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short-distance effects

To close the system, we must provide information on the short-distance effects

M.P., G. Mangano, N. Saviano, M. Viel, 1108.5203,  Carrasco, Hertzberg, Senatore,1206.2976 .... 
Buchert, Dominguez, ’05, Pueblas Scoccimarro, ’09, Baumann et al. ’10



Single stream approximation

Set �ij = !ijk = · · · = r⇥ v = 0 …+ no higher moments, no 
vorticity,…
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Linear order solution
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Solution :

growing/decaying mode

For EdS  (ΩM=1):
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Compact notation
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The continuity+Euler+Poisson system reads:
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SPT=Iterative solution

gab(⌘) =

✓
3/5 2/5
3/5 2/5

◆
+ e�5/2 ⌘

✓
2/5 �2/5
�3/5 3/5

◆�
⇥(⌘) linear propagator

linear solution'(1)
1 (k, ⌘) = '(1)

2 (k, ⌘) ⌘ '(1)(k)
<latexit sha1_base64="27uonoeK2RJmIYpafS/URj/OmYo="></latexit>

… 

'(n)
a (k, ⌘) = en⌘Ik,q1,··· ,qn F (n)

a (q1, · · · ,qn)'
(1)(q1) · · ·'(1)(qn)

<latexit sha1_base64="orNIKXT4sqcK1DGsogs9ItS/WkE="></latexit>

nth order solution

'(2)
a (k, ⌘) =

Z ⌘

0
ds gab(⌘ � s) es Ik,q,p�bcd(k,q,p)'

(1)
c (q, s)'(1)

d (p, s)

2nd order solution= e2⌘Ik,q1,q2 F
(2)
a (q1,q2)'

(1)(q1)'
(1)(q2)

<latexit sha1_base64="+bjfUXk+IzaGetm7503t8FGadvc="></latexit>

 
Ik,q1,··· ,qn ⌘

Z
d3q1
(2⇡)3

· · · d3qn
(2⇡)3

�D(k�
nX

i=1

qi)

!



If the initial conditions are gaussian, then only correlators 
involving an even number of initial fields are non-vanishing
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Computation of the Power Spectrum
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B. Standard Eulerian perturbation theory

Perturbation theory consists of writing the density and velocity fields as a series of terms of at least formally
increasing order of smallness, i.e., δ = δ1 + δ2 + δ3 + .... The evolution equations are solved order-by-order, with lower
order solutions appearing as sources in the higher order equations so that δn is of order δn

1 [12]. The power spectrum
for Gaussian initial conditions is given by

〈δ(k)δ(k′)〉 = 〈δ1(k)δ1(k
′)〉 + 〈δ1(k)δ3(k

′)〉 + 〈δ3(k)δ1(k
′)〉 + 〈δ2(k)δ2(k

′)〉 + ... (7)

where no terms 3rd order in δ1 appear because the expectation value of any term cubic in a Gaussian field is zero.
At this point I assume an Einstein-de Sitter Universe for simplicity, and define

P (k, τ) = D2(τ)P11(k) + D4(τ) [P13(k) + P22(k)] + ... , (8)

where D(τ) = δ1(τ)/δinitial is the linear theory growth factor. The Einstein-de Sitter assumption is needed to
avoid more complicated time dependence of P13 and P22, but the real Universe is of course not Einstein-de Sitter.
Fortunately, this is not a significant problem because, to percent level accuracy [28, 60, 61, 62, 63, 64, 65, 66], the
effect of changing the background model can be included by simply using the correct linear growth factor in Eq. (8). I
will sometimes refer to P13 and P22 as 2nd order, meaning in the initial power spectrum amplitude, not to be confused
with the fact that they are 4th order in δ1 and require calculating the evolution of δ to 3rd order, i.e., δ3. [67] derived
the following useful form of the equations for P13(k) and P22(k):

P13(k) =
k3P11(k)
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3r + 7x − 10rx2
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Note that, due to many cancellations, these terms are not as divergent as they might appear at first glance, their sum
being convergent at high k for power law P11(k) with n = d lnP/d ln k < −1 and at low k when n > −3 [67]. Their
sum is zero for n $ −1.4 [12], a fact that will have interesting consequences for our RG calculation.

C. Renormalization group improvement

The problem with the standard calculation outlined in §II B, which leads us to renormalization, is that the 2nd
term in Eq. (8) diverges relative to the first (although it does not literally become infinite for realistic power spectra),
at increasingly large scales (small k) as time progresses. This divergence is not exactly unphysical – we expect non-
linearities to become important during gravitational collapse – however, the basic premise of perturbation theory is
violated when higher order terms become large. There is no a priori reason to expect the results to be accurate. I
employ a renormalization group calculation to cure this divergence. I start in §II C 1 with a quick derivation motivated
by the method of [43]. Then I discuss the mathematical background, physical interpretation, approximations, and
limitations of the method in §II C 2.

1. Simple calculation

To simplify the presentation of the calculation, I rewrite Eq. (8) in a more compact, schematic form,

P̃ (k, τ) $ PL(k) + A
[

P 2
L

]

(k) , (11)

where A ∝ D2(τ), P̃ (k, τ) ≡ P (k, τ)/A, PL(k) is the initial condition power, and [P 2
L](k) ≡ P13(k) + P22(k) is the

higher order correction term, which is quadratic in PL(k), as given by Eqs. (9) and (10). I now follow the method
described in [43] to deal with the problem of the 2nd order term becoming large (deferring a detailed explanation of
the meaning of this method to §II C 2). I rewrite A = A − A! + A!, where A! is just an arbitrary constant, so that

P̃ (k, τ) = PL(k) + A!

[

P 2
L

]

(k) + (A − A!)
[

P 2
L

]

(k) . (12)
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linear PS: output from CAMB, CLASS, …

Cosmology information in                  and P11(k)
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Integrals to be performed numerically for 𝝠CDM… 
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Example: 1-loop correction to the density power spectrum:
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P (k, ⌧) = D2(⌧)P11(k) +D4(⌧) [P22(k) + P13(k)]



FFTLog approach
Simonovic et al 1708.08130

dimensionality. This poses a direct challenge to our ability to interrogate large datasets and one

that merely more and faster computers will not address.

In order to simplify and speed up loop calculations we require new ideas, new strategies, to

approach the problem. One inspiring idea, developed in [9] and [10], is to use Fast Fourier Trans-

form (FFT) for e�cient evaluation of the one-loop power spectrum. After first “deconvolving”

the lowest order PT solutions, and performing all angular integrals, the one-loop expressions

reduce to a set of simple one-dimensional integrals that can be e�ciently evaluated using FFT.

Unfortunately, deconvolving higher order perturbative solutions and extending this approach to

the one-loop bispectrum or the two-loop power spectrum proves to be challenging [11].

In this paper we build on ideas of [9, 10] but choose a slightly di↵erent strategy which allows

us to go beyond the one-loop power spectrum. Let us briefly sketch the main idea behind our

proposal. Prior to doing any integrals, the linear power spectrum is expanded as a superposition

of ideal self-similar power-law cosmologies. This is naturally accomplished using FFT in log k.

Given some range of wavenumbers of interest, from kmin to kmax, the approximation for the linear

power spectrum with N sampling points is [9, 12]

P̄lin(kn) =

m=N/2X

m=�N/2

cm k⌫+i⌘m
n , (1.1)

where the coe�cients cm and the frequencies ⌘m are given by

cm =
1

N

N�1X

l=0

Plin(kl) k�⌫
l k�i⌘m

min e�2⇡iml/N , ⌘m =
2⇡m

log(kmax/kmin)
. (1.2)

Notice that the we denote the approximation for the linear power spectrum with P̄lin(k), while

eq. (1.2) uses the exact linear power spectrum Plin(k) to calculate the coe�cients cm. We will keep

using the same notation throughout the paper. The parameter ⌫ is an arbitrary real number. As

we will see, the simplest choice ⌫ = 0 is insu�cient in some applications, so we will use the more

general form of the Fourier transform. In the terminology of [9] we call this ⌫ parameter bias.

