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1. Introduction and Motivations

In quantum mechanics and quantum field theory we sum over trajectories

weighted by the action

⟨Φf (x⃗, tf )|Φi(x⃗, ti)⟩ =
∫
[dΦ]

Φf

Φi
e

i
ℏS[Φ] . (1)

The notation [dΦ]
Φf

Φi
stands for a sum over all the field configurations that

interpolate between Φi(x⃗, ti) and Φf (x⃗, tf ). Classical equations emerge if

we can take ℏ → 0, where only the classical path survives — i.e. that path

for which the action is stationary δΦS[Φ] = 0.

Unfortunately the most interesting quantum systems do not allow us to

concentrate on the classical paths. That means that ℏ is effectively large

and, especially, that the interactions are strong.

The most interesting phenomena in modern physics are plagued with

large quantum corrections. For instance, the vacuum configurations that

are relevant in Yang-Mills theory are subject to very large quantum cor-

rections and indeed we observe highly non-classical phenomena such as the

formation of color flux tubes. Similarly, the field configurations that domi-

nate the macroscopic properties of the Φ4 model

S[Φ] =

∫
d2xdt

(
1

2
(Φ̇)2 − 1

2
(∇Φ)2 − λΦ4

)
. (2)
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are susceptible to large quantum corrections and we have essentially no

analytic control. There are many other, similar, examples in condensed

matter physics – we will delve into some of them in detail later.

Here we will explore the applications of a very general idea: In states

with large quantum numbers N , quantum effects can be substantially reduced

ℏeff = ℏ/N# (3)

This is a version of Bohr’s correspondence principle. Therefore, while the

macroscopic properties in the vacuum may be out of analytic control, some

excited states appear to be semi-classical.

After demonstrating how this general idea works in some relatively sim-

ple quantum systems, we will use this general ideology to tackle questions

about conformal field theory (CFT). CFTs describe quantum and classical

second order phase transitions and have countless applications.

CFTs epitomize the problem of strong interactions. The strong inter-

actions in CFTs never shut down, not even on very large distance scales!

By contrast, in Yang-Mills theory, the strong coupling dynamics is pretty

much limited to distance scales around the string tension.

CFTs are characterized scaling exponents and operator product expan-

sion (OPE) coefficients {∆i, Cijk}. The smallest scaling exponents ∆i de-

termine the response of the system to simple external fields. They are very

well measured in many cases.

Here we will be interested in “heavy operators” with

∆i ≫ 1 . (4)

Recently, some of these large scaling exponents were extracted in simula-

tions and therefore we will be able to make contact with “experimental”

data.

Our aim here is to apply the theory of semi-classical techniques at large

quantum numbers to unveil the physics of some of the simplest heavy op-

erators. Therefore, despite CFTs being the strongest interacting systems

imaginable, we will be still able to utilize semi-classical techniques and make

concrete predictions about some heavy operators.

On the way, we will be led to surprising new qualitative insights. To

whet the appetite we mention some of the main points below and then jump

straight into the details

• In an appropriate sense, strongly coupled theories become asymp-

totically free at small angles! This will lead to many predictions

about heavy operators.
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• The AdSd+1/CFTd correspondence holds “exactly” for any CFTd,

as long as one focuses on the physics of certain heavy operators.

• Heavy operators exhibit scaling laws that are familiar from Black-

Hole physics, and if there is particle number symmetry, heavy op-

erators also contain the physics of vortices familiar from superfluid

theory.

• The methods are applicable for conformal impurities and bound-

aries, which would allow us a fresh insight into the Kondo problem

and into higher dimensional extensions of the Kondo problem.

• Remarkably, the predictions for heavy operators work well when

extrapolated deep into the strongly interacting regime of light op-

erators with ∆ ∼ 1.

• In some cases (3), can be understood as a double scaling limit where

ℏ → 0, N → ∞ with fixed ℏeff . This is a compelling picture where

heavy operators are made of many quanta that are assembled in a

random matrix and such heavy operators are classical for the same

reason that large random matrices are classical.

2. An Invitation to Large Quantum Numbers

In this section we will discuss a quantum mechanical problem of identical

non-relativistic particles interacting with each other via a two-body δ func-

tion repulsive potential. This is just a Schrödinger equation for N particles.

For the spectrum to be discrete and to prevent the particles from fly-

ing out to infinity we will put the particles in some symmetric trap with

potential Vtr(r⃗).

For example the Hamilotnian for two particles is

H = − ℏ2

2M
∇2

1 −
ℏ2

2M
∇2

2 + Vtr(r⃗1) + Vtr(r⃗2) + Vshort−range(r⃗1 − r⃗2) . (5)

We have to specify the short range interaction. We will take it to have

scattering length a, for instance, we could take it to be

Vshort−range(r⃗1 − r⃗2) =

{
∞ if |r⃗12| < a

0 if |r⃗12| ≥ a
(6)

For a harmonic trap, the problem (5) can be easily solved analytically by

the usual transformation to the center of mass.

A further simplification on top of (11) comes from considering the phase

shift at small momentum δℓ = − (ka)2ℓ+1

(2ℓ+1)!!(2ℓ−1)!! + · · · . We see that this
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quickly shuts off at large ℓ and small momentum due to the centrifugal

barrier that does not allow to probe the short range potential. The physics

is dominated by s-wave scattering with δ0 = −ka.
Therefore what we will really do is to imagine that Vshort−range(r⃗1− r⃗2)

is such that there is scattering with scattering length a in the s-wave but

no scattering whatsoever for ℓ ≥ 1. The analysis has a large degree of

universality, and would be valid for vast variety of potentials as long as

the gas is dilute enough etc. – as we will soon discuss. An actual short

range “potential” which only leads to a contact interaction in the s-wave

is the Fermi pseudo-potential, which is widely used to model short range

potentials in nuclear physics and the physics of cold atoms.

Instead of solving the Schrödinger problem for 2 particles and then 3

particles etc, we switch to the second quantization formalism of this non-

relativistic problem and consider the action

S =

∫
d3xdt

[
iℏΨ† ∂

∂t
Ψ−Ψ†(− ℏ2

2M
∇2 + Vtr)Ψ− 1

2
gΨ†Ψ†ΨΨ

]
. (7)

Since particle number is given by

N =

∫
d3xΨ†Ψ , (8)

we see that the dimension of Ψ is length−3/2. The coupling constant that

appears in the action is g = 4πℏ2a
M has the dimension of length. (The story

in 2+1 dimensions is more subtle since there are logarithmic corrections to

g, which is dimensionless – we won’t discuss it here.)

The symmetries of the problem (7) in the absence of a trapping potential

is the Galilean symmetry and particle number symmetry Ψ → eiαΨ.

An important questions to understand is what are the eigenstates at

large N , and in particular, what is the ground state and its lowest-lying

excitations. To analyze this question we will use the insight that states

with large quantum numbers are nearly classical. To see that we rescale

the wave function by
√
N , and rescale g′ = gN/ℏ = 4πℏNa

M to obtain

1

ℏ
S = N

∫
d3xdt

[
iΨ† ∂

∂t
Ψ−Ψ†(− ℏ

2M
∇2 +

1

ℏ
Vtr)Ψ− 1

2
g′Ψ†Ψ†ΨΨ

]
,

(9)

and the constraint is
∫
d3xΨ†Ψ = 1. This is our first example of (3), and

we see that ℏeff = ℏ/N because N appears outside of the integral in (9).

Due to the factor of N outside of (9), the action would be dominated

by classical trajectories. This scaling of the action and g′ is not obviously
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physical since g′ clearly scales with N . The point is that the wave function

is order of length−3/2 and hence the quartic term is of order g′/volume and

that is of order Na/volume ∼ na where n is the density. We will work in

the limit where na, which is essentially a measure of diluteness in units of

the interaction length, is not large. This is why the formalism we develop

is appropriate for dilute gases. We can define

ξ = (an)−1/2 (10)

which is an important length scale which is called the healing length. This

is the only length scale in the absence of a trapping potential and it signifies

the typical size of a vortex. The semi-classical limit is therefore rigorously

justified at fixed healing length and N → ∞. This is the sort of a double

scaling limit which leads to classical physics.

The simplest trapping potential is a spherical box of radius L.

Vtr =

{
0 if |r⃗| < L

∞ if |r⃗| ≥ L
(11)

A classical solution is Ψ = 1√
V
e−iµt, with µ = g′/V . The energy of this

solution is linear in the density E ∼ n. The pressure is obtained by varying

the volume with a fixed number of particle and we find P = − ∂E
∂V = 1

2n
2g.

And the speed of sound is given from c2s = 1
M

∂P
∂n = 1

M ng. This is why the

repulsive interaction is crucial – without it, the gas has no sound.

Representative values are as follows, for sodium-23 (23Na)

as ∼ 2.75×10−9 m, n ∼ 1.0×1020 m−3, ξ ∼ 3×10−7 m m23Na ∼ 3.8×10−26 Kg .

To understand the validity of the classical solution we now expand in

fluctuations, with the following ansatz

Ψ =
1√
V
e−iµt + e−iµt

∑

k

mk(t)e
ikx . (12)

Since we are expanding around a background with ⟨Ψ⟩ ̸= 0, we should

already anticipate that mk(t) will contain both creation and annihilation

operators, even though the original field Ψ had well defined particle number

charge. This is standard when we expand around a solution that breaks

the symmetry spontaneously.

Plugging in our mode expansion (12), the quadratic theory for mk(t) is

(
m∗

k m−k

)
M
(
mk

m∗
−k

)
, M =

(
i d
dt −

ℏ
2M k2 − g′

V − g′

V

− g′

V −i d
dt −

ℏ
2M k2 − g′

V

)
.(13)



6 Zohar Komargodski

The off diagonal terms ∼ m−kmk + c.c. clearly break particle number

symmetry since we are expanding around a solution that breaks the sym-

metry spontaneously. The insight of how to quantize such a system is

due to Nikolay Bogolyubov, who observed that the commutation relations

[m∗
k′(t),mk(t)] = δkk′ allow to write each of the modes mk as

mk(t) = vkake
iωt + u−ka

†
−ke

−iωt ,

with |vk|2 − |u−k|2 = 1 and with a, a† canonically normalized creation and

annihilation operators. We get

ω(k) =

√
g′ℏ
VM

k2 +
ℏ2

4M2
k4 −→|k|→0

√
g′ℏ
VM

|k| =
√
4π

ℏ
Mξ

|k| . (14)

This is a sound mode and the speed of sound that we can read from it

agrees with the computation using thermodynamics. On the other hand the

particles do not see the background condensate and we have the dispersion

relation of ordinary non-relativistic free particles ω →|k|→∞
ℏk2

2M . Also, at

large momentum, mk becomes almost purely a destruction operator with a

very small contribution from creation operators.

