space-time M'* with coordinates X 4 and flat metric NAB =

diag(—1,1,1,1,1). A particular parametrization of the de Sitter hyperboloid is provided by

1 1 122
XO:<HT >_I

2H - Hr 2 7’
i@
T HT
1 1 122
X5:—7 H - P 329
ZH( T+HT>+QT’ ( )

which may easily be checked that satisfies Eq. (328). The de Sitter metric is the induced metric on the

hyperboloid from the five-dimensional ambient Minkowski space-time
ds? = napdXAdXE. (330)
For the particular parametrization (329), for example, we find

ds? (—dr? +dx?). (331)

= 272
The group SO(1,4) acts linearly on M. Its generators are
0 0

Jap = Xazer ~ Xpger AB=(01,235) (332)
and satisfy the SO(1,4) algebra
[JaB,Jep] =napJse —nacsp +1necJap —nepJac- (333)
We may split these generators as
Jijs Po=Jos, Of =Jis+Joi, 1] = Jis — Joi, (334)
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which act on the de Sitter hyperboloid as

_ ; 0 0
-~ = _—2H7x 9 +H (xzéij - 2:I:ixj) 8:1:] —Hr 25%

==

9 P
—xigj—mjafmi,
P P
Tar T g

1 0

and satisfy the commutator relations

(Jij, Jrt] = 0udjn — OinJji + 05 Ji — S0 di,
[Jijs Ty ] = 6T — 6,11,
[Hk 7P0] = $H:kt7

[T, I07] = 235 + 264 Po.

This is nothing else that the conformal algebra. Indeed, by defining

we get

i =1iJij, D=—iPy, P,=—illj, K;=ill;,

0 %

K; = —2iHz; <¢a + xi3i> —iH(—72 +2%)0;,

or

. 0 0

(335)

(336)

(337)

(338)

These are also the Killing vectors of de Sitter space-time corresponding to symmetries under space translations

(P;), dilitations (D), special conformal transformations (K;) and space rotations (L;;).

conformal algebra in its standard form

D, P) = iP,

D, K] = —iK;,

(K;, P;] 22(5”17 L”)
[Lij, Py] = z(aj ) MP)
[Lij, K] —Z( i — szj),
[Li;, D] =0,

[Lij, L] = i((suij — 0 Lji + 0Ly — 5leik>-

The de Sitter algebra SO(1,4) has two Casimir invariants

1
C = —iJABJAB,

Co=WaW?, WA =P 0 0pp.
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339
340
341

343

(339)
(340)
(341)
(342)
(343)
(344)
(345)

345

(346)
(347)



Using Egs. (334) and (337), we find that

1 1 g
Ci=D?*+ 5{Pi, K} + 5LijL”, (348)

which turns out to be, in the explicit representation Eq. (338),

2 290

—92 _ v Y 2
HC=—gg - —o + V2 (349)

As a result, C; is the Laplace operator on the de Sitter hyperboloid and for a scalar field ¢(x) we have

m2

Cr(x) = =

o). (350)

Let us now consider the case HT < 1. The parametrization (329) turns out then to be

X0 — _L _ 11772
2H2r 27’
i _ a’
 Ht’

1 122
X5 = — 4 - 351
2H2t + 2T (351)

and we may easily check that the hyperboloid has been degenerated to the hypercone

- XJ+ X7+ X2=0. (352)

We identify points X4 = AX4 (which turns the cone (352) into a projective space). As a result, 7 in the
denominator of the X4 can be ignored due to projectivity condition. Then, on the cone, the conformal group

acts linearly, whereas induces the (non-linear) conformal transformations z; — x} with

r; = a; + M z;, (353)

T = Az, (354)
L2

o= HhE (355)

1+ 2y + b2
on Euclidean R? with coordinates z°. These transformations correspond to translations and rotations (gen-
erated by P;, L;;), dilations (generated by D) and special conformal transformations (generated by K;),
respectively, acting now on the constant time hypersurfaces of de Sitter space-time. It should be noted that

special conformal transformations can be written in terms of inversion

x;
rval= 2 (356)

as inversion X translation x inversion.

19.1 Representations

The representations of the SO(1,4) algebra are constructed by employing the method of induced representa-
tions. Let us consider the stability subgroup at ' = 0 which is the group G generated by (L;;, D, K;). 1t is

easy to see from the conformal algebra, that P; and K; are actually raising and lowering operators for the
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dilation operator D. Therefore there should be states which will be annihilated by K;. Every irreducible
representation will then be specified by an irreducible representation of the rotational group SO(3) (i.e. its
spin) and a definite conformal dimension annihilated by K;. Representations ¢4(0) of the stability group at

x = 0 with spin s and dimension A are specified by

[Lij. 65(0)] = 516.,(0),
[Ki, ¢5(0)] = 0, (357)

where ZE;) is a spin-s representation of SO(3). Those representations ¢,(0) that satisfy the relations (357)
are called primary fields. Once the primary fields are known, all other fields, the descendants, are constructed
by taking derivatives of the primaries 9; - --0;¢5(0). For scalars in particular, the momentum P; generates

translations so that for a scalar ¢(x) we have

[P, ¢(x)] = —i0;¢(x). (358)

Denoting collectively any generator of the stability subgroup G as J = (L;j, D, K;) and taking into account
that ¢(x) = eP*¢(0)e=F* we find that

[J, p(x)] = T[], p(0)]e 7 F> (359)

where

J = e P JiPx — Z %xilxh [Py [Py .. [P, ), ] (360)

and ¢(0) is a representation of the stability subgroup. Specifying for J = L;;, D and and J = K; we find

Lij = Lij + Z'in — LU]'.PZ', (361)
D=D+a'P;, (362)
K; = K; + 2(x;D — 27 L) + 2x;2° P; — 2°P;. (363)

For a scalar, the right-hand side of the first equation in (357) vanishes, therefore we find that for a scalar ¢(x)

i[Lij, ¢(x)] = (2:0; — x;0;) p(x), (364)
iID, ()] = (1: + A) $(x), (366)
(367)

i[Pi, 9(x)] = 9;(x).