Note that the powers in the power-law expansion are complex numbers. In practice, even a small

number of power-laws, O(100), is enough to capture all features of the linear power spectrum

including the BAO wiggles. One important thing to keep in mind is that the Fourier transform

produces the power spectrum that is periodic in log k. Therefore, we will take care to choose kmin

and kmax such that we cover the range of scales where we actually care about the value of the

power spectrum. In other words we are choosing the momentum range where the loop integrals

have the most of the support. However, one always has to be careful about possible contributions

particularly from high k modes or short scales.

Is this a limitation? Absolutely not. At the heart of the EFT understanding is the simple

recognition that the PT idealized description of satisfying fluid-like equations of motion can only

be valid at certain scales. This is much the same as the hydrodynamic description of liquid water

is only valid at certain scales. Attempting to integrate this approximation over scales outside

of its validity introduces non-parametrically controlled errors. Instead the information in the

3

Fourier Transform the PS (with respect to log k)
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Figure 1: One, two and three-loop contributions to the equal-time power spectrum
obtained from a numerical Monte Carlo integration within standard perturbation
theory at z = 0. The linear power spectrum is obtained from the initial power
spectrum from CAMB [20] using the ΛCDM model with WMAP5 parameters.
For the three-loop order, the error bars show an estimate for the numerical error
obtained by multiplying the error output of the CUBA routine Suave by a factor
of two. The relative error is ≤ 0.002 for k ≤ 0.55 h/Mpc. The black diamonds
and grey crosses correspond to two different parametrizations of the absolute loop
momenta (see App. A).

scales. For even larger momentum k, one observes that each loop contri-
bution features the expected behavior (3.2) with a logarithmic enhancement
compared to the linear spectrum. But also in this regime, the loop expansion
appears to be divergent.

The picture might change if one goes to larger redshift z, where the
expansion parameter can be efficiently suppressed since σ2

l ∝ D+(z)2 ∼ (1 +
z)−2. In Figs. 2 and 3 we show some comparisons between our three-loop
SPT results (black lines and diamonds) and N-body simulations (red dots,
Horizon Run 2 [27]) for various redshifts (see App. C for further details). For
large redshift (z ! 1.75) the three-loop contribution may lead to an improved
agreement with the N-body data, while it clearly degrades the agreement
compared to the two-loop at lower redshifts. The same happens for the two-
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Given some range of wavenumbers of interest, from kmin to kmax, the approximation for the linear

power spectrum with N sampling points is [9, 12]

P̄lin(kn) =

m=N/2X

m=�N/2

cm k⌫+i⌘m
n , (1.1)

where the coe�cients cm and the frequencies ⌘m are given by

cm =
1

N

N�1X

l=0

Plin(kl) k�⌫
l k�i⌘m

min e�2⇡iml/N , ⌘m =
2⇡m

log(kmax/kmin)
. (1.2)

Notice that the we denote the approximation for the linear power spectrum with P̄lin(k), while

eq. (1.2) uses the exact linear power spectrum Plin(k) to calculate the coe�cients cm. We will keep

using the same notation throughout the paper. The parameter ⌫ is an arbitrary real number. As

we will see, the simplest choice ⌫ = 0 is insu�cient in some applications, so we will use the more

general form of the Fourier transform. In the terminology of [9] we call this ⌫ parameter bias.

Note that the powers in the power-law expansion are complex numbers. In practice, even a small

number of power-laws, O(100), is enough to capture all features of the linear power spectrum

including the BAO wiggles. One important thing to keep in mind is that the Fourier transform

produces the power spectrum that is periodic in log k. Therefore, we will take care to choose kmin

and kmax such that we cover the range of scales where we actually care about the value of the

power spectrum. In other words we are choosing the momentum range where the loop integrals

have the most of the support. However, one always has to be careful about possible contributions

particularly from high k modes or short scales.

Is this a limitation? Absolutely not. At the heart of the EFT understanding is the simple

recognition that the PT idealized description of satisfying fluid-like equations of motion can only

be valid at certain scales. This is much the same as the hydrodynamic description of liquid water

is only valid at certain scales. Attempting to integrate this approximation over scales outside

of its validity introduces non-parametrically controlled errors. Instead the information in the
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2 One-loop Power Spectrum

Let us first consider the simplest case—the one-loop power spectrum. In perturbation theory

there are two di↵erent one-loop contributions. Using the usual approximation in which the time

dependence is separated from k dependence (for a review see [8]), the one-loop power spectrum

reads

P1�loop(k, ⌧) = D4(⌧)[P22(k) + P13(k)] , (2.1)

where ⌧ is conformal time, D(⌧) is the growth factor for matter fluctuations and the two terms

in the square brackets are given by

P22(k) = 2

Z

q
F 2

2 (q,k � q)Plin(q)Plin(|k � q|) , (2.2)

P13(k) = 6Plin(k)

Z

q
F3(q,�q,k)Plin(q) , (2.3)

where
R
q ⌘

R d3q
(2⇡)3 . Diagrammatic representation of these two contributions is shown in Fig. 1.

The explicit form of kernels Fn can be calculated using well-known recursion relations [8]. One

important point is that it is always possible to expand kernels in (2.2) and (2.3) in integer powers

of k2, q2 and |k � q|2. For example,

F2(q,k � q) =
5

14
+

3k2

28q2
+

3k2

28|k � q|2
�

5q2

28|k � q|2
�

5|k � q|2

28q2
+

k4

14|k � q|2q2
. (2.4)

A similar expression can be found for F3(q,�q,k).2 If we further decompose Plin(k) in power

laws using (1.1), the one-loop power spectrum becomes a sum of simple momentum integrals of

the following form Z

q

1

q2⌫1 |k � q|2⌫2
⌘ k3�2⌫12 I(⌫1, ⌫2) , (2.5)

where ⌫1 and ⌫2 are in general complex numbers.
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Figure 1. Diagrammatic representation of two contributions to the one-loop power spectrum.

As we already mentioned, the form of the integral is identical to the one-loop massless two

point function in QFT. The only di↵erence is that in this case the powers of the “propagators”

2In the expansion of F3(q,�q,k) some terms contain |k + q|2. Given that the kernels are always integrated

over q, one is allowed to do the following change of coordinates q ! �q and bring these terms to the same form

as in (2.4)
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The 1-loop integral 
becomes a combination of

are complex numbers rather than integers. Still, the unknown dimensionless function I(⌫1, ⌫2)

can be easily calculated using the standard technique with Feynman parameters. The result is a

well known expression [13, 14]

I(⌫1, ⌫2) =
1

8⇡3/2

�(3
2 � ⌫1)�(3

2 � ⌫2)�(⌫12 �
3
2)

�(⌫1)�(⌫2)�(3 � ⌫12)
, (2.6)

were ⌫12 = ⌫1 + ⌫2 (throughout the paper we adopt the following notation ⌫1...n ⌘ ⌫1 + · · ·+ ⌫n).

Notice that, thanks to the analytic continuation, I(⌫1, ⌫2) gives a finite answer even for the

values of parameters for which the integral is formally divergent. In practice, breaking the loop

calculation into many pieces can lead to some divergent terms. However, as long as the total

sum is well defined and finite, for at least some power-law cosmology Plin(k) ⇠ k⌫ , by analytic

continuation it is guaranteed that eq. (2.6) gives the correct answer.