We have just described how a dilute gas becomes a superfluid at large

particle number. We have also discussed the excitations around the ground

state and found their dispersion relation. That dilute gases with repulsion

indeed behave as superfluids at low temperatures was the subject of the

2001 Nobel Prize in Physics.

Now we cover a few more topics concerning superfluid theory and dilute

gases that would be important later.

2.1. Effective Theory and the Galilean Symmetry

We observe in (9) that Vtr has a very interesting interpretation – it is the

A0 background gauge field component for particle number symmetry.

We have seen in (14) that we have a sound mode at low energies and

it is useful to write an effective theory for it. Since we are expanding

around some nonzero ⟨Ψ⟩, the low-energy mode is the angle variable φ which

transforms under particle number symmetry inhomogenously φ→ φ+ α.

Using the Galilei symmetry and the fact that the trap potential is A0,

we see that an interesting combination is X = ∂tφ − Vtr − (∇φ)2

2M and an

allowed term in the effective theory is

S =

∫
d3xdtP (X) , (15)
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with P the pressure. The simplest equation of state is P ∼ X2 and that is

what happens in our dilute gas model at leading order.

The effective action has higher derivative terms in addition to (15). But

the pressure term is the leading one. The fact that we can determine the

dependence on Vtr in the low energy theory for the sound mode is crucial

in thinking about general superfluid theory.

2.2. Vortex Solutions

Now let us consider the vortex solution of superfluid theory. The ansatz is

of the form Ψ = e−iµteiθξ(r⊥) with a normalized
∫
dV ξ2 = 1. The formula

for the angular momentum reads

Lz =

∫
dV r2⊥nMvϕ =

ℏN
2i

∫
dV (Ψ†∂θΨ− c.c.) = ℏN , (16)

where we have used that the current density is j = ℏ
2Mi (Ψ

†∇Ψ−c.c.). Note

that the angular velocity behaves like vϕ ∼ 1/r2, in contrast to a rigid body,

where it is constant. The velocity of rotation near the core is very large

and decays at long distances.

To estimate the energy of this configuration we will take into account

only the contribution from the kinetic term, and specifically the centrifugal

term, which reads N
∫
dV ℏ2

2M
1
r2⊥
χ2 ∼ ℏ2NL

MV log(R/ξ) ∼ ℏ2nL
M log(R). R is

the transverse size to the vortex and L is the length of the vortex. This

shows that the vortex tension is divergent as the volume of the system

goes to infinity. For finite systems the vortices are finite energy and very

important in dynamics.

2.3. Harmonic Trap

Let us consider a harmonic trap Vtr = 1
2Mω2

∑
α2
ix

2
i with

∏
i α

2
i = 1.

Starting from the our usual action (9)

1

ℏ
S = N

∫
dV dt

[
iΨ† ∂

∂t
Ψ− 1

2
Ψ†(− ℏ

M
∇2 +

Mω2

ℏ
∑

α2
ix

2
i )Ψ− 1

2
g′Ψ†Ψ†ΨΨ

]
,

(17)

we now define dimensionless units for time and space via along with another

redefinition of the coupling constant

x =

√
ℏ
ωM

x̃ , t = ω−1t̃ , g′ = ωg′′ ,
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to find

1

ℏ
S = N

(
ℏ
ωM

)3/2 ∫
dṼ dt̃

[
iΨ† ∂

∂t̃
Ψ− 1

2
Ψ†(−∇̃2 +

∑
α2
i x̃

2
i )Ψ− 1

2
g′′Ψ†Ψ†ΨΨ

]
,

(18)

Finally since the normalization of the wave function is now inconvenient,∫
dṼΨ†Ψ =

( ℏ
ωM

)−3/2
, we rescale the wave function Ψ →

( ℏ
ωM

)−3/4
Ψ to

a dimensionless wave function to obtain the final form

1

ℏ
S = N

∫
dṼ dt̃

[
iΨ† ∂

∂t̃
Ψ− 1

2
Ψ†(−∇̃2 +

∑
α2
i x̃

2
i )Ψ− 1

2
geffΨ

†Ψ†ΨΨ

]
,

(19)
∫
dṼΨ†Ψ = 1 . (20)

The important coupling constant in the action is geff = g′′
( ℏ
ωM

)−3/2
,

given by geff ∼
( ℏ
Mω

)−1/2
Na. Identifying Dhar =

( ℏ
Mω

)1/2
as the

usual length scale of the harmonic oscillator we find geff ∼ Na/D. For

large geff , we are in the so-called Thomas Fermi regime, since the re-

pulsion between the bosons is large and the condensates spreads over

a large distance with small derivatives. Then we just need to mini-

mize the scalar potential V = −µn + 1
2

∑
α2
i x̃

2
in + 1

2geffn
2, with n

the dimensionless density. This leads to a solid ellipsoid inside which

there is a BEC, given by n = 1
geff

(
µ− 1

2

∑
α2
i x̃

2
i

)
Θ
(
µ− 1

2

∑
α2
i x̃

2
i

)
,

with Θ the usual Heavyside step function. An equivalent expression is

n =
(
n(0)− 1

2geff

∑
α2
i x̃

2
i

)
Θ
(
n(0)− 1

2geff

∑
α2
i x̃

2
i

)
. The constant n(0)

should be fixed by demanding that the density integrates to 1, however, as-

suming α ∼ 1 and estimating the size of the ellipsoid by x̃ ∼
√
n(0)geff and

hence the volume being ∼ (n(0)geff )
3/2, we see that 1 =

∫
n ∼ n5/2(0)g

3/2
eff

and hence n(0) ∼ g
−3/5
eff . This makes sense and simply says that inside a

box of the size that is dictated by the harmonic oscillator there are few

bosons in the Thomas Fermi regime.

The opposite regime with geff ≪ 1 is the near-ideal regime since the

repulsion provides just a small perturbation. In this case the bosons are

simply in the ground state of the harmonic oscillator.

2.4. The Landau Criterion

The Landau criterion is a beautiful application of the Galilean symmetry.

We explain it here since it is important for some later discussions.
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Let us start from the Galilean algebra with Ki the boost. Then

[Ki, E] = iℏPi, [Ki, Pj ] = iℏδijM , among the other, obvious commuta-

tion relations. More precisely this is a central extension of the Galilean

algebra and M is the central term. It is a general fact that in quantum

mechanics the Galilean algebra has this central extension. The massM can

be therefore interpreted as an anomaly. The centrally extended algebra is

sometimes referred to as the Bargmann algebra.

A Casimir is I = ME − P⃗ 2

2 . Take a state |Ψ0⟩ with energy E0 and

vanishing momentum. We can boost this state to momentum P0 and find

from the Casimir E = E0+
P 2

0

2M . This is just the obvious dispersion relation

of Galilean theories.

Now we add an excitation on top of the original state |Ψ0, ϵ(p)⟩. The

state has now momentum p and energy E0 + ϵ(p). Let us boost to total

momentum P⃗0 + p⃗, to find

E = E0 +
P 2
0

2M
+ ϵ(p) + v⃗0 · p⃗ ,

where v⃗0 = P⃗0

M . We can thus say that the dispersion relation of the original

excitation on top of the moving fluid is ϵ(p) + v⃗0 · p⃗ . If this can be made

negative this leads to a problem since we can lower the energy by adding

localized excitations and that leads to a critical Landau velocity vL =

minp
ϵ(p)
p .

We cannot directly use the excitations to lower the energy since momen-

tum is conserved in a closed system. We have to allow for a large stationary

reservoir through which the superfluid flows. Above vL friction with the

reservoir appears since momentum can be transferred to it while lowering

the energy of the flowing superfluid and emitting heat. (The kinetic energy

transferred to the reservoir p2/2Mreservoir is negligible so the energy has

to escape as heating of the reservoir as usual when there is friction.)

Note that the discussion above can be interpreted by saying that the

Hamiltonian is H+v0 ·P , which is as if we have added a chemical potential

v0 to the momentum charge. Above the landau velocity the Hamiltonian

H+v0 ·P has negative eigenvalues and is, within the leading order effective

theory, unbounded from below since we can construct phonon states with

large occupation numbers.

For a rotating frame the considerations are similar. The Hamiltonian

becomes H − ΩL and leads to the creation of vortices above a certain

threshold rotation frequency, as we will now investigate.
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2.5. Rotating Solutions

We will make some simple comments about a superfluid in a hard trap, i.e.

a cylinder of radius R. The action is

1

ℏ
S = N

∫
dV dt

[
iΨ† ∂

∂t
Ψ+Ψ† ℏ

2M
∇2Ψ− 1

2
g′Ψ†Ψ†ΨΨ

]
, Ψ

∣∣
r⊥=R

= 0 .

(21)

We assume that the healing length ξ ≪ R. We recall that the energy of a

vortex scales like ℏ2nL
M logR and the angular momentum is Nℏ. If our trap

is rotating then we must consider the Hamiltonian

H − ΩLz (22)

and this leads to the critical rotation frequency Ωc ∼ ℏ log(R/ξ)
MR2 for the

creation of a vortex. Recall that the speed of sound is cs ∼ ℏ/Mξ and

hence the velocity at the edge of the bucket rotating with frequency Ωc is

ΩcR = ℏ log(R/ξ)
MR ≪ ℏ

Mξ = cs. Therefore, locally near the boundary, we are

still well below the Landau criterion and no heat is generated. The system

is still a superfluid and it has a vortex at the center.