365

367

For example,
[C1,¢(0)] = —A(A —3)¢(0), (368)
which implies that
m? = —A(A - 3)H?. (369)

It can be shown that the scalar representations of the de Sitter group SO(1,4) actually splits into three

distinct series: the principal series with masses m? > 9H?/4, the complementary series with masses in the
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range 0 < m? < 9H?/4 and the discrete series. It is the principal representations which survive the Winger-
Inonii contraction (H — 0) to the Poincare group.
The method of the induced representations used above for the scalar can be employed to include higher-

spin fields as well. For a higher-spin field described by a symmetric-traceless tensor ¢;, ;. we get

s

i[Lijs Pry. k] = (xiaj —z;0; + ZZE;)> Py kg s 370

(370)
K, 6] = (2800 + 203090, — 220, + 20095 ) . (371)
(372)
(373)

i[D7¢k1...ks] = (xzal + As) ¢k1...ks7 372

1P, Ory . k) = 0iPry . ke, s 373

where the spin operator EE;) acts as

S Okrote = D (Bhreu sk 1o es Ok — Piroiw 1 1. s O ) (374)
{a}
It is then easy to verify that
2

m
=1

1 S S
=—A;(As—3)—s(s+1) since 522]-)25]-) =s(s+1). (375)

19.2 Killing vectors of the de Sitter space

We have seen that the essential kinematical feature of a vacuum dominated de Sitter universe is that the
conformal group of certain embeddings of three dimensional hypersurfaces in de Sitter space-time may be
mapped (either one-to-one or multiple-to-one) to the geometric isometry group of the full four dimensional
space-time into which the hypersurfaces are embedded. The first example of such an embedding of three
dimensional hypersurfaces is that of flat Euclidean R? in de Sitter space-time in coordinates. The conformal
group of the three dimensional spatial R? sections is in fact identical (isomorphic) to the isometry group
SO(4,1) of the four dimensional de Sitter space-time, as we now review.

Since (eternal) de Sitter space is maximally symmetric, it posseses the maximum number of isometries
for a space-time in n = 4 dimensions, namely @ = 10, corresponding to the 10 solutions of the Killing
equation,

Vel + Ve =0, pr=0123; a=1,..,10. (376)

Each of the 10 linearly independent solutions to this equation (labelled by «) is a vector field in de Sitter
space corresponding to an infinitesimal coordinate transformation, z# — x* + € (z) that leaves the de Sitter
geometry and line element invariant. These are the 10 generators of the de Sitter isometry group, the non-
compact Lie group SO(4,1).

The isomorphism with conformal transformations of R3 is that each of these 10 solutions of (376) may
be placed in one-to-one correspondence with the 10 solutions of the conformal Killing equation of three

dimensional flat space R3, i.e.

BiEl™ + ;¢ )=§5ijak5,§ ) i k=1,2,3; a=1,...10. (377)
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In (376) the space-time indices u, v range over 4 values and V,, is the covariant derivative with respect to the
full four dimensional metric of de Sitter space-time, whereas in (377), i, j are three dimensional spatial indices
of the three Cartesian coordinates z* of Euclidean R? of one dimension lower with flat metric 6;;. Solutions
to the conformal Killing Eq. (377) are transformations of ! — % + £¢*(#) which preserve all angles in R3.
This isomorphism between geometric isometries of (3 + 1) dimensional de Sitter space-time and conformal
transformations of 3 dimensional flat space embedded in it is the origin of conformal invariance of correlation
functions generated in a de Sitter phase of the universe.

The 10 solutions of (377) for vector fields in flat R? are easily found. They are of two kinds. First there
are 6 solutions of (377) with 0x&x = 0, corresponding to the strict isometries of R?, namely 3 translations
and 3 rotations. Second, there are also 4 solutions of (377) with 0x&, # 0. These are the 4 conformal
transformations of flat space that are not strict isometries but preserve all angles. They consist of one global

dilation and three special conformal transformations. The Killing Eq. (376) can be rewritten as

gl/)\aue)\ + guAaJE)\ + aaguued =0, (378)
which, for de Sitter space, provide
atﬁt = 0 5 (379)
8tei + 81'6,5 - 2H61 5 (380)
5‘1-6]- + 8j6i = 2Ha25ijet . (381)

Its solutions of can be catalogued as follows. For €, = 0 we have the three translations,
=0, qP=a%’, =123, (382)
and the three rotations,

RO =0, ™ =aleppa™, £=1,2,3. (383)

