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Problem 3.1. Verify that

[Kµ, φI(x)] = −2ixµ∆φI(x)− i(2xµxν∂ν − x2∂µ)φI(x)− 2xρ(Mρµ) J
I φJ(x) (3.1)

for special conformal transformations.

We follow the same strategy used in class for [D,φI(x)]:

[Kµ, φI(x)] = [Kµe
iP ·xφI(0)e−iP ·x] = Kµe

iP ·xφI(0)e−iP ·x − eiP ·xφI(0)e−iP ·xKµ

= eiP ·x
(
e−iP ·xKµe

iP ·xφI(0)− φI(0)e−iP ·xKµe
iP ·xφI(0)

)
e−iP ·x

= eiP ·x[K̂µ, φI(0)]e−iP ·x

where K̂µ ≡ e−iP ·xKµe
iP ·x. We then examine K̂µ:

K̂µ =

(
1− iP · x− 1

2
(P · x)2 + . . .

)
Kµ

(
1 + iP · x− 1

2
(P · x)2 + . . .

)
= Kµ − i[Pν , Kµ]xν − 1

2
[Pλ, [Pν , Kµ]]xλxν + . . .

The ellipsis contains higher order commutators of Pµ and vanishes.

K̂µ = Kµ − 2(ηµνD −Mµν)x
ν + i[Pλ, ηµνD −Mµν ]x

λxν

= Kµ − 2(ηµνD −Mµν)x
ν + Pληµνx

λxν + (ηλµPν − ηλνPµ)xλxν

= Kµ − 2xµD + 2Mµνx
ν + 2xµxνP

ν − x2Pµ .

We thus find that

[Kµ, φI(x)] = −2ixµ∆φI(x)− i(2xµxν∂ν − x2∂µ)φI(x) + 2xν(Mµν)
J
I φJ(x)

Problem 3.2. Verify that the rule

φ′(x′) = Ω∆/2φ(x) . (3.2)

for the finite conformal symmetry transformations is consistent with the infinitesimal trans-
formation rule (3.1) for the special conformal transformations Kµ.
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From problem (2.9), we use that Ω = (1− 2b · x+ b2x2)2. To linear order then

φ′(x′) = (1− 2b · x+ b2x2)∆φ(x) ≈ (1− 2∆b · x)φ(x) .

Furthermore

φ(x′) = φ

(
xµ − bµx2

1− 2b · x+ x2

)
≈ φ

(
xµ − bµx2 + 2xµb · x

)
≈ φ(x) + (−bµx2 + 2xµb · x)∂µφ(x)

For a scalar then

δφ = φ′(x′)− φ(x′) ≈ −2∆b · xφ(x)− (2xµb · x− bµx2)∂µφ(x)

We make the identification δφ = −ibµ[Kµ, φ(x)].

Problem 3.3. Conformal Currents. We have the action for a real, massless scalar field

S = −1

2

∫
ddx (∂µφ)(∂µφ) .

In each part below, we ask you to consider a variation of the scalar field δφ(λ(x)) which
depends linearly on an infinitesimal parameter λ(x). In each case, compute δS, putting it in
the form

δS =

∫
ddx(∂µλ)Jµ .

Verify that ∂µJ
µ = 0 on-shell.

a) Translations:
δφ = λ(x)vµ∂µφ(x) ,

where vµ is a constant vector of unit length.

b) Dilatations:
δφ = λ(x)(∆φ + xµ∂µ)φ(x) .

c) Special conformal transformations:

δφ = λ(x)vµ
(
2∆φxµ + 2xµx

ν∂ν − x2∂µ
)
φ .

a)

δS = −
∫

ddx(∂µφ)∂µ(λvν∂νφ)

=

∫
ddx

(
−1

2
∂ν [λvν(∂µφ)(∂µφ]− (∂µλ)vν(∂µφ)(∂νφ) +

1

2
(∂νλ)vν(∂µφ)(∂µφ)

)
=

∫
ddx (∂µλ)vν

(
(∂µφ)(∂νφ)− 1

2
ηµν(∂

ρφ)(∂ρφ)

)
.