If we increase the frequency then the number of vortices grows. The

vortices are not on top of each other due to the repulsion between them;

the approximate energy of s vortices, neglecting the logarithms, is ℏ2ns2L
M

while the angular momentum is linear in s leading to a critical frequency

Ωc(s) ∼
ℏs
MR2

(23)

This leads to velocities of order of the speed of sound near the edge when

s ∼ R/ξ, in which case the number of vortices per unit area is 1/ξR.

The vortices are still sparse in this regime and far from their maximal

density∼ 1/ξ2. The famously form the triangular lattice.

Fig. 1. In this figure we see how the number of vortices grows as the rotation frequency

increases and eventually we get a beautiful triangular lattice.
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2.6. The Giant Vortex

We now study a qualitatively new solution with angular momentum. The

ansatz is identical to the one we already employed for the fundamental

vortex

Ψ = e−iµt+iℓφχ(r⊥) . (24)

While fundamental vortices repel and the solution with, ℓ = 2, for instance,

should be multi-centered, we will find a stable solution with azimuthal

symmetry of the above form at large ℓ!

As always we require that there are N particles in the trap
∫
dV χ2 = 1.

We find the equation of motion

− ℏ
2M

(
∂2

∂r2⊥
+

1

r⊥

∂

∂r⊥
− ℓ2

r2⊥
)χ(r⊥) + g′χ(r⊥)

3 = µχ(r⊥) . (25)

As for the elementary vortex, the superfluid density far away from the center

of the cylinder is constant and quickly goes to zero on the cylinder itself.

The length scale for the density to plunge to zero is ξ for the fundamental

vortex. Now we have the centrifugal term which is of order ℓ2

R2 which must

be compared to 1
ξ2 . We therefore have to assume that

1 ≪ ℓ≪ R/ξ (26)

so that the centrifugal term is negligible asymptotically near the edge of the

bucket. The velocity near the edge of the bucket is ℏℓ
MR . This approaches

the speed of sound when ℓ→ R/ξ but in our limit (26) we do not approach

the speed of sound at the edge.

The main feature of (25) is that the centrifugal barrier term grows

quickly to compete with the GP term and they become comparable for

r ∼ ℓξ ≫ ξ. Therefore for large ℓ the centrifugal term can create a hole due

to the repulsion from the origin. Note that the velocity of the fluid at that

point is ℏℓ
Mℓξ which is larger than near the edge and in fact parametrically

equal to the speed of sound in the stationary fluid.

We treat the equation (25) in Thomas Fermi approximation where we

neglect the kinetic term altogether and assume that the various domains

we find are glued to each other on distances of order ξ. Then we have

ℏ
2M

ℓ2

r2⊥
χ(r⊥) + g′χ(r⊥)

3 = µχ(r⊥) . (27)

The solution is

χ(r⊥) =

{√
µ
g′ − ℏ

2Mg′
ℓ2

r2⊥
R > r > ra

0 r < ra
, r2a =

ℏℓ2

2Mµ
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Finally we must require that the density is appropriately normalized,

2πL

∫ R

ra

dr⊥

(
µ

g′
r⊥ − ℏ

2Mg′
ℓ2

r⊥

)
= 1

which leads to πL µ
g′R

2 − πL ℏℓ2
Mg′

(
log(R/ra) +

1
2

)
= 1. The second term

evaluates to L ℏℓ2
Mg′ ∼ ℓ2ξ2/R2 and since we assume ℓ2ξ2/R2 ≪ 1 indeed we

can neglect the second term and find µ = g′/V to a good approximation.

This also means that ra ∼ ξℓ which is the radius of the hole.

We will make an important point about the fluctuations around the

giant vortex.

We will consider the regime where ra = R(1 − 1
2δ), with δ ≪ 1. That

is when the hole of the giant vortex grows large and consumes almost the

whole trap. This is what happens as the rotation is increased. We still

require that Rδ ≫ ξ so that we can neglect the higher derivatives and the

effective theory for the angular mode is valid.

The modes in this regime are approximately, to leading order in δ, given

by

ωm,n =
ℏℓm
MR2

+
xnℏℓ√
2δMR2

, m ∈ Z, n ∈ N (28)

with J ′
0(xn) = 0, starting from x0 = 0. The next one is at x1 = 3.8317 etc.

For instance, the density fluctuations associated with the modes ωm,n=0 is

∼ sin(ωt−mφ).

Roughly, the n modes correspond to excitations along the radial direc-

tion while the m modes are azimuthal waves

It is very important that there is no absolute value in m, and the energy

of these modes can be positive or negative. The origin of this linear term is

from the term ΩL in (22). Physically, the giant vortex represents ultrasonic

rotation and that is why the dispersion is dominated by the second term.

Indeed, the density profile ∼ sin(ωt − mφ) indicates that the waves are

just dragged along with the rotating fluid and do not have any intrinsic

propagation, to leading order. See figure 2. It is as if the waves are frozen

in the rotating frame (and indeed there is Carrollian symmetry to leading

order in δ).

If we put this superfluid in a trap then there would be friction accord-

ing to the Landau criterion and the rotation would slow down. But in

the absence of a medium to which the momentum can be transferred, the

rotation continues forever. The ground state is infinitely degenerate since

states in the Fock space with
∑

imi = 0 have the same energy and angular
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Fig. 2. A density wave corresponding to m = 3 rotating supersonically with the ambient

superfluid. The white region is empty and the blue region contains the superfluid.

momentum as the original giant vortex. Small corrections turn out to lift

this infinite degeneracy and lead to a small gap. The details of how this

infinite degeneracy is lifted depend on the trap. For the hard trap there

is a correction of order
√
δ|m| to the dispersion relation. This lifts the

degeneracy and the originally giant vortex is thus indeed stable!

These classical solutions and their excitations reflect the spectrum of

excited states of the quantum dilute gas in a trap. There are indications

that experiments have either already reached or are close to reaching this

supersonic regime with a giant vortex [].
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3. CFT

There are many outstanding reviews of the basics of Conformal Field The-

ory. We will only summarize some notation and a few facts that are neces-

sary to emphasize. In particular, we review radial quantization.

3.1. Why Conformal Theories?

The renormalization group (RG) is a powerful conceptual and compu-

tational framework for understanding the behavior of physical systems

near critical points, where correlation lengths diverge and scale invariance

emerges. The renormalization group is a central tool in many branches of

physics (and in adjacent fields, too).

A critical point is a point in the phase diagram of a system where the

correlation length ξ diverges. It is a fixed point of the renormalization

group. Near such a point, the system becomes scale-invariant: fluctuations

occur on all length scales. A classic example is the liquid-gas critical point,

or the Curie point in a ferromagnet.

Physical quantities exhibit power-law behavior near criticality. For in-

stance, the correlation length diverges as

ξ ∼ |t|−ν , (29)

where t is a coupling constant at zero temperature, or it could be related

to temperature t = (T − Tc)/Tc (depending on the context in which the

criticality arises). ν is one of the critical exponents.

Similarly, other observables behave as:

C ∼ |t|−α, (specific heat) (30)

χ ∼ |t|−γ , (susceptibility) (31)

M ∼ |t|β , (order parameter) (32)

M(h) ∼ h1/δ, (field response at t = 0), (33)

where α, β, γ, δ are various other scaling exponents.

This zoo of critical exponents can be related to the scaling dimensions

of local operators in the theory. Indeed, we can turn on t and the external

field h by deforming the scale invariant fixed point with local operators

δS =
∫
ddx(hOh(x)+tOt(x)) and thus, if ∆h,t are the scaling dimensions of

the operators Ot,h, respectively, then the scaling dimension of the coupling

constants h, t are d−∆h,t. Since the partition function in a Euclidean box
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of volume V can be be written as Z = e−V F (h,t), the free energy density

F (t, h) can be written due to scaling symmetry as

F (t, h) = t
d

d−∆t f(th
∆t−d
d−∆h ) .

We have included the operators Oh,t since they are the most relevant ones

with scaling dimensions ∆ < d. In general, to capture sub-leading effects we

need to add infinitely many operators and there are infinitely many scaling

dimensions ∆i that can be extracted from precision measurements. But

only the relevant operators influence the leading order effects which affect

the macroscopic properties of the system. We are imagining a critical point

with one knob which is a symmetry breaking field h (e.g. a magnetic field)

and one knob which is a symmetric field (e.g. temperature) – of course

general critical points could have many other important relevant operators

or none at all.

This logic allows us to relate α, β, γ, δ, η to the scaling dimensions ∆h,t.

For instance,

ν =
1

d−∆t
, (34)

β =
∆h

d−∆t
, (35)

γ =
d− 2∆h

d−∆t
. (36)

As an exercise the reader can determine α, δ in terms of the scaling

dimensions ∆h,t.

Universality refers to the observation that systems with very different

microscopic details exhibit identical critical exponents. This remarkable

property stems from the fact that near the fixed point, the RG flow for-

gets the microscopic details, and only a few relevant directions (relevant

operators) dictate the behavior.

It is important that so far we have only used scaling symmetry. A

surprising fact is that many critical points are invariant under the full con-

formal group. The conformal group leads to stringent consistency condi-

tions on which values of ∆i furnish sensible conformal field theories, so it is

inevitable that microscopically different systems end up sharing the same

critical exponents.
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3.2. Examples: The 3d Ising and XY Models

The 3D Ising model is defined on a three-dimensional lattice where each

site i hosts a spin variable si = ±1. The Hamiltonian is given by:

H = −J
∑

⟨i,j⟩

sisj − h
∑

i

si, (37)

where the first term sums over nearest-neighbor pairs and h is an exter-

nal magnetic field. The interaction strength J > 0 favors alignment of

neighboring spins, leading to ferromagnetic ordering at low temperatures.

The model with h = 0 has a global Z2 symmetry: it is invariant under

the transformation si → −si for all i.
At zero external field h = 0, the model exhibits a continuous (second-

order) phase transition at a critical temperature Tc. Below Tc, the system

develops spontaneous magnetization ⟨si⟩ ≠ 0, while above Tc, thermal fluc-

tuations restore the symmetry and ⟨si⟩ = 0.

