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Problem 3.1. Verify that
(K, ér(2)] = —2iz,A¢r(x) — (22,270, — xzﬁu)¢1(ag) - pr(Mpu)IJ¢J($) (3.1)
for special conformal transformations.

We follow the same strategy used in class for [D, ¢;(x)]:

K@) = (K™ 6,(0)e%) = Ko™ 6,(0) ™ — P76, (0) K,
_ ezP-z (esz‘:L‘K/LezP-:L'gbI(O) o ¢I(O)Gf’LP-:I:K“e'LP-:EQSI(O)) e*’LP':L'
_ 67?P~ac [Kl“ ¢I(0)]e—iP~x

where K, = e*ZP'“’KMeZP""”. We then examine K ,:

~
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K, = <1—7ZP-:17—2(P-a7)2+...)Ku(1+7lP-a:—Q(P-:I,’)2+...>
1

= K, —i[P,, K]z — 5[5, [P, K,]]x*s" + ...

The ellipsis contains higher order commutators of P, and vanishes.

A~

K, = K,—20uwD — M,)z" +i[Py,n,D — M, |z z"
- K}L - 2(77;WD - A/[;w)fﬂy + PAnuuﬂf)\xV + (77,\,LP1, — 7])\Z,PM):E)‘LL’V
= K, —2x,D+2M,,x2" + 2z,x2,P" — I’QPH .

We thus find that

(K, ¢r(x)] = —2ix,A¢r(x) — i(22,2,0" — 220,)d1(x) + 227 (M) 65 ()

Problem 3.2. Verify that the rule

¢(a') = Q*2¢(a) . (3.2)

for the finite conformal symmetry transformations is consistent with the infinitesimal trans-
formation rule for the special conformal transformations K.



From problem (2.9), we use that Q = (1 —2b - x + b*z?)%. To linear order then
()= (1 —2b-z+b22)2¢(z) = (1 — 2Ab- z)¢(x) .

Furthermore

xh — b2 9 9
00) =0 (g ) 0 = ¥ 4 20%00) % 0a) + (1 4 2078 2)0,0(2)

For a scalar then
6 = ¢'(2') — ¢(a) = —2Ab - () — (22" -  — b'2*)0,0 ()
We make the identification d¢ = —ib"[K,,, ¢(x)].

Problem 3.3. Conformal Currents. We have the action for a real, massless scalar field

1

5= [ 40(0°6)0,0)

In each part below, we ask you to consider a variation of the scalar field d¢(\(x)) which
depends linearly on an infinitesimal parameter A(x). In each case, compute §S, putting it in
the form

0S8 = /ddx(ﬁﬂ)\)ﬂ‘ .
Verify that 0,J" = 0 on-shell.

a) Translations:
0¢ = Ma)v"0,9(x) ,

where v* is a constant vector of unit length.

b) Dilatations:
0 = Nz)(Ay + 210,)p(x) .

c) Special conformal transformations:

5¢ = Az)v" (2Apz, + 22,270, — 2°0,) ¢ .

= [t (=50 e @00.0 — N 0,000 + 0N %6)0,0))

= [ (0000

Thus we find

wap@(aqu)) |

1= (00)0,6) = 31u@0)0,0))

2



55 — / A% (06)0, (M Ay + 7°,)9)
_— / A2(00) [(0uA) (D + 270,)) + AD gD+ A"0,6 + A" 0, 0,0)
S / A% [(9,M)(0"0) (A + 2°0,)0 + (D + DA(0"0)(0,6) + A(9"$)2"0,0,9)
- - / %z [(@NA)(aM¢)(A¢ +2"0,)¢ + %a,, (A" ¢)a" D) — %(M)x”@%)(@m)
— / A%z (8,0 [(8“¢)(A¢ +12"9,)¢ — %n“”:cu(ﬁqu)(@m) :
So we find

T = ~Ay(0"6)0 — "(06)(0,0) + Lo (00)(0,0)

For conservation, note

Tty = ~ (070 (20)—(070)(D0) 1 (6) (0,0,0) + (076 (D,6) + (7 )(2,D,6) = 0

S = — / A%z (0"$)0,(A” (2842, + 22,270, — 2°0,) @)
_ / d(00) [@A)w (2052, + 22,278, — 220,)
+(O*P)AVP (2 g Mo + 20" 0y + 2,0, — 22,0, + 2842,0,, + 22,27 0,0,, — %0,0,)¢
_ / Ala(D @) (9,0) (284, + 2,270, — 220,)
+2(0"P)A (Aqs'l}u + gv ~x0, +v-vx-00, — %x% : 8@) o
_ / Ala(DG)?(9,0) (2841, + 22,270, — 220,)
+0¢ (38" +3 (w00, L) @6)0,0))
) (Boud + (-0, 2%, @6)0,0))
We thus identify the conserved current

Jh = —(0"9) (2840 -1+ 20220 — 20 - 0)P + V' Ay + (v cxah — %:c%“) (0¢) - (09)

= (2,1, — npa®) T — (") Ap(2v - 1) + V' Ay .
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Problem 3.4. For special conformal transformations, verify the remarkable property

|$1 - 1’2|

/2 1/2 °
71/72/

(3.3)

|4} — 5| =

where v; =1 — 2b - x; + b*x?.



