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Abstract. The possible domain structures which can arise in the universe in a spontaneously 
broken gauge theory are studied. It is shown that the formation of domain walls, strings or 
monopoles depends on the homotopy groups of the manifold of degenerate vacua. The 
subsequent evolution of these structures is investigated. It is argued that while theories 
generating domain walls can probably be eliminated (because of their unacceptable 
gravitational effects), a cosmic network of strings may well have been formed and may have 
had important cosmological effects. 

1. Introduction 

Gauge theories with spontaneous symmetry breaking have come to play a central role in 
elementary particle theory. Kirzhnits (1972), and Kirzhnits and Linde (1972, 1974) 
suggested that as in ferromagnets and superconductors the full symmetry may be 
restored above some critical temperature. That this actually happens in a class of 
theories where the symmetry breaking occurs through the acquisition of a vacuum 
expectation value by an elementary scalar field has been demonstrated by Weinberg 
(1974) while Jacobs (1974) and Harrington and Yildiz (1975) have examined models of 
dynamical symmetry breaking in which the role of the order parameter is played by a 
composite field operator. (See also Bernard 1974, Dolan and Jackiw 1974, Dashen eta1 
1975, and Linde 1975.) 

In the hot big-bang model, the universe must at one time have exceeded the critical 
temperature so that initially the symmetry was unbroken. It is then natural to enquire 
whether as it expands and cools it might acquire a domain structure, as in a ferromagnet 
cooled through its Curie point. Zel’dovich et a1 (1974; see also Kobzarev et a1 1974) 
have discussed this question, and in particular pointed out the important gravitational 
effects to be expected of domain walls. Everett (1974) has studied the propagation of 
waves across a domain boundary. 

The aim of this paper is to discuss the topology and scale of the possible cosmic 
structures that might arise. After reviewing the results of Weinberg and others on phase 
transitions in a simple class of models in 0 2, we discuss in 0 3 the initial formation of 
‘protodomains’ as the universe cools. The possible topological configurations are 
examined in 0 4. These include domain walls, strings and monopoles. We show that 
their occurrence is largely determined by the topology of the manifold M of degenerate 
vacuum states (specifically by its homotopy groups). (Coleman (1976) has stated the 
same result in a different context. In the case of monopoles it has been proved by Krive 
and Chudnovskii 1975.) In 0 5 we examine the later evolution of these structures. We 
show that domain walls can be of two main types with very different transmissivity, and 
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that highly reflecting walls may behave very differently from the essentially transparent 
ones considered by Zel’dovich et al(1974). In all cases however the typical scale of the 
domain structure will grow with time until it is comparable with the radius of the 
universe. Hence the argument of Zel’dovich etal, to the effect that domain walls cannot 
have persisted beyond the recombination era because their gravitational effect would 
have destroyed the isotropy of the 3 K background radiation, applies. If domain walls 
existed they must have disappeared by then. This in turn is possible only if the universe 
has a small built-in asymmetry. The exclusion of theories generating domain walls is an 
interesting example of a restriction on elementary particle theories derived from 
cosmology. 

The general conclusion is that there is a rich variety of possible topological 
structures which might have appeared in the early history of the universe. Few of these 
(monopoles excepted) are likely to be stable enough to have survived to the present, but 
they may nevertheless be of importance in understanding the history of the universe, for 
example the evolution of galaxies. The conclusions are summarized in more detail in 
§ 6. 

2. The phase transition 

Although our discussion will be quite general, for illustrative purposes it is convenient 
to have a specific example in mind. Let us consider an N-component real scalar field 4 
with a Lagrangian invariant under the orthogonal group O(N),  and coupled in the usual 
way to$N(N- 1) vector fields represented by an antisymmetricmatrix B,. We can take 

The coupling constants g and e are not necessarily related, but we shall assume that they 
are of a similar order of magnitude (and both small). 

At zero temperature the O(N)  symmetry here is spontaneously broken to O(N-  l), 
with 4 acquiring a vacuum expectation of order q. In the tree approximation, 

(4>* = q2 (2) 

so that the manifold of degenerate vacua is an ( N -  1) sphere S N - ’ .  
Let us recall the more general situation. In a model with symmetry group G, the 

vacuum expectation value (4) will be restricted to lie on some orbit of G. If H is the 
isotropy subgroup of G at one point (+), i.e. the subgroup of transformations leaving 
(4) unaltered, then the orbit may be identified with the coset space M =  G/H. 
Physically H is the subgroup of unbroken symmetries, and M is the manifold of 
degenerate vacua. As we shall see, the topological properties of M (specifically its 
homotopy groups) largely determine the geometry of possible domain structures. 

At a finite temperature T the expectation value of + in a thermal equilibrium state 
must be found by minimizing the free energy, or equivalently the temperature- 
dependent effective potential. The leading temperature dependence at high T and 

G

H
M = G/H
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6. Condusions and discussion 

It may be well to begin by recalling our basic assumptions. We have assumed that the 
universe is correctly described by a spontaneously broken gauge theory exhibiting a 
phase transition at a critical temperature T,, above which the symmetry is restored. We 
have taken for granted the hot big-bang model of the universe, with no maximum 
temperature, whence it follows that in its very early history the universe was above T,, in 
the ‘normal’ phase. Finally we have generally assumed the overall neutrality of the 
universe with respect not only to electric charge but also to all the other charges 
associated with gauge fields. 

On this basis we showed that a domain structure can be expected to arise. The 
topological character of this structure depends on the homotopy groups r k  ( M )  of the 
manifold Mof degenerate vacua. Domain walls can form if ?ro(M) is nontrivial, i.e. if M 
is non-connected. If it has n connected components we find an n-phase emulsion. The 
formation of cosmic strings requires that r l ( M )  be nontrivial, i.e. that M is not formed 
of simply connected components. Finally, ‘monopoles’ can form if r 2 ( M )  is nontrivial. 

The later evolution of domain walls is governed by their surface tension and their 
interaction with matter. Different types of domain walls can occur with very different 
transparency, but in all cases the overall scale of the structure will grow with time. In 
general we may expect it now to be comparable with the radius of the universe. Domain 
walls on anything like this scale can be ruled out (Zel’dovich et af 1974) because their 
gravitational effect would lead to unacceptable anisotropy in the black-body back- 
ground radiation. The only way of accommodating theories with spontaneously broken 
discrete symmetries (and hence domain walls) is to relax the requirement of complete 
neutrality of the universe, so that one of the ordered phases is slightly preferred and 
eventually comes to occupy all of space. However this is not a very attractive solution, 
and it may be better to regard this as an argument against such theories. 

Networks of strings will evolve in a similar way under the combined effects of 
tension and interaction with matter. Once again, the scale of the structure will grow 
with time, probably at a similar rate. One cannot expect to find significant numbers of 
cosmic strings in the visible universe now, but their presence may have had an important 
effect on the earlier evolution of the universe. 
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where ⇤ij,lm(k̂) is a TT-projection operator defined as

⇤ij,lm(k̂) ⌘ Pil(k̂)Pjm(k̂)� 1

2
Pij(k̂)Plm(k̂), (7)

Pij = �ij � k̂ik̂j , k̂i = ki/k . (8)

One can easily see that the transverse-traceless condi-
tions in Fourier space, ki⇧TT

ij (k̂, t) = ⇧TT
ii (k̂, t) = 0, are

fulfilled at any time, thanks to the fact that Pij k̂j = 0
and PijPjm = Pim.

The anisotropic stress tensor ⇧µ⌫ describes the devi-
ation of the energy momentum tensor Tµ⌫ with respect
that of a perfect fluid. The spatial-spatial components
read

⇧ij ⌘ Tij � p gij , (9)

with p the homogeneous background pressure and gij =
a2(t)(�ij + hij) the spatial-spatial metric tensor. In
the scenarios we consider in this paper the energy bud-
get is dominated by a homogeneous and isotropic back-
ground fluid, which causes the universe to expand e↵ec-
tively either as RD or MD. The corresponding energy-
momentum of this background is that of a perfect fluid,
with spatial-spatial components T pf

ij = p gij . On top of
this there is a sub-dominant contribution from cosmic
defects, which have their own energy-momentum tensor
T def
ij . Hence, in these scenarios, the (spatial-spatial com-

ponents of the) total energy-momentum tensor are given
by Tij = T pf

ij + T def
ij . It is clear then that ⇧ij = T def

ij ,
which implies that what will act as a source of GW is the
TT-part of the cosmic defects energy-momentum tensor.

Spectrum of gravitational waves

Expanding the Einstein equations to second order in
the tensor perturbations, one recognizes that the energy
density of a GW background is given by [? ]
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with h...iV a spatial average over a su�ciently large vol-
ume V encompassing all the relevant wavelengths �⇤
of the hij perturbations. In the limit V 1/3 � �⇤,R
V
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⇢GW(t) =
1

32⇡Ga2(t)V

Z
dk

(2⇡)3
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The GW energy density spectrum per logarithmic inter-
val, is then defined as
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d log k
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with
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=
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ij(k, t) , (13)

where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by
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The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
tives,
D
ḣij (k, t) ḣ
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E
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Thus
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and from here, the GW energy density spectrum reads
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Obtaining Pḣ(k, t) is simple. With the help of Eq. (??),
first we write

ḣij(k, t) =
16⇡G
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Z t

tI

dt0a(t0)G(k(t�t0))⇧TT
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where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT

ij ,
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ḣij(k, t)ḣ
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ḣij(k, t)ḣ
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⇤
ij(k, t) . (11)

The GW energy density spectrum per logarithmic inter-
val, is then defined as

⇢GW(t) =

Z
d⇢GW

d log k
d log k , (12)

with

d⇢GW

d log k
=

k3

(4⇡)3Ga2(t)V

Z
d⌦k

4⇡
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ḣij(x, t)ḣij(x, t)
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where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by
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The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
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and from here, the GW energy density spectrum reads
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Obtaining Pḣ(k, t) is simple. With the help of Eq. (??),
first we write

ḣij(k, t) =
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Z t

tI

dt0a(t0)G(k(t�t0))⇧TT
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where G(k(t� t0)) ⌘ (k cos[k(t� t0)]�H sin[k(t� t0)]).
From here we obtain
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where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT
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⌦
⇧TT
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↵
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.(20)
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absence of it), do present a scaling behavior, su�ciently
long after the completion of the phase transition that cre-
ated them [? ? ? ? ]. In all cases, topological or not,
local or global, we will refer to them as cosmic defects.

In a recent letter [? ], we generalized previous results
from the literature, clarifying the origin of the scale-
invariance of the GW background emitted by the self-
ordering process of non-topological textures arising af-
ter a global phase transition [? ? ? ]. We demon-
strated analytically that any scaling source at the radia-
tion dominated (RD) era produces a background of GW
with a scale-invariant energy density power spectrum. In
the case of cosmic defects, we emphasized that this is
not related to their particular topology, nor to the or-
der of phase transition or the global or local nature of
the symmetry-breaking process that generated them. It
is just a consequence of scaling and being in RD. Us-
ing lattice simulations as an input, we also calculated
numerically the GW amplitude from a system of global
O(N) defects, providing evidence that the numerical re-
sults converges to the large-N analytical result calculated
in the large-N limit in [? ? ? ].

In the present paper, we generalize further our results
from [? ]. First of all, we extend our calculation to the
whole range of frequencies of interest, studying the GWs
emitted by a scaling source during all cosmic history,
including both radiation-dominated (RD) and matter-
dominated (MD) eras. This introduces a new feature
in the spectrum, which does not remain scale-invariant
during the entire frequency range, but rather develops
a maximum at feq = ... Hz, which represents the fre-
quency today corresponding to the horizon scale at time
of matter-radiation equality at redshift zeq ' 3400. We
find that the energy density power spectrum scales as
h2⌦GW / f2 for f ⌧ feq, reaches a maximum at the
frequency f = feq, and settles down to a scale-invariant
amplitude h2⌦GW / f0 for f � feq. We also discuss in
full detail the numerical input used in [? ], based on the
extraction of the unequal-time energy-momentum tensor
correlators from large scale field theory lattice simula-
tions. We contrast our previous numerical results versus
other methods, based on the real time evolution of the
tensor metric perturbations, alongside the evolution of
the defect network itself. Finally we discuss the impli-
cations of the discussed background for the cosmic mi-
crowave background and for direct and indirect detection
of GWs.

From now on we will work in units ~ = c = 1,
with ⇢c the critical energy density today, and Mp ⇡
1.22 ⇥ 1019 GeV the Planck mass, related to Newton’s
gravitational constant as G = 1/M2

p . Summation will be
assumed over repeated indices.

II. GRAVITATIONAL WAVES

Gravitational Waves (GW) are tensor perturbations
of the space-time metric, representing the transverse-

traceless (TT) degrees of freedom (DoF) of metric per-
turbations. After inflation the Universe is well described
by a spatially flat Friedman-Robertson-Walker (FRW)
background. The perturbed FRW line element with GW
as the only perturbation, can then be written as

ds2 = a2(t)
⇥
�dt2 + (�ij + hij) dx

idxj
⇤
, (1)

with a(t) the scale factor and t the conformal time.
The perturbations hij verify the conditions @ihij = 0
(transversality) and hi

i = 0 (tracelessness), necessary
to identify them as GWs. Splitting the Einstein equa-
tions into background and linearized equations, and af-
ter a conformal redefinition of the tensor perturbations
h̄ij (x, t) = a(t)hij (x, t), the GW equation of motion
(EoM) in a FRW background are [? ] Why do we need
the hbar eqs? Maybe eq 4 and 5 are enough

¨̄hij (x, t)�
✓
r2 +

ä(t)

a(t)

◆
h̄ij (x, t) = 16⇡Ga(t)⇧TT

ij (x, t) ,

(2)
with dots denoting derivatives with respect to conformal
time. The source ⇧TT

ij is the TT-part of the anisotropic
stress tensor ⇧ij , which we define below. The conditions
@i⇧TT

ij = ⇧TT
ii = 0 hold for 8x, 8 t. Either in RD or

MD, and in general for a scale factor with any power
law behavior in time, ä/a ⇠ H2, where H ⌘ ȧ/a is the
(comoving) Hubble rate. Thus the term ä/a is negligible
at sub-horizon scales k � H, and therefore we will drop
it from now on. The GW EoM in Fourier space can then
be written simply as

¨̄hij (k, t) + k2h̄ij (k, t) = 16⇡Ga(t)⇧TT
ij (k, t) . (3)

The solution of Eq. (??) is given by a convolution with
the Green function associated to a free wave-operator
in Minkowski spacetime, G(k, t � t0) = 1

k sin(k(t � t0)).
That is, at times t > tI , with tI the initial time with no
gravitational waves, i. e. hij (k, ti) = ḣij (k, ti) = 0, we
obtain

hij(k, t) =
h̄ij(k, t)

a(t)
(4)

=
16⇡G

k a(t)

Z t

ti

dt0a(t0) sin(k(t� t0))⇧TT
ij (k, t0) .