Near the critical point, the system shows power-law behavior and scale

invariance, characterized by the divergence of the correlation length and

non-analytic behavior of thermodynamic observables. The relevant critical

exponents include:

ξ ∼ |t|−ν , (correlation length)

M ∼ |t|β , (spontaneous magnetization)

χ ∼ |t|−γ , (magnetic susceptibility)

C ∼ |t|−α, (specific heat)

M(h) ∼ h1/δ, (magnetization at t = 0),

where t = (T − Tc)/Tc is the reduced temperature.

The critical exponents are known with high precision (through Monte

Carlo simulations, high-temperature expansions, the conformal bootstrap,

and experiments). Representative values are:

ν ≈ 0.630,

α = 2− dν ≈ 0.110,

β ≈ 0.326,

γ ≈ 1.237,

δ ≈ 4.789,

η ≈ 0.036.
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These exponents are universal, meaning they apply not only to the

lattice Ising model but also to many physical systems such as uniaxial

magnets, binary fluid mixtures, liquid-vapor transitions near criticality, and

the confinement-deconfinement transition in SU(2) gauge theory in 3+1

dimensions.

From the above one can infer the scaling dimensions of the operator

Oh which is the relevant operator corresponding to turning on an external

magnetic field and Ot which corresponds to the de-tuning the temperature

away from Tc

∆h = 0.51.. , ∆t = 1.41... . (38)

Another interesting model in the same 3D Ising universality class is the

interacting field theory

S =

∫
d3x

(
1

2
(∂Φ)2 +

1

2
m2Φ2 + λΦ4

)
. (39)

Φ is a real field. The Z2 symmetry acts by Φ → −Φ. For large positive m2

the theory is trivially gapped while for large negative m2 the Z2 is sponta-

neously broken. The phase transition is second order in the Ising univer-

sality class. The scaling dimensions in the infrared CFT are as above (38)

∆(Φ) = ∆h and ∆(Φ2) = ∆t.

The XY model is the paradigmatic system for studying continuous sym-

metries and phase transitions. It exhibits a second-order phase transition

characterized by nontrivial critical exponents and belongs to the 3D XY

universality class.

The XY model is defined on a three-dimensional lattice. At each lat-

tice site i, there is a two-component unit vector s⃗i = (cos θi, sin θi). The

Hamiltonian is given by:

H = −J
∑

⟨i,j⟩

s⃗i · s⃗j = −J
∑

⟨i,j⟩

cos(θi − θj), (40)

where the sum runs over nearest neighbors and J > 0 favors alignment of

neighboring vectors.

This model has a global U(1) symmetry θi → θi + α. Thermal fluctu-

ations compete with this ordering tendency, and at a critical temperature

Tc, the order disappears.

A symmetry breaking field h⃗ could be turned on by adding a term to

the Hamiltonian δH = −h⃗ ·
∑

i s⃗i. We can then repeat the usual scaling

analysis and investigate the same critical exponents as above.
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Extensive Monte Carlo simulations, field-theoretic methods (such as the

epsilon expansion and conformal bootstrap) and experiments, have yielded

∆h⃗ = 0.51... , ∆t = 1.50... . (41)

Famously, the 3D XY model describes the critical behavior of the super-

fluid transitions in 4He (lambda transition) and it also appears in magnetic

systems with easy-plane anisotropy.

As above, another interesting model in the same XY universality class

is the interacting field theory

S =

∫
d3x

(
|∂Φ|2 +m2|Φ|2 + λ|Φ|4

)
. (42)

Φ is now a complex field. The U(1) symmetry acts by Φ → eiαΦ. For

large positive m2 the theory is trivially gapped while for large negative m2

the U(1) is spontaneously broken and we have a superfluid phase. The

phase transition is second order in the Ising universality class. The scal-

ing dimensions in the infrared CFT are as above (41), ∆(Φ) = ∆h and

∆(|Φ|2) = ∆t.

3.3. The Basics

In a conformal theory, the energy-momentum tensor is traceless,

Tµ
µ (x) = 0 . (43)

In addition to boosts and rotations Mµν , and translations Pµ, the traceless

energy-momentum tensor gives rise to dilatations and special conformal

transformations, which act on space-time by xµ∂µ and 2xµ(x · ∂) − x2∂µ,

respectively. The conserved charges are usually denoted by D and Kµ,

respectively.a The full conformal algebra is

[Mµν , Pρ] = δνρPµ − δµρPν , (44)

[Mµν ,Kρ] = δνρKµ − δµρKν , (45)

[Mµν ,Mρσ] = δνρMµσ − δµρMνσ + δνσMρµ − δµσMρν , (46)

[D,Pµ] = Pµ, (47)

[D,Kµ] = −Kµ, (48)

[Kµ, Pν ] = 2δµνD − 2Mµν . (49)
aIn 1+1 dimensions, the traceless energy-momentum tensor leads to an infinite set of

additional conserved charges.
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3.4. Representations of the Conformal Group

As always, local operators are in representations of the algebra of the con-

served charges since we can surround local operators with d−1 dimensional

surfaces and by locality we must obtain a new local operator in this way,

independent of the shape of the surrounding surface as in Fig 3.

Fig. 3. The action of a conserved charge Q on a local operator O. The result is inde-
pendent of the shape of the surrounding surface.. This figure is taken from [?].

Now that we have our conserved charges P,M,D,K, we can classify

operators into representations of those charges. Since M,D,K all fix the

origin, it is most convenient to represent the charges on local operators at

the origin. Then for operators at x⃗ ̸= 0 we can obtain the representation

of M.D,K by conjugating the operators with P .

The action of P on local operators is simply by an infinitesimal trans-

lation

[Pµ,O(0)] = ∂µO(0) . (50)

Next, we take the local operators O have a well defined spin under SO(d)

rotations

[Mµν ,Oa(0)] = (Sµν)b
aOb(0), (51)

where Sµν are matrices satisfying the same algebra as Mµν , and a, b are

indices for the SO(d) representation of O. In our convention, the matrices

S are anti-hermitian, S† = −S.
We can choose D to act by rescaling the operators O according to their

scaling dimension ∆.b

[D,O(0)] = ∆O(0). (52)

Note that the scaling dimension of ∂µO is ∆ + 1 etc. Therefore, acting

with Pµ raises the scaling dimension. An important physical requirement

in local models is that

∆ ≥ 0 . (53)

bIn logarithmic theories, D cannot be diagonalized. But we will not discuss such models

here.
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This comes from the following argument: considering the two-point

correlation function and applying the scaling symmetry, we find that

⟨O(x)O(0)⟩ ∼ 1
x2∆ . It would be unacceptable for correlations to grow with

distance indefinitely and hence we must impose (53).

The representation of Kµ on local operators is interesting. While Pµ

raises the scaling dimension, Kµ lowers it. It is like an “inverse derivative.”

Indeed,

[D, [Kµ,O(0)] = (∆− 1)[Kµ,O(0)]. (54)

Thus, repeatedly acting we lower the scaling dimension, but we know that

this cannot continue indefinitely due to (53). Therefore there must be

special operators annihilated by Kµ,

[Kµ,O(0)] = 0 . (55)

Such operators are called primary operators.

Acting with Pµ on the primary operators we generate a tower of descen-

dants

[Pµ1
, · · · [Pµn

,O(0)] · · · ] (56)

To summarize, a primary operator satisfies

[D,O(0)] = ∆O(0)

[Mµν ,O(0)] = SµνO(0)

[Kµ,O(0)] = 0. (57)

The representation of the conformal group that we have constructed is a

lowest-weight representation. These are the only representations that are

relevant in local, unitary, conformal field theories.

3.5. Radial Quantization and the State-Operator Map

We can study CFTs in Minkowski space Rd−1,1, with the usual time evo-

lution. The spectrum is gapless due to scale invariance and the charges are

realized on these states as anti-Hermitian operators.

A central idea in the field is to quantize the system differently, so that

the spectrum is discrete. In particular, we will describe a quantization in

which the spectrum of energies is the spectrum of scaling dimensions ∆.

To understand the basic idea and utility of this idea it is worth consider-

ing a toy model example. Consider the following Hamiltonian in quantum
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mechanics:

H =
p2

2
+

g

2x2
. (58)

This is a very interesting, and very rich model. It has conformal symmetry

due to the charges

D = 1
2 (px+ xp) C = 1

2x
2. (59)

As before, D is the dilatations charge while K is the special conformal

charge. However, note that we have taken them to be Hermitian now. The

algebra obeyed by these operators is

[D,H] = 2iH , (60a)

[D,C] = −2iC , (60b)

[H,C] = −iD . (60c)

The factor of 2 in these commutation relations is due to the fact that it is

a Schrödinger conformal theory where space and time scale with dynami-

cal exponent z = 2, unlike the relativstic theories which have z = 1. The

charges D,K are clearly not conserved, as usual for the conformal symme-

tries. (They are “spectrum generating.”)

The model (58) is subtle due to the small x singularity of the potential.

The behavior of the wave function at small x is given by Ψ ∼ xλ with

λ± = 1
2 ±

√
g + 1

4 . There are three important cases





λ+ ✓, λ− ✗ g > 3
4 ,

λ+ ✓, λ− ✓ 3
4 > g > − 1

4 ,

unbounded − 1
4 > g .

(61)

• For g > 3
4 where the interaction is repulsive, the system can be

quantized while preserving H,D,K and the wave function at small

x decays as xλ+ .

• In the window 3
4 > g > − 1

4 both xλ± are possible normalizable

wave functions. We can choose that at distance x = ϵ ≪ 1 from

the origin we have Ψ = c+x
λ+ + c−x

λ− . This breaks conformal

invariance in general. But if we set c− = 0 or c+ = 0 then we

preserve conformal invariance and we can then take ϵ → 0 to get

conformal quantum mechanics. The conformal quantum mechanics

with c+ = 0 is fine tuned (since if c+ is very small but nonzero at

some ϵ, it will grow quickly and overtake the c− mode) while the
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one with c− = 0 is the infrared stable fixed point. One can express

all these facts using a beta function for the parameter c+/c− which

in effect evolves as we change the cutoff surface x = ϵ. Interestingly,

g = 0, is just the usual free particle. The unstable fixed point with

c+ = 0, corresponds to a Neumann boundary conditions at x = 0.