T

The spatial R? sections also have four conformal Killing vectors which satisfy the Killing vector equations

with €; # 0. They are the three special conformal transformations of R3,
egc) = —2Hz", 650) = H?a?(6;" 6,07 2% — 28,07 2™) — 67" n=123, (384)

and the dilation,
€§D) =1 , GZ(.D) = Ha2 5ij.]3j . (385)

This last dilational Killing vector is the infinitesimal form of the finite dilational symmetry,

X = AX, (386)
a(t) = A" ta(t), (387)
t—t—H 'ln\ (388)

of de Sitter space. Since the maximum number of Killing isometries in 4 dimensions is 10, there are no other

solutions and de Sitter space, being a fully symmetric space, possesses the maximum number of symmetries.
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We can understand the issue of scale-invariance rather easily looking at the symmetries of de Sitter. In
conformal time the metric during inflation reads approximately de Sitter

ds? = —dr? 4 dx?), (389)

H27.2(
whose isometry group is SO(4,1). The time-evolving inflaton background is homogeneous and rotationally

invariant, so that translations and rotations are good symmetries of the whole system. The dilation isometry

T AT, X > AX, (390)

is also an approximate symmetry of the inflaton background in the limit in which its dynamics varies slowly in
time. It is this isometry which guarantees a scale invariant spectrum, independently of the inflaton dynamics.
In the limit of infinite-slow roll the action for the inflaton field is the one of a free scalar field. Written in

conformal time it becomes

3 2] drd®z 2 2
= drd*a /=g 9" 0,00,6 = 5 | Tz |(0:6)° = (0:0)?] - (391)
The dilatation symmetry (390) says that if ¢(7,x) is a solution, then also ¢'(7,%x) = ¢(A7, Ax) is a solution.

Indeed, indicating by 7" = A7 and x’ = Ax, the action is left invariant

p_ L [drd® Aldrdie 1
s'=3 | T 000 - 5 | S s @07 - @oP] =5 (a9

where in the last passage we have changed the variables from A7 to 7 and x’ = Ax to x. In Fourier space

dilations act on a scalar field ¢(x, ) on large scales, where there is no time dependence, as

P = A i/ - (393)

Indeed, consider a transformation x — Ax. Then, in real space ¢(x) — ¢r(x) = ¢(Ax). Expressing this in

terms of the Fourier transform of ¢(x) gives how the rescaling acts in Fourier space

60%) = [ @kem () =1 [ dpe P Xo(p/N) . (394)
where, in the last step, we have made a change in the variable of integration with p = Ak. Therefore, the

two-point function is constrained to have the form

(01 0x,) = (2m)°0%) (k1 + ko) F(:§ . (395)
In such a way
(ra ) = A~ ) = A0 et/ A+ o VT = 2m 090 ke L (300

If perturbations become time independent when out of the Hubble radius, the function F' must be a constant
in this limit and this gives a scale invariant spectrum. As we have seen, de Sitter possesses three additional

isometries
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7 —=71—-27(b-x), x—x+b(—7?+2?) - 2x(b-x), (397)

where b is an infinitesimal vector. Indeed,

dr — dr —2d7r(b-x) — 27b;da’,

dz' — da’+2b'z;d2? — 2dz’(b - x) — 22'b;dz! — 27b'dr, (398)
so that
dr?* — dr?(1 —4b - x) — 47drb;da’,
dx? — dx*(1 —4b-x) — 47drb;da?, (399)
and
2 2 (1-4b-x) 2 oy _ 1 2 2
W(_dT +dx*) — 1= 1b . x) 022 (—=dr +dx*) = 72 (—=dr” + dx*). (400)

The point is that for late time correlation functions of scalars, that is for 7 — 0, with a mass much smaller
than H, when the wavelengths are much larger than the Hubble radius, the transformation of the spatial

coordinates in the isometry (397) becomes

x =+ x+ba? —2x(b-x), (401)

which is a special conformal transformation of the spatial coordinates of R? on future constant-time hyper-

surfaces. A scalar ¢(7,x) with mass m on super-Hubble scales evolves as

3 4 m?2
A _° _ _ =
o ~T, AQ(I /1 9 2) (402)

and the transformation in (397) acts the same way a conformal transformation would act on a primary field

of dimension A. Indeed the generators of the de Sitter algebra

D = —i (T@T +w181) y
K; = —2iz; (10, +279;) —i(r* — 2%)0; (403)

when applied to the scalar field with scaling as in Eq. (402) reduce to

D = —i (A + 33‘281) 5
K; = =2iz; (A+279;) +i2”0;, (404)
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We conclude that the late time correlation functions, at equal time, are conformal invariant with conformal
weight A. As an application, suppose now inflation has generated a long mode (;, for the comoving curvature

perturbation such that the perturbed metric reads

1
H272

Under a dilatation symmetry 7 — e and x — x’ = e*x, the long mode transforms non-linearly as a Nambu-

ds® = (dr* — e*rdx?). (405)

Goldstone mode, (5, — (1, — A to leave the metric invariant. Furthermore, one can approximate the effect of

such a constant long-wavelength mode on an n-point function as a rescaling of the coordinates

(CGa) - Cxm))er = (C(x1) -+ C(x7))- (406)