Obtaining the TT-part of a tensor in configuration
space amounts to a non-local operation. It is more conve-
nient to do it in Fourier space, where a projector filtering
out only the TT DoF’s of a tensor can be easily written
down. The GW EoM in fourier space read

ḧij(k, t) + 2Hḣij(k, t) + k2hij(k, t) = 16⇡G⇧TT
ij (k, t),

(5)

where k is the comoving wave-number and k = |k| is the
modulus. The GW source can then be written as

⇧TT
ij (k, t) = ⇤ij,lm(k̂)⇧lm(k, t). (6)
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where ⇤ij,lm(k̂) is a TT-projection operator defined as

⇤ij,lm(k̂) ⌘ Pil(k̂)Pjm(k̂)� 1

2
Pij(k̂)Plm(k̂), (7)

Pij = �ij � k̂ik̂j , k̂i = ki/k . (8)

One can easily see that the transverse-traceless condi-
tions in Fourier space, ki⇧TT

ij (k̂, t) = ⇧TT
ii (k̂, t) = 0, are

fulfilled at any time, thanks to the fact that Pij k̂j = 0
and PijPjm = Pim.

The anisotropic stress tensor ⇧µ⌫ describes the devi-
ation of the energy momentum tensor Tµ⌫ with respect
that of a perfect fluid. The spatial-spatial components
read

⇧ij ⌘ Tij � p gij , (9)

with p the homogeneous background pressure and gij =
a2(t)(�ij + hij) the spatial-spatial metric tensor. In
the scenarios we consider in this paper the energy bud-
get is dominated by a homogeneous and isotropic back-
ground fluid, which causes the universe to expand e↵ec-
tively either as RD or MD. The corresponding energy-
momentum of this background is that of a perfect fluid,
with spatial-spatial components T pf

ij = p gij . On top of
this there is a sub-dominant contribution from cosmic
defects, which have their own energy-momentum tensor
T def
ij . Hence, in these scenarios, the (spatial-spatial com-

ponents of the) total energy-momentum tensor are given
by Tij = T pf

ij + T def
ij . It is clear then that ⇧ij = T def

ij ,
which implies that what will act as a source of GW is the
TT-part of the cosmic defects energy-momentum tensor.

Spectrum of gravitational waves

Expanding the Einstein equations to second order in
the tensor perturbations, one recognizes that the energy
density of a GW background is given by [? ]

⇢GW(t) =
1

32⇡Ga2(t)

D
ḣij(x, t)ḣij(x, t)

E

V
(10)

⌘ 1

32⇡Ga2(t)

1

V

Z

V
dx ḣij(x, t)ḣij(x, t)

=
1

32⇡Ga2(t)

Z
dk

(2⇡)3
dk0

(2⇡)3
ḣij(k, t)ḣ

⇤
ij(k

0, t)

⇥ 1

V

Z

V
dx e�ix(k�k0) ,

with h...iV a spatial average over a su�ciently large vol-
ume V encompassing all the relevant wavelengths �⇤
of the hij perturbations. In the limit V 1/3 � �⇤,R
V
dx e�ix(k�k0) ! (2⇡)3�(3)(k� k0), and then

⇢GW(t) =
1

32⇡Ga2(t)V

Z
dk

(2⇡)3
ḣij(k, t)ḣ

⇤
ij(k, t) . (11)

The GW energy density spectrum per logarithmic inter-
val, is then defined as

⇢GW(t) =

Z
d⇢GW

d log k
d log k , (12)

with

d⇢GW

d log k
=

k3

(4⇡)3Ga2(t)V

Z
d⌦k

4⇡
ḣij(k, t)ḣ

⇤
ij(k, t) , (13)

where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by

⇢GW =
1

32⇡Ga2(t)

D
ḣij(x, t)ḣij(x, t)

E

=
1

32⇡Ga2(t)
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dk
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dk0
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eix(k�k0)

⇥
D
ḣij (k, t) ḣ

⇤
ij (k

0, t)
E
. (14)

The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
tives,
D
ḣij (k, t) ḣ

⇤
ij (k

0, t)
E
⌘ (2⇡)3 Pḣ(k, t)�

(3)(k� k0) . (15)

Thus

⇢GW(t) =
1

(4⇡)3Ga2(t)

Z
dk

k
k3 Pḣ(k, t) , (16)

and from here, the GW energy density spectrum reads

d⇢GW

d log k
(k, t) =

1

(4⇡)3Ga2(t)
k3 Pḣ(k, t) . (17)

Obtaining Pḣ(k, t) is simple. With the help of Eq. (??),
first we write

ḣij(k, t) =
16⇡G

ka(t)

Z t

tI

dt0a(t0)G(k(t�t0))⇧TT
ij (k, t0), (18)

where G(k(t� t0)) ⌘ (k cos[k(t� t0)]�H sin[k(t� t0)]).
From here we obtain

Pḣ(k, t) =
(16⇡G)2

k2a2(t)

Z t

tI

dt0
Z t

tI

dt00a(t0)a(t00) (19)

⇥G(k(t� t0))G(k(t� t00))⇧2(k, t0, t00) ,

where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT

ij ,

⌦
⇧TT

ij (k, t)⇧TT
ij (k0, t0)

↵
⌘ (2⇡)3 ⇧2(k, t, t0) �(3)(k� k0),

.(20)
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⇥G(k(t� t0))G(k(t� t00))⇧2(k, t0, t00) ,

where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT

ij ,

⌦
⇧TT

ij (k, t)⇧TT
ij (k0, t0)

↵
⌘ (2⇡)3 ⇧2(k, t, t0) �(3)(k� k0),

.(20)
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absence of it), do present a scaling behavior, su�ciently
long after the completion of the phase transition that cre-
ated them [? ? ? ? ]. In all cases, topological or not,
local or global, we will refer to them as cosmic defects.

In a recent letter [? ], we generalized previous results
from the literature, clarifying the origin of the scale-
invariance of the GW background emitted by the self-
ordering process of non-topological textures arising af-
ter a global phase transition [? ? ? ]. We demon-
strated analytically that any scaling source at the radia-
tion dominated (RD) era produces a background of GW
with a scale-invariant energy density power spectrum. In
the case of cosmic defects, we emphasized that this is
not related to their particular topology, nor to the or-
der of phase transition or the global or local nature of
the symmetry-breaking process that generated them. It
is just a consequence of scaling and being in RD. Us-
ing lattice simulations as an input, we also calculated
numerically the GW amplitude from a system of global
O(N) defects, providing evidence that the numerical re-
sults converges to the large-N analytical result calculated
in the large-N limit in [? ? ? ].

In the present paper, we generalize further our results
from [? ]. First of all, we extend our calculation to the
whole range of frequencies of interest, studying the GWs
emitted by a scaling source during all cosmic history,
including both radiation-dominated (RD) and matter-
dominated (MD) eras. This introduces a new feature
in the spectrum, which does not remain scale-invariant
during the entire frequency range, but rather develops
a maximum at feq = ... Hz, which represents the fre-
quency today corresponding to the horizon scale at time
of matter-radiation equality at redshift zeq ' 3400. We
find that the energy density power spectrum scales as
h2⌦GW / f2 for f ⌧ feq, reaches a maximum at the
frequency f = feq, and settles down to a scale-invariant
amplitude h2⌦GW / f0 for f � feq. We also discuss in
full detail the numerical input used in [? ], based on the
extraction of the unequal-time energy-momentum tensor
correlators from large scale field theory lattice simula-
tions. We contrast our previous numerical results versus
other methods, based on the real time evolution of the
tensor metric perturbations, alongside the evolution of
the defect network itself. Finally we discuss the impli-
cations of the discussed background for the cosmic mi-
crowave background and for direct and indirect detection
of GWs.

From now on we will work in units ~ = c = 1,
with ⇢c the critical energy density today, and Mp ⇡
1.22 ⇥ 1019 GeV the Planck mass, related to Newton’s
gravitational constant as G = 1/M2

p . Summation will be
assumed over repeated indices.

II. GRAVITATIONAL WAVES

Gravitational Waves (GW) are tensor perturbations
of the space-time metric, representing the transverse-

traceless (TT) degrees of freedom (DoF) of metric per-
turbations. After inflation the Universe is well described
by a spatially flat Friedman-Robertson-Walker (FRW)
background. The perturbed FRW line element with GW
as the only perturbation, can then be written as

ds2 = a2(t)
⇥
�dt2 + (�ij + hij) dx

idxj
⇤
, (1)

with a(t) the scale factor and t the conformal time.
The perturbations hij verify the conditions @ihij = 0
(transversality) and hi

i = 0 (tracelessness), necessary
to identify them as GWs. Splitting the Einstein equa-
tions into background and linearized equations, and af-
ter a conformal redefinition of the tensor perturbations
h̄ij (x, t) = a(t)hij (x, t), the GW equation of motion
(EoM) in a FRW background are [? ] Why do we need
the hbar eqs? Maybe eq 4 and 5 are enough

¨̄hij (x, t)�
✓
r2 +

ä(t)

a(t)

◆
h̄ij (x, t) = 16⇡Ga(t)⇧TT

ij (x, t) ,

(2)
with dots denoting derivatives with respect to conformal
time. The source ⇧TT

ij is the TT-part of the anisotropic
stress tensor ⇧ij , which we define below. The conditions
@i⇧TT

ij = ⇧TT
ii = 0 hold for 8x, 8 t. Either in RD or

MD, and in general for a scale factor with any power
law behavior in time, ä/a ⇠ H2, where H ⌘ ȧ/a is the
(comoving) Hubble rate. Thus the term ä/a is negligible
at sub-horizon scales k � H, and therefore we will drop
it from now on. The GW EoM in Fourier space can then
be written simply as

¨̄hij (k, t) + k2h̄ij (k, t) = 16⇡Ga(t)⇧TT
ij (k, t) . (3)

The solution of Eq. (??) is given by a convolution with
the Green function associated to a free wave-operator
in Minkowski spacetime, G(k, t � t0) = 1

k sin(k(t � t0)).
That is, at times t > tI , with tI the initial time with no
gravitational waves, i. e. hij (k, ti) = ḣij (k, ti) = 0, we
obtain

hij(k, t) =
h̄ij(k, t)

a(t)
(4)

=
16⇡G

k a(t)

Z t

ti

dt0a(t0) sin(k(t� t0))⇧TT
ij (k, t0) .

Obtaining the TT-part of a tensor in configuration
space amounts to a non-local operation. It is more conve-
nient to do it in Fourier space, where a projector filtering
out only the TT DoF’s of a tensor can be easily written
down. The GW EoM in fourier space read

ḧij(k, t) + 2Hḣij(k, t) + k2hij(k, t) = 16⇡G⇧TT
ij (k, t),

(5)

where k is the comoving wave-number and k = |k| is the
modulus. The GW source can then be written as

⇧TT
ij (k, t) = ⇤ij,lm(k̂)⇧lm(k, t). (6)
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obtain
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space amounts to a non-local operation. It is more conve-
nient to do it in Fourier space, where a projector filtering
out only the TT DoF’s of a tensor can be easily written
down. The GW EoM in fourier space read
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where k is the comoving wave-number and k = |k| is the
modulus. The GW source can then be written as

⇧TT
ij (k, t) = ⇤ij,lm(k̂)⇧lm(k, t). (6)

EOM:

3

where ⇤ij,lm(k̂) is a TT-projection operator defined as

⇤ij,lm(k̂) ⌘ Pil(k̂)Pjm(k̂)� 1

2
Pij(k̂)Plm(k̂), (7)

Pij = �ij � k̂ik̂j , k̂i = ki/k . (8)

One can easily see that the transverse-traceless condi-
tions in Fourier space, ki⇧TT

ij (k̂, t) = ⇧TT
ii (k̂, t) = 0, are

fulfilled at any time, thanks to the fact that Pij k̂j = 0
and PijPjm = Pim.

The anisotropic stress tensor ⇧µ⌫ describes the devi-
ation of the energy momentum tensor Tµ⌫ with respect
that of a perfect fluid. The spatial-spatial components
read

⇧ij ⌘ Tij � p gij , (9)

with p the homogeneous background pressure and gij =
a2(t)(�ij + hij) the spatial-spatial metric tensor. In
the scenarios we consider in this paper the energy bud-
get is dominated by a homogeneous and isotropic back-
ground fluid, which causes the universe to expand e↵ec-
tively either as RD or MD. The corresponding energy-
momentum of this background is that of a perfect fluid,
with spatial-spatial components T pf

ij = p gij . On top of
this there is a sub-dominant contribution from cosmic
defects, which have their own energy-momentum tensor
T def
ij . Hence, in these scenarios, the (spatial-spatial com-

ponents of the) total energy-momentum tensor are given
by Tij = T pf

ij + T def
ij . It is clear then that ⇧ij = T def

ij ,
which implies that what will act as a source of GW is the
TT-part of the cosmic defects energy-momentum tensor.