The stable fixed point c− = 0 corresponds to a Dirichlet boundary

condition at the origin x = 0. Indeed there is an RG flow between

these two fixed points if we add a potential at x = 0, uδ(x), where

u has dimensions of mass.

• The attractive interaction is too singular, in a way. We see that the

wave function oscillates as Ψ ∼ x1/2e±i
√

−g− 1
4 log x. If we do not

cut off at some x = ϵ≪ 1 the wave function would have oscillated

infinitely many times near the origin. This means that if we do not

impose a cutoff ϵ the energy is not bounded from below. Since we

cannot remove the cutoff, conformal symmetry is broken by choos-

ing some boundary conditions at the cutoff scale. (There is still

approximate discrete conformal invariance that can be discussed

at long distances after regularizing the singular behavior near the

origin.)

Henceforth we concentrate on g > − 1
4 . In the domain with two possible

quantizations 3
4 > g > − 1

4 we will refer to the two as the stable and unstable

fixed points.

With the usual time evolution generated by H the spectrum is continu-

ous. This can be seen directly from the conformal symmetry of the problem

since for any state |Ψ⟩ with eigenvalue E, we can consider the state eiαD|Ψ⟩
whose energy can be calculated from e−iαDHeiαD = e2αH as e2αE. The

continuum wave functions are as usual delta function normalizable. The

model does not have a ground state.

An interesting alternative way to think about the model is as follows.

We can redefine time as ωτ = tan−1 ωt and hence d
dτ = (1+ω2t2) d

dt , which

corresponds to evolving in time with

H̃ = H + ω2C . (62)

The Hamiltonian in this frame is thus

H̃ =
p2

2
+

g

2x2
+
ω2

2
x2 . (63)
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Now there is a unique ground state for g > − 1
4 and the energy is given by

E±
g.s. = ω(1±

√
g +

1

4
) . (64)





E+
g.s. ✓, E

−
g.s. ✗ g > 3

4 ,

E+
g.s. ✓, E

−
g.s. ✓

3
4 > g > − 1

4 ,

unbounded − 1
4 > g .

(65)

For g > 3
4 , E

+
g.s. is the energy of the ground state in the trap. In the

window 3
4 > g > − 1

4 we have two versions of the theory in the trap, with a

difference in the x = 0 boundary condition corresponding to the stable and

unstable fixed point. The ground state energy in the stable fixed point is

E+
g.s. while in the unstable fixed point it is E−

g.s.. Again, setting g = 0, this

is the usual particle in a (half) harmonic oscillator with Neumann boundary

conditions corresponding to E−
g.s. = ω/2, and Dirichlet boundary conditions

corresponding to the wave function which vanishes at x = 0 and its energy

being E+
g.s. = 3ω/2.

All the higher energy levels in the trap are given by E±
g.s. +2nω, with a

positive integer n (and no degeneracy). These states are obtained by acting

with the ladder operators

L± = H − ω2C ∓ iωD , (66)

which obey [L±, H̃] = [H − ω2C ∓ iωD,H + ω2C] = ±2ωL±. (L− is the

energy-increasing operator, with this somewhat confusing notation origi-

nating from the usual conventions for sl(2) algebra, where L−1 is usually

taken to be the energy-increasing operator.)

We see that the evolution with H̃ corresponds to a particle in a trap,

leading to a nice discrete spectrum. But what is the meaning of all of this?

Our final goal is to answer this question. Let us return to the time foliation

with H and consider the vacuum |V AC⟩. Act on this vacuum with a local

operator O(t = 0)|V AC⟩, next we evolve with H for one unit of Euclidean

time

|O⟩ ≡ e−H/ωO(t = 0)|V AC⟩ (67)

A short calculation, using that eH/ωCe−H/ω = C + 1
ω [H,C] +

1
2ω2 [H[H,C]] = C − i

ωD − 1
ω2H. Therefore eH/ω(H + ω2C)e−H/ω =

ω2C − iωD. This shows that the state |O⟩ corresponding to a primary

operator O, satisfies

H̃|O⟩ = ω∆|O⟩ . (68)



24 Zohar Komargodski

x0

potential

Fig. 4. A comparison between the potentials for H and H̃. The dashed line is the

potential energy part of H and the solid line is that for H̃. Figure borrowed from

[9911066]

This allows us to interpret the ground state of H̃ as corresponding to a

primary operator in the conformal quantum mechanics. explain that

there is no state operator map in our model since no state is

conformally invariant

3.6. Relativistic State-Operator Map

Our next step is to find a “trap” that will host a relativistic CFT and the

spectrum in the trap will coincide with the spectrum of scaling dimensions

of local operators ∆.

As in the QM example, it is useful to switch to Euclidean time and then

we perform a Weyl rescaling from Rd to the cylinder R× Sd−1,

ds2Rd = dr2 + r2ds2Sd−1

= r2∂
dr2

r2
+ ds2Sd−1

= e2τ (dτ2 + ds2Sd−1) = e2τds2R×Sd−1 ∼ ds2R×Sd−1 (69)

where r = eτ and in the last step we have removed the overall Weyl factor

which does not influence the dynamics of conformal field theories.

Dilatations r → λr become shifts of radial time τ → τ + log λ. Now we

finally go back to the physical Minkowski time and discuss the Lorentzian

cylinder with metric

ds2 = −dt2cyl + ds2Sd−1 . (70)
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The quantum states on the cylinder are in correspondence with local oper-

ators in ordinary flat space. P and K are, respectively, raising the lowering

operators on the cylinder, corresponding to the tower of descendants we

discussed in (56).

We can also act on states on the cylinder with local operators on the

cylinder. The local operators on the cylinder are obtained from those in

flat space by a conformal transformation

The operators on the cylinder and flat space are related by

Ocyl.(τ, x̂) ≡ e∆τOflat(x⃗ = eτ x̂) , (71)

with x̂ ∈ Sd−1. As a consistency we can calculate the two point function

on the cylinder, separated in time but at the same point on Sd−1 in the

vacuum

⟨Ocyl.(τ1, x̂)Ocyl.(τ2, x̂)⟩ =
e∆(τ1+τ2)

(eτ1 − eτ2)2∆
=

1

(e
τ1−τ2

2 − e
τ2−τ1

2 )2∆
→|τ12|→∞ e−∆|τ1−τ2| .

This makes sense for a quantum theory on the Cylinder since hitting the

cylinder vacuum with the operator O creates an excited state with energy

∆ + n with nonnegative integer n. The one that propagates the longest is

the n = 0 mode which precisely leads to the exponential damping, as for

any other gapped system.

4. Heavy Charged Operators in the 3D XY Model

Let us discuss the problem of local operators O in the XY model with

charge Q under the U(1) symmetry.

We will take Q≫ 1. By the state-operator map we ought to seek states

on S2 with charge Q and the dictionary is

E = ∆/R .

(In fact the radius of the S2 can be set to 1 without loss of generality but

we will keep it for clarity.) There are many such states with charge Q. We

will concentrate on the ground states at fixed Q,

We make some assumptions about the properties of such states:

• These states are assumed to have a nice thermodynamic limit,

namely, we can keep the density Q/R2 fixed and take Q and R

to infinity in order to obtain an interesting state in flat space with

nonzero charge density. We assume that this limit makes sense.
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• Regarding the above state in infinite volume, we assume that the

ground state at fixed charge density is a superfluid, breaking the

U(1) particle number symmetry spontaneously. Because this is a

finite energy state we anticipate that the boost symmetry is broken

as well. The superfluid sound mode would simultaneously serve as

the NGB for particle number symmetry and for the boost symme-

try.

If we start from the Landau-Ginzburg description (42) we could phrase

the problem as trying to compute the scaling dimensions of the operators

ΦQ, for Q ≫ 1. Roughly speaking, these are the lowest lying primaries of

charge Q.

While the first assumption, that a thermodynamic limit exists, is cer-

tainly hard to prove from first principles, it seems pretty much guaranteed

from what we know about many body quantum systems. The second as-

sumption, that a superfluid phase is the thermodynamic limit, needs to be

justified better.

We can start from the Landau-Ginzburg description (42), and study

finite density states. This system has several scales, the density, the scale

of the quartic interaction, and the quadratic termm2. The analysis of finite

density states is valid only at weak coupling, and one can brazenly assume

that no phase transition happens as we study finite density states at strong

coupling.

So we consider the relativistic LG model with a complex field Φ, and

Lagrangian:

L = |∂Φ|2 −m2|Φ|2 − λ|Φ|4 .

We add a chemical potential to reflect that we seek for the ground states

at finite particle number density. This is put in by Dµ = ∂ + iµδµ0. The

Lagrangian becomes

L = |∂Φ|2 + iµ(Φ∂0Φ
∗ − ∂0ΦΦ

∗)− (m2 − µ2)|Φ|2 − λ|Φ|4 .

One could complain that the background gauge field A0 ∼ µ is flat and

can be removed by a field transformation so we have not done anything,

really. The point is that the charge density is now given by j0 ∼ iΦ
↔
∂Φ∗ +

2µ|Φ|2, so constant field configurations now carry charge density and so

the sole purpose of introducing the flat gauge field A0 = µ is so that we

can seek and expand around constant field configurations, which is more

convenient. (Also, once we introduce temperature and consider imaginary
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chemical potentials, it is no longer possible to remove it by a change of

variables.)

Another point of view is in the Hamiltonian formulation. The change

of variables required to remove µ affects the time evolution and so we can

say that by introducing µ we have changed the Hamiltonian to

H − µQ . (72)

With m2 > 0, for µ2 < m2 no condensate develops. The equations

therefore describe waves

Φ =
∑

k

a∗ke
iω−t+ikx + bke

−iω+t+ikx ,

with dispersion ω± =
√
k2 +m2 ± µ. All we did was to split the particle

from the anti-particle due to the shift of the Hamiltonian as in (72).

When µ2 = m2 we hit a phase transition since one of the modes becomes

massless. We expand around a homogeneous condensate as Φ = v+ ϕ. We

immediately see that

2v2 =
µ2 −m2

λ
> 0 . (73)

We now expand the action in ϕ1,2, eliminating total derivative terms and

constants, to find a very similar story to what we had in (13).