Thus we find

JµT = vν
(

(∂µφ)(∂νφ)− 1

2
ηµν(∂

ρφ)(∂ρφ)

)
.
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b)

δS = −
∫

ddx(∂µφ)∂µ(λ(∆φ + xν∂ν)φ)

= −
∫

ddx(∂µφ)
[
(∂µλ)(∆φ + xν∂ν)φ+ λ∆φ∂µφ+ λδνµ∂νφ+ λxν∂ν∂µφ

]
= −

∫
ddx [(∂µλ)(∂µφ)(∆φ + xν∂ν)φ+ (∆φ + 1)λ(∂µφ)(∂µφ) + λ(∂µφ)xν∂µ∂νφ]

= −
∫

ddx

[
(∂µλ)(∂µφ)(∆φ + xν∂ν)φ+

1

2
∂ν (λ(∂µφ)xν∂µφ)− 1

2
(∂νλ)xν(∂µφ)(∂µφ)

]
= −

∫
ddx(∂µλ)

[
(∂µφ)(∆φ + xν∂ν)φ−

1

2
ηµνxν(∂

ρφ)(∂ρφ)

]
.

So we find

JµD = −∆φ(∂µφ)φ− xν(∂µφ)(∂νφ) +
1

2
xµ(∂ρφ)(∂ρφ)

For conservation, note

∂µJ
µ
D = −∆φ(∂µφ)(∂µφ)−(∂µφ)(∂µφ)−xν(∂µφ)(∂µ∂νφ)+

d

2
(∂µφ)(∂µφ)+xµ(∂ρφ)(∂ρ∂µφ) = 0

c)

δS = −
∫

ddx(∂µφ)∂µ(λvρ
(
2∆φxρ + 2xρx

ν∂ν − x2∂ρ
)
φ)

= −
∫

ddx(∂µφ)

[
(∂µλ)vρ

(
2∆φxρ + 2xρx

ν∂ν − x2∂ρ
)
φ

+(∂µφ)λvρ(2∆φηρµ + 2ηρµx
ν∂ν + 2xρ∂µ − 2xµ∂ρ + 2∆φxρ∂µ + 2xρx

ν∂ν∂µ − x2∂ρ∂µ)φ

]
= −

∫
ddx(∂µφ)vρ(∂µλ)

(
2∆φxρ + 2xρx

ν∂ν − x2∂ρ
)
φ

+2(∂µφ)λ

(
∆φvµ +

d

2
v · x∂µ + v · x x · ∂∂µ −

1

2
x2v · ∂∂µ

)
φ

= −
∫

ddx(∂µφ)vρ(∂µλ)
(
2∆φxρ + 2xρx

ν∂ν − x2∂ρ
)
φ

+∂ρ
(
λ∆φvρφ

2 + λ

(
v · xxρ −

1

2
x2vρ

)
(∂µφ)(∂µφ)

)
−(∂ρλ)

(
∆φvρφ

2 +

(
v · xxρ −

1

2
x2vρ

)
(∂µφ)(∂µφ)

)
We thus identify the conserved current

JµK = −(∂µφ)(2∆φv · x+ 2v · x x · ∂ − x2v · ∂)φ+ vµ∆φφ
2 +

(
v · xxµ − 1

2
x2vµ

)
(∂φ) · (∂φ)

= −vρ(2xρxν − ηρνx2)T νµ − (∂µφ)∆φ(2v · x)φ+ vµ∆φφ
2 .
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Problem 3.4. For special conformal transformations, verify the remarkable property

|x′1 − x′2| =
|x1 − x2|
γ

1/2
1 γ

1/2
2

, (3.3)

where γi = 1− 2b · xi + b2x2
i .

4