Spectrum of gravitational waves

Expanding the Einstein equations to second order in
the tensor perturbations, one recognizes that the energy
density of a GW background is given by [? ]

⇢GW(t) =
1

32⇡Ga2(t)

D
ḣij(x, t)ḣij(x, t)

E

V
(10)

⌘ 1

32⇡Ga2(t)

1

V

Z

V
dx ḣij(x, t)ḣij(x, t)

=
1

32⇡Ga2(t)

Z
dk

(2⇡)3
dk0

(2⇡)3
ḣij(k, t)ḣ

⇤
ij(k

0, t)

⇥ 1

V

Z

V
dx e�ix(k�k0) ,

with h...iV a spatial average over a su�ciently large vol-
ume V encompassing all the relevant wavelengths �⇤
of the hij perturbations. In the limit V 1/3 � �⇤,R
V
dx e�ix(k�k0) ! (2⇡)3�(3)(k� k0), and then

⇢GW(t) =
1

32⇡Ga2(t)V

Z
dk

(2⇡)3
ḣij(k, t)ḣ

⇤
ij(k, t) . (11)

The GW energy density spectrum per logarithmic inter-
val, is then defined as

⇢GW(t) =

Z
d⇢GW

d log k
d log k , (12)

with

d⇢GW

d log k
=

k3

(4⇡)3Ga2(t)V

Z
d⌦k

4⇡
ḣij(k, t)ḣ

⇤
ij(k, t) , (13)

where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by

⇢GW =
1

32⇡Ga2(t)

D
ḣij(x, t)ḣij(x, t)

E

=
1

32⇡Ga2(t)

Z
dk

(2⇡)3
dk0

(2⇡)3
eix(k�k0)

⇥
D
ḣij (k, t) ḣ

⇤
ij (k

0, t)
E
. (14)

The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
tives,
D
ḣij (k, t) ḣ

⇤
ij (k

0, t)
E
⌘ (2⇡)3 Pḣ(k, t)�

(3)(k� k0) . (15)

Thus

⇢GW(t) =
1

(4⇡)3Ga2(t)

Z
dk

k
k3 Pḣ(k, t) , (16)

and from here, the GW energy density spectrum reads

d⇢GW

d log k
(k, t) =

1

(4⇡)3Ga2(t)
k3 Pḣ(k, t) . (17)

Obtaining Pḣ(k, t) is simple. With the help of Eq. (??),
first we write

ḣij(k, t) =
16⇡G

ka(t)

Z t

tI

dt0a(t0)G(k(t�t0))⇧TT
ij (k, t0), (18)

where G(k(t� t0)) ⌘ (k cos[k(t� t0)]�H sin[k(t� t0)]).
From here we obtain

Pḣ(k, t) =
(16⇡G)2

k2a2(t)

Z t

tI

dt0
Z t

tI

dt00a(t0)a(t00) (19)

⇥G(k(t� t0))G(k(t� t00))⇧2(k, t0, t00) ,

where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT

ij ,

⌦
⇧TT

ij (k, t)⇧TT
ij (k0, t0)

↵
⌘ (2⇡)3 ⇧2(k, t, t0) �(3)(k� k0),

.(20)
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ḣij(x, t)ḣij(x, t)
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⇤
ij(k

0, t)

⇥ 1

V

Z

V
dx e�ix(k�k0) ,

with h...iV a spatial average over a su�ciently large vol-
ume V encompassing all the relevant wavelengths �⇤
of the hij perturbations. In the limit V 1/3 � �⇤,R
V
dx e�ix(k�k0) ! (2⇡)3�(3)(k� k0), and then

⇢GW(t) =
1

32⇡Ga2(t)V

Z
dk

(2⇡)3
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ḣij(k, t)ḣ
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ḣij (k, t) ḣ
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⇤
ij(k, t) , (13)

where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by

⇢GW =
1

32⇡Ga2(t)

D
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ḣij(x, t)ḣij(x, t)

E

V
(10)

⌘ 1

32⇡Ga2(t)

1

V

Z

V
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⇤
ij (k

0, t)
E
. (14)

The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
tives,
D
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ḣij(x, t)ḣij(x, t)

E

V
(10)

⌘ 1

32⇡Ga2(t)

1

V

Z

V
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ḣij (k, t) ḣ
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ḣij(x, t)ḣij(x, t)

E

V
(10)

⌘ 1

32⇡Ga2(t)

1

V

Z

V
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ḣij (k, t) ḣ
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ḣij (k, t) ḣ
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Pḣ(k, t) =
(16⇡G)2

k2a2(t)

Z t

tI

dt0
Z t

tI

dt00a(t0)a(t00) (19)

⇥G(k(t� t0))G(k(t� t00))⇧2(k, t0, t00) ,

where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT

ij ,

⌦
⇧TT

ij (k, t)⇧TT
ij (k0, t0)

↵
⌘ (2⇡)3 ⇧2(k, t, t0) �(3)(k� k0),

.(20)

3

where ⇤ij,lm(k̂) is a TT-projection operator defined as

⇤ij,lm(k̂) ⌘ Pil(k̂)Pjm(k̂)� 1

2
Pij(k̂)Plm(k̂), (7)

Pij = �ij � k̂ik̂j , k̂i = ki/k . (8)

One can easily see that the transverse-traceless condi-
tions in Fourier space, ki⇧TT

ij (k̂, t) = ⇧TT
ii (k̂, t) = 0, are

fulfilled at any time, thanks to the fact that Pij k̂j = 0
and PijPjm = Pim.

The anisotropic stress tensor ⇧µ⌫ describes the devi-
ation of the energy momentum tensor Tµ⌫ with respect
that of a perfect fluid. The spatial-spatial components
read

⇧ij ⌘ Tij � p gij , (9)

with p the homogeneous background pressure and gij =
a2(t)(�ij + hij) the spatial-spatial metric tensor. In
the scenarios we consider in this paper the energy bud-
get is dominated by a homogeneous and isotropic back-
ground fluid, which causes the universe to expand e↵ec-
tively either as RD or MD. The corresponding energy-
momentum of this background is that of a perfect fluid,
with spatial-spatial components T pf

ij = p gij . On top of
this there is a sub-dominant contribution from cosmic
defects, which have their own energy-momentum tensor
T def
ij . Hence, in these scenarios, the (spatial-spatial com-

ponents of the) total energy-momentum tensor are given
by Tij = T pf

ij + T def
ij . It is clear then that ⇧ij = T def

ij ,
which implies that what will act as a source of GW is the
TT-part of the cosmic defects energy-momentum tensor.

Spectrum of gravitational waves

Expanding the Einstein equations to second order in
the tensor perturbations, one recognizes that the energy
density of a GW background is given by [? ]

⇢GW(t) =
1

32⇡Ga2(t)

D
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ḣij(k, t)ḣ
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read
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a2(t)(�ij + hij) the spatial-spatial metric tensor. In
the scenarios we consider in this paper the energy bud-
get is dominated by a homogeneous and isotropic back-
ground fluid, which causes the universe to expand e↵ec-
tively either as RD or MD. The corresponding energy-
momentum of this background is that of a perfect fluid,
with spatial-spatial components T pf

ij = p gij . On top of
this there is a sub-dominant contribution from cosmic
defects, which have their own energy-momentum tensor
T def
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ponents of the) total energy-momentum tensor are given
by Tij = T pf

ij + T def
ij . It is clear then that ⇧ij = T def
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which implies that what will act as a source of GW is the
TT-part of the cosmic defects energy-momentum tensor.
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Expanding the Einstein equations to second order in
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where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
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distribution of the GW therefore, will be also assumed to
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⇤
ij(k, t) , (13)

where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by

⇢GW =
1

32⇡Ga2(t)

D
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⇤
ij (k

0, t)
E
. (14)

The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
tives,
D
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Once GW production ends, GWs propagate as free
waves, each mode oscillating with period Tk = 2⇡

k . In
order to define correctly the energy density spectrum of
GWs we need to perform a time average over those os-
cillations. Strictly speaking, at the moment when GW
production ends, we should match the solution (??) with
the freely propagating wave solution1. From there we
should build the GW energy density spectrum with the
free waves, and only then perform the time average over
oscillations. It is however mathematically equivalent to
take the time average over the product of G(k, t, t0) func-
tions. We obtain

hG(k, t, t0)G(k, t, t00)iTk
⌘ 1

Tk

Z t+Tk

t
dt̃ G(k, t̃, t0)G(k, t̃, t00)

=
1

2
(k2 +H2(t)) cos[k(t0 � t00)] .

(21)

Replacing G(k, t, t0)G(k, t, t00) by hG(k, t, t0)G(k, t, t00)iTk

in Eq. (??), and taking into account that at subhorizon
scales (k2 +H2(t)) ⇡ k2, we arrive at

Pḣ =
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Plugging Eq. (??) into Eq. (??), we finally find the energy
density spectrum of a stochastic background of GW (at
subhorizon scales) as
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d log k
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III. GRAVITATIONAL WAVES FROM
SCALING SOURCES

Based on dimensional grounds and causality, it was
argued in [? ] that the aftermath dynamics of a global
phase transition should generate an approximately scale-
invariant background of GWs. The amplitude was esti-
mated with the GW quadrupole approximation, without
any reference to the number of components N of the cor-
responding symmetry breaking field. In the context of
a phase transition driven by the breaking a global O(N)
symmetry into a O(N � 1) group [? ], even though the
field equations are non-linear, analytic calculations can
be carried out in the largeN limit [? ], describing the evo-
lution of non-topological global defects arising after the
phase transition. Within that context, and using a full

1 The freely propagating waves are described by a superposition
of the linearly independent homogeneous solutions to the source-
free GW EoM.

treatment of the tensor metric perturbation representing
GWs, i.e. not resorting to the quadrupole approximation,
[? ? ] demonstrated that in the large N limit, an exact
scale-invariant background of GWs is generated by the
self-ordering dynamics of the non-topological global de-
fects arising after the phase transition. On the numerical
side, Ref. [? ], presented later, studied lattice simula-
tions and concluded that global defects with arbitrary
N , created after a second-order phase transition, gener-
ate a scale-invariant GW background. Such a conclusion,
however correct, was not fully supported by their numer-
ical spectra of GWs. The latter, even if consistent with
scale invariance, showed some tilt and a wiggly pattern
of large fluctuations.

Important questions were raised in that moment. How
does the scale-invariant GW spectrum come about? How
does the GW spectrum really look in the case of topolog-
ical defects? In particular, string-inspired models such
as [? ? ] can have (approximate) global symmetries
with low N and is it important to know what the GW
prediction is in those cases. How does the true GW sig-
nal from non-topological textures approach the analyti-
cal large N approximate result? What happens when the
defects arise from a broken gauge symmetry? Does this
GW contribute appreciably to the relativistic energy den-
sity and have implications in the cosmic microwave back-
ground [? ]? In [? ], the origin of the scale-invariance
of the GW background emitted by the self-ordering pro-
cess of non-topological defect, was finally clarified. The
prediction was, in fact, extended to any type of defect,
demonstrating that any scaling source at the RD era, pro-
duces always a background of GWs with a scale-invariant
energy density power spectrum. As it was emphasized
in [? ], in the case of cosmic defects the result is in fact
not related to their particular topology, nor to the order
of phase transition or the nature (global or local) of the
symmetry-breaking process that generated them. It is
just a consequence of the defects’ scaling behavior and
of being in RD. Using lattice simulations as an input, [?
] also computed the GW amplitude from numerical sim-
ulations of a system of global O(N) defects, providing
evidence that the numerical results converge to the an-
alytical result calculated in the large-N limit by [? ? ]
.

In the remaining of this section, we will discuss in ??
general aspects about the spectral shape of the GWs
emitted by any network of cosmic defects in scaling
regime. We will summarize the findings from [? ], and ex-
tend our results to the evolution of scaling seeds during
the MD era. In ??, we will review the analytical esti-
mation of the GW signal emitted by self-ordering scalar
fields during RD, computed the large N limit of global
defects. We will also extend the analytical estimation to
the MD era. In the next Section, Sect. ??, we will discuss
our results from lattice simulations, based on two di↵er-
ent methods for obtaining numerically the spectrum of
GWs emitted by the network of cosmic defects. In ??
we will discuss our results from the first method, based

Tk
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which implies that what will act as a source of GW is the
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dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
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ḣij(x, t)ḣij(x, t)

E

=
1

32⇡Ga2(t)

Z
dk

(2⇡)3
dk0

(2⇡)3
eix(k�k0)

⇥
D
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where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
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⇤
ij (k

0, t)
E
. (14)

The expectation value in the second line of Eq. (??), as-
suming statistical homogeneity and isotropy, defines the
power spectrum of the tensor perturbation first deriva-
tives,
D
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Once GW production ends, GWs propagate as free
waves, each mode oscillating with period Tk = 2⇡

k . In
order to define correctly the energy density spectrum of
GWs we need to perform a time average over those os-
cillations. Strictly speaking, at the moment when GW
production ends, we should match the solution (??) with
the freely propagating wave solution1. From there we
should build the GW energy density spectrum with the
free waves, and only then perform the time average over
oscillations. It is however mathematically equivalent to
take the time average over the product of G(k, t, t0) func-
tions. We obtain

hG(k, t, t0)G(k, t, t00)iTk
⌘ 1

Tk

Z t+Tk

t
dt̃ G(k, t̃, t0)G(k, t̃, t00)

=
1

2
(k2 +H2(t)) cos[k(t0 � t00)] .

(21)

Replacing G(k, t, t0)G(k, t, t00) by hG(k, t, t0)G(k, t, t00)iTk

in Eq. (??), and taking into account that at subhorizon
scales (k2 +H2(t)) ⇡ k2, we arrive at

Pḣ =
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Plugging Eq. (??) into Eq. (??), we finally find the energy
density spectrum of a stochastic background of GW (at
subhorizon scales) as
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d log k
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III. GRAVITATIONAL WAVES FROM
SCALING SOURCES

Based on dimensional grounds and causality, it was
argued in [? ] that the aftermath dynamics of a global
phase transition should generate an approximately scale-
invariant background of GWs. The amplitude was esti-
mated with the GW quadrupole approximation, without
any reference to the number of components N of the cor-
responding symmetry breaking field. In the context of
a phase transition driven by the breaking a global O(N)
symmetry into a O(N � 1) group [? ], even though the
field equations are non-linear, analytic calculations can
be carried out in the largeN limit [? ], describing the evo-
lution of non-topological global defects arising after the
phase transition. Within that context, and using a full

1 The freely propagating waves are described by a superposition
of the linearly independent homogeneous solutions to the source-
free GW EoM.

treatment of the tensor metric perturbation representing
GWs, i.e. not resorting to the quadrupole approximation,
[? ? ] demonstrated that in the large N limit, an exact
scale-invariant background of GWs is generated by the
self-ordering dynamics of the non-topological global de-
fects arising after the phase transition. On the numerical
side, Ref. [? ], presented later, studied lattice simula-
tions and concluded that global defects with arbitrary
N , created after a second-order phase transition, gener-
ate a scale-invariant GW background. Such a conclusion,
however correct, was not fully supported by their numer-
ical spectra of GWs. The latter, even if consistent with
scale invariance, showed some tilt and a wiggly pattern
of large fluctuations.

Important questions were raised in that moment. How
does the scale-invariant GW spectrum come about? How
does the GW spectrum really look in the case of topolog-
ical defects? In particular, string-inspired models such
as [? ? ] can have (approximate) global symmetries
with low N and is it important to know what the GW
prediction is in those cases. How does the true GW sig-
nal from non-topological textures approach the analyti-
cal large N approximate result? What happens when the
defects arise from a broken gauge symmetry? Does this
GW contribute appreciably to the relativistic energy den-
sity and have implications in the cosmic microwave back-
ground [? ]? In [? ], the origin of the scale-invariance
of the GW background emitted by the self-ordering pro-
cess of non-topological defect, was finally clarified. The
prediction was, in fact, extended to any type of defect,
demonstrating that any scaling source at the RD era, pro-
duces always a background of GWs with a scale-invariant
energy density power spectrum. As it was emphasized
in [? ], in the case of cosmic defects the result is in fact
not related to their particular topology, nor to the order
of phase transition or the nature (global or local) of the
symmetry-breaking process that generated them. It is
just a consequence of the defects’ scaling behavior and
of being in RD. Using lattice simulations as an input, [?
] also computed the GW amplitude from numerical sim-
ulations of a system of global O(N) defects, providing
evidence that the numerical results converge to the an-
alytical result calculated in the large-N limit by [? ? ]
.