Sometimes the condition that the integral at hand is convergent for at least some power-law

power spectrum cannot be met, and one has to use eq. (2.6) with some care. For example,

the function I(⌫1, ⌫2) vanishes if one of the arguments is zero (or a negative integer). Apply-

ing (2.6) blindly would lead in these cases to paradoxical results. For instance, after power-law

decomposition of the linear power spectrum, eq. (2.6) would imply

Z 1

0
dq Plin(q) = 0 , (2.7)

which is obviously the wrong answer. This is a consequence of the well known statement that in

dimensional regularization all power-law divergences vanish:
R
q q⌫ = 0.3

Similar issues can appear in calculating loop diagrams. Luckily, for a ⇤CDM-like cosmology,

they can be always easily fixed. Let us imagine that the integral we are interested in is divergent

for a given bias ⌫. Then, if the integral diverges in the UV(IR), one has to find the UV(IR)

limit of the integrand. This can be easily done fixing all external momenta and sending the loop

momentum to infinity(zero). This limit always has the form of eq. (2.7) and it would be set to

zero by dimensional regularization. Therefore, to get the correct answer, one simply has to add

the UV(IR) contribution by hand. In the following sections we will give more details for each

specific case we consider.

Let us also point out that all UV divergences have a well defined momentum dependence. This

momentum dependence is the same as for the counterterms in the EFTofLSS. Therefore, one can

proceed without explicitly adding the UV-dependent terms to the loop calculation. The only

e↵ect of this choice is to change the usual values of the counterterms. In this sense we can say

that eq. (2.6) calculates only the “finite” part of the loop integral. As expected, the counterterms

absorb all UV-dependent pieces.
3More precisely, this integral is related to a delta function [15]. A change of coordinates relates

Z

q

1
q3+2⌫1

=
i

2⇡2
�(⌫1) . (2.8)

To get the consistent results one can use this equation. In practice, there is a much simpler way, as described in

the main text.
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Figure 2. Two contributions to the one-loop power spectrum calculated using direct numerical integration
and eq. (2.23) and eq. (2.31) as described in the main text. Both plots are produced using ⌫ = �0.3,
N = 150, kmin = 10�5 hMpc�1 and kmax = 5 hMpc�1. For these values of parameters the sum of two
terms di↵ers from the numerical one-loop power spectrum by less than 0.1% at all scales.

Before turning to results, let us write the explicit formula for P22 diagram. Using (1.1)

and (2.4) we can write the approximation to the P22 diagram in the following way

P̄22(k) = 2
X

m1,m2

cm1 cm2

X

n1,n2

f22(n1, n2) k�2(n1+n2)
Z

q

1

q2⌫1�2n1 |k � q|2⌫2�2n2
. (2.21)

In this expression cm1 and cm2 are the coe�cients in (1.2) and n1 and n2 are integer powers

of q2 and |k � q|2 in the expansion of F 2
2 (q,k � q). Corresponding rational coe�cients in this

expansion are labeled by f22(n1, n2) and they can be read o↵ from (2.4). The complex numbers

⌫1 and ⌫2 are given by

⌫1 = �
1
2(⌫ + i⌘m1) and ⌫2 = �

1
2(⌫ + i⌘m2) . (2.22)

Using the solution for the momentum integral, expression (2.21) can be further simplified and

written in the following way

P̄22(k) = k3
X

m1,m2

cm1k
�2⌫1 · M22(⌫1, ⌫2) · cm2k

�2⌫2 , (2.23)

where the matrix M22(⌫1, ⌫2) is given by

M22(⌫1, ⌫2) =
(3
2 � ⌫12)(

1
2 � ⌫12)[⌫1⌫2(98⌫2

12 � 14⌫12 + 36) � 91⌫2
12 + 3⌫12 + 58]

196 ⌫1(1 + ⌫1)(
1
2 � ⌫1) ⌫2(1 + ⌫2)(

1
2 � ⌫2)

I(⌫1, ⌫2). (2.24)

As we already pointed out, only a single function I(⌫1, ⌫2) is su�cient to calculate the full diagram.

Thanks to the recursion relations (2.18), all terms from the expansion of F2 kernels are encoded

in the ⌫-dependent prefactor in matrix M22(⌫1, ⌫2).

One can use eq. (2.23) to calculate the P22 diagram. The result is shown in Fig. 2. As expected,

the agreement with the usual numerical integration is excellent. An important thing to notice
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Performance of Standard PT
P(k, z) = D(z)2P(1)(k) + D(z)4F(1l)(k) + D(z)6F(2l)(k) + ⋯

Diagrammar

b

b

b

a

a

a

c

propagator (linear growth factor):

linear power spectrum:

interaction vertex:

�i gab(⌘a, ⌘b)

PL
ab(⌘a, ⌘b; k)

�i e⌘ �abc(ka, kb, kc)

+ +  2

Example: 1-loop correction to the density power spectrum:

“P22” “P13”

1 1 1 1 1 1

Linear Power spectrum

linear 1-loop

 0.01

 0.1

 1
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 100

 0.001  0.01  0.1  1  10

P(
k,

z=
0)

 [(
h/

M
pc

)-3
]

k [h/Mpc]

Plin
1-loop
2-loop
3-loop kref=k
3-loop log measure

Figure 1: One, two and three-loop contributions to the equal-time power spectrum
obtained from a numerical Monte Carlo integration within standard perturbation
theory at z = 0. The linear power spectrum is obtained from the initial power
spectrum from CAMB [20] using the ΛCDM model with WMAP5 parameters.
For the three-loop order, the error bars show an estimate for the numerical error
obtained by multiplying the error output of the CUBA routine Suave by a factor
of two. The relative error is ≤ 0.002 for k ≤ 0.55 h/Mpc. The black diamonds
and grey crosses correspond to two different parametrizations of the absolute loop
momenta (see App. A).

scales. For even larger momentum k, one observes that each loop contri-
bution features the expected behavior (3.2) with a logarithmic enhancement
compared to the linear spectrum. But also in this regime, the loop expansion
appears to be divergent.

The picture might change if one goes to larger redshift z, where the
expansion parameter can be efficiently suppressed since σ2

l ∝ D+(z)2 ∼ (1 +
z)−2. In Figs. 2 and 3 we show some comparisons between our three-loop
SPT results (black lines and diamonds) and N-body simulations (red dots,
Horizon Run 2 [27]) for various redshifts (see App. C for further details). For
large redshift (z ! 1.75) the three-loop contribution may lead to an improved
agreement with the N-body data, while it clearly degrades the agreement
compared to the two-loop at lower redshifts. The same happens for the two-
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Figure 2: Comparison at redshifts z = {0, 0.375, 0.833, 1.75} of SPT up to one
loop (black dashed lines), two loops (black dot-dashed) and three loops (black
diamonds) with N-body results of the Horizon Run 2 [27] (red dots, see App. C).
The black line corresponds to the linear result. We also show the results of Padé
resummation (same styles as for SPT but in blue, see Sec. 4); at z = 0 the blue
and black dashed line lie on top of each other.

loop at even smaller redshifts and at small momenta. This indicates that for
any redshift, adding loop contributions improves the agreement only up to a
certain order, as typically expected for asymptotically converging series.

In general, in such a situation, one expects that the partial sum up to
the smallest term yields the most accurate estimate of the full result, with
a theoretical uncertainty of the order of the smallest term. For a realistic
initial power spectrum, this indicates that the power spectrum at z ! 1 can
be estimated with SPT at most to an accuracy of the order of the two-loop
contribution (e.g. P2−loop/Plin ! 6% at z = 0 and k = 0.1 h/Mpc).