After some work that the read can carry out as an exercise, we see two

solutions, one where ω remains nonzero at small momentum and solves

the equation ω2 = 4λv2 + 4µ2 = 6µ2 − 2m2. This is a “Higgs” particle

that does not participate in low energy dynamics. The second solution has

vanishing energy at small momentum and solves the equation −4λv2(ω2 −
k2)−4µ2ω2 = 0, and see that the solution behaves like ω = cs |⃗k|+ · · · with
−4λv2(c2s − 1)− 4µ2c2s = 0 i.e. c2s = 2µ2−2m2

6µ2−2m2 < 1.

What this exercise shows is that the weakly coupled Φ4 model at large

enough density is always in a superfluid phase. (One can compute loop

corrections to the superfluid equation of state and try to reach closer to the

infrared fixed point – these corrections are quite nontrivial and interesting

[].) This does not prove that the XY critical point is in a superfluid phase

at nonzero density since the limits of low energy and large density may or

may not commute.

If we make the assumption that the critical point at nonzero density is

in a superfluid phase, we can get pretty far, as we will see.

We denote as in (15) the angle variable of Φ by φ and write an effective

action constrained by relativistic invariance, and conformal invariance, since
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it is a superfluid state in a conformal field theory. So the action must be a

function of (∂µφ)
2,

S =

∫
d2xdtP (∂µφ∂

µφ) .

From scale invariance we can fix P (x) = αx3/2 so we obtain the conformal

superfluid theory

S0 = α

∫
d2xdt(∂µφ∂

µφ)3/2 . (74)

This fractional power looks alarming, however, we are only using this as

an effective theory around nonzero density states φ = µt + ... (with µ ∼√
Q/R) and the expansion around such states is perfectly fine as a low-

energy expansion.

For general covariance we must also allow to put the superfluid on gen-

eral curved spaces as

S0 = α

∫
d2xdt

√
g(∂µφ∂

µφ)3/2 . (75)

In particular, we will be able to eventually go back to S2 × R to make

contact with the spectrum of scaling dimensions.

Since it is an effective theory, we must contemplate various higher

derivative terms suppressed by the energy or momentum in comparison

with the density ∂/µ. Such terms must be Weyl invariant since these are

states in a conformal field theory. we give examples of two such terms which

arise at order O(∂2/µ2):c

S ⊃ α2

∫
ddx

√
g|∂φ|3

[
R

|∂φ|2
− 8

∇2
(
|∂φ|1/2

)

|∂φ|5/2

]

+ α3

∫
ddx

√
g|∂φ|3

[
Rµν

∂µφ∂νφ

|∂φ|4
− ∇2|∂φ|

|∂φ|3
+
∂µφ∂νφ∇µ∇ν

(
|∂φ|−1

)

|∂φ|3

]
,

(76)

where Rµ
νρσ is the Riemann tensor. The scale µ is therefore the natural

cutoff for the EFT since ∂φ appears in the denominator in higher order

cWe chose the operators multiplied by α2 and α3 to be exactly Weyl invariant, and not

only up to a boundary term; see [?] for a discussion of the constraints from unitarity on
the values of α2 and α3.
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terms in the effective field theory.d

To find the relationship between Q and µ and to find the energy of the

configuration φ = µt we write the current and energy-momentum tensor

neglecting the higher derivative corrections to the effective field theory and

considering only the term (75)

jµ = 3α|∂φ|∂µφ , (77)

Tµν = α
(
3|∂φ|∂µφ∂νφ− gµν |∂φ|3

)
. (78)

Note that the energy-momentum tensor is traceless. Remembering that

the volume of the two-sphere is 4πR2 we see that the total charge is Q =

12πR2αµ2 and the total energy is E = 8πR2αµ3 and hence we find that

∆ = RE =
1

33/2
√
πα

Q3/2 + . . . ≡ c1Q
3/2 + · · · . (79)

with c1 = 1
33/2

√
πα

. Corrections to the scaling dimension arise from irrele-

vant operators such as the α2,3 terms as well as loop corrections. From the

fluctuations around the homogeneous superfluid.

We have therefore determined the scaling dimension of the primary

operator ΦQ with Q≫ 1 in the XY model. We see that ∆ = c1Q
3/2 + · · · .

This is a very interesting qualitative result.

Equation (79) is the same scaling as charge Q operators describing ex-

tremal black-hole states.e So which is the ground state of a holographic
dWhile in strongly coupled models the Wilson coefficients αi are O(1) and µ ∼

√
Q/R,

in weakly coupled models µ may be parametrically smaller than
√
Q/R and Wilson

coefficients may have nongeneric scaling. We refer to [?] for a general discussion of the

derivative expansion in those cases and to [?, ?, ?] for some examples.
eThe spherically symmetric Reissner–Nordström–AdS4 black hole has

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2 , f(r) = 1−

2M

r
+

Q2

r2
+

r2

L2
, (80)

where M is the mass, Q the electric charge, and L the AdS4 radius.
The extremal condition corresponds to zero temperature:

f(r+) = 0, f ′(r+) = 0.

In the large Q limit,

r+ =

(
L2

3

)1/4

Q1/2 ,

and the extremal mass is

Mext ≈
(
L2

3

)1/4

Q3/2 for large Q .

.
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CFT, the superfluid or the extremal black hole? They are certainly not

identical states, the extremal black hole has a very small gap to the next

primary while the superfluid has gap of O(1), as we will see. Presumbaly,

the black hole is the correct ground state at “intermediate Q”, with Q ∼ c,

with c some central charge in the holographic theory, while for truly large

Q, the correct answer is the superfluid.

More generally, to my knowledge, any known quantum system at large

enough density becomes a superfluid.f This is famously also the case in

QCD at large baryon density.

Let us now study the fluctuations about the superfluid, which will teach

as about the gap to the next primary of charge Q. The fluctuations φ =

µt+ δφ to second order have an action

Sfluctuations = 3µ2α

∫
d3x

√
g ∂0δφ+ 3µα

∫
d3x

√
g

[
(∂0δφ)

2 − 1

2
(∂iδφ)

2

]
.

(81)

The first term is a total derivative – it affects the zero mode dynamics,

which is important for various questions that we will explore later on. In

flat space the dispersion relation is obviously

ω =
1√
2
|k| . (82)

The speed of sound cs = 1/
√
2 is of course the telltale sign of conformal

matter at finite temperature in 2+1 dimensions.

On S2 × R, expanding the fluctuations in spherical harmonic modes,

they obey the dispersion relation (J ̸= 0)

ω2 =
1

2R2
J(J + 1) . (83)

The spectrum of states on S2 has to contain states corresponding to the

descendants of ΦQ. These have to have protected energy. Indeed, the

descendants correspond to states involving a number n > 0 of spin one

quanta, each increasing the energy by ω(J = 1) = 1/R. The other phonons

could receive corrections to their dispersion from corrections to the effective

field theory, but the J = 1 phonon is special and protected by conformal

symmetry.

fThe free fermion is a counter-example, since it forms a Fermi gas. But the Fermi
gas is unstable to interactions, which lead to a superfluid phase, so presumably in any

interacting system the true ground state at sufficiently large density is a superfluid.

There are also non-Fermi liquids which might be stable, but this remains to be seen.
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The first excitation that corresponds to a primary is therefore J = 2

with ω =
√
3/R – this means that, while the ground state at fixed Q has

∆ = c1Q
3/2 + · · · , the first next primary has

∆1st −∆0th =
√
3 + · · · .

This is a parameter-free prediction for the gap between heavy operators.

(This is qualitatively different than the primary gap in extremal black holes,

which is extremely small [].)

Since the cutoff of our theory is µ, we cannot excite too many phonons

– we see from the dispersion relation that we should only trust phonons

below J ∼ µR which is why this description is valid up until 0 < J ≪
√
Q.

Note that ω(J) is a sub-additive function, i.e.

ω(J1 + J2) ≤ ω(J1) + ω(J2) .

This means that to minimize the energy for a given Q and J it is always

beneficial to excite exactly one phonon of spin J .g The detailed map be-

tween the Fock space of phonons and the primary operators of charge Q

(with various derivatives inserted) is discussed in [?] for some weakly cou-

pled theories.

5. Charged and Spinning Operators in the 3D XY Model

We will now discuss spinning superfluid states which are important to un-

derstand the lowest lying operators with charge and spin.

Previously we used phonons to describe states with J not exceeding√
Q.

But what happens if we search for the ground state with some large Q

and J >
√
Q? Is there some new semiclassical description?

The important role of vortices in superfluids was recognized long ago [?,

?]. See also [?, ?, ?] and in the context of the XY model see [?, ?]. Vortices

appear when the superfluid is stirred – as we have already seen in the

analysis of dilute gases (23).

In the previous section that φ is compact was only important for the

quantization of Q itself. Our spatial configurations were single valued, reg-

ular functions on R2 or S2 (such configurations are called irrotational). In

gIn general there is a contribution ∼ J3/(R2µ2) to the dispersion relation (83) which
arises from the higher derivative operators (76). For J ≳ (Rµ)2/3 ∼ Q1/3 the subaddi-

tivity of ω(J) depends on the sign of this contribution and multi-phonon states might

be preferred over single-particle ones [?].



32 Zohar Komargodski

this section we explore the configurations which utilze the compact nature

of φ.