In the remaining of this section, we will discuss in ??
general aspects about the spectral shape of the GWs
emitted by any network of cosmic defects in scaling
regime. We will summarize the findings from [? ], and ex-
tend our results to the evolution of scaling seeds during
the MD era. In ??, we will review the analytical esti-
mation of the GW signal emitted by self-ordering scalar
fields during RD, computed the large N limit of global
defects. We will also extend the analytical estimation to
the MD era. In the next Section, Sect. ??, we will discuss
our results from lattice simulations, based on two di↵er-
ent methods for obtaining numerically the spectrum of
GWs emitted by the network of cosmic defects. In ??
we will discuss our results from the first method, based
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which implies that what will act as a source of GW is the
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=
1

32⇡Ga2(t)

Z
dk

(2⇡)3
dk0

(2⇡)3
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where we have introduced the unequal time correlator
(UTC), ⇧2(k, t, t0), of the TT-part of the anisotropic-
stress ⇧TT
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where ⇤ij,lm(k̂) is a TT-projection operator defined as

⇤ij,lm(k̂) ⌘ Pil(k̂)Pjm(k̂)� 1

2
Pij(k̂)Plm(k̂), (7)

Pij = �ij � k̂ik̂j , k̂i = ki/k . (8)

One can easily see that the transverse-traceless condi-
tions in Fourier space, ki⇧TT

ij (k̂, t) = ⇧TT
ii (k̂, t) = 0, are

fulfilled at any time, thanks to the fact that Pij k̂j = 0
and PijPjm = Pim.

The anisotropic stress tensor ⇧µ⌫ describes the devi-
ation of the energy momentum tensor Tµ⌫ with respect
that of a perfect fluid. The spatial-spatial components
read

⇧ij ⌘ Tij � p gij , (9)

with p the homogeneous background pressure and gij =
a2(t)(�ij + hij) the spatial-spatial metric tensor. In
the scenarios we consider in this paper the energy bud-
get is dominated by a homogeneous and isotropic back-
ground fluid, which causes the universe to expand e↵ec-
tively either as RD or MD. The corresponding energy-
momentum of this background is that of a perfect fluid,
with spatial-spatial components T pf

ij = p gij . On top of
this there is a sub-dominant contribution from cosmic
defects, which have their own energy-momentum tensor
T def
ij . Hence, in these scenarios, the (spatial-spatial com-

ponents of the) total energy-momentum tensor are given
by Tij = T pf

ij + T def
ij . It is clear then that ⇧ij = T def

ij ,
which implies that what will act as a source of GW is the
TT-part of the cosmic defects energy-momentum tensor.

Spectrum of gravitational waves

Expanding the Einstein equations to second order in
the tensor perturbations, one recognizes that the energy
density of a GW background is given by [? ]
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with h...iV a spatial average over a su�ciently large vol-
ume V encompassing all the relevant wavelengths �⇤
of the hij perturbations. In the limit V 1/3 � �⇤,R
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The GW energy density spectrum per logarithmic inter-
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where d⌦k represents a solid angle element in k-space.
In in our case, GWs are created from a network of

cosmic defects. As the symmetry breaking process that
originates the defects is a random process, we cannot pre-
dict the exact location of each cosmic defect. However,
we can still describe (and predict) the stochastic distri-
bution that characterizes the defect network. The spatial
distribution of the GW therefore, will be also assumed to
be stochastic, following the random distribution of the
defects. Applying the ergodic hypothesis, we can replace
h...iV by an ensemble average h...i over realizations. The
stochastic background of GWs can then be described by
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The expectation value in the second line of Eq. (??), as-
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Once GW production ends, GWs propagate as free
waves, each mode oscillating with period Tk = 2⇡

k . In
order to define correctly the energy density spectrum of
GWs we need to perform a time average over those os-
cillations. Strictly speaking, at the moment when GW
production ends, we should match the solution (??) with
the freely propagating wave solution1. From there we
should build the GW energy density spectrum with the
free waves, and only then perform the time average over
oscillations. It is however mathematically equivalent to
take the time average over the product of G(k, t, t0) func-
tions. We obtain

hG(k, t, t0)G(k, t, t00)iTk
⌘ 1

Tk

Z t+Tk

t
dt̃ G(k, t̃, t0)G(k, t̃, t00)

=
1

2
(k2 +H2(t)) cos[k(t0 � t00)] .

(21)

Replacing G(k, t, t0)G(k, t, t00) by hG(k, t, t0)G(k, t, t00)iTk

in Eq. (??), and taking into account that at subhorizon
scales (k2 +H2(t)) ⇡ k2, we arrive at

Pḣ =
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dt00a(t0)a(t00) (22)

⇥ cos[k(t0 � t00)]⇧2(k, t0, t00) .

Plugging Eq. (??) into Eq. (??), we finally find the energy
density spectrum of a stochastic background of GW (at
subhorizon scales) as
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d log k
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III. GRAVITATIONAL WAVES FROM
SCALING SOURCES

Based on dimensional grounds and causality, it was
argued in [? ] that the aftermath dynamics of a global
phase transition should generate an approximately scale-
invariant background of GWs. The amplitude was esti-
mated with the GW quadrupole approximation, without
any reference to the number of components N of the cor-
responding symmetry breaking field. In the context of
a phase transition driven by the breaking a global O(N)
symmetry into a O(N � 1) group [? ], even though the
field equations are non-linear, analytic calculations can
be carried out in the largeN limit [? ], describing the evo-
lution of non-topological global defects arising after the
phase transition. Within that context, and using a full

1 The freely propagating waves are described by a superposition
of the linearly independent homogeneous solutions to the source-
free GW EoM.

treatment of the tensor metric perturbation representing
GWs, i.e. not resorting to the quadrupole approximation,
[? ? ] demonstrated that in the large N limit, an exact
scale-invariant background of GWs is generated by the
self-ordering dynamics of the non-topological global de-
fects arising after the phase transition. On the numerical
side, Ref. [? ], presented later, studied lattice simula-
tions and concluded that global defects with arbitrary
N , created after a second-order phase transition, gener-
ate a scale-invariant GW background. Such a conclusion,
however correct, was not fully supported by their numer-
ical spectra of GWs. The latter, even if consistent with
scale invariance, showed some tilt and a wiggly pattern
of large fluctuations.

Important questions were raised in that moment. How
does the scale-invariant GW spectrum come about? How
does the GW spectrum really look in the case of topolog-
ical defects? In particular, string-inspired models such
as [? ? ] can have (approximate) global symmetries
with low N and is it important to know what the GW
prediction is in those cases. How does the true GW sig-
nal from non-topological textures approach the analyti-
cal large N approximate result? What happens when the
defects arise from a broken gauge symmetry? Does this
GW contribute appreciably to the relativistic energy den-
sity and have implications in the cosmic microwave back-
ground [? ]? In [? ], the origin of the scale-invariance
of the GW background emitted by the self-ordering pro-
cess of non-topological defect, was finally clarified. The
prediction was, in fact, extended to any type of defect,
demonstrating that any scaling source at the RD era, pro-
duces always a background of GWs with a scale-invariant
energy density power spectrum. As it was emphasized
in [? ], in the case of cosmic defects the result is in fact
not related to their particular topology, nor to the order
of phase transition or the nature (global or local) of the
symmetry-breaking process that generated them. It is
just a consequence of the defects’ scaling behavior and
of being in RD. Using lattice simulations as an input, [?
] also computed the GW amplitude from numerical sim-
ulations of a system of global O(N) defects, providing
evidence that the numerical results converge to the an-
alytical result calculated in the large-N limit by [? ? ]
.

In the remaining of this section, we will discuss in ??
general aspects about the spectral shape of the GWs
emitted by any network of cosmic defects in scaling
regime. We will summarize the findings from [? ], and ex-
tend our results to the evolution of scaling seeds during
the MD era. In ??, we will review the analytical esti-
mation of the GW signal emitted by self-ordering scalar
fields during RD, computed the large N limit of global
defects. We will also extend the analytical estimation to
the MD era. In the next Section, Sect. ??, we will discuss
our results from lattice simulations, based on two di↵er-
ent methods for obtaining numerically the spectrum of
GWs emitted by the network of cosmic defects. In ??
we will discuss our results from the first method, based
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fects arising after the phase transition. On the numerical
side, Ref. [? ], presented later, studied lattice simula-
tions and concluded that global defects with arbitrary
N , created after a second-order phase transition, gener-
ate a scale-invariant GW background. Such a conclusion,
however correct, was not fully supported by their numer-
ical spectra of GWs. The latter, even if consistent with
scale invariance, showed some tilt and a wiggly pattern
of large fluctuations.

Important questions were raised in that moment. How
does the scale-invariant GW spectrum come about? How
does the GW spectrum really look in the case of topolog-
ical defects? In particular, string-inspired models such
as [? ? ] can have (approximate) global symmetries
with low N and is it important to know what the GW
prediction is in those cases. How does the true GW sig-
nal from non-topological textures approach the analyti-
cal large N approximate result? What happens when the
defects arise from a broken gauge symmetry? Does this
GW contribute appreciably to the relativistic energy den-
sity and have implications in the cosmic microwave back-
ground [? ]? In [? ], the origin of the scale-invariance
of the GW background emitted by the self-ordering pro-
cess of non-topological defect, was finally clarified. The
prediction was, in fact, extended to any type of defect,
demonstrating that any scaling source at the RD era, pro-
duces always a background of GWs with a scale-invariant
energy density power spectrum. As it was emphasized
in [? ], in the case of cosmic defects the result is in fact
not related to their particular topology, nor to the order
of phase transition or the nature (global or local) of the
symmetry-breaking process that generated them. It is
just a consequence of the defects’ scaling behavior and
of being in RD. Using lattice simulations as an input, [?
] also computed the GW amplitude from numerical sim-
ulations of a system of global O(N) defects, providing
evidence that the numerical results converge to the an-
alytical result calculated in the large-N limit by [? ? ]
.

In the remaining of this section, we will discuss in ??
general aspects about the spectral shape of the GWs
emitted by any network of cosmic defects in scaling
regime. We will summarize the findings from [? ], and ex-
tend our results to the evolution of scaling seeds during
the MD era. In ??, we will review the analytical esti-
mation of the GW signal emitted by self-ordering scalar
fields during RD, computed the large N limit of global
defects. We will also extend the analytical estimation to
the MD era. In the next Section, Sect. ??, we will discuss
our results from lattice simulations, based on two di↵er-
ent methods for obtaining numerically the spectrum of
GWs emitted by the network of cosmic defects. In ??
we will discuss our results from the first method, based

Tk

@           :

2

absence of it), do present a scaling behavior, su�ciently
long after the completion of the phase transition that cre-
ated them [? ? ? ? ]. In all cases, topological or not,
local or global, we will refer to them as cosmic defects.

In a recent letter [? ], we generalized previous results
from the literature, clarifying the origin of the scale-
invariance of the GW background emitted by the self-
ordering process of non-topological textures arising af-
ter a global phase transition [? ? ? ]. We demon-
strated analytically that any scaling source at the radia-
tion dominated (RD) era produces a background of GW
with a scale-invariant energy density power spectrum. In
the case of cosmic defects, we emphasized that this is
not related to their particular topology, nor to the or-
der of phase transition or the global or local nature of
the symmetry-breaking process that generated them. It
is just a consequence of scaling and being in RD. Us-
ing lattice simulations as an input, we also calculated
numerically the GW amplitude from a system of global
O(N) defects, providing evidence that the numerical re-
sults converges to the large-N analytical result calculated
in the large-N limit in [? ? ? ].

In the present paper, we generalize further our results
from [? ]. First of all, we extend our calculation to the
whole range of frequencies of interest, studying the GWs
emitted by a scaling source during all cosmic history,
including both radiation-dominated (RD) and matter-
dominated (MD) eras. This introduces a new feature
in the spectrum, which does not remain scale-invariant
during the entire frequency range, but rather develops
a maximum at feq = ... Hz, which represents the fre-
quency today corresponding to the horizon scale at time
of matter-radiation equality at redshift zeq ' 3400. We
find that the energy density power spectrum scales as
h2⌦GW / f2 for f ⌧ feq, reaches a maximum at the
frequency f = feq, and settles down to a scale-invariant
amplitude h2⌦GW / f0 for f � feq. We also discuss in
full detail the numerical input used in [? ], based on the
extraction of the unequal-time energy-momentum tensor
correlators from large scale field theory lattice simula-
tions. We contrast our previous numerical results versus
other methods, based on the real time evolution of the
tensor metric perturbations, alongside the evolution of
the defect network itself. Finally we discuss the impli-
cations of the discussed background for the cosmic mi-
crowave background and for direct and indirect detection
of GWs.

From now on we will work in units ~ = c = 1,
with ⇢c the critical energy density today, and Mp ⇡
1.22 ⇥ 1019 GeV the Planck mass, related to Newton’s
gravitational constant as G = 1/M2

p . Summation will be
assumed over repeated indices.

II. GRAVITATIONAL WAVES

Gravitational Waves (GW) are tensor perturbations
of the space-time metric, representing the transverse-

traceless (TT) degrees of freedom (DoF) of metric per-
turbations. After inflation the Universe is well described
by a spatially flat Friedman-Robertson-Walker (FRW)
background. The perturbed FRW line element with GW
as the only perturbation, can then be written as

ds2 = a2(t)
⇥
�dt2 + (�ij + hij) dx

idxj
⇤
, (1)

with a(t) the scale factor and t the conformal time.
The perturbations hij verify the conditions @ihij = 0
(transversality) and hi

i = 0 (tracelessness), necessary
to identify them as GWs. Splitting the Einstein equa-
tions into background and linearized equations, and af-
ter a conformal redefinition of the tensor perturbations
h̄ij (x, t) = a(t)hij (x, t), the GW equation of motion
(EoM) in a FRW background are [? ] Why do we need
the hbar eqs? Maybe eq 4 and 5 are enough

¨̄hij (x, t)�
✓
r2 +

ä(t)

a(t)

◆
h̄ij (x, t) = 16⇡Ga(t)⇧TT

ij (x, t) ,

(2)
with dots denoting derivatives with respect to conformal
time. The source ⇧TT

ij is the TT-part of the anisotropic
stress tensor ⇧ij , which we define below. The conditions
@i⇧TT

ij = ⇧TT
ii = 0 hold for 8x, 8 t. Either in RD or

MD, and in general for a scale factor with any power
law behavior in time, ä/a ⇠ H2, where H ⌘ ȧ/a is the
(comoving) Hubble rate. Thus the term ä/a is negligible
at sub-horizon scales k � H, and therefore we will drop
it from now on. The GW EoM in Fourier space can then
be written simply as

¨̄hij (k, t) + k2h̄ij (k, t) = 16⇡Ga(t)⇧TT
ij (k, t) . (3)

The solution of Eq. (??) is given by a convolution with
the Green function associated to a free wave-operator
in Minkowski spacetime, G(k, t � t0) = 1

k sin(k(t � t0)).
That is, at times t > tI , with tI the initial time with no
gravitational waves, i. e. hij (k, ti) = ḣij (k, ti) = 0, we
obtain

hij(k, t) =
h̄ij(k, t)

a(t)
(4)

=
16⇡G

k a(t)

Z t

ti

dt0a(t0) sin(k(t� t0))⇧TT
ij (k, t0) .