As already emphasized, this does not mean that it is in principle impos-
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Figure 2: Comparison at redshifts z = {0, 0.375, 0.833, 1.75} of SPT up to one
loop (black dashed lines), two loops (black dot-dashed) and three loops (black
diamonds) with N-body results of the Horizon Run 2 [27] (red dots, see App. C).
The black line corresponds to the linear result. We also show the results of Padé
resummation (same styles as for SPT but in blue, see Sec. 4); at z = 0 the blue
and black dashed line lie on top of each other.

loop at even smaller redshifts and at small momenta. This indicates that for
any redshift, adding loop contributions improves the agreement only up to a
certain order, as typically expected for asymptotically converging series.

In general, in such a situation, one expects that the partial sum up to
the smallest term yields the most accurate estimate of the full result, with
a theoretical uncertainty of the order of the smallest term. For a realistic
initial power spectrum, this indicates that the power spectrum at z ! 1 can
be estimated with SPT at most to an accuracy of the order of the two-loop
contribution (e.g. P2−loop/Plin ! 6% at z = 0 and k = 0.1 h/Mpc).

As already emphasized, this does not mean that it is in principle impos-
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Figure 12. Comparison between the best fitting model and the BOSS DR12 measurements in the three redshift bins used in this analysis.
The errors on the data points are the diagonal of the corresponding covariance matrix. The red line represents the best fitting model to
the SGC, while the black line shows the best fitting model for the NGC. The SGC best fitting model includes a small discreteness e↵ect
mainly visible at small k. The NGC and SGC have been fit simultaneously, using the same cosmological fitting parameters. However,
the SGC and NGC have a separate amplitude nuisance parameter and di↵erent window functions, which leads to the di↵erence between
the red and black line. The reason for having separate nuisance parameters for NGC and SGC are slight di↵erences in the galaxy sample
selection (see section 2 and Alam et al. 2016). See Table 3 for more details.
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Figure 14. The best fitting models (black solid line) of the isotropic BAO analysis compared to the power spectrum monopole measure-
ments (data points). Both the model and the data have been plotted relative to the smooth model, and the data points for NGC and SGC
have been combined using the corresponding covariance matrices (see appendix B). The left panel shows the pre-reconstruction result,
while the right panel presents the post reconstruction result. Similar plots for the NGC and SGC separately are included in appendix A.
See Table 3 for more details.
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Planck Collaboration: The cosmological legacy of Planck
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Fig. 27. Redshift-distance relation measured by BAO surveys,
compared to the predictions of the ⇤CDM model constrained by
Planck. The grey band centred at unity shows the ±1 and ±2�
confidence regions for the Planck prediction, given the remain-
ing uncertainties in the parameters. This is a percent-level pre-
diction of the distance scale. The BAO points are: 6dFGS, green
star (Beutler et al. 2011); SDSS MGS, purple square (Ross et al.
2015); BOSS DR12, red triangles (Alam et al. 2017); WiggleZ,
blue circles (Kazin et al. 2014); SDSS quasars, red circle
(Ata et al. 2018); and BOSS Ly↵, yellow cross (Bautista et al.
2017).

The BAO method also provides measures of distances along
the line of sight, that is, of the Hubble parameter. The cur-
rent best measurements of the BAO feature comes from BOSS
(Dawson et al. 2013), which has surveyed 18.7 Gpc3 of the low-z
Universe and 150 Gpc3 of the z' 2.5 Universe to provide highly
significant detections of the acoustic feature. Figure 28 shows
the comparison in the DM–H space, and we see that the agree-
ment is excellent. The thin contours show the Planck ⇤CDM
predictions, where the geometric degeneracy is evident. Moving
along this line, !m and h are changing in concert to hold ✓⇤ (al-
most) constant. In Fig. 28 the green points show samples from
the Planck TT+lowE chains, while the red points include the
high-` polarization and lensing data. As more data are added
there is a shift towards slightly lower DM and higher H, in bet-
ter agreement with the BAO results. This is also true for adding
polarization and lensing separately (not shown).

The real power of the BAO data becomes apparent, how-
ever, when we open up the parameter space beyond ⇤CDM.
One of the key degeneracies that enters in these extended pa-
rameter spaces is the angular scaling (often called the “geomet-
ric distance degeneracy”), which means that changes in the pa-
rameters that hold the angular diameter distance to the surface
of last scattering fixed20 are only weakly constrained. By pro-
viding a low-redshift distance determination, the BAO measure-
ments largely break this degeneracy. One example is presented
in Fig. 29, which shows the constraints in the ⌦m–⌦K plane.
With only the primary CMB information, the geometric degen-
eracy allows a wide range of solutions. Including CMB lensing
tightens this somewhat, but the highly precise BAO distances
break the degeneracy almost entirely (a similar e↵ect happens

20Or more generally combinations which change r⇤ and the distance
so as to hold ✓⇤ fixed.

with massive neutrinos, as discussed in Sect. 5.3). It is worthy
of note that the constraint on ⌦K has improved by two orders of
magnitude in under two decades.

Looking at this from the point of view of BAO surveys,
Planck fixes rdrag to 0.2 % (for base ⇤CDM), allowing line-of-
sight BAO measurements to be translated into measures of H(z)
on an absolute scale, which is limited only by our uncertainty
about the high-z Universe:

rdrag h

 
⌦m

0.3

!0.4

= (101.056 ± 0.036) Mpc (68 % CL). (10)

This allows BAO experiments to provide a direct measure of the
expansion rate in physical units.

6.4. Clusters and SZ effects

Planck has had a significant impact on the study of
galaxy clusters using the Sunyaev-Zeldovich e↵ect (SZ;
Sunyaev & Zeldovich 1972, 1980; see Carlstrom et al. 2002
for a review). This has contributed to Planck’s cosmolog-
ical legacy, through the statistical properties of the Planck

SZ catalogues and maps, as well as observations of individ-
ual objects. Examples of the former include studies of clus-
ter scaling relations and profiles (Planck Collaboration X 2011;
Planck Collaboration XI 2011; Planck Collaboration XII 2011;
Planck Collaboration Int. III 2013; Planck Collaboration Int. V
2013; Planck Collaboration Int. XI 2013), while an early ex-
ample of the latter was a study of the physics of gas in the
Coma cluster (Planck Collaboration Int. X 2013). Another ex-
ample was the discovery of an exceptionally luminous and
massive cluster at z' 1 via its SZ e↵ect, an object which
was verified in follow-up XMM-Newton observations (see
Planck Collaboration IX 2011; Planck Collaboration Int. I 2012;
Planck Collaboration Int. IV 2013). Figure 30 shows the Planck

SZ map and its XMM-Newton confirmation, with both im-
ages suggesting a surprisingly relaxed cluster for this epoch
(Planck Collaboration XXVI 2011). More generally, the XMM-
Newton follow up of clusters in Planck’s first SZ catalogue
(Planck Collaboration XXIX 2014) was very successful, with 51
new clusters confirmed, spanning the redshift range 0.09 to 0.97
(Planck Collaboration Int. IV 2013).

The SZ legacy catalogue in Planck Collaboration XXVII
(2016) built on the earlier versions (Planck Collaboration VIII
2011; Planck Collaboration XXIX 2014;
Planck Collaboration XXXII 2015). It contains 1 653 de-
tections, of which 1 203 are confirmed clusters with identified
counterparts in external data sets. It was the first SZ catalogue
with more than 1000 confirmed clusters. New detections, rela-
tive to the 2013 catalogue, are shown in the redshift-mass plane
in Fig. 31; these can be seen to fit well with the completeness
contours of the new survey.