The action for a vortex moving along a prescribed trajectory has the

usual kinetic term contributions with the physical mass of the vortex setting

its rest energy – we expect the physical mass to be of order µ. But the

vortex also receives a contribution from the linear term in (81). To analyze

the contribution of the linear term 3αµ2
∫
d3x

√
g∂0φ to the action of a

vortex moving on a trajectory x0(t), we observe that this term fails to be

a total derivative only around the location of the vortex. Therefore, we

pick normal coordinates yi in the vicinity of the vortex, in terms of which

φ = φ(yi − yi0(t)) very close to the vortex core. The linear term in the

action thus becomes

3αµ2

∫
d3x

√
g∂0φ = 3αµ2

∫
dtd2y

∂φ

∂yi
ẏi0(t) . (84)

To evaluate this integral we use the definition of q units of vorticity

Vij = ∂i
∂φ

∂yj
− ∂j

∂φ

∂yi
= 2πqϵijδ

2(y − y0(t)) , (85)

with ϵij being the usual ±1 symbol in any coordinate system. With simple

manipulations we then findh

Ii =

∫
d2y

∂φ

∂yi
= πqϵiky

k
0 . (86)

Plugging this result into the action of the vortex we therefore find the

following term in the action

S ⊃ 3αµ2

∫
dtd2y

∂φ

∂yi
ẏi0(t) = 3αµ2πq

∫
dtϵiky

k
0 ẏ

i
0(t) . (87)

This action for the vortex core is very familiar from the motion of a classical

particle in a transverse constant magnetic field (leading to the Lorentz

force). To make the analogy explicit, we introduce the effective magnetic

field ∂iAj − ∂jAi = −6αµ2πϵij
√
g. We therefore see that each vortex has

the following term in its worldline action

S ⊃ q

∫
dtAi(y(t))ẏ

i , ∂iAj − ∂jAi = −6αµ2πϵij
√
g = − Q

2R2
ϵij

√
g .

(88)

hTo obtain eq. (86) we take another derivative with respect to y0 and contract with the

epsilon tensor: ϵki∂yk
0
Ii = −ϵki

∫
d2y∂k

∂φ
∂yi . Now we use the property (85). Thus we

find ϵki∂yk
0
Ii = −2πq from which we infer that Ii = πqϵijy

j
0.
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Note that this is a properly quantized magnetic field on S2, with exactly

Q units of the minimal magnetic field.

Of course the fact that superfluid vortices effectively move in a constant

magnetic field can be derived more easily by dualizing the superfluid mode

to a gauge field. The constant magnetic field is essentially the Magnus

effect that acts on vortices transversely to their direction of motion.

We will assume that the vortices move at velocity much smaller than

the speed of light so the kinetic energy is just the rest energy.

The potential when more than one vortex is present was already ar-

gued to lead to a logarithmic interaction – let us compute it in detail now,

starting from the action − 3µα
2

∫
dtd2x

√
g(∂iφ)

2. For vortices with locations

xα(t) where the index α labels the vortices we have the equation of motion

∆S2φ = 0 away from the vortices which is solved by

∂iφ = 2π
√
gϵij

∑

α

qα∂
jG(x, xα) , (89)

with qα the vorticity and G the standard Green’s function on the sphere:

G(x, y) = − 1

4π
log (n̂x − n̂y)

2
. (90)

Here n̂ is unit normalized three-vector describing the embedding of the

2-sphere in R3; R2(n̂x − n̂y)
2 ≡ L2

xy is the chordal distance between the

points x and y on S2.

Using eq. (89) in the action and after a little bit of algebra we find the

static component of the logarithmic interaction between the vortices

S ⊃ 3πµα

∫
dt


∑

α̸=β

qαqβ log(µLαβ) + const.


 . (91)

The cutoff µ appears explicitly in the static potential between vortices,

which accounts for the self energy as well, due to the constraint that the

total number of vortices vanishes. The constant term in eq. (91) is inter-

preted as the contribution of the vortex masses and it is an independent

Wilson coefficient within EFT. (More precisely, this independent Wilson

coefficient is due to the ratio of the vortex mass and the scale µ, which is

a model dependent coefficient, expected to be ∼ 1 in the XY model.)

We are now ready to summarize the action of the vortices:

Svortices =

∫
dt


∑

α

qαAi(x
i
α)ẋ

i
α(t) + 3πµα

∑

α ̸=β

qαqβ log (µLαβ)


 ,

(92)
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where the gauge field satisfies ∂iAj − ∂jAi = −6αµ2πϵij
√
g =

Q/(2R2)ϵij
√
g. We neglected the masses of the vortices and the kinetic

energy. This is analogous to the dynamics in the lowest Landau level

[?, ?, ?, ?, ?].

The energy stored by the vortices, on top of the ground state energy

8πR2αµ3, is independent of the magnetic field and is just given by the

electrostatic potential:

Evortices = −3πµα
∑

α ̸=β

qαqβ log (µLαβ) . (93)

The charge is not sensitive to the vortices and it is given as before by

Q = 12πR2αµ2.

The angular momentum is sensitive to the vortices. Let us compute the

angular momentum of a static q vortex at the north pole. From (78) we find

T0ϕ = 3αµ2q, therefore a single vortex contributes to Jz by 1
2

∫
d2xT0ϕ =

6πR2αµ2q. We divided by 2 since the configuration φ = qϕ has a q vortex

in the north pole and a q anti-vortex in the south pole, each of which is

contributing a half to the total angular momentum. More generally, the

angular momentum is given by

J⃗ = 6πR2µ2α
∑

α

qαn̂α , (94)

where n̂α is the unit vector pointing from the center of the sphere to the lo-

cation of the vortex. Of course, the angular momentum also receives contri-

butions from the motion of vortices but those are again negligible for slowly

moving vortices. The fact that a single vortex has angular momentum is

of course analogous to the angular momentum in the monopole-charge sys-

tem [?]. In the presence of many vortices, the angular momentum is addi-

tive (94) since the equation of motion for the fluctuations around χ = µt is

linear to leading order and hence the profile of φ is a superposition over all

the vortices (89). We have already seen this connection between the angular

momentum and superfluid vortices in our discussion of dilute gases (16).

5.1. Spinning Superfluid

Consider a vortex anti-vortex pair, each with unit vorticity. When the

vortices are antipodally placed, as in (95), they are static. More generally,

we have to balance the Lorentz force, which is the first term in (92) with the

electric potential, which is the second term in (92). Vortices therefore move

via drift motion with velocity v ∼ 1/(µL) around the sphere, where L is the
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relative distance. The energy and angular momentum of the configuration

are

∆/R = 8πR2αµ3+6πµα log(µL)+. . . , Jz = 6πR2µ2αL =
Q

2

L

R
. (95)

We can rewrite the scaling dimension corresponding to these operators as

∆ = c1Q
3/2 +

√
Q

6c1
log J(J+1)

Q + · · · .(94)The vortex mass and various other

corrections are smaller than the terms we kept in (5.1).

By moving the vortices farther apart we can increase the angular mo-

mentum while keeping the charge fixed. In this way we can increase the

angular momentum until we reach Jz = Q, when the vortices are antipodal.

On the lower end of the regime of validity of the vortex anti-vortex system,

for Jz ≲
√
Q, the vortices are nearby and they become relativistic so our

EFT breaks down. Indeed, for Jz ≲
√
Q, phonons are sufficient. In sum-

mary, the vortex anti-vortex configuration is well suited to be the ground

state of the system for
√
Q≪ J ≤ Q.

The angular momentum can be increased seemingly as much as we like

if we just keep increasing the vorticity q. But this is not the ground state

since, for instance, a 2-vortex is generally going to be unstable towards

breaking up to two single vortices.

Given these arguments we now look for configurations that can take

us beyond Q ∼ J . We first consider configurations that are made out

elementary (winding ±1) vortices only.

For sufficiently large J we may approximate the vortex distribution with

a continuous function ρ(x). The vortex contribution to the energy (93) thus

reads:

Evortices = 6π2µα

∫
d2x

√
gd2x′

√
g′ρ(x)ρ(x′)G (x, x′) , (95)

while the angular momentum is

J⃗ = 6παµ2R2

∫
d2x

√
gρ(x)n̂(x) . (96)

To minimize the energy at fixed angular momentum we assume Jx =

Jy = 0 and consider the functional Evortices + λJz, from which we obtain

the following minimum condition
∫
d2x′

√
g′ρ(x′)G (x′, x) =

λ

2
µR2 cos(θ) , (97)
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where λ is a Lagrange multiplier. The first term on the left hand side of (97)

is the electric potential due to charges with density ρ and the second term

on the right hand side states that this electric potential is proportional to

cos θ. The equation (97) is of course solved by acting on both sides with

∆S2 in the x coordinates. Expressing λ in terms of Jz, we find the following

result for the vortex density

ρ =
Jz

8π2αµ2R4
cos(θ) =

3Jz
2πQR2

cos θ . (98)

Eq. (98) corresponds to a velocity profile of a rigid body with a spherical

shape, explicitly vϕ = jϕ/j0 ≃ sin2 θJ/(cQ3/2) (therefore vϕ is constant

and hence the angular velocity is θ independent, as for a rigid body). The

energy of the rigid body as a function of Q, J is inferred from (95):

E =
1

33/2R
√
πα

Q3/2 +
33/2

√
πα

2R

J2

Q3/2
. (99)

To remain within the non-relativistic regime we must require that

J ≪ Q3/2, since as J comes close to Q3/2 the rotation velocity becomes

relativistic and our treatment of the problem needs to be revisited. In-

terestingly, the two terms in (99) become comparable for J ∼ Q3/2 which

is another indication that the rigid body breaks down in that domain, as

the energy of the background superfluid begins to be challenged by the

potential of the vortices.

On general grounds, we expect that when the superfluid velocity ex-

ceeds the speed of sound cs = 1/
√
2 the rigid body configuration becomes

unstable [?], and the superfluid settles in a new ground state [?]. Re-

markably, such a transition was experimentally observed for Bose-Einstein

condensates in anharmonic traps [?].

We can continue and ask what happens when the angular momentum

exceeds Q3/2.

One can continue and push the superfluid description all the way to

J ≪ Q2 - in fact there are two different proposals for what happens between

Q3/2 ≪ J ≪ Q2!

One is the giant vortex, which is very similar to the one that we encoun-

tered in the dilute gas discussion (24). The other is a relativistic configu-

ration of elementary vortices []. Both of these almost certainly exist and

it seems like the relativistic configuration of elementary vortices is slightly

preferred. For J > Q2 none of these descriptions makes sense and the

superfluid theory breaks down. We will discuss this regime later.
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Both of these phases have a similar formula for the scaling dimensions

of the corresponding operators

∆ = RE = J +#
Q3

J
+ · · · , Q3/2 ≪ J ≪ Q2 . (100)

The notation # stands for a numerical coefficient that differs between be-

tween the giant vortex and relativistic rotating vortices. We won’t go into

details but outline some important qualitative points.