Obtaining the TT-part of a tensor in configuration
space amounts to a non-local operation. It is more conve-
nient to do it in Fourier space, where a projector filtering
out only the TT DoF’s of a tensor can be easily written
down. The GW EoM in fourier space read

ḧij(k, t) + 2Hḣij(k, t) + k2hij(k, t) = 16⇡G⇧TT
ij (k, t),

(5)

where k is the comoving wave-number and k = |k| is the
modulus. The GW source can then be written as

⇧TT
ij (k, t) = ⇤ij,lm(k̂)⇧lm(k, t). (6)

kt � 1
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e.g. Gorghetto et al 

This is a hot topic because it can probe axions as DM

Don’t agree with scale invariance !

https://arxiv.org/abs/1910.04781
https://arxiv.org/abs/1910.04781
https://arxiv.org/abs/2101.11007
https://arxiv.org/abs/2101.11007


( )initial
cond.

Inflation            

'cures' hBB

= {

Scenarios

Primordial 
perturbations

Scalar:

Enhanced Scalar Pert.
…

Enhanced GWs
Extra species/symmetries {

Reheating  
scalar Preheating
gauge Preheating
fermion Preheating

Large GW (high freq)

{
CMB      anisotropies
(eventually Galaxies)

�T

Thermal 
Universe

Phase Transition(s):

Cosmic Defects

Large GW{

Tensor: Irreducible GWs
(CMB B-mode Pol.)

{String (loops): Large GW

EARLY UNIVERSE

Irreducible GW

Hybrid Preheating, High Freq.

Thermal 1st-O EW PhT @ LISA Freq.
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DYNAMICS OF THE HIGGS: Hybrid Preheating (Abelian-Higgs)
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So when do cosmic strings form ?
Reheating the Abelian-Higgs Model: SPATIAL DIST.

SNAPSHOT OF THE HIGGS (mt = 17)Cosmic strings form !

Dufaux et al PRD 2010



So when do cosmic strings form ?

22

FIG. 19: Time evolution of the spatial distribution of the magnetic energy density B2 (in units of m4) along the process of
the Higgs symmetry breaking. The images have been obtained with a N = 256 lattice simulation with an IR cut-o↵ kIR = 0.1
m, and parameters g2 = 2� = 0.25, Vc = 0.024 and e = 6

p
�. From left to right, top to bottom, the snapshots correspond to

mt = 5.5, 11.0, 17.3, 19.0, 21.0 and 23.0. At early times, before the Higgs bubbles percolate, the magnetic field is still very
small and has not acquired yet the distinctive shape of topological string configurations. At times mt ⇠ 17� 19, the string-like
spatial distributions of the magnetic energy density have finally developed, following the locus of points which corresponds to
the intermediate regions between Higgs bubbles. The string-like distributions are most clearly seen at time mt = 19. Later,
due to the time evolution of the gauge field’s mass, the string segments fatten and start shedding away the magnetic field, see
the main text.

Intensity of magnetic energy density

Dufaux et al PRD 2010

Magnetic Field  
energy density



Further emission of GWs ! (Vilenkin ’81)

IF Defects are Cosmic Strings …



Intercommutation

Loops are formed !

IF Defects are Cosmic Strings …



Loops are formed !

Gravitational Waves emitted !
(releasing the loops' tension)

Image Credit: Google

IF Defects are Cosmic Strings …
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of Irreducible background

(only for strings)



Cosmic Strings Network: Loop configurations

Stochastic gravitational wave backgrounds and early universe cosmology. 94

, The final spectrum today of the GWs produced by the loops of a string network,

emitted all through cosmic history from an initial time t⇤ until today to, is then
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Given that the power radiated by the population of cosmic loops from a string

network, comes from the contribution through all the cosmic history evolution of the

string network, it is convenient to express the above results in terms of a redshift integral.

This can be easily done by ...

Before we move on, it is important to note that the above spectral mode emission

Pn / 1/nq+1, or equivalently P(fl) / 1/(fl)q+1, is based on the asymptotic behavior

expected for large n. Hence, this modeling might be inaccurate for the lower harmonics,

specially for n = 1. Since Eq. (191) was derived independently of the functional form

of P(fl), it might be interesting to compute the GW emission assuming that only the

fundamental mode n = 1 of the GWs harmonics is emitted. This can be modeled by

simply considering a Dirac Delta distribution as P(fl)�(1)(fl � 2).

8.2.1. Cusps, kinks, and other features Summary of expressions based on asymptotic

behavior of the waveform, and comparison to previous formulas. Brief discussion about

rare event emissions.

8.2.2. Constraints

9. Conclusion

Appendix A. Gravitational wave propagation equation

In this appendix, we derive the propagation equation for GWs...

Appendix B. Detecting gravitational waves through their e↵ect on photon

propagation

We will discuss in the next section how cosmological GW backgrounds can be detected

with CMB experiments, pulsar timing observations and interferometric experiments.

These three kinds of experiments rely on the e↵ect of GW on the propagation of photons,

wether photons propagating from the epoch of last scattering in the case of the CMB,

electromagnetic pulses emitted by pulsars in the case of pulsar timing observations,

or photons in laser beams in the case of interferometers. Therefore, before describing

these experiments in more detail, we first discuss in this sub-section how GW a↵ect the

propagation of electromagnetic signals. We will follow the analysis performed by Sachs

and Wolfe [33, 34] for the CMB, and apply it also to pulsar timing observations and

interferometric experiments.

(Vilenkin ’81)
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and many others !
Original emission of GWs !
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Pn / 1/nq+1, or equivalently P(fl) / 1/(fl)q+1, is based on the asymptotic behavior

expected for large n. Hence, this modeling might be inaccurate for the lower harmonics,

specially for n = 1. Since Eq. (191) was derived independently of the functional form

of P(fl), it might be interesting to compute the GW emission assuming that only the

fundamental mode n = 1 of the GWs harmonics is emitted. This can be modeled by

simply considering a Dirac Delta distribution as P(fl)�(1)(fl � 2).

8.2.1. Cusps, kinks, and other features Summary of expressions based on asymptotic

behavior of the waveform, and comparison to previous formulas. Brief discussion about

rare event emissions.

8.2.2. Constraints

9. Conclusion

Appendix A. Gravitational wave propagation equation

In this appendix, we derive the propagation equation for GWs...

Appendix B. Detecting gravitational waves through their e↵ect on photon

propagation

We will discuss in the next section how cosmological GW backgrounds can be detected

with CMB experiments, pulsar timing observations and interferometric experiments.

These three kinds of experiments rely on the e↵ect of GW on the propagation of photons,

wether photons propagating from the epoch of last scattering in the case of the CMB,

electromagnetic pulses emitted by pulsars in the case of pulsar timing observations,

or photons in laser beams in the case of interferometers. Therefore, before describing

these experiments in more detail, we first discuss in this sub-section how GW a↵ect the

propagation of electromagnetic signals. We will follow the analysis performed by Sachs

and Wolfe [33, 34] for the CMB, and apply it also to pulsar timing observations and

interferometric experiments.
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, The final spectrum today of the GWs produced by the loops of a string network,

emitted all through cosmic history from an initial time t⇤ until today to, is then
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Given that the power radiated by the population of cosmic loops from a string

network, comes from the contribution through all the cosmic history evolution of the

string network, it is convenient to express the above results in terms of a redshift integral.

This can be easily done by ...

Before we move on, it is important to note that the above spectral mode emission

Pn / 1/nq+1, or equivalently P(fl) / 1/(fl)q+1, is based on the asymptotic behavior

expected for large n. Hence, this modeling might be inaccurate for the lower harmonics,

specially for n = 1. Since Eq. (191) was derived independently of the functional form

of P(fl), it might be interesting to compute the GW emission assuming that only the

fundamental mode n = 1 of the GWs harmonics is emitted. This can be modeled by

simply considering a Dirac Delta distribution as P(fl)�(1)(fl � 2).

8.2.1. Cusps, kinks, and other features Summary of expressions based on asymptotic

behavior of the waveform, and comparison to previous formulas. Brief discussion about

rare event emissions.

8.2.2. Constraints

9. Conclusion

Appendix A. Gravitational wave propagation equation

In this appendix, we derive the propagation equation for GWs...

Appendix B. Detecting gravitational waves through their e↵ect on photon

propagation

We will discuss in the next section how cosmological GW backgrounds can be detected

with CMB experiments, pulsar timing observations and interferometric experiments.

These three kinds of experiments rely on the e↵ect of GW on the propagation of photons,

wether photons propagating from the epoch of last scattering in the case of the CMB,

electromagnetic pulses emitted by pulsars in the case of pulsar timing observations,

or photons in laser beams in the case of interferometers. Therefore, before describing

these experiments in more detail, we first discuss in this sub-section how GW a↵ect the

propagation of electromagnetic signals. We will follow the analysis performed by Sachs

and Wolfe [33, 34] for the CMB, and apply it also to pulsar timing observations and

interferometric experiments.
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Abelian-Higgs Simulations 

What about lattice simulations ?

* Loops formed ! … but decay into scalar/gauge fields  

* If loops disappear… then no GW ? 

*  There is an irreducible GW emission from the long 
string network, but negligible vs NG loop GW emission

So … next results based on Nambu-Goto strings !
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, The final spectrum today of the GWs produced by the loops of a string network,

emitted all through cosmic history from an initial time t⇤ until today to, is then
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Given that the power radiated by the population of cosmic loops from a string

network, comes from the contribution through all the cosmic history evolution of the

string network, it is convenient to express the above results in terms of a redshift integral.

This can be easily done by ...

Before we move on, it is important to note that the above spectral mode emission

Pn / 1/nq+1, or equivalently P(fl) / 1/(fl)q+1, is based on the asymptotic behavior

expected for large n. Hence, this modeling might be inaccurate for the lower harmonics,

specially for n = 1. Since Eq. (191) was derived independently of the functional form

of P(fl), it might be interesting to compute the GW emission assuming that only the

fundamental mode n = 1 of the GWs harmonics is emitted. This can be modeled by

simply considering a Dirac Delta distribution as P(fl)�(1)(fl � 2).

8.2.1. Cusps, kinks, and other features Summary of expressions based on asymptotic

behavior of the waveform, and comparison to previous formulas. Brief discussion about

rare event emissions.

8.2.2. Constraints

9. Conclusion

Appendix A. Gravitational wave propagation equation

In this appendix, we derive the propagation equation for GWs...

Appendix B. Detecting gravitational waves through their e↵ect on photon

propagation

We will discuss in the next section how cosmological GW backgrounds can be detected

with CMB experiments, pulsar timing observations and interferometric experiments.

These three kinds of experiments rely on the e↵ect of GW on the propagation of photons,

wether photons propagating from the epoch of last scattering in the case of the CMB,

electromagnetic pulses emitted by pulsars in the case of pulsar timing observations,

or photons in laser beams in the case of interferometers. Therefore, before describing

these experiments in more detail, we first discuss in this sub-section how GW a↵ect the

propagation of electromagnetic signals. We will follow the analysis performed by Sachs

and Wolfe [33, 34] for the CMB, and apply it also to pulsar timing observations and

interferometric experiments.
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FIG. 1: The GW energy density per logarithmic frequency
interval Ωgw(f)h2 of a cosmic string network with Gµ/c2 =
10−7, α = 10−3 and n∗ = 1. The black (solid) line is the full
spectrum from the network due to loops formed in both radi-
ation and matter eras, whereas the red (dashed) line is that
from the radiation-dominated era and the blue (dot-dashed)
line is from the matter-dominated era. The grey shaded area
shows the frequency window probed with the highest sensi-
tivity by PTA experiments with duration between 5 and 10
years.

D. Intercommutation probability

Whenever two field theory cosmic strings collide they
exchange partners with an intercommutation probability
p = 1 [70]. This is not necessarily the case for cosmic su-
perstrings however, which intercommute with a reduced
intercommutation probability p < 1. This can be at-
tributed to the extra dimensions in which cosmic super-
strings are moving, with a successful intercommutation
requiring their collision in all dimensions and not just in
the three spatial dimensions visible to us. If p < 1 then
the scaling density of long strings is increased in order
to increase the number of intersections per unit time and
hence allow the network to lose the requisite amount of
energy necessary to maintain scaling. This will increase
the number of loops and hence will increase the ampli-
tude of the SGWB by a uniform scaling. There is, how-
ever, some controversy as to the exact dependence on p.
Jones, Stoica and Tye [19], argued that the self-similar
length scale, L, of the cosmic string network should scale
as L ∝ pt, which would mean that ρ∞ ∝ L−2 ∝ p−2.
In that case, even a small decrease in p would lead to a
dramatic increase in the amplitude of the SGWB. How-
ever, in such a case the inter-string distance ds, due to
the higher string density, is smaller than the length scale
of the network L, whereas in the one-scale model L ∼ ds,
suggesting that this argument needs to be modified.
Sakellariadou [83] has performed simulations of cosmic

superstring networks in Minkowski spacetime which sug-
gest that L ∝ p1/2t, implying that ρ∞ ∝ p−1. It was
suggested the discrepancy with the results of Jones et
al. stems from the small-scale structure of cosmic stings,

which ensures more intersection points when two strings
collide, and therefore there are more chances for success-
ful loop production.
There are two techniques used to model the dynam-

ics of strings in the Nambu-Goto approximation: one
is the Minkowski spacetime approach used in [83]; the
other is to model the expansion of the Universe. The
results of such simulations are reported by Avgoustidis
and Shellard in [84, 85]. They find that when p ≤ 0.1
then ρ∞ ∝ p−0.6, whereas for 0.1 < p ≤ 1.0 they find
ρ∞ ∝ p−1. They also suggest that small-scale structure
is responsible for the difference from the ρ∞ ∝ p−2 scal-
ing law and they propose a simple two-scale model which
describes quite accurately their simulation results. The
difference in the scaling laws of [83] and [85] has to do
with fitting model parameters to results of fundamen-
tally different simulations, so the exact reasons for this
discrepancy are not easy to trace.
In this work we will not make a judgement on the pre-

cise dependence of the scaling density of infinite strings
as a function of p except that it can be modeled by a
power law

A(p) =
A(1)

pk
, (25)

where k is the model parameter and A(1) = 52 and
A(1) = 31 in the radiation and matter eras respectively.
The results of [83] suggest that k = 1, whereas those
of [84, 85] suggest k = 0.6 for p ≤ 0.1 and k = 1
for 0.1 < p ≤ 1.0. The consequence of this assump-
tion is that the amplitude of the SWGB will scale as
Ωgw(f) ∝ p−k independent of f .

