Microlensing and M ACHO searches

Suppose a massive particle with velocity v is incident, with impact parameter b, on a
fixed deflector of mass M. The deflection angle ¢ due to scattering of this particle via
gravitational interaction with the deflector can be computed via classical scattering theory,
finding ¢ = 2GM/bc?® in the limit as v — ¢. The proper relativistic treatment for the
deflection of light yields twice this value, ¢ = 4G M /bc?.

(a) Using this result, show that light received at your detector from a background
source (with an intermediate lens of mass M) is focused and amplified due to
this gravitational lensing effect, by a factor:
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Here rp = \/GMd/c? is the Einstein radius, M is the mass of the “lens”, and d =

4dydy/(dy + dg), where d; is the distance from the lens to the source plane, and ds is the
distance from the lens to the observer. You may assume that all the relevant angles are small,
and treat the deflection of the light as occurring abruptly at an infinitely thin “deflection
plane”. This deflection plane is defined by drawing a line between the star and the source,

and then considering the plane perpendicular to this line that intersects the lens.
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Hint: Consider first the relationship between the impact parameter and the dis-
tance r between the lens and the point of deflection.  Once you have obtained
this relation, consider how the shape and size of a telescope aperture (as seen
from the star) would be distorted by the lensing. You may find Paczynski 1986
(http://adsabs.harvard.edu/cgi-bin/nph-bibquery?bibcode=1986ApJ...304....1P)

useful — however, you may not use the relations in that paper without proof.



Solution: In terms of the figure, we can write the deflection angle as A8 = 0; + 0, =

T+ 5%, where we have made a small-angle approximation. Setting ro =0 (so the lens is

along the line of sight), we have 4AGM/r = A = -+, ie 7= VAGMdydy/(dy + do) = 1.

This is the perceived position of a point object directly behind the lens.
Note: in the literature, you will sometimes see the Einstein “radius” defined as , /%.
Notice that this is actually a dimensionless angular distance 0g, which is simply related to

re by rg = do0g, the usual relation between angular and linear distances.

For general ry, we have 4GM = r(r —r¢)(dy +ds)/(d1dy), i.e. 15 = r(r —ro). This yields,
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These solutions correspond to the light ray passing “above” or “below” the lens in the
figure.

To compute the amplification of light from the source, the relevant question is what
fraction of light from the source enters the aperture of your detector, relative to the case
with no gravitational lensing. One way to work this out is to turn the problem around and
ask how large the detector looks from the point of view of the source.

Consider an infinitesimal circular aperture. We define “vertical” to mean the perpendic-
ular direction from the lens to the line joining the star and the observer (as shown in the
figure), and “horizontal” to mean the direction perpendicular to both this line and the star-
observer line. Suppose the vertical size of the aperture means that the impact parameter rg
now has a range ro £ d. The ratio of § to the radius of the aperture must be the same as
dy/(dy + ds), so we can write the radius of the aperture as §(dy + dy)/ds.

For the solution where the light curves “above” the lens, the top of the aperture, at the
deflection plane, appears to be at r, =1, (ro+0) =r.(ro) + 9 ‘Z%. Likewise the bottom of

the aperture is at ry = ry(ro — ) = r.(rg) — 6%. The vertical height of the aperture is

thus:
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The result is exactly the same for the other image, replacing ’1+ —
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The aperture is “squashed” in the vertical direction.

Now consider rays defining the horizontal edges of the aperture. If we write their horizon-
tal separation at the deflection plane as 2z, then 2x/r = 26 /ry (since ¢ is defined in terms
of the spacing between the lines traced from the edges of the aperture to the star, and the
distance from the lens to that point is ry, whereas the distance from the lens to the deflection
point is 7). Thus the aperture is “stretched” in the horizontal direction by a factor |r/r|.

The magnification factor is given by the product of the horizontal and vertical factors.

Since there are two images (corresponding to ry and r_), we need to add their contributions

together.
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Writing u = b/rg = r¢/rg, we have:
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This is the required result.

(b) If the dark matter is composed (partly or fully) of massive compact objects, like black
holes, then when these objects pass between Earth and background stars, we expect to see
transient magnification of the background stars due to gravitational lensing. This fact has
been used to place limits on such Massive Compact Halo Objects, or MACHOs, and the
possibility that they could constitute the dark matter.

Assume that the dark matter halo density follows p oc 1/r? (for the scales relevant to this

problem, this is a reasonable approximation). The Milky Way’s circular velocity in the flat



part of the rotation curve is v ~ 220 km/s. The Large Magellanic Cloud is roughly 50kpc
away, whereas we are 8.5kpc away from the Galactic Center; the angle between the LMC

and our line of sight to the Galactic Center is o = 82°.

From (a), we see that the magnification is large when u < 1, i.e. the impact parameter
is small compared to rg. For simplicity, assume that any MACHO whose Einstein radius
completely crosses the LMC causes a microlensing event. Estimate the frequency of
gravitational microlensing events of a single star in the Large Magellanic cloud,
due to MACHOs in the Galactic halo, as a function of the MACHO mass (assum-
ing the MACHOs constitute all the dark matter, and all have the same mass). Rather than
integrate over the Boltzmann distribution, you can just take the tangential velocity of the
MACHOEs to be equal to the circular velocity; you can similarly ignore other O(1) factors in
the calculation.

If we can monitor a million stars, roughly how many events caused by solar-
mass MACHOs would we expect to see in a year? (Note that this will involve evalu-
ating an integral numerically - to understand the scaling, it is helpful to take all dimensionful
factors out the front, so the integral becomes simply a dimensionless number.)

Solution: The Einstein radius rp = vVGMd, taking units where ¢ = 1; we will write
d = 4r(Rume — )/ Rume, where 7 is the distance from Earth to the MACHO (we will need
to integrate over this variable), and Ry is the fixed distance from Earth to the LMC.

Consider those MACHOs crossing the line-of-sight to the LMC at a distance r from
the Earth; if they are moving with tangential velocity v, the number of MACHOs crossing
within an Einstein radius rg of the line-of-sight in a time At will be given approximately
by n(r)(2rg)dr(vAt). Integrating over the Earth-MACHO distance r yields a total crossing
rate (dividing by At):
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Now n(r) = n(y/r? + 4 — 2rre cosa), where r is the Galactocentric radius of the Sun

(8.5 kpc) — the argument here is the distance between the MACHO and the Galactic center.
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Taking p oc 1/77,, (where 74, is the distance to the Galactic center), writing p(rga) = A/r

we find:
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so A = v?/4xG. Thus the crossing rate is:
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where we have defined 7 = r/Rpyc. Performing the integral numerically we find a crossing

rate:
o3 M ~1/2 M ~1/2
097T————— ~6x 107" x (—) events/s ~ 2 x 107% x <—> events/vyear.
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So if we can monitor a million stars, we expect to see a few crossing events per year.