Let us take the infinitesimal version of the dilatation symmetry

= 1+N7, x—= 0+ Nz, (1=1,2,3) (407)

and let us see what the invariance implies. We write down the n-point correlator of the field (. The variation

of the latter is

0{C(x1,7) - C(xp,T)) = <AT@T+)\Z:CM8M> (C(x1,7) - C(Xn, 7))

a=1
3
_ /27513/ 325 (i -+ ) (G G

% )\kai (ak .eikl X1+ —Hk xn)

d k1 Phn <~ o3) 131 4k x
+ nAA - (%)325 (ki 4+ k) (G - Qe ) €797 e
a=1

d3k A3k, <
= 7/ (27r)13 / @) 26(3)(1(1 4o k)G Gy
a=1
X N (Op,, kqi) et Fiknxn
d*ky dPkp = 3
N /\/ (27T)3 / (277)3 26( )(kl ++kn)kaz
a=1
X (akm <<k1 . Ckn>) ikl'xl"!““"r’ikn‘xn’

d3k; ddk 3) ik X1 4k x
+ A o 325 (ki + o+ ko) (Gey o G ) € e

_ A/(C;’_f)lg / 3Z(kmakm (ky + - +kn))

X (G o G, ) et +1k’x”’>

(408)

Indicating by k = k; + - -+ + k,,, we find
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Ok
ai 3km‘
= k00 (ki + - + k)

= ai [kié(:”(kl +-+ k) —36(3)(k1 4+ +ky,)
k

i

kaiOk, 0P (ki + -+ + k) = k ;0@ (k1 + -+ + k)

= 35Ok + - +ky) (409)

and we have introduced the scaling dimension A for the field ¢ for completeness even though ( is constant on

super-Hubble scales and therefore A = 0 for it. Imposing that the variation vanishes, we obtain the condition

[3(n— 1) —nA+Zkaﬁka}<gkl.-.<kn>' —0, (410)

a=1
where the primes on the correlators stand for the standard notation indicating that correlators are evaluated
without the n’s and the Dirac delta function Taking A = (,, this argument implies also that in that case the

squeezed limit of the (n + 1)-point function would be

3(”*1)*71A+Zka'ﬁka

a=1

(CaCier = Ckn)s0 = Pc(q) (G - G- (411)

For n = 2 and taking into account that the ((x(_ k) scales like k~3+7<~1 the relation above provides the
famous Maldacena’s consistency relation for the three-point correlator of the comoving curvature perturbation
in the squeezed limit stating that its size is proportional to the deviation of the two-point function from scale
invariance and therefore proportional to the slow-roll parameters.

Similar arguments lead to the so called conformal consistency relation where the long mode of the curvature
perturbation in the metric can be removed not only at the level of the constant zero mode, but also at its

first constant gradient. This is achieved simply by a special conformal transformations

x = x+ba? —2x(b-x), (412)

which can be neutralized by transforming the long mode (;, as

(L = (L +2b-x, (413)

and taking x; = —1/29;(r,. Consequently, the effect a constant long-wavelength gradient mode acts on the

n-point function as a rescaling of the coordinates (412)

(C(x1) - C(xn)) e, = (Cx1) -+ C(xp)), (414)
which in momentum space becomes

n

1 ‘ § B
(CaCies ** Cin)gso = *iPc(Q)ql Z (GVW — kaiVi, + 2Kq - Vka) (Cey -+ Cien ) (415)

a=1
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Part V
The post-inflationary evolution of the

cosmological perturbations

The primordial perturbations set up during inflation manifest themselves in the radiation as well as in the
matter distribution. By understanding the evolution of the photon perturbations we can make therefore
predictions about the expected CMB anisotropy spectrum today. The evolution is determined by Einstein
equations and Boltzmann equations. Perturbations to photons evolved completely different before and after
the epoch of last scattering at zj5 ~ 1100. Before recombination, photons were tightly coupled to electrons
and protons; all together they can be described by a single fluid, dubbed the baryon-photon fluid. After
recombination, photons free-streamed from the surface of last scattering to us today. This means that detecting
these photons is like taking a picture of the universe when it was about 300.000 yr old.

Inflation provides the initial conditions for the perturbations once the latter re-enter the horizon. Let us
turn again to the longitudinal gauge. On super-Hubble scales, from Eq. (204) we have

5
6H2Dy = —87Gna2dpi = % = 20, (416)

on super-Hubble scales, where H? = (87Gx/3)pa® defines the average energy density. Recalling now that
U = ® and that ( = U+ Hdp/p' and p' = —=3H(p + P) = —3H(1 + w)p, where we have defined P/p = w,

we find that on super-Hubble scales

0 px 2 5+ 3w
G = P 3(1+w)p ( +3(1+w)> KT 314w K (417)

This means that during the RD phase one has (w = 1/3)

2
P = 26 (RD) | (418)
and during the MD phase
MD _ 3
P = Gk (MD) (419)
In particular, notice that
Mp _ 9 &RD
ot = E(I)k : (420)

One of the last steps we wish to take is now fixing the amplitude of the density perturbation in the CMB

through inflation. As we have seen, on large scales and during matter-domination we have at last scattering

0pm

= —20P(n), (421)
Pm
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and, if the adiabatic condition holds,