• To leading order, the relationship between the energy and the an-

gular momentum is E = 1
RJ . That the coefficient in this formula

is exactly 1 is very important – we will see that this is a general

feature of the Regge limit.

• The subleading corrections of order Q3/J becomes of order Q near

the boundary of the regime of validity of the giant vortex J ∼ Q2.

This agrees parametrically with the sub-leading correction in the

Regge limit, as we will see later.

6. Regge Physics in Conformal Field Theory

Our discussion has brought us to the point that we need to understand

ultrafast spinning operators, with J the biggest parameter.

In theories with a U(1) charge, we have seen that we need a new de-

scription for J ≳ Q2. In theories like the 3D Ising model or other CFTs we

can similarly ask about the large spin operators with the smallest scaling

dimension possible.

The large spin limit is more universal than the large charge limit be-

cause the large spin limit always exists and also because the properties of

generic CFTs in the large spin limit have been determined without any

assumptions about the existence of a thermodynamic limit or about the

symmetry breaking patterns.

Interestingly, the large spin limit of any CFTd happens to be conve-

niently captured by a systematic expansion in AdSd+1.

That the large spin limit of any CFT has the properties below can be

proven (quite rigorously) without any assumptions. The answer is not quite

a classical effective theory, instead, it is a weakly coupled quantum problem

with coupling constant which is an inverse power of J , as anticipated in (3).

We present the solution for the large J limit but not the general proof

for why it is correct. We need to find highly spinning states on S2. Just

take any state on S2 and boost it by acting with the generator P which
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raises the energy on the sphere as in (56). The corresponding operators

are descendants. A more interesting question is about spinning primary

operators.

Fig. 5. A two particle state on the cylinder.

The central idea here is to consider any two primary local operators O1

and O2 and consider their product with J derivatives inserted in between,

written schematically as O1∂
JO2. For J = 0 or generic small values of J

it is not even a priori clear what is meant by this expression since such

operators either do not exist or just ambiguous to identify. However, for

J ≫ 1 it turns out that one can arrange the derivatives in such a way that

these are primary operators and furtthermore, their scaling dimension is

almost as if there are no interactions:

∆(O1∂
JO2) = J +∆(O1) + ∆(O2) + · · · , (101)

where the · · · stand for terms suppressed in the large J limit. Each of

the O1 can be interpreted to create a “parton” on the sphere and the

linear dispersion with J signifies that they are moving very fast (basically

at the speed of light). The fact that there are no corrections to this free

parton picture is reminiscent of asymptotic freedom, except that here it

arises in generic strongly interacting systems at large angular momentum.

More generally, one can define a family of operators schematically written

as O1□n∂JO2 whose scaling dimension is J + 2n +∆(O1) + ∆(O2) up to

small corrections. The parameter n will be mapped to some eccentricity of

the orbits and J is the angular momentum of the two-parton system.

A convenient notation for these special primary operators is [O1O2]n,J .

These are called the double twist operators. They minimize the scaling

dimension for fixed angular momentum as for asymptotically large J ,

τ ≡ ∆− J = 2n+∆(O1) + ∆(O2) + · · · . (102)
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Choosing the “partons” O1,O2 appropriately one can then find the true

global minimum of the scaling dimension at fixed J . But we will study this

whole family of “double twist” primaries and learn how to calculate their

properties even in strongly coupled theories.

The existence of these operators and the “asymptotic freedom” of the

partons has been by now well established as we can see in figures 6 and 7.

Fig. 6. from DSD. Here h̄ = J and as in (102), τ = ∆ − J . In this plot we see the

double twist operators corresponding to [ΦΦ]n=0,h in the 3D Ising model. We observe

a clear horizontal asymptote at 2∆(Φ) as predicted from the asymptotically free parton
picture.

In the remaining we will explain how to precisely construct these spin J ,

eccentricity n primary operators, how to calculate the corrections in (102),

and finally, we will return to the super fast spinning charged states with

J > Q2.

We will study AdSd+1 in global coordinates, see figure 8, with metric

ds2 =
L2

cos2 ρ

(
dt2 − dρ2 − sin2 ρ dΩ2

)
. (103)

The Dilatation operator generates t-translations, so that bulk energies

correspond to CFT dimensions via

∆CFT = EAdSL. (104)



40 Zohar Komargodski

Fig. 7. From Liu, Meltzer, Poland, Simmons-Duffin. Here we see the three O(2) rep-

resentations corrresponding to the double-twist operators
[
ΦΦ†]

n=0,ℓ
, and [ΦΦ]n=0,ℓ in

the XY model. We observe a clear horizontal asymptote at 2∆(Φ) = ∆(Φ) + ∆(Φ†) as
predicted from the asymptotically free parton picture.

AdS CFT

�t

⇢

exp

✓
�t

R

◆

Fig. 8. AdSd+1 in global coordinates allows to geometrize the physics of CFTd for some
particular questions, even if there is no concrete holographic duality or weak coupling or
sub-cosmological scale locality in the bulk.

We can consider a massive, relativistic particle in AdSd+1 and ask about

its wave function. For scalar fields this just corresponds to the solutions of

the Klein-Gordon equation.
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A wave function can be then acted upon with the AdS isometries to

create new interesting wave functions. This is analogous to boosting wave

functions in flat space, for instance.

Anti-de Sitter space AdSd+1 can be embedded in R2,d as the hyper-

boloid:

−X2
−1 −X2

0 +

d∑

i=1

X2
i = −L2.

The global coordinates (t, ρ,Ωi), where ρ ∈ [0, π/2) is a compactified ra-

dial coordinate and Ωi parametrize the Sd−1, are related to the embedding

coordinates by:

X−1 = L sec ρ cos t,

X0 = L sec ρ sin t,

Xi = L tan ρΩi, with

d∑

i=1

Ω2
i = 1.

This change of variables gives rise to the global AdS metric:

ds2 =
L2

cos2 ρ

(
−dt2 + dθ2 + sin2 θ dΩ2

d−1

)
,

where t ∈ R is global time and dΩ2
d−1 is the line element on the unit Sd−1.

The isometry group of AdSd+1 is SO(2, d). The generators of this group

in the embedding space are given by:

JAB = XA∂B −XB∂A, A,B ∈ {−1, 0, 1, . . . , d}.

They map to various Killing vectors in AdS as follows

J−1,0 = ∂t.

For i, j = 1, . . . , d, the spatial rotation generators are:

Jij = −i
(
Ωi

∂

∂Ωj
− Ωj

∂

∂Ωi

)
,

where Ωi are coordinates on the unit Sd−1. These generate the SO(d)

subgroup.

Finally, we have boost-like transformations in AdS, which are the re-

maining 2d generators Pi and Ki.
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The wave operator (Laplacian) in AdS is related to the quadratic

Casimir of SO(2, d) as:

C2 =
1

2
JABJAB , □ = − 1

L2
C2.

Hence, the Klein–Gordon equation:
(
□−m2

)
Ψ = 0

is equivalent to:

C2Ψ = m2L2Ψ.

A special wave function is that which is annihilated by K+,i – corre-

sponding to a primary operator. To find this wave function we just solve the

corresponding first order differential equation K+,iΨ = 0. We are seeking a

scalar wave function and hence we simply obtain, after a short calculation,

(sin ρ ∂t + i cos ρ ∂ρ)Ψ = 0,

Ψ(t, ρ,Ω) = ei∆t cos∆ ρ. (105)

By “corresponding to a primary operator” we do not mean to suggest a

holographic correspondence. So far it is just a statement about representa-

tion theory; the conformal isometries in CFTd are realized as true isometries

in AdSd+1 and this wave function (105) is invariant under the Kµ isome-

try. It describes a particle deep inside AdS and a rapidly decaying support

towards the boundary.

The Laplacian is given by

□ =
1

L2

[
− cos2 ρ

∂2

∂t2
+ cos2 ρ

∂2

∂ρ2
+ (d− 1) cot ρ

∂

∂ρ
+

cos2 ρ

sin2 ρ
∇2

Sd−1

]
,

where ∇2
Sd−1 denotes the Laplacian on the unit (d−1)-dimensional sphere.

Evaluating on our wave function (105) we find the mass of the corresponding

particle

m2 = ∆(∆− d) .

We can act on the wave function with the raising operator Pµ as in (56).

Then the particle, instead of sitting at the origin, begins to toss and turn

in AdS.

Following [] we now write the wave functions of these descendants. These

are obtained by acting with Pµ on the primary wave function (105). The

general descendant has the scalar combination P 2 n times and the rest of

the P are in a symmetric tensor of ℓ indices. The projection of the angular

momentum on some given axis (say the z axis) is given by J .
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The corresponding wave function is (see e.g. [?, ?])

ψn,ℓJ(t, ρ,Ω) =
1

N∆nℓ
e−iEn,ℓtYℓJ(Ω)

[
sinℓ ρ cos∆ ρ 2F1

(
−n,∆+ ℓ+ n, ℓ+

d

2
, sin2 ρ

)]

(106)

with normalizations

N∆nℓ = (−1)n

√
n!Γ2(ℓ+ d

2 )Γ(∆ + n− d−2
2 )

Γ(n+ ℓ+ d
2 )Γ(∆ + n+ ℓ)

, (107)

where

En,ℓ = ∆+ 2n+ ℓ .

While the primary wave function (105) is situation inside AdS and does

not toss and turn very much, the wave functions (108) do. For instance,

the n = 0, large ℓ wave function is swirling around the center of AdS – to

see that we note that for n = 0 the wave function simplifies to

ψ0,ℓJ(t, ρ,Ω) =
1

N∆0ℓ
e−iE0,ℓtYℓJ(Ω) sin

ℓ ρ cos∆ ρ , (108)

which means that it is centered around tan2 ρ∗ ∼ ℓ/∆, which corresponds

to physical radial distance

D ∼
∫ ρ∗ dρ

cos ρ
= coth−1(sin ρ∗) ∼ coth−1(1− ∆

2ℓ
) ∼ L

2
log(

2ℓ

∆
) (109)

These wave functions are descendants