The legacy catalogue enabled the subset of clusters that
were used as a sample for cosmology constraints to be sub-
stantially increased compared with the number used in 2013,
with 439 clusters included in 2015 versus 189 in 2013. A
key constraint that emerges from the 2015 cosmology sample
(Planck Collaboration XXIV 2016) is the result for �8 versus
⌦m, shown in Fig. 32. The coloured contours in that figure re-
fer to di↵erent ways of treating the crucial scaling between the
measured cluster Compton distortion parameter, Y500, and the
cluster mass, M500 (both defined within a radius where the mean
enclosed density is 500 times the critical density). This is a com-
plex procedure, in which numerous possible systematic and sta-

39

Planck 2018
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1% error on kbao translates in ~5% error on wde  
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Figure 6. The extractor R[P ](k; ↵̄) applied to the PS computed from N-body
simulations (grey area) and to the TRG result described in the text at redshift z = 1
(left column) and at z = 0 (right column). Di↵erent values of the range parameter
↵̄ and of the binning �k are shown. The grey area corresponds to assuming an error
�Pm
Pm

= 1% in each bin. The parameter n in (36) and (37) has been set to n = 0 We
also show, in blue-dashed lines, the e↵ect of the extractor applied to the linear PS.
For visualisation purposes, the same quantity R[P 0,nw](k), where P 0,nw is the smooth
component of the linear PS, has been subtracted from all the di↵erent R[P ](k).

therefore it is not an alternative to reconstruction, but rather, it provides a parameter

independent procedure to extract BAO information from reconstructed data.

As for the broadband part of the PS, we showed that a 1-loop SPT computation

supplemented with just one UV counterterm gives results in agreement with N-body

simulations up to kmax ⇠ 0.4 h/Mpc for z � 0.5, rapidly degrading at lower redshifts.

We have discussed how to systematically improve our approximation, by including higher

order SPT corrections and more correlators between the UV sources and the density

and velocity fields. The use of time-evolution equations considered here is particularly

fit to deal with models beyond ⇤CDM in which the boradband part of the PS carries a

distinctive signature, like cosmologies with massive neutrinos or based on modified GR,

as the scale-dependence of the growth factor can be directly implemented in the linear

evolution matrix in eq. (3).
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Figure 2. First row: Matter CF in real space, for massless neutrinos, and at redshift
z = 0. The right panel is a zoom of the left panel centered at the BAO peak. The
data points are from our N-body simulations; the red dashed, green solid, and blue
solid lines are, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17), multiplied by R2.
The black solid (dashed) line at small R2⇠ values in the left panel is the di↵erence (5)
between the CF from the FrankenEmu [18] N-body based emulator and ⇠(1) (and ⇠(2)),
also rescaled by R2. The black solid line in the right panel is the FrankenEmu CF,
times R2. Second row: same as in the first row, but at redshift z = 1.

⁄mn = 0.0 eV
z=0.5êz=0

z=1êz=0

z=2êz=0

60 70 80 90 100 110 120
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

R @MpcêhD

R
at
io
xHz
Lêx
Hz=
0L

Figure 3. Ratio between the matter real space CF at two di↵erent redshifts, for
massless neutrinos. The top, middle, and bottom curves in the figure are ratios of CF
at z = 0.5, z = 1, z = 2, respectively, divided by the corresponding CF at z = 0. The
data are ratios between our N-body simulations; the red dashed, green solid, and blue
solid lines are ratios between, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17). The
black solid lines are ratios between CF obtained from the FrankenEmu emulator.
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Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
shift them by � . Note that we do not correct these for
redshift-space distortions. Denote these points by S.
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Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
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Figure 1. Factorization property of a IR vertex insertion.
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Figure 2. Diagrammatic representation of the IR-resummed field at n-th order.

3. IR resummation, lowest order

The IR corrections to the hard field '
h
a(k) are obtained by setting the first line of (19)

and ��ab(q,p) to zero, and solving the equation
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Notice that we have neglected terms of the form (qi · qj)/q2j with respect to (k · qi)/q2i .

Moreover, notice the similarity between the above result and the PT expansion in the

Zel’dovich dynamics. The diagrammatic representation of the n-th order IR corrected

field is given in Fig. 2.

Now we compute the PS corrected by IR e↵ects,
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crucial factorization property:

consequence of Equivalence Principle, true non-perturbatively (more later)
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Figure 2. Diagrammatic representation of the IR-resummed field at n-th order.

3. IR resummation, lowest order

The IR corrections to the hard field '
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a(k) are obtained by setting the first line of (19)
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Notice that we have neglected terms of the form (qi · qj)/q2j with respect to (k · qi)/q2i .

Moreover, notice the similarity between the above result and the PT expansion in the

Zel’dovich dynamics. The diagrammatic representation of the n-th order IR corrected

field is given in Fig. 2.

Now we compute the PS corrected by IR e↵ects,

P
ir

ab(k; ⌘) = h'
h,ir
a (k; ⌘)'h,ir

b (�k; ⌘)i0 , (29)

Notes on IR resummation 5

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k � q
<latexit sha1_base64="gCEJfpuNjwlGKGkvuFIDR6BpoGs="></latexit>

…

q1
<latexit sha1_base64="1RYJR5Jv6YnrVdKYOzTE1YOQMhc="></latexit>

q2
<latexit sha1_base64="+OjehPmaSvcHt47jtRS56kPPgsw="></latexit>

q3
<latexit sha1_base64="cingsrwLI0fe5Yjna/3u/cP95Lw="></latexit>

qn
<latexit sha1_base64="CqVj2fjmYu/f8T1C2tm8XHqPGcQ="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k � q1
<latexit sha1_base64="vZgLKPwpsJ++mBIShaLWHFFN1Fc="></latexit>

k � q1�q2
<latexit sha1_base64="jQG9yr//bGzegIYAabmzvZ+P68M="></latexit> k �

X

i

qi

<latexit sha1_base64="cFQmEw2ryqc79PsonVUAXmlFjKw="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k � q
<latexit sha1_base64="g37RaYKpV0MigmVX3HWzl6uojbk="></latexit>

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

�1/2
<latexit sha1_base64="U9YOTnkFskwmCsEIkspPKDLaDkA="></latexit>

�1/2
<latexit sha1_base64="U9YOTnkFskwmCsEIkspPKDLaDkA="></latexit>

+1
<latexit sha1_base64="c6tTfQTLwVbJOPbO8hAWLRgZIjc="></latexit>

a
<latexit sha1_base64="DRVMZRAvwoABgfWaIfbD0P+qI8s="></latexit> b

<latexit sha1_base64="nYPzuA1rVj3avu9PZ3jXvP0R9zE="></latexit>

c
<latexit sha1_base64="l+yfeE50uTLHtliWxzbHmq2iGMY="></latexit> d

<latexit sha1_base64="Ijvc2mUvsx6VViYUJ50ND07IJD0="></latexit>

�
<latexit sha1_base64="+3ul+qEZ97vC3n8p7L5L9pvZ1DY="></latexit>

�
�

<latexit sha1_base64="qYcaoMyjnFugWyff0Y8ooQU3gh4="></latexit>

�
��

<latexit sha1_base64="C4xySsobjhQEK89dvCPaNLEd6fI="></latexit> = a
<latexit sha1_base64="DRVMZRAvwoABgfWaIfbD0P+qI8s="></latexit> b

<latexit sha1_base64="nYPzuA1rVj3avu9PZ3jXvP0R9zE="></latexit>

�
<latexit sha1_base64="+3ul+qEZ97vC3n8p7L5L9pvZ1DY="></latexit>

�
��

<latexit sha1_base64="C4xySsobjhQEK89dvCPaNLEd6fI="></latexit> ⇥ e
�� k · q

q2
�

(0)(q)
<latexit sha1_base64="OQYG95n6Bi0JItmNxg1o0S+8oZA="></latexit>

Figure 1. Factorization property of a IR vertex insertion.