S = S Ay (), (422)

where A = §p,/p, and the lower index o stands for the monopole. The CMB anisotropy has an oscillating
structure (the famous Doppler peaks) because the baryon-photon fluid oscillations. However, The overall
amplitude of the CMB anisotropy can be fixed at large angular scales (super-Hubble modes) where there is
no evolution and therefore one can match the amplitude with the theoretical prediction from inflation. A
standard computation implies that the observed CMB anisotropy on large scales at the last scattering epoch

should be the Sachs-Wolfe term [20, 65]

(i ; @MD)SW (n) = (—§ ¥ 1) 2 = L), (423)

The temperature anisotropy is commonly expanded in spherical harmonics

AT

—(x0,70,m) = > apm(x0)Yem(n), (424)

m

where x¢ and 7y are our position and the present time, respectively, n is the direction of observation, ¢'s are
the different multipoles and
(@em@pr ) = 000 Omm Co, (425)

where the deltas are due to the fact that the process that created the anisotropy is statistically isotropic. The
Cy are the so-called CMB power spectrum. For homogeneity and isotropy, the Cy’s are neither a function of

X0, nor of m. We get therefore that

3k
on0m) = [ Goze [ a0, 0k nm). (426)

where we have made use the orthonormality property of the spherical harmonics

/dQ Y[;n(n) }/g/m/ (Il) = 5u/5mm/. (427)

The Cy are given by

= o [ o)

’y gt d3k dsp ;
_ ' +L / " i(k—p)-xo
%( D) (20 1) (20 +1)/(2ﬂ)3/(2ﬁ)36

< [a0¥a Pacn) [ a0 Vi) Puo - ) (00 (1)07(0)). (428)

where we have decomposed the temperature anisotropy in multipoles as usual

O(k,n,79) = Y (—i)"(20 + 1) Py(k - n)O, (k). (429)
4
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In the SW limit we have

1 .
07" (k) ~ g‘I’MD(k, 7s)e(k70), (430)

with the spectrum of the gravitational potential defined as

<<I>MD(k, 716)BMP (p, Tls)> = (27)%6) (k + p) Pyro (k). (431)
Therefore we obtain
g 1 [ dk 9
Cy = 9 WP‘@MD(IC)J@ (k7o)
x> (=) TR+ 1)+ 1) / dQY; (n)Py (k- n) / dQ' Y (n') Py (p - 1)
el@l/
1 [ &3k _
= g/WRbMD(k)J?(k’TO)
/ 71 47T 47T
_a\ =t / 1" , LYE
x Y (=) TR0 + 1) (20 +1)(2€+1)5M nm(k)mﬂ)m Yy (k)

oo

2
- 97/ dk k2P¢MD(k)j,?(kTO)/ko Yo (k)|
I
2 2 2
= or dk k* Pgvo (k)57 (kTo), (432)
s
where we have made use of the property

4

TS Vo), (). (433)

Pe(n-w') = 574
m=—~/

If we generically indicate by

(@M Yi* = 4% (ko)™ (434)

we can perform the integration knowing that

[e%) ) 7 7 F(?) _ TL)F (25+n—1)
dz j2(z)z" 2 =2n 4 — 2 —. (435)
/0 ’ 2 (432) T (35=2)
We obtain 5 1 L o o 1
sw  2"3A <H0>”_ 3—n)I(0+ 251
- - 4
o B) mEEreey) o

For n =~ 1 and 100 > £ > 1, we can approximate this expression knowing that T'(¢)/T'(¢ +2) = [{({ + 1)]7!
and I'(2)/T?(3/2) = 4/m, and we get

A2
o2’

This result shows that inflation predicts a very flat spectrum for low ¢. This prediction has been confirmed

e+ 1)V = (437)

by CMB anisotropy measurements. Furthermore, since inflation predicts <I>11¥ID = %Ck, we find that
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2

A 1 1 H\?
e+ 1)V = =5 = — () . (438)
¢ 25m2 2572 9 70 e \ 27

Assuming that
0+ 1)V ~ 10710, (439)

we find

% 1/4
() ~ 6.7 x 10'6 GeV.

€

Take for instance a model of chaotic inflation with quadratic potential V(¢) = im?¢?. Using Eq. (114)
one easily computes that when there are AN e-foldings to go, the value of the inflaton field is ¢4 5 =
(AN/27Gy) and the corresponding value of € is 1/(2AN). Taking AN ~ 60 (corresponding to large-angle
CMB anisotropies), one finds that COBE normalization imposes m ~ 10'* GeV.
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Part VI
Comments on non-Gaussianity in the

cosmological perturbations

Up to now, we have been describing the cosmological perturbations at the linear level. Is that a correct
assumption? After all we know that gravity is non-linear, so some amount of non-linearities should be
expected. This is true both during inflation and after inflation: gravity is always present. Furthermore, the
inflaton potential may be characterized by self-interactions.

Non-Gaussianities (NG’s) in cosmology are reviewed in Ref. [12] and we wish to illustrate a simple
computation illustrating why NG arises due to the gravitational interactions, which are non-linear [13]. We

use the metric in the Poisson gauge (we only focus on the scalar degrees of freedom)
ds? = —e?*dt® + a®(t)e 25 da'da’ . (440)

The choice of adopting exponentials is a technical and convenient one, as we shall see. We consider only
perturbations with wavelengths larger than the horizon at the last scattering surface. A local observer

perceives them as classical a background. We write the gravitational potential ® as

d =+ D, (441)
where
d% .
® = 0 (aH — k) yc ™
o= [ttt =0 e,
d% :
o, = 0 (k —aH) Oy e 442
= [ GOtk B, (142)

An analogous definition is adopted for the gravitational potential ¥. For ®;, and ¥, we can neglect the spatial
gradients and can be considered only as functions of time. By the redefinition
dt = e®dt, (443)
a = ae VY, (444)

we can therefore absorb the long modes and obtain a new metric describing a homogeneous and isotropic

Universe
ds® = —df’° + a%6;; dz' da’ . (445)
The Universe now is a a collection of regions of size of the Hubble radius evolving like unperturbed patches.