III. CHARACTERISTICS OF COSMIC STRING
INDUCED SPECTRA

A. Low frequency cut-off due to newborn large
loops.

As we mentioned in Sec. II B, each cosmic string loop
emits GWs into an ensemble of harmonics defined by
fn = 2nc/". This means that there is a low frequency
cut-off on the GWs that a cosmic string network emits,
defined by the first emission mode of the largest loops
present. The largest loops are those created at the
present time t0 and have length "0 = frαdH(t0), with
a corresponding low frequency cut-off f0 ∝ 1/αt0. The
redshifted frequencies of the GWs emitted by loops pre-
viously born will always be higher than f0 in both the
radiation- and matter-dominated eras. For example, in
the radiation era the frequency of the first emission mode
of a loop formed at time t1 redshifted to the present is

f1 ∝ t1/6eq /α(t1/21 t2/30 ) > f0, where teq ≈ 25, 000 yrs is the
time of radiation-matter equality. The same calculation

in the matter era gives f1 ∝ 1/α(t1/31 t2/30 ), which is also
greater than f0. To demonstrate the strength of this in-
equality, in the matter era, the GWs of the first emission

(RD)
(MD)

Example of GW emission from Loops

Cosmic strings loops: GW background

e.g. Sanidas et al 2012
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FIG. 4: Plots of normalized gravitational wave energy den-
sity per logarithmic frequency interval, Ωgwh

2, due to cosmic
string networks with different tensions but the same fiducial
values of α, n∗, q and p. The thick blue lines are for networks
in the large loop regime and the thin red lines are from net-
works in small loop regime. The dashed black line signifies
the network for which α = ΓGµ/c2. The analytic approxima-
tions of the peak frequency are also shown: the approximation
found in CA92 (red long dashed curve) and our improved ap-
proximation (short dashed green curve).

different behavior in the large and small loops regimes
and indeed this can be seen in Fig. 4. Moreover, even in
the large loop regime where it seems to be in reasonable
agreement, the more we decrease the string tension the
worse the approximation becomes.
We have managed to construct a better approximate

formula for fpeak, where we do not make any assumption
about the birth time of the loop population responsible
for the peak emission. Instead, we created a general,
approximate formula and we determine when these loops
were formed by comparing the analytic results with those
of our computations.
The peak frequency must originate from the redshifted

emission in the n = 1 mode of this population, the lowest
frequency it ever emitted. Using Eq. (26) for the birth
time of loops we introduce the concept of loop genera-
tions, g. We will refer to loops which die right now, and
therefore, were born at time t1 = tb(t0), as generation
g = 1 loops. The loops of generation g = 2 are those
which died when the loops of g = 1 were born and have
a birth time t2 = tb(t1). In the same way, the loops of
generation g are those which die when the loops of gen-
eration g− 1 were born. From Eq. (26) we find the birth
time tg of generation g loops to be

tg =

(

1 +
3frαc2

ΓGµ

)−g

t0 . (27)

The lowest GW frequency (n = 1) emitted by loops of
generation g in the matter era is

fg,em =
2

3frαtg
=

2

3frαt0

(

1 +
3frαc2

ΓGµ

)g

, (28)
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FIG. 5: Ωgwh2 for cosmic string networks with different values
of α and the fiducial values of Gµ/c2, n∗, q and p. With thick
blue lines we plot the networks in the regime of large loops and
with thin red lines the networks in the regime of small loops.
With dashed line we plot the network with α = ΓGµ/c2 which
signifies the critical point after which we have no amplitude
decrease.

and when we redshift it to the present day, its observed
frequency is

fg =
a(tg)

a(t0)

2

3frαtg
=

2

3frαt0

(

1 +
3frαc2

ΓGµ

)g/3

. (29)

Eq. (29) is the general approximation for the peak fre-
quency, without making any assumptions about which
generation’s loops created it. Using the results of our
computations, we found out that the best approximation
to the peak frequency is given by

fpeak =
2

3frαt0

(

2 +
3frαc2

ΓGµ

)10/9

, (30)

which is plotted with a short dashed green line in Fig. 4.
This means that the peak region is due to loops of gen-
eration g ∼ 10/3, i.e. of loops born just before the third
generation loops. We have changed the numerical factor
in the parenthesis of Eqs. (29), (30) from 1 to 2, so to
achieve a perfect fit. In any case, this is a minor cor-
rection (less than 3%) which only affects networks with
ΓGµ/c2 > α.

2. Varying α

The effects of varying α in the large/small loop re-
gions are the inverse of those seen when varying Gµ/c2.
In Fig. 5 we present the GW spectra for cosmic string
networks with the fiducial values of Gµ/c2, n∗, q and p
for various values of α.
In the large loop regime (blue thick lines), as α de-

creases the most prominent feature is a decrease of the
amplitude of the overall spectrum. This decrease is

↵
loop
size

(relative to  
horizon)
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FIG. 4: Plots of normalized gravitational wave energy den-
sity per logarithmic frequency interval, Ωgwh

2, due to cosmic
string networks with different tensions but the same fiducial
values of α, n∗, q and p. The thick blue lines are for networks
in the large loop regime and the thin red lines are from net-
works in small loop regime. The dashed black line signifies
the network for which α = ΓGµ/c2. The analytic approxima-
tions of the peak frequency are also shown: the approximation
found in CA92 (red long dashed curve) and our improved ap-
proximation (short dashed green curve).

different behavior in the large and small loops regimes
and indeed this can be seen in Fig. 4. Moreover, even in
the large loop regime where it seems to be in reasonable
agreement, the more we decrease the string tension the
worse the approximation becomes.
We have managed to construct a better approximate

formula for fpeak, where we do not make any assumption
about the birth time of the loop population responsible
for the peak emission. Instead, we created a general,
approximate formula and we determine when these loops
were formed by comparing the analytic results with those
of our computations.
The peak frequency must originate from the redshifted

emission in the n = 1 mode of this population, the lowest
frequency it ever emitted. Using Eq. (26) for the birth
time of loops we introduce the concept of loop genera-
tions, g. We will refer to loops which die right now, and
therefore, were born at time t1 = tb(t0), as generation
g = 1 loops. The loops of generation g = 2 are those
which died when the loops of g = 1 were born and have
a birth time t2 = tb(t1). In the same way, the loops of
generation g are those which die when the loops of gen-
eration g− 1 were born. From Eq. (26) we find the birth
time tg of generation g loops to be

tg =

(

1 +
3frαc2

ΓGµ

)−g

t0 . (27)

The lowest GW frequency (n = 1) emitted by loops of
generation g in the matter era is

fg,em =
2

3frαtg
=

2

3frαt0

(

1 +
3frαc2

ΓGµ

)g

, (28)
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FIG. 5: Ωgwh2 for cosmic string networks with different values
of α and the fiducial values of Gµ/c2, n∗, q and p. With thick
blue lines we plot the networks in the regime of large loops and
with thin red lines the networks in the regime of small loops.
With dashed line we plot the network with α = ΓGµ/c2 which
signifies the critical point after which we have no amplitude
decrease.

and when we redshift it to the present day, its observed
frequency is

fg =
a(tg)

a(t0)

2

3frαtg
=

2

3frαt0

(

1 +
3frαc2

ΓGµ

)g/3

. (29)

Eq. (29) is the general approximation for the peak fre-
quency, without making any assumptions about which
generation’s loops created it. Using the results of our
computations, we found out that the best approximation
to the peak frequency is given by

fpeak =
2

3frαt0

(

2 +
3frαc2

ΓGµ

)10/9

, (30)

which is plotted with a short dashed green line in Fig. 4.
This means that the peak region is due to loops of gen-
eration g ∼ 10/3, i.e. of loops born just before the third
generation loops. We have changed the numerical factor
in the parenthesis of Eqs. (29), (30) from 1 to 2, so to
achieve a perfect fit. In any case, this is a minor cor-
rection (less than 3%) which only affects networks with
ΓGµ/c2 > α.

2. Varying α

The effects of varying α in the large/small loop re-
gions are the inverse of those seen when varying Gµ/c2.
In Fig. 5 we present the GW spectra for cosmic string
networks with the fiducial values of Gµ/c2, n∗, q and p
for various values of α.
In the large loop regime (blue thick lines), as α de-

creases the most prominent feature is a decrease of the
amplitude of the overall spectrum. This decrease is

↵
loop
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Figure 1. Cosmic string SGWB curves (all in red) near various relevant values of Gµ. The dashed
orange curve is the EPTA sensitivity, and the darkest red curve just below is for Gµ = 10

�10. The
dash-dotted dark orange curve is the (projected) SKA sensitivity, and the dark red curve just below
is for Gµ = 10

�13. The dotted black curve is the LISA PLS; the red curve whose peak passes through
it, and the light red curve just below, are for Gµ = 10

�15 and 10
�17 respectively.

next few years. However, as the limit on ⌦gw becomes stronger and one probes lower values
of the tension, one can see that the peak of the SGWB moves towards high frequencies and
outside of the PTA frequency bands. This makes future bounds less strong than one would
have thought because the PTA frequency band will then be at the steep section of the SGWB
curve. Eventually, the SKA collaboration will become more competitive, potentially setting a
bound of Gµ = 2⇥ 10

�13, three orders of magnitude stronger than current PTA constraints.
An important point to make here is that if any of these observations detect a SGWB,

one will probably have to wait for LISA before one can elucidate the origin of such back-
ground. It is therefore interesting to see that if Gµ is in the range of values accessible by
PTA experiments, the higher-frequency part of the SGWB signal will be well within LISA’s
sensitivity curve. The spectrum for Gµ = 10

�13 in figure 1 shows how such a curve might
appear in LISA.

Looking at the curves for Gµ = 10
�15 and 10

�17 in figure 1, it is clear that for lower
string tensions, PTA-type experiments become irrelevant for detecting a background and at
this level LISA becomes the right instrument to probe these light strings [81]. The “bump” of
the SGWB will pass directly through the LISA sensitivity band, as shown for Gµ = 10

�15,
and Gµ = 10

�17 is the order of the lower bound on tension that LISA will set.

5.1.1 The high frequency regime

As we can see from the SGWB curves shown in figure 1, the spectrum becomes flat at very
high frequencies. This can be understood analytically using a scaling number density of loops
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Figure 2. Idem as figure 1 but using the loop number density from Model III [127].

as well as a simplified cosmological background that describes the evolution of the Universe
deep in the radiation era. The combination of these two facts allows us to find an expression
(following Method I) for the spectrum of the form

⌦
plateau
gw (ln f)I =

64⇡G2µ2
⌦rad

3

 1X

n=1

Pn

!✓Z
dx nr(x)

◆
. (5.1)

This shows that indeed the SGWB is flat in this regime, but also that it only depends on
two properties of the network of strings: the averaged total power emitted by a loop, and the
total number of loops. Using the results of Model II, we find

⌦
plateau
gw (ln f)I ⇡ 8.04⌦rad

r
Gµ

�
. (5.2)

This is a relevant result as it tells us that the value of the high-frequency plateau only depends
on Gµ and the total �. In particular, it does not depend on the exact form of the loop’s power
spectrum, nor on if the GW emission is dominated by cusps or kinks, but rather depends only
on the total radiation emitted by the loops.

Similarly, we can perform the same kind of computation using Method II. Starting with
eq. (4.11), and taking the cosmological background to be in the radiation era, we find 13

a good agreement for the plateau with the expression found in eq. (5.2). This is expected,
given that the plateau only depends on quantities that must be identical in both methods.
However, given the different nature of the calculations performed in both methods, this is a
good consistency check.

13
Note that in order to make this comparison, one should express the result in terms of the total power

emitted �. We give in appendix A the calculation of � in terms of the parameters Nq, g1, g2.
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next few years. However, as the limit on ⌦gw becomes stronger and one probes lower values
of the tension, one can see that the peak of the SGWB moves towards high frequencies and
outside of the PTA frequency bands. This makes future bounds less strong than one would
have thought because the PTA frequency band will then be at the steep section of the SGWB
curve. Eventually, the SKA collaboration will become more competitive, potentially setting a
bound of Gµ = 2⇥ 10

�13, three orders of magnitude stronger than current PTA constraints.
An important point to make here is that if any of these observations detect a SGWB,

one will probably have to wait for LISA before one can elucidate the origin of such back-
ground. It is therefore interesting to see that if Gµ is in the range of values accessible by
PTA experiments, the higher-frequency part of the SGWB signal will be well within LISA’s
sensitivity curve. The spectrum for Gµ = 10

�13 in figure 1 shows how such a curve might
appear in LISA.

Looking at the curves for Gµ = 10
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�17 in figure 1, it is clear that for lower
string tensions, PTA-type experiments become irrelevant for detecting a background and at
this level LISA becomes the right instrument to probe these light strings [81]. The “bump” of
the SGWB will pass directly through the LISA sensitivity band, as shown for Gµ = 10
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and Gµ = 10

�17 is the order of the lower bound on tension that LISA will set.

5.1.1 The high frequency regime

As we can see from the SGWB curves shown in figure 1, the spectrum becomes flat at very
high frequencies. This can be understood analytically using a scaling number density of loops

– 19 –

10-9 10-6 10-3 1 103 106
10-15

10-13

10-11

10-9

10-7

frequency (Hz)
h
2
�
g
w

Pn � n-4�3 using Model III

Figure 2. Idem as figure 1 but using the loop number density from Model III [127].

as well as a simplified cosmological background that describes the evolution of the Universe
deep in the radiation era. The combination of these two facts allows us to find an expression
(following Method I) for the spectrum of the form
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This shows that indeed the SGWB is flat in this regime, but also that it only depends on
two properties of the network of strings: the averaged total power emitted by a loop, and the
total number of loops. Using the results of Model II, we find

⌦
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This is a relevant result as it tells us that the value of the high-frequency plateau only depends
on Gµ and the total �. In particular, it does not depend on the exact form of the loop’s power
spectrum, nor on if the GW emission is dominated by cusps or kinks, but rather depends only
on the total radiation emitted by the loops.

Similarly, we can perform the same kind of computation using Method II. Starting with
eq. (4.11), and taking the cosmological background to be in the radiation era, we find 13

a good agreement for the plateau with the expression found in eq. (5.2). This is expected,
given that the plateau only depends on quantities that must be identical in both methods.
However, given the different nature of the calculations performed in both methods, this is a
good consistency check.
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Note that in order to make this comparison, one should express the result in terms of the total power

emitted �. We give in appendix A the calculation of � in terms of the parameters Nq, g1, g2.
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next few years. However, as the limit on ⌦gw becomes stronger and one probes lower values
of the tension, one can see that the peak of the SGWB moves towards high frequencies and
outside of the PTA frequency bands. This makes future bounds less strong than one would
have thought because the PTA frequency band will then be at the steep section of the SGWB
curve. Eventually, the SKA collaboration will become more competitive, potentially setting a
bound of Gµ = 2⇥ 10

�13, three orders of magnitude stronger than current PTA constraints.
An important point to make here is that if any of these observations detect a SGWB,

one will probably have to wait for LISA before one can elucidate the origin of such back-
ground. It is therefore interesting to see that if Gµ is in the range of values accessible by
PTA experiments, the higher-frequency part of the SGWB signal will be well within LISA’s
sensitivity curve. The spectrum for Gµ = 10

�13 in figure 1 shows how such a curve might
appear in LISA.