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k � q
<latexit sha1_base64="gCEJfpuNjwlGKGkvuFIDR6BpoGs="></latexit>

…

q1
<latexit sha1_base64="1RYJR5Jv6YnrVdKYOzTE1YOQMhc="></latexit>

q2
<latexit sha1_base64="+OjehPmaSvcHt47jtRS56kPPgsw="></latexit>

q3
<latexit sha1_base64="cingsrwLI0fe5Yjna/3u/cP95Lw="></latexit>

qn
<latexit sha1_base64="CqVj2fjmYu/f8T1C2tm8XHqPGcQ="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k � q1
<latexit sha1_base64="vZgLKPwpsJ++mBIShaLWHFFN1Fc="></latexit>

k � q1�q2
<latexit sha1_base64="jQG9yr//bGzegIYAabmzvZ+P68M="></latexit> k �

X

i

qi

<latexit sha1_base64="cFQmEw2ryqc79PsonVUAXmlFjKw="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k
<latexit sha1_base64="4Bv//256KcP/mwmr+315N8WyJn8="></latexit>

k � q
<latexit sha1_base64="g37RaYKpV0MigmVX3HWzl6uojbk="></latexit>

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

q
<latexit sha1_base64="ar42+6Rz+2pNYPlF+irX4HiCWGk="></latexit>

�1/2
<latexit sha1_base64="U9YOTnkFskwmCsEIkspPKDLaDkA="></latexit>

�1/2
<latexit sha1_base64="U9YOTnkFskwmCsEIkspPKDLaDkA="></latexit>

+1
<latexit sha1_base64="c6tTfQTLwVbJOPbO8hAWLRgZIjc="></latexit>

Figure 2. Diagrammatic representation of the IR-resummed field at n-th order.

3. IR resummation, lowest order

The IR corrections to the hard field '
h
a(k) are obtained by setting the first line of (19)

and ��ab(q,p) to zero, and solving the equation
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At zeroth order, we get,
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Inserting it at the RHS of the equation above, using gab(⌘)ub = ua, and performing the
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and iterating m-times (m � 1)
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Notice that we have neglected terms of the form (qi · qj)/q2j with respect to (k · qi)/q2i .

Moreover, notice the similarity between the above result and the PT expansion in the

Zel’dovich dynamics. The diagrammatic representation of the n-th order IR corrected

field is given in Fig. 2.

Now we compute the PS corrected by IR e↵ects,

P
ir

ab(k; ⌘) = h'
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b (�k; ⌘)i0 , (29)
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Figure 1. Factorization property of a IR vertex insertion.
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3. IR resummation, lowest order

The IR corrections to the hard field '
h
a(k) are obtained by setting the first line of (19)

and ��ab(q,p) to zero, and solving the equation
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At zeroth order, we get,

'
h,ir(0)
a (k; ⌘) = ua'

(0)(k) . (26)

Inserting it at the RHS of the equation above, using gab(⌘)ub = ua, and performing the

momentum integral in p, and the time integral in ⌘
0, we get
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and iterating m-times (m � 1)
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Notice that we have neglected terms of the form (qi · qj)/q2j with respect to (k · qi)/q2i .

Moreover, notice the similarity between the above result and the PT expansion in the

Zel’dovich dynamics. The diagrammatic representation of the n-th order IR corrected

field is given in Fig. 2.

Now we compute the PS corrected by IR e↵ects,

P
ir

ab(k; ⌘) = h'
h,ir
a (k; ⌘)'h,ir

b (�k; ⌘)i0 , (29)
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Figure 3. Diagrammatic representation of the IR-resummed PS at 1-th order.
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Figure 4. Some contributions to the IR-resummed PS at 2-th order.

where the prime indicates that the overall (2⇡)3�D(0) term has been factored out. At

lowest order we have just the linear PS
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b (�k; ⌘)i0 = P
(0)(k)uaub. (30)

The lowest non-trivial contribution is O((�ir)2), that is, first order in the soft PS P
(0)(q).

We will denote it as P ir,(1)
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At next (two-loop) order we have
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and some of its contributions are represented in Fig. 4. Notice that neither eq. (31)

nor eq. (32), in general, factorize a hard PS P
(0)(k), so the resummation is not

evident in this form. Moreover, by expanding the di↵erence inside parentheses in

(31), the first non-vanishing contribution to the integral, after angular integration, is

of order q
2
@
2
P (k)/@k2, which, multiplied by ((k · q)/q2)2 is O(q0). Therefore, unless

an enhancement factor comes out from the momentum dependence of the PS, then the

contribution (31) is of order
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that is, parametrically of the same order in as the terms we neglected, such as, for

instance, the ones in ��ab(q,p) in (21). In other words, there is no clear criterium for

resumming these contributions with respect to others.
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Figure 3. Diagrammatic representation of the IR-resummed PS at 1-th order.
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where the prime indicates that the overall (2⇡)3�D(0) term has been factored out. At

lowest order we have just the linear PS
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and some of its contributions are represented in Fig. 4. Notice that neither eq. (31)

nor eq. (32), in general, factorize a hard PS P
(0)(k), so the resummation is not

evident in this form. Moreover, by expanding the di↵erence inside parentheses in

(31), the first non-vanishing contribution to the integral, after angular integration, is

of order q
2
@
2
P (k)/@k2, which, multiplied by ((k · q)/q2)2 is O(q0). Therefore, unless

an enhancement factor comes out from the momentum dependence of the PS, then the

contribution (31) is of order
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that is, parametrically of the same order in as the terms we neglected, such as, for

instance, the ones in ��ab(q,p) in (21). In other words, there is no clear criterium for

resumming these contributions with respect to others.
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and some of its contributions are represented in Fig. 4. Notice that neither eq. (31)

nor eq. (32), in general, factorize a hard PS P
(0)(k), so the resummation is not

evident in this form. Moreover, by expanding the di↵erence inside parentheses in

(31), the first non-vanishing contribution to the integral, after angular integration, is

of order q
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that is, parametrically of the same order in as the terms we neglected, such as, for

instance, the ones in ��ab(q,p) in (21). In other words, there is no clear criterium for

resumming these contributions with respect to others.
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On the other hand, if the linear PS has an oscillatory feature, the new scale

introduces an enhancement factor at each PT order. Considering BAO’s, we can write

the oscillating component of the PS as

P
(0),w(k) = A(k) sin(krd + �(k)) , (34)

where rd ' 110Mpc/h is the drag scale at recombination and A(k) and �(k) are ‘smooth’

functions in the whole BAO range. The di↵erence in (31) now gives

P
(0),w(k) � P

(0),w(|k � q|) ' A(k) sin(krd + �(k))(1 � cos(q rd µ))

= P
(0),w(k)(1 � cos(qrdµ)) , (35)

where µ ⌘ (k · q)/(kq). Expanding for small q and multiplying by ((k · q)/q2)2 we see

that this term is of order O(k2
r
2

d�
2

� (⇤)), that is, enhanced with respect to (33) by a k
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factor, that we want to resum at any PT order.
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which fatorizes in the product of the linear wiggly PS and a IR integral.

The two-loop, and higher order, IR resummed contributions can be treated

similarly, using the fact that in the leading contributions surviving angular integrations

the PS can be decomposed as

P
(0),w(|k � q1 · · · � qn|) ' P

(0),w(k) cos(q1rdµ1) · · · cos(qnrdµn) . (37)

Applying this property to eq. (32) yields to the factorized result
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In the second line we have realized that the IR-corrections at two loops can be seen

as an insertion of a IR PS on the one-loop IR-corrected PS. As there are two possible

choices for the IR PS to be selected as the inserted one, one has to divide the result by

a factor two.