Take now a photon moving from an emission point £ to the observer point O. It suffers a redshift given

by the ration between the frequency we and the observed one wp

To =Te 29 (446)
we
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This expression tells us that large-scale anisotropies get contributions: the intrinsic inhomogeneities at the
last scattering surface and the anisotropies in the frequencies. The photon frequency goes like the inverse of

a time period and therefore

Wo  wo
As for the intrinsic fluctuation, we relate the photon energy density p. to the energy density of the non-

% — wige*qhze%bw . (447)

relativistic matter p,, by using the adiabaticity condition. Using the energy continuity equation on large
scales 0p/0t = —3H (p+ P), where H = dIna/dt and P is the pressure of the fluid, we have shown previously
in the lectures that the quantity

1 [P do’
7§£1n6+7/ Y (448)
3) @)

is conserved in time at any order in perturbation theory. At the non-linear level the adiabaticity condition

becomes to

L[ 1, w19)
3) Pm 4 Py
or
Inp,, =Inpd/*. (450)
The (0-0) component of Einstein equations in the matter-dominated era with the “barred” metric (445) gives
T = SﬂgN B - (451)
Using Eqgs. (443) and (444) the Hubble parameter H reads
— 1lda .
gl ey 452
. 7 (152)

where H = dIna/dt is the Hubble parameter in the “unbarred” metric. We then obtain
P = pme 2%, (453)

having dropped the negligible piece ¥, on large scales. Finally, we obtain

Te =Tee */3, (454)
and
To = (‘”‘9) Te e24/3. (455)
we
It allows to find the Sachs-Wolfe effect at all orders
onpTo —e®e/3 _ 1. (456)
To

Eq. (456) represents the extension of the linear Sachs-Wolfe effect. At first order one gets
6(1)T(9 1 (1)

and at second order @
16 To 1 1 2
- = 2o® 4 — (a0)". 458
2 To 6 + 18 (458)

This result shows that the CMB anisotropies are nonlinear on large scales and that a source of NG is inevitably
sourced by gravity and that the corresponding nonlinearities are order unity in units of the linear gravitational

potential.
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20 Primordial non-Gaussianity

One of the first ways to parameterize non-Gaussianity phenomenologically was via a non-linear correction to

a Gaussian primordial perturbation (g,

() = G + DA [Go00? — (600 | (159)

This definition is local in real space and therefore called local NG. Experimental constraints on non-Gaussianity
are often set on the parameter fi2°® defined via Eq. (459). The factor of 3/5 in Eq. (459) is historical because
NG was initially parametrized by using the Newtonian potential, ®(x) = ®g(x) + [l [®4(x)? — (P (x)?)],
which during the matter era is related to ¢ by a factor of 3/5. Despite the absence of primordial NG in the
CMB data [60]

fof =0.845 at 68%CL, (460)

the detecting some level of NG is still an important target of many current experiments in cosmology. What

size do we expect as far as primordial NG is concerned?

20.1 Non-Gaussianity in single-field models

Let us consider now a period of inflation and that there are a number of light fields ¢! which are quantum
mechanically excited. As we have previously seen, by the § NV formalism, the comoving curvature perturbation
¢ on a uniform energy density hypersurface at time ¢ is, on sufficiently large scales, equal to the perturbation
in the time integral of the local expansion from an initial flat hypersurface (¢ = t,) to the final uniform energy
density hypersurface. On sufficiently large scales, the local expansion can be approximated quite well by
the expansion of the unperturbed Friedmann universe. Hence the curvature perturbation at time ¢y can be
expressed in terms of the values of the relevant scalar fields o (., ¥) at t, (notice the change of an irrelevant

sign with respect to the previous definition of ¢ (261))

1
((1r.7) = Nyo' 4+ 5Nijo'o? - (461)

where N; and Nj; are the first and second derivative, respectively, of the number of e-folds
tg
N(ts, ta, 7) = / dt H(1, 7). (462)
ta

with respect to the field of. From the expansion (461) one can read off the n-point correlators. For instance,
the three-point correlator of the comoving curvature perturbation, the so-called bispectrum and trispectrum

respectively, is given by
Bg(kh k‘g, kg) = NINJNKBlgka;kS + N]NJKNL (PkIlKP];]ZL +2 permutations) (463)

Let us consider single-field inflation. Using the fact that Ny = H/ q.S, one gets that

Nop _ 1 d . (H _Ho\ 1 ¢ (H 6\ _ .
Z\@]\@QS(RN(ZB((ZS 92)2>X¢XH2<H2 H¢>( €+77 6)*77 2¢. (464)



This incomplete result makes intuitive sense since the slow-roll parameters characterize deviations of the
inflaton from a free field. To get the the full result behavior, let us consider Eq. (463) restricting ourselves to

the one-single field case. Then

Be(k1, ko, k) = ]\f(;Z’Bl‘flkzﬂ,ﬁ3 + N¢2>N¢¢ (P?(k1)P?(k2) + 2 permutations) . (465)