Looking at the curves for Gµ = 10
�15 and 10

�17 in figure 1, it is clear that for lower
string tensions, PTA-type experiments become irrelevant for detecting a background and at
this level LISA becomes the right instrument to probe these light strings [81]. The “bump” of
the SGWB will pass directly through the LISA sensitivity band, as shown for Gµ = 10

�15,
and Gµ = 10

�17 is the order of the lower bound on tension that LISA will set.

5.1.1 The high frequency regime

As we can see from the SGWB curves shown in figure 1, the spectrum becomes flat at very
high frequencies. This can be understood analytically using a scaling number density of loops
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as well as a simplified cosmological background that describes the evolution of the Universe
deep in the radiation era. The combination of these two facts allows us to find an expression
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This shows that indeed the SGWB is flat in this regime, but also that it only depends on
two properties of the network of strings: the averaged total power emitted by a loop, and the
total number of loops. Using the results of Model II, we find
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This is a relevant result as it tells us that the value of the high-frequency plateau only depends
on Gµ and the total �. In particular, it does not depend on the exact form of the loop’s power
spectrum, nor on if the GW emission is dominated by cusps or kinks, but rather depends only
on the total radiation emitted by the loops.

Similarly, we can perform the same kind of computation using Method II. Starting with
eq. (4.11), and taking the cosmological background to be in the radiation era, we find 13

a good agreement for the plateau with the expression found in eq. (5.2). This is expected,
given that the plateau only depends on quantities that must be identical in both methods.
However, given the different nature of the calculations performed in both methods, this is a
good consistency check.
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FIG. 1: The GW energy density per logarithmic frequency
interval Ωgw(f)h2 of a cosmic string network with Gµ/c2 =
10−7, α = 10−3 and n∗ = 1. The black (solid) line is the full
spectrum from the network due to loops formed in both radi-
ation and matter eras, whereas the red (dashed) line is that
from the radiation-dominated era and the blue (dot-dashed)
line is from the matter-dominated era. The grey shaded area
shows the frequency window probed with the highest sensi-
tivity by PTA experiments with duration between 5 and 10
years.

D. Intercommutation probability

Whenever two field theory cosmic strings collide they
exchange partners with an intercommutation probability
p = 1 [70]. This is not necessarily the case for cosmic su-
perstrings however, which intercommute with a reduced
intercommutation probability p < 1. This can be at-
tributed to the extra dimensions in which cosmic super-
strings are moving, with a successful intercommutation
requiring their collision in all dimensions and not just in
the three spatial dimensions visible to us. If p < 1 then
the scaling density of long strings is increased in order
to increase the number of intersections per unit time and
hence allow the network to lose the requisite amount of
energy necessary to maintain scaling. This will increase
the number of loops and hence will increase the ampli-
tude of the SGWB by a uniform scaling. There is, how-
ever, some controversy as to the exact dependence on p.
Jones, Stoica and Tye [19], argued that the self-similar
length scale, L, of the cosmic string network should scale
as L ∝ pt, which would mean that ρ∞ ∝ L−2 ∝ p−2.
In that case, even a small decrease in p would lead to a
dramatic increase in the amplitude of the SGWB. How-
ever, in such a case the inter-string distance ds, due to
the higher string density, is smaller than the length scale
of the network L, whereas in the one-scale model L ∼ ds,
suggesting that this argument needs to be modified.
Sakellariadou [83] has performed simulations of cosmic

superstring networks in Minkowski spacetime which sug-
gest that L ∝ p1/2t, implying that ρ∞ ∝ p−1. It was
suggested the discrepancy with the results of Jones et
al. stems from the small-scale structure of cosmic stings,

which ensures more intersection points when two strings
collide, and therefore there are more chances for success-
ful loop production.
There are two techniques used to model the dynam-

ics of strings in the Nambu-Goto approximation: one
is the Minkowski spacetime approach used in [83]; the
other is to model the expansion of the Universe. The
results of such simulations are reported by Avgoustidis
and Shellard in [84, 85]. They find that when p ≤ 0.1
then ρ∞ ∝ p−0.6, whereas for 0.1 < p ≤ 1.0 they find
ρ∞ ∝ p−1. They also suggest that small-scale structure
is responsible for the difference from the ρ∞ ∝ p−2 scal-
ing law and they propose a simple two-scale model which
describes quite accurately their simulation results. The
difference in the scaling laws of [83] and [85] has to do
with fitting model parameters to results of fundamen-
tally different simulations, so the exact reasons for this
discrepancy are not easy to trace.
In this work we will not make a judgement on the pre-

cise dependence of the scaling density of infinite strings
as a function of p except that it can be modeled by a
power law

A(p) =
A(1)

pk
, (25)

where k is the model parameter and A(1) = 52 and
A(1) = 31 in the radiation and matter eras respectively.
The results of [83] suggest that k = 1, whereas those
of [84, 85] suggest k = 0.6 for p ≤ 0.1 and k = 1
for 0.1 < p ≤ 1.0. The consequence of this assump-
tion is that the amplitude of the SWGB will scale as
Ωgw(f) ∝ p−k independent of f .

III. CHARACTERISTICS OF COSMIC STRING
INDUCED SPECTRA

A. Low frequency cut-off due to newborn large
loops.

As we mentioned in Sec. II B, each cosmic string loop
emits GWs into an ensemble of harmonics defined by
fn = 2nc/". This means that there is a low frequency
cut-off on the GWs that a cosmic string network emits,
defined by the first emission mode of the largest loops
present. The largest loops are those created at the
present time t0 and have length "0 = frαdH(t0), with
a corresponding low frequency cut-off f0 ∝ 1/αt0. The
redshifted frequencies of the GWs emitted by loops pre-
viously born will always be higher than f0 in both the
radiation- and matter-dominated eras. For example, in
the radiation era the frequency of the first emission mode
of a loop formed at time t1 redshifted to the present is

f1 ∝ t1/6eq /α(t1/21 t2/30 ) > f0, where teq ≈ 25, 000 yrs is the
time of radiation-matter equality. The same calculation

in the matter era gives f1 ∝ 1/α(t1/31 t2/30 ), which is also
greater than f0. To demonstrate the strength of this in-
equality, in the matter era, the GWs of the first emission
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{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{

Gravitational Wave Backgrounds



OUTLINE

1st Bloc

2) GWs from Inflation

3) GWs from Preheating

4) GWs from Phase Transitions

5) GWs from Cosmic Defects 

 1) Cosmology/GR + GW def.

2nd Bloc

3rd Bloc

<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{

Gravitational Wave Backgrounds



OUTLINE

1st Bloc

2) GWs from Inflation

3) GWs from Preheating

4) GWs from Phase Transitions

5) GWs from Cosmic Defects 

 1) Cosmology/GR + GW def.

2nd Bloc

3rd Bloc

<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{

<latexit sha1_base64="/f8vqrFv+rS0nNg6eKwK3K+sIXI=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4CtMhZLkFvXiMYBaYDKGn05M06VnsrgmEId/hxYMiXv0Yb/6NPUkEFX1Q8Hiviqp6XiyFBtv+sHIbm1vbO/ndwt7+weFR8fikq6NEMd5hkYxU36OaSxHyDgiQvB8rTgNP8p43vc783owrLaLwDuYxdwM6DoUvGAUjuQPJfXAGSownUB4WS3bZtm1CCM4IqddsQ5rNRoU0MMksgxJaoz0svg9GEUsCHgKTVGuH2DG4KVUgmOSLwiDRPKZsSsfcMTSkAdduujx6gS+MMsJ+pEyFgJfq94mUBlrPA890BhQm+reXiX95TgJ+w01FGCfAQ7Za5CcSQ4SzBPBIKM5Azg2hTAlzK2YTqigDk1PBhPD1Kf6fdCtlUitXb6ul1tU6jjw6Q+foEhFURy10g9qogxi6Rw/oCT1bM+vRerFeV605az1zin7AevsE/jiSRQ==</latexit>

[Early 
Universe

Gravitational Wave Backgrounds



OUTLINE

1st Bloc

2) GWs from Inflation

3) GWs from Preheating

4) GWs from Phase Transitions

5) GWs from Cosmic Defects 

 1) Cosmology/GR + GW def.

2nd Bloc

3rd Bloc

<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{
 6) Astrophysical Background(s)Late Universe IF there is time …

<latexit sha1_base64="/f8vqrFv+rS0nNg6eKwK3K+sIXI=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4CtMhZLkFvXiMYBaYDKGn05M06VnsrgmEId/hxYMiXv0Yb/6NPUkEFX1Q8Hiviqp6XiyFBtv+sHIbm1vbO/ndwt7+weFR8fikq6NEMd5hkYxU36OaSxHyDgiQvB8rTgNP8p43vc783owrLaLwDuYxdwM6DoUvGAUjuQPJfXAGSownUB4WS3bZtm1CCM4IqddsQ5rNRoU0MMksgxJaoz0svg9GEUsCHgKTVGuH2DG4KVUgmOSLwiDRPKZsSsfcMTSkAdduujx6gS+MMsJ+pEyFgJfq94mUBlrPA890BhQm+reXiX95TgJ+w01FGCfAQ7Za5CcSQ4SzBPBIKM5Azg2hTAlzK2YTqigDk1PBhPD1Kf6fdCtlUitXb6ul1tU6jjw6Q+foEhFURy10g9qogxi6Rw/oCT1bM+vRerFeV605az1zin7AevsE/jiSRQ==</latexit>

[Early 
Universe

Gravitational Wave Backgrounds



OUTLINE

1st Bloc

2) GWs from Inflation

3) GWs from Preheating

4) GWs from Phase Transitions

5) GWs from Cosmic Defects 

 1) Cosmology/GR + GW def.

2nd Bloc

3rd Bloc

<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{
Late Universe

<latexit sha1_base64="/f8vqrFv+rS0nNg6eKwK3K+sIXI=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4CtMhZLkFvXiMYBaYDKGn05M06VnsrgmEId/hxYMiXv0Yb/6NPUkEFX1Q8Hiviqp6XiyFBtv+sHIbm1vbO/ndwt7+weFR8fikq6NEMd5hkYxU36OaSxHyDgiQvB8rTgNP8p43vc783owrLaLwDuYxdwM6DoUvGAUjuQPJfXAGSownUB4WS3bZtm1CCM4IqddsQ5rNRoU0MMksgxJaoz0svg9GEUsCHgKTVGuH2DG4KVUgmOSLwiDRPKZsSsfcMTSkAdduujx6gS+MMsJ+pEyFgJfq94mUBlrPA890BhQm+reXiX95TgJ+w01FGCfAQ7Za5CcSQ4SzBPBIKM5Azg2hTAlzK2YTqigDk1PBhPD1Kf6fdCtlUitXb6ul1tU6jjw6Q+foEhFURy10g9qogxi6Rw/oCT1bM+vRerFeV605az1zin7AevsE/jiSRQ==</latexit>

[Early 
Universe

Gravitational Wave Backgrounds

 6) Astro Background and Observations



LIGO/VIRGO
2015-now

Late Universe (0 ≤ z ≲ 10)

_



Late Universe (0 ≤ z ≲ 10)

_



Binary Population

Observed

_

Late Universe (0 ≤ z ≲ 10)



Mostly
unresolved
binaries !

_

Late Universe (0 ≤ z ≲ 10)



_

Late Universe (0 ≤ z ≲ 10)



Astrophysical
GW background

_

Late Universe (0 ≤ z ≲ 10)



Astrophysical
GW background

_

Black Holes 
Neutron Stars 
White Dwarfs 

Late Universe (0 ≤ z ≲ 10)



_

Late Universe (0 ≤ z ≲ 10)



_

Late Universe (0 ≤ z ≲ 10)

Characteristic
strain



_

Late Universe (0 ≤ z ≲ 10)

For binary population: 
dn
dz

comoving 
number 
density

<latexit sha1_base64="mu52ssvj+Vc2FmpuBd7dooLUrzY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvQU0ikqMeiF48V7Ac0oWy2k3bpZhN3J4US+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZemAqu0XW/rcLG5tb2TnG3tLd/cHhUPj5p6SRTDJosEYnqhFSD4BKayFFAJ1VA41BAOxzdzfz2GJTmiXzESQpBTAeSR5xRNFLgC4iw6is+GKLTK1dcx53DXifeklTIEo1e+cvvJyyLQSITVOuu56YY5FQhZwKmJT/TkFI2ogPoGippDDrI50dP7Quj9O0oUaYk2nP190ROY60ncWg6Y4pDverNxP+8bobRTZBzmWYIki0WRZmwMbFnCdh9roChmBhCmeLmVpsNqaIMTU4lE4K3+vI6aV063pVTe6hV6rfLOIrkjJyTKvHINamTe9IgTcLIE3kmr+TNGlsv1rv1sWgtWMuZU/IH1ucPYpGR3A==</latexit>

(
<latexit sha1_base64="mu52ssvj+Vc2FmpuBd7dooLUrzY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvQU0ikqMeiF48V7Ac0oWy2k3bpZhN3J4US+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZemAqu0XW/rcLG5tb2TnG3tLd/cHhUPj5p6SRTDJosEYnqhFSD4BKayFFAJ1VA41BAOxzdzfz2GJTmiXzESQpBTAeSR5xRNFLgC4iw6is+GKLTK1dcx53DXifeklTIEo1e+cvvJyyLQSITVOuu56YY5FQhZwKmJT/TkFI2ogPoGippDDrI50dP7Quj9O0oUaYk2nP190ROY60ncWg6Y4pDverNxP+8bobRTZBzmWYIki0WRZmwMbFnCdh9roChmBhCmeLmVpsNqaIMTU4lE4K3+vI6aV063pVTe6hV6rfLOIrkjJyTKvHINamTe9IgTcLIE3kmr+TNGlsv1rv1sWgtWMuZU/IH1ucPYpGR3A==</latexit>

(



_

Late Universe (0 ≤ z ≲ 10)

For binary population: 
dn
dz

comoving 
number 
density

<latexit sha1_base64="mu52ssvj+Vc2FmpuBd7dooLUrzY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvQU0ikqMeiF48V7Ac0oWy2k3bpZhN3J4US+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZemAqu0XW/rcLG5tb2TnG3tLd/cHhUPj5p6SRTDJosEYnqhFSD4BKayFFAJ1VA41BAOxzdzfz2GJTmiXzESQpBTAeSR5xRNFLgC4iw6is+GKLTK1dcx53DXifeklTIEo1e+cvvJyyLQSITVOuu56YY5FQhZwKmJT/TkFI2ogPoGippDDrI50dP7Quj9O0oUaYk2nP190ROY60ncWg6Y4pDverNxP+8bobRTZBzmWYIki0WRZmwMbFnCdh9roChmBhCmeLmVpsNqaIMTU4lE4K3+vI6aV063pVTe6hV6rfLOIrkjJyTKvHINamTe9IgTcLIE3kmr+TNGlsv1rv1sWgtWMuZU/IH1ucPYpGR3A==</latexit>