Now let’s consider the n + 1-th order result. It can be obtained by the n-th order

one by adding one soft PS insertion in all possible ways. Each one of these insertions

yields, taking into account the fact that there are n+1 indistinguishable ways to identify

the ‘last inserted PS’, and using repeatedly the factorization property (24),
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Figure 3. Diagrammatic representation of the IR-resummed PS at 1-th order.
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Figure 4. Some contributions to the IR-resummed PS at 2-th order.

where the prime indicates that the overall (2⇡)3�D(0) term has been factored out. At

lowest order we have just the linear PS

P
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ab (k; ⌘) = h'

h,ir(0)
a (k; ⌘)'h,ir(0)

b (�k; ⌘)i0 = P
(0)(k)uaub. (30)

The lowest non-trivial contribution is O((�ir)2), that is, first order in the soft PS P
(0)(q).

We will denote it as P ir,(1)
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and some of its contributions are represented in Fig. 4. Notice that neither eq. (31)

nor eq. (32), in general, factorize a hard PS P
(0)(k), so the resummation is not

evident in this form. Moreover, by expanding the di↵erence inside parentheses in

(31), the first non-vanishing contribution to the integral, after angular integration, is

of order q
2
@
2
P (k)/@k2, which, multiplied by ((k · q)/q2)2 is O(q0). Therefore, unless

an enhancement factor comes out from the momentum dependence of the PS, then the

contribution (31) is of order
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that is, parametrically of the same order in as the terms we neglected, such as, for

instance, the ones in ��ab(q,p) in (21). In other words, there is no clear criterium for

resumming these contributions with respect to others.
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On the other hand, if the linear PS has an oscillatory feature, the new scale

introduces an enhancement factor at each PT order. Considering BAO’s, we can write

the oscillating component of the PS as

P
(0),w(k) = A(k) sin(krd + �(k)) , (34)

where rd ' 110Mpc/h is the drag scale at recombination and A(k) and �(k) are ‘smooth’

functions in the whole BAO range. The di↵erence in (31) now gives

P
(0),w(k) � P

(0),w(|k � q|) ' A(k) sin(krd + �(k))(1 � cos(q rd µ))

= P
(0),w(k)(1 � cos(qrdµ)) , (35)

where µ ⌘ (k · q)/(kq). Expanding for small q and multiplying by ((k · q)/q2)2 we see

that this term is of order O(k2
r
2

d�
2

� (⇤)), that is, enhanced with respect to (33) by a k
2
r
2

d

factor, that we want to resum at any PT order.

Using (35) in (31) we get
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which fatorizes in the product of the linear wiggly PS and a IR integral.

The two-loop, and higher order, IR resummed contributions can be treated

similarly, using the fact that in the leading contributions surviving angular integrations

the PS can be decomposed as

P
(0),w(|k � q1 · · · � qn|) ' P

(0),w(k) cos(q1rdµ1) · · · cos(qnrdµn) . (37)

Applying this property to eq. (32) yields to the factorized result

P
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IRw,(1)
ab (k; ⌘) . (38)

In the second line we have realized that the IR-corrections at two loops can be seen

as an insertion of a IR PS on the one-loop IR-corrected PS. As there are two possible

choices for the IR PS to be selected as the inserted one, one has to divide the result by

a factor two.

Now let’s consider the n + 1-th order result. It can be obtained by the n-th order

one by adding one soft PS insertion in all possible ways. Each one of these insertions

yields, taking into account the fact that there are n+1 indistinguishable ways to identify

the ‘last inserted PS’, and using repeatedly the factorization property (24),
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Figure 5. Diagrammatic representation of the (n + 1)-th order contribution in terms
of the n-th order one.

so that we obtain (see Fig. (5))
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where the last step is obtained by induction. The last expression leads to the expression

for the IR resummed PS at the leading order,
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Including also the non-wiggly part, we get

P
IR,LO
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(0),w(k)uaub + P

(0),nw(k)uaub . (42)

4. Including higher orders in �
h
abc.

The nonlinear corrections considered in the previous section include all orders in �
ir

ab but

zero orders in �
h
abc and ��ab, see eqs. (19)–(23) for their definitions. These contributions

will be included perturbatively.

The solution at a required order can be obtained again by solving eq. (19) iteratively.

A great simplification in this solution occurs again due to the factorization property of

eq. (24). Let’s consider the first order correction in �
h
abc, eq. (15), which we now rewrite

here as
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(43)

The O(�ir

ab) corrections to the above result has three terms, obtained by inserting an IR

leg to any of the three propagators in the first equation above, and using the property

(24). They are diagrammatically represented in Fig. 6, where the red circles indicate, as

before, the �ir

ab vertex, while the blue ones the �
h
abc’s. Using the factorization represented
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Figure 5. Diagrammatic representation of the (n + 1)-th order contribution in terms
of the n-th order one.
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An analogous result holds for the O((�h)2) contribution. The IR insertions give, at m-

th order, the same coe�cient as the first line above, while the remaining terms involve

three powers of the linear hard fields, with the same structure as in eq. (16), but now

involving hard fields. The only dependence on the soft momenta of this hard part is in

the arguments of the '
h(0) field, in order to ensure momentum conservation.

At this point it is clear how to resum the contributions up to O((�h)2) to all orders

in �
ir. One has to repeat the procedure of sect. 3 with P

(0),w(k)uaub replaced by

P
h(1)w
ab (k; ⌘) =

h
P

(0)(k)uaub +�P
h(1)
ab (k; ⌘)

iw
, (49)

where �P
h(1)
ab (k; ⌘) is the 1-loop correction obtained by replacing the linear PS P

(0)(k)

inside the loops (and outside as well) by the hard ones, P (0)(k)⇥(k � ⇤). The wiggled

PS in eq. (49) is obtained by first computing the 1-loop PS with the hard linear PS in

the loops, and then extracting the oscillating part for each di↵erent component, that is,

a = b = 1, a = 1 and b = 2, or a = b = 2.

The resummed PS is then given by

e
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h(1)w
ab (k; ⌘) + P

(0),nw(k)uaub +�P
h(1),nw
ab (k; ⌘) . (50)

Now, we may want to include the remaining 1-loop contributions for both the ‘wiggle’

and the ‘no-wiggle’ part of the PS, including terms O(�ir��) and O((��)2), that,

although coupling soft and hard modes, cannot be resummed. We then obtain the

“Next-to-leading” (NLO) result,

P
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1l
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+ k
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(0),w(k)uaub � P
h(1)w
ab (k; ⌘) , (51)

where the term at the second line subtract 1-loop order contributions contained in the

second term at the first line, so to avoid double counting with the same contributions

already contained in the full 1-loop result, P 1l

ab(k; ⌘).

5. Comparison with other approaches (to be fixed)

Let’s compare the above result with the “NLO” one proposed in [1]. Expressed in the

notation of these notes it reads

P̃
ir,NLO

11
(k; ⌘) = P

1l

11
(k; ⌘) + P

(0),w(k)
⇣
e
�k2⌅(rd,⇤;⌘) + e

�k2⌅(rd,⇤;⌘)k
2⌅(rd,⇤; ⌘) � 1

⌘

+�P
(1),w
11

(k; ⌘)
⇣
e
�k2⌅(rd,⇤;⌘) � 1

⌘
, (52)

where �P
(1),w
11

(k; ⌘) is the complete 1-loop correction to the wiggle PS, that is, with the

loop integration not limited to hard momenta. Now, let’s write

�P
(1),w
11

(k; ⌘) = �P
h(1),w
11

(k; ⌘) +�P
s(1),w
11

(k; ⌘) . (53)

If one can approximate

�P
s(1),w
11

(k; ⌘) ' �k
2⌅(rd,⇤; ⌘)P

(0),w(k) , (54)

Different ways to include displacements lead to equivalent results. 
Well understood theoretically. 