At first-order we have (M)S) ~ (H/2m). However at second-order there is a local correction to the amplitude
of vacuum fluctuations at Hubble exit due to first-order perturbations in the local Hubble rate H(¢). This is
determined by the local scalar field value due to longer wavelength modes that have already left the horizon
. , e 43k
(0) = Ho) + H'©) [ 500 (466)
o (2m)
where k. is the cut-off wavenumber which selects only long wavelength perturbation at horizon crossing. Thus

for a mode k1 ~ ko > k3 one can write at second-order

H' [*e &k
H o (2m)?
where k1 ~ ko > k.. The bispectrum for the inflation field therefore reads in the squeezed limit

S o 00y 1, (467)

H/
Bl ok, = (06000)00)) + (061001 00,)) = (2m)°6@) (ka + ko + k)25 P4 (k) P ()

12

—2¢ (Z) (27)36®) (k1 + ko 4 kg) P?(ks)P? (k1)
= —2eN,(27)36®) (ky + ko + k3) P?(k3) P? (k) . (468)

Using Eq. (464) we then get

Be(ky ko, ks) = (2m)%6®) (k1 + ko + k) [—2eN P2 (k3)P? (k1) + 2(n — 2€) P (ks) P (k1))
= (21— 6e)P*(ks)P* (k1)
= (ng - 1)PC(1€3)PC(/€1) (469)
and we have obtained a (n¢ — 1) suppression. In fact this result is more general is valid for any type of

single-field models (for instance even for those without a canonical kinetic term) as long as the inflaton is the

only degree of freedom present

(Cir CiaCica) = (2)30P) (ky + ko + k) (e — 1) P< (k1) PC(K3) |- (470)

lim
k3—0

Eq. (470) states that the squeezed limit of the three-point function for single-field inflation,as well as the
corresponding fi¢, is always suppressed by (1 — n¢). A detection of a large enough non-Gaussianity in the
squeezed limit can therefore rule out single-field inflation altogether. let us see how to get the result (470) in
general. Let us take a mode with long wavelength k7. The corresponding curvature perturbation (i, rescales

the spatial coordinates (or changes the effective scale factor) within a given Hubble patch

ds? = —dt? + a®(t)e 2 dx?. (471)
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The two-point function ((k,Ck,), with k1 ~ ko > ks = kp, will depend on the value of the background
fluctuations (i, already frozen outside the horizon. In position space the variation of the two-point function

given by the long-wavelength fluctuations (y, is at linear order

0 d

3 (C@)¢(0)) - G = —a—(C(2)¢(0)) - G - (472)

To get the three-point function one multiplies Eq. (472) by (1, and average over it. Going to Fourier space

gives Eq. (470).

20.2 Non-Gaussianity in multiple field models

If we depart from single-field inflation models, where the interactions are limited by the requirement that
the flatness of the potential is not spoiled, one can construct models where non-Gaussianity can be sizable.
In models like the curvaton mechanism or inhomogeneous reheating non-Gaussian fluctuations are generated
thanks to an extra field other than the inflaton. Let us describe in some detail the curvaton case. We
expand the curvaton field up to first-order in the perturbations around the homogeneous background as

o(1,%x) = 0o(7) + do, the linear perturbations satisfy on large scales

" / 2 82‘/
0" +2Hoo" +a*—— 00 =0. (473)
Oo?

As a result on super-Hubble scales its fluctuations do will be Gaussian distributed and with a nearly scale-
invariant spectrum given by

1 H,
P (k) ~ 5

where the subscript * denotes the epoch of horizon exit k = aH. Once inflation is over the inflaton energy

(474)

density will be converted to radiation (y) and the curvaton field will remain approximately constant until
H? ~ m?Z. At this epoch the curvaton field begins to oscillate around the minimum of its potential which can

2

be safely approximated to be quadratic V' ~ %m o“. During this stage the energy density of the curvaton

2
o
-3

field just scales as non-relativistic matter p, o< a™°. The energy density in the oscillating field is
po(T, %) ® m2o?(1,x), (475)
and it can be expanded into a homogeneous background p,(7) and a second-order perturbation dp, as
0o (T, X) = po(T) + 0po (T, %) = m20 + 2m?2 o 5 + m2do?. (476)
The ratio dc/c remains constant and the resulting relative energy density perturbation is
0ps _, (6) N (6) (477)
Pa 9/« 9/«

where the * stands for the value at horizon crossing. Such perturbations in the energy density of the curvaton
field produce in fact a primordial density perturbation well after the end of inflation and a potentially large

NG.
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During the oscillations of the curvaton field, the total curvature perturbation can be written as a weighted

sum of the single curvature perturbations

C=(1=f)¢+ [, (478)
where the quantity
3po
=7 479
f 4py + 3po (479)

defines the relative contribution of the curvaton field to the total curvature perturbation. Working under
the approximation of sudden decay of the curvaton field. Under this approximation the curvaton and the

radiation components p, and p, satisfy separately the energy conservation equations

Py = —4Hp,,
po = —3Hps (480)

and the curvature perturbations (; remains constant on super-Hubble scales until the decay of the curvaton.
In the curvaton scenario it is supposed that the curvature perturbation in the radiation produced at the end

of inflation is negligible. From Eq. (478) the total curvature perturbation during the curvaton oscillations is

given by
. fbpe So 5o\ 2

C—f@—spo—?)[z(a)ﬁ(a)*}’ sy

from which we deduce that
3

(=(+ E(Cg —(G2)), = (2f/3)(00/0)s, (482)

and therefore
5
G- (483)

We discover that the NG can be very large if f < 1. Furthermore, the NG is of the local type. This is because
it is generated not at horizon-crossing, but when the fluctuations are already outside the horizon.