(
<latexit sha1_base64="mu52ssvj+Vc2FmpuBd7dooLUrzY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvQU0ikqMeiF48V7Ac0oWy2k3bpZhN3J4US+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZemAqu0XW/rcLG5tb2TnG3tLd/cHhUPj5p6SRTDJosEYnqhFSD4BKayFFAJ1VA41BAOxzdzfz2GJTmiXzESQpBTAeSR5xRNFLgC4iw6is+GKLTK1dcx53DXifeklTIEo1e+cvvJyyLQSITVOuu56YY5FQhZwKmJT/TkFI2ogPoGippDDrI50dP7Quj9O0oUaYk2nP190ROY60ncWg6Y4pDverNxP+8bobRTZBzmWYIki0WRZmwMbFnCdh9roChmBhCmeLmVpsNqaIMTU4lE4K3+vI6aV063pVTe6hV6rfLOIrkjJyTKvHINamTe9IgTcLIE3kmr+TNGlsv1rv1sWgtWMuZU/IH1ucPYpGR3A==</latexit>

(



_

Late Universe (0 ≤ z ≲ 10)

For binary population: 
dn
dz

comoving 
number 
density

<latexit sha1_base64="mu52ssvj+Vc2FmpuBd7dooLUrzY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvQU0ikqMeiF48V7Ac0oWy2k3bpZhN3J4US+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZemAqu0XW/rcLG5tb2TnG3tLd/cHhUPj5p6SRTDJosEYnqhFSD4BKayFFAJ1VA41BAOxzdzfz2GJTmiXzESQpBTAeSR5xRNFLgC4iw6is+GKLTK1dcx53DXifeklTIEo1e+cvvJyyLQSITVOuu56YY5FQhZwKmJT/TkFI2ogPoGippDDrI50dP7Quj9O0oUaYk2nP190ROY60ncWg6Y4pDverNxP+8bobRTZBzmWYIki0WRZmwMbFnCdh9roChmBhCmeLmVpsNqaIMTU4lE4K3+vI6aV063pVTe6hV6rfLOIrkjJyTKvHINamTe9IgTcLIE3kmr+TNGlsv1rv1sWgtWMuZU/IH1ucPYpGR3A==</latexit>

(
<latexit sha1_base64="mu52ssvj+Vc2FmpuBd7dooLUrzY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvQU0ikqMeiF48V7Ac0oWy2k3bpZhN3J4US+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZemAqu0XW/rcLG5tb2TnG3tLd/cHhUPj5p6SRTDJosEYnqhFSD4BKayFFAJ1VA41BAOxzdzfz2GJTmiXzESQpBTAeSR5xRNFLgC4iw6is+GKLTK1dcx53DXifeklTIEo1e+cvvJyyLQSITVOuu56YY5FQhZwKmJT/TkFI2ogPoGippDDrI50dP7Quj9O0oUaYk2nP190ROY60ncWg6Y4pDverNxP+8bobRTZBzmWYIki0WRZmwMbFnCdh9roChmBhCmeLmVpsNqaIMTU4lE4K3+vI6aV063pVTe6hV6rfLOIrkjJyTKvHINamTe9IgTcLIE3kmr+TNGlsv1rv1sWgtWMuZU/IH1ucPYpGR3A==</latexit>

(

source-frame 
energy spectrum

E.S. Phinney
astro-ph/0108028

https://inspirehep.net/authors/993478
https://arxiv.org/abs/astro-ph/0108028
https://inspirehep.net/authors/993478
https://arxiv.org/abs/astro-ph/0108028


_

Late Universe (0 ≤ z ≲ 10)

Source frame 
frequency



_

Late Universe (0 ≤ z ≲ 10)

Chirp
mass



_

Late Universe (0 ≤ z ≲ 10)

Using:
dn
dz

≡
d𝒩

dzdm1dm1dV
≡ R(z) p(m1, m2)

dtr
dz

Merging 
Rate

Mass
function

(distribution)
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Late Universe (0 ≤ z ≲ 10)

h2
c ( f ) =

4G5/3f −2/3

3π1/2c2 ∫ dm1dm2p(m1, m2)∫
zmax

0
dz′ R(z′ )

ℳ5/3(m1, m2)
(1 + z)1/3

dtr
dz
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Late Universe (0 ≤ z ≲ 10)

h2
c ( f ) =

4G5/3f −2/3

3π1/2c2 ∫ dm1dm2p(m1, m2)∫
zmax

0
dz′ R(z′ )

ℳ5/3(m1, m2)
(1 + z)1/3

dtr
dz

e.g. BH Binaries
(from LIGO/VIRGO)

2.7

5.6
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We will create

Example: Stellar mass Black Hole population

GW Spectrum

(frequency)

(for LISA collaboration)

LISA
[Babak, Caprini, 
DGF,  Karnesis, 

Nardini, Marcoccia,  
Pieroni, Ricciardone,  

Sesana, Torrado]

ΩGW( f )
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Probe of High 
Energy Physics
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Probe Binary
Population(s)
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Gravitational Wave Backgrounds
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Early 
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HOLY GRAIL

Foreground



Principal
Component

Analysis

Frequency [Hz]
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ru
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pe

ct
ru
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Frequency [Hz]

Automatised
Binning

𝚂𝙶𝚆𝙱𝚒𝚗𝚗𝚎𝚛Code
(Caprini et al 1906.09244 )

POWER SPECTRUM RECONSTRUCTION

_

Signal Analysis

Pieroni & Barausse 2004.01135 )

https://arxiv.org/abs/1906.09244
https://arxiv.org/abs/1906.09244
https://arxiv.org/abs/2004.01135
https://arxiv.org/abs/2004.01135
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Frequency [Hz]
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Reconstruction
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W
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pe

ct
ru

m

Reconstruction
over foreground

String Tension

M
er

ge
r r

at
e

_

SIGNAL SEPARATION

Combining experiments

(from 2012.07874 )
(from 2004.01135 )

Signal Analysis

https://arxiv.org/abs/2012.07874
https://arxiv.org/abs/2012.07874
https://arxiv.org/abs/2004.01135
https://arxiv.org/abs/2004.01135


EXPERIMENTS
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ALL CMB

_CURRENT PLANNED PLANNED II ALL CMB PTA-detection



Current Constraints

CMB

PTA
Direct

Detection

Neff
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Current & Planned Direct Detection

PPTA

SKA

LLR
SLR

LISA
AION ET

LVKO3

NeffResonances

_BACK CURRENT PLANNED PLANNED II ALL CMB PTA-detection



Current & Planned Direct Detection II  

PPTA

SKA

LLR
SLR

LISA AION ET

LVKO3

Neff

AEDGE

BBO

_BACK CURRENT PLANNED PLANNED II ALL CMB PTA-detection



Full Experimental Landscape

PPTA

SKA

LLR
SLR

LISA AION
ET

LVKO3

Neff

AEDGE

BBO
CMB

_BACK CURRENT PLANNED PLANNED II ALL CMB PTA-detection



CMB Latest Analysis

(from Copeland et al 2004.11396)
_BACK CURRENT PLANNED PLANNED II ALL CMB PTA-detection



Latest PTA

_BACK CURRENT PLANNED PLANNED II ALL CMB PTA-detection



Latest PTA

_

Cosmic 
Strings Gμ = 7 ⋅ 10−11

BACK CURRENT PLANNED PLANNED II ALL CMB PTA-detection



OUTLINE

1st Bloc

2) GWs from Inflation

3) GWs from Preheating

4) GWs from Phase Transitions

5) GWs from Cosmic Defects 
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Review on Gravitational Waves 
from the Early Universe
Caprini & Figueroa
arXiv:1801.04268

Propaganda, Part I



Propaganda, Part II

CosmoLattice 
Figueroa, Florio, Torrenti, Valkenburg, arXiv: 2102.01031

For you early universe numerics …

('GW computation' module about to be available)

Cosmic Strings
Grav. Wave emission

Non-linear dynamics Whatever
you want !

?

https://arxiv.org/abs/2102.01031
https://arxiv.org/abs/2102.01031


CosmoLattice
http://www.cosmolattice.net/

* Init Conditions 
* Eqs. of Motion 

Physical Problem

CosmoLattice
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

δ𝒪(δtn)

Output

_

http://www.cosmolattice.net/
http://www.cosmolattice.net/
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* New Physical Problem 
* Choose Lattice: dt, N, dx 
* Choose Algorithm 
* Choose Param: g, m, … 
* Choose Observables 

δ𝒪(δtn)

Output

                                   : platform for field theories, 
        You choose the problem to solve !
CosmoLattice

_

http://www.cosmolattice.net/
http://www.cosmolattice.net/


CosmoLattice
http://www.cosmolattice.net/

➤                               (current public version) :

➤ Scalar-gauge dynamics [U(1) & SU(2) interactions]

➤ Multi-dimensional Parellization (you write serial !)

➤ Symplectic Integrators
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CosmoLattice

➤ Modular, Symbolic language, Field algebra

_
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} Non-symplectic integrators 

Arbitrary Initial Conditions 

Fluid Dynamics 
…

➤ Gravitational waves

➤ Axion-like couplings

➤ Non-minimal coupling

ϕFμνF̃μν

ξϕ2R

➤ …

➤ Cosmic String Networks

□ hij = 2ΠTT
ij
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}
➤                               (package upgrades towards 2022/beyond) :CosmoLattice

+

➤  Non-Canonical Kinetic Terms

_

http://www.cosmolattice.net/
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CMB anisotropies due to defects
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(Back) SLIDES



Cosmic Microwave Background

Durrer et al, JCAP 2014
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Figure 3. Big panel: Temperature angular power spectrum of scenarios combining inflation +
SOSF, with di↵erent contributions from SOSF (top curves). Also shown are the signals from SOSF
alone (lower curves). Small panels: Zoom on the first acoustic peak (left), and 2nd and 3rd acoustic
peaks (right) for the models shown in the big panel. The data points and errors are from the Planck
data. The di↵erent values of f10 correspond to the attempt to fit the BICEP2 data with only the
SOSF B-mode signal, see Fig. 4.

data. One could expect a slightly di↵erent upper bound for f10 for the large-N SOSF case

due to the di↵erent spectra, and being generous we will allow for bigger values than 0.055.

But as we shall see later, the BICEP2 data actually decrease the upper bound of f10 for

the large-N SOSF well below the 0.055 limit for O(4)-global textures. For the time being

we assume f10 = 0.055 as a reference value.

In Fig. 3 we show the temperature power spectrum from the Planck data. We plot

the Planck best-fit in black and the Planck best-fit for di↵erent fractional contribution

from the SOSF in di↵erent colors as indicated in the figure. Zooming into the first or the

second and third acoustic peaks (lower panels), we see that a contribution from SOSF,

when normalized such that the low-` Sachs-Wolfe plateau remains unchanged, reduces the
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Figure 2. SOSF B-mode angular power for f10 = 0.055 including lensing (green dashed line),
which is the sum of the SOSF B-mode signal without lensing (blue dotted line) plus the lensing
E-modes (gray dashed line). The analogous B-mode angular power from inflation for r = 0.2 with
lensing is also shown (red continuous line); this is the sum of the inflationary signal without lensing
(pink dotted line) and the lensing E-modes.

butions, both in the case of inflation and SOSF. The shape of the SOSF + inflationary

scalar B-mode spectrum shown in (green, dashed) is clearly very di↵erent from the pure

inflationary tensor + scalar spectrum (solid, red). Especially, the ‘blue’ SOSF spectrum

⇠ `
2 does not show the characteristic ‘plateau’ at 70 . ` . 180 which has been measured

by BICEP2, and is well reproduced by the inflationary scenario.

Let us now define the fractional contribution of the SOSF (and of cosmic defects in

general) to the temperature anisotropies at multipole ` = 10 as

f10 ⌘
C

TT
10

��
SOSF

CTT
10

��
obs

,

where C
TT

`

��
x
are the temperature angular power spectra from x = SOSF and x= obs

the spectrum observed by Planck (modeled by an inflationary signal). The analysis of the

Planck collaboration indicates that f10 . 0.015, 0.03, 0.045 for Nambu-Goto, Abelian-Higgs

and semi-local strings, respectively, and f10 . 0.055 for O(4)-global textures. Unfortu-

nately, there are no upper bounds set for f10 for the large-N limit of SOSF’s, neither from

Planck nor from the successive series of WMAP 1-, 3-, 5-, 7 and 9-year analysis. However,

the O(4)-global textures studied by Planck already capture well the large-N limit of SOSF,

since with temperature anisotropy spectra normalized at a given multipole (say ` = 10),

their B- power spectra only di↵er by a few %. Therefore, it should su�ce to take the upper

bound f10 . 0.055 from O(4)-global textures as an approximate upper bound f10 for SOSF,

and significantly bigger values of f10 are probably ruled out by the Planck temperature
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Figure 1. B-mode angular power from SOSF for f10 = 0.055 without lensing contribution (blue
continuous line), which is the sum of the vector (red dashed line) and tensor (green dashed line)
contributions. The B-mode angular power from inflation for r = 0.2 also without lensing is shown
(purple continuous line) for comparison.

and from SOSF assuming a fractional contribution f10 = 0.055 (blue continuous). The

first noticeable feature is that the inflationary curve is peaked at ` ' 90, whereas the

SOSF one is peaked at roughly the double, ` ' 185. Furthermore, the inflationary B-

modes show oscillations at ` & 200, whereas those from SOSF do not. We could also note

the di↵erence in the very low-` (` . 15) tail of the B-power spectra due to reionization.

However, since BICEP2 has not measured these multipoles, we ignore this di↵erence here,

and when plotting B-mode power spectra we start from ` & 10. We finally remark that

the inflationary B-spectrum comes only from tensors, while to the SOSF B-signal, both

tensor and vector perturbations contribute, as indicated by the dashed lines in the figure

(red and green dashed lines for the vectors and for the tensors respectively in Fig. 1).

Vector perturbations create even a bigger signal than tensors for all the relevant scales

outside the small interval ` 2 [15, 58]. The low multipole data points of BICEP2 are at

` ⇠ 45, 74, 109 and 144 (central values), so if the BICEP2 signal was attributed to SOSF

only, the amplitudes at multipoles ` ⇠ 74, 109 and 144 would be dominated by the vector

contribution, whereas at ` ⇠ 45 there would be a mix from tensors and vectors. Therefore,

a first conclusion from this analysis is that if the BICEP2 signal was due (and only due)

to SOSF, this would not imply a very strong detection of GW. It would instead represent

mainly a detection of vector perturbations (although in SOSF models generically both

vector and tensor modes contribute). Anticipating our results, we will see below that, in

reality, only a very small fraction of the BICEP2 signal can be due to SOSF, and therefore

these conclusions do not hold.

In Fig. 2 we decompose the total B-power spectra into primordial plus lensing contri-
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