Not a nuisance, but a calculable physical effect!!

Real-space correlation function"

from statistical 
isotropy"

from statistical 
homogeneity"⇠(x1,x2) = h�(x1)�(x2)i

= ⇠(x1 � x2)

= ⇠(|x1 � x2|)
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Figure 12. Comparison between the best fitting model and the BOSS DR12 measurements in the three redshift bins used in this analysis.
The errors on the data points are the diagonal of the corresponding covariance matrix. The red line represents the best fitting model to
the SGC, while the black line shows the best fitting model for the NGC. The SGC best fitting model includes a small discreteness e↵ect
mainly visible at small k. The NGC and SGC have been fit simultaneously, using the same cosmological fitting parameters. However,
the SGC and NGC have a separate amplitude nuisance parameter and di↵erent window functions, which leads to the di↵erence between
the red and black line. The reason for having separate nuisance parameters for NGC and SGC are slight di↵erences in the galaxy sample
selection (see section 2 and Alam et al. 2016). See Table 3 for more details.
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Figure 14. The best fitting models (black solid line) of the isotropic BAO analysis compared to the power spectrum monopole measure-
ments (data points). Both the model and the data have been plotted relative to the smooth model, and the data points for NGC and SGC
have been combined using the corresponding covariance matrices (see appendix B). The left panel shows the pre-reconstruction result,
while the right panel presents the post reconstruction result. Similar plots for the NGC and SGC separately are included in appendix A.
See Table 3 for more details.
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Extended “Galilean” invariance (EP)
x
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Extended “Galilean” invariance (EP)

- Valid for the Vlasov eq. (no single-stream approx)

- Valid for matter and biased tracers

- Valid in redshift space

x+ d(⌧)
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Almost uniform displacement

then study the q->0 limit:

Z
d3xeix·qd(⌧) = d(⌧)(2⇡)3�D(q) �! d(q, ⌧)
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d(q, ⌧) =

Z ⌧

d⌧ 0 v(q, ⌧ 0) =
v(q, ⌧)

Hf
= i

q

q2
�m(q, ⌧)
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linear theory



Consequence of EP: constraints on mode-coupling

ex: continuity equation

effect of the (almost uniform) displacement:
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@⌧�(x, ⌧) + ~r((1 + �(x, ⌧))~v(x, ⌧)) = 0
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the new term is canceled by
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Long mode can be absorbed in a coordinate shift
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Fourier Space:
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CONSISTENCY RELATIONS for the LSS

infinite set of Ward Identities (Peloso, MP, ’13)

q
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nonlinear vertex

this induces a contribution to the bispectrum

in the sqeezed limit (k>>q):

k± = k± q
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Peloso, MP, ’13; Kehagias, Riotto, ’13;….
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Constant displacement: k/q contributions

only if d� 6= d�
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angular dependence: µ = k̂ · q̂
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- unequal times 
- non adiabatic initial conditions 
- Large scale velocity bias 
- EP violation



Constant gradient displacement: O(q0) 
contributions

also for d� = d�
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angular dependence: / µ2
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Figure 2. Comparison between the oscillating parts of the BS to PS ratios in Eq. (23)
(dotted lines) and that of Eq. (24) (solid lines) both for the monopole (blue) and the
quadrupole (red) components of the BS. The fiducial values for b↵, �↵ and the best
fitting values for the nuisance parameters have been used to produce these plots.

The smoothness of the di↵erence between the LHS and the first term at the RHS

of the CR can be verified from simulations, as we show in Fig. 1, where we plot the

ratio (23) of the BS to the PS’s (blue lines), the sum of the logarithmic derivative of

the PS multiplied by the appropriate coe�cients, as in (24), without the subtraction of

the smooth part (red lines), the di↵erence between the two curves (black lines) and the

smooth interpolation used to fit the latter, given by the sum of the terms containing the

spline fits to the logarithmic derivatives of the PS’s and the polynomial p({a(l)
i
(qmax)}; ki

(green-dashed lines). The fiducial values of bh and f have been used to evaluate the

coe�cients in these curves. The error bars in these plots are dominated by those of the

BS. As we can see, the di↵erence between the BS to PS ratios in (23) and the terms

in the logarithmic derivatives of the PS is smooth, with residual oscillations increasing

as one moves away from the squeezed limit, by increasing qmax. On the other hand,

by increasing qmax the statistical errors are reduced, as more triangle configurations

contribute to the BS, so a compromise has to be found between statistical power and

the goodness of the squeezed limit approximation.

In Fig. 2 we show the oscillating components of the BS to PS ratios, both for

monopoles (dotted blue) and quadrupoles (dotted red) compared to the oscillating parts

of Eq. (24).

We introduce the following Log-likelihood function,

�
2
CR
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(l)
i
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!
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where the r(l)(ki)’s are the di↵erences between Eq. (24) and Eq. (23), and �(l),i’s are the

corresponding errors on the BS measured from the simulations, evaluated in the i’th

k-bin. We neglect the error on the PS as it is much smaller than that on the BS, and

Test on simulations 

Dark Matter

Halos
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Table 3. Survey parameters considered in the forecast.

redshift V [h�3Gpc3] (ng/10�4) [h3Mpc�3]

0.65 < z < 1.25 22.64 15.86

1.25 < z < 1.65 20.66 8.86

1.65 < z < 2.05 22.69 2.61

Figure 7. Forecast of the constraint on the galaxy bias parameter bg from a Euclid-
like survey in three tomographic redshift bins coming from the oscillatory part of the
consistency relation alone. The results are shown as a function of the maximum hard
wavenumber kmax for some values of the corresponding soft wavenumber limit, qmax.

We show in Fig. 7 the expected 1-� error on the bias parameter as a function

of the maximum wavenumber included in the analysis. While the limit of the hard

wavenumber, kmax, is indicated by the x-axis, we consider four values of qmax, the

counterpart for the soft wavenumber, 0.01, 0.02, 0.03 and 0.04 hMpc�1. The smaller

qmax is, we are restricting to more squeezed triangles and the resultant constraint

is weaker. As we already see explicitly in previous sections, we can push to qmax

to 0.03 hMpc�1 quite safely without introducing a sizable bias in the consistency

relation. While qmax = 0.04 hMpc�1 might be slightly optimistic the improvement

from qmax = 0.03 hMpc�1 is smaller compared to that from qmax = 0.02 hMpc�1 to

qmax = 0.03 hMpc�1.

It is clear from the figure that we can achieve a better than ten percent

determination of the bias parameter for all the redshift bins, with the highest redshift bin

slightly worse due to the larger shot noise error. Since the nonlinear damping of BAO is

not very significant for scales k < 0.1 hMpc�1 and the most of the constraining power is

coming from the k < 0.2 hMpc�1, above which the shot noise error gets prominent, our

estimate should be a good approximation even when the nonlinear e↵ects are considered.

7. Conclusions

In this paper, we have investigated the CR’s as a way to measure the large scale bias and

the large scale growth rate in a model independent way. We have derived the relevant

CR’s in redshift space for the BS monopole and quadrupole and verified their validity

on a set of large volume N-body simulations, both for DM and for haloes of di↵erent

forecast on b from a Euclid-like survey

•  better that 10% determination of b and f

•  constraint independent on SPT, EFT, … Nbody

•  constraint independent on the cosmological model!

•  main limitation: survey volume