It is nice to reproduce the same result with the 0 N formalism [67]. In the absence of interactions, fluids
characterized by well-defined equation of state (for radiation P, = p,/3) or for the non-relativistic curvaton
(P, = 0), there are the conserved curvature perturbations (notice again a change of an irrelevant sign from
Eq. (261))

1 Pi d[)z'
i =0N + - —_— 484
G=OoN+ 3 /ﬁi pi + Pi(pi) (484)

If the curvaton decays on a uniform-total density hypersurface corresponding to H =T'; i.e., when the local

Hubble rate equals the decay rate for the curvaton (assumed constant), then on this s hypersurface we have

Py (tdem X) + Po (tdem X) = ﬁ(tdec) . (485)

The quantity ¢ is conserved after the curvaton decay since the total pressure is simply P = p/3.

99



However, the local curvaton and radiation densities on the decay surface are perturbed

1 p
G = <+1n<”), 486
vy 4 p’y ( )

1 Po
- = ~In{— ], 487
G = crym(2) (487)

or, equivalently,

py = pyet e, (488)
po = paedl—O, (489)

Imposing that total density is not perturbed on the decay surface, we obtain the relation
(1— Qa7dec)€4(<"_o + deece?)(ca—o =1, (490)

where Q5 dec = po/(P~y + po) is the dimensionless density parameter for the curvaton at the decay time.
Let us consider the simplest possible scenario, where the curvature perturbation in the radiation fluid

before the curvaton decays is negligible, i.e., (; = 0. Eq. (490) reads

e — [Qg7decegg”} eS + [Qo.dec —1] =0. (491)
At first-order Eq. (490) gives
4(1 = Qo gee)¢M = 3 aec (¢S = ¢V, (492)
and hence we can write
¢M = eV, (493)
where
3Qa ec 3_0
f dec _ 9P . (494)

B 4— Qo',dec B 3/30' + 4ﬁ’y tdec
At second order Eq. (490) gives

4(1 = Qoaee)(® = 16(1 = Qoaec)(V? = 320aee (¢F) = () + 9%, aec (5 = ()2, (495)
and hence
3
(2 — (1)2 496
¢ = o2, (496)

which gives again Eq. (483).
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Conclusions

Along these lectures, we have learned that a stage of inflation during the early epochs of the evolution of the
universe solves many drawbacks of the standard Big-Bang cosmology, such as the flatness or entropy problem
and the horizon problem. Luckily, despite inflation occurs after a tiny bit after the bang, it leaves behind

some observable predictions:

o The universe should be flat, that is the total density of all components of matter should sum to the
critical energy density and ¢ = 1. The current data on the CMB anisotropies offer a spectacular

confirmation of such a prediction. The universe appears indeed to be spatially flat.

e Primordial perturbations are adiabatic. Inflation provides the seeds for the cosmological perturbations.
In one-single field models of inflation, the perturbations are adiabatic or curvature perturbations, i.e.
they are fluctuations in the total energy density of the universe or, equivalently, scalar perturbations to
the spacetime metric. Adiabaticity implies that the spatial distribution of each species in the universe
is the same, that is the ratio of number densities of any two of these species is everywhere the same.

Adiabatic perturbations in excellent agreement with the CMB data [4].

e Primordial perturbations are almost scale-independent. The primordial power spectrum predicted by
inflation has a characteristic feature, it is almost scale-independent, that is the spectral index n. is
very close to unity. Possible deviations from exact scale-independence arise because during inflation

the inflaton is not massless and the Hubble rate is not exactly constant.

e Primordial perturbations are nearly gaussian. The fact that cosmological perturbations are tiny allow
their analysis in terms of linear perturbation theory. Non-gaussian features are therefore suppressed
since the non-linearities of the inflaton potential and of the metric perturbations are suppressed. Non-
gaussian features are indeed present, but may appear only at the second-order in deviations from the
homogeneous background solution and are therefore small. This is rigorously true only for one-single
field models of inflation. Many-field models of inflation may give rise to some level of NG [10]. If the
next generation of observations we will detect a non-negligible amount of primordial NG, this will rule

out one-single field models of inflation.

e Production of gravitational waves. A stochastic background of gravitational waves is produced during
inflation in the very same way classical perturbations to the inflaton field are generated. The spectrum
of such gravitational waves is again flat, i.e. scale-independent and the tensor-to-scalar amplitude
ratio r is, at least in one-single models of inflation, related to the spectral index nr by the consistency
relation r = —8np. A confirmation of such a relation would be a spectacular proof of one-single field
models of inflation. The detection of the primordial stochastic background of gravitational waves from
inflation is challenging, but would not only set the energy scale of inflation, but would also give the

opportunity of discriminating among different models of inflation [5, 37].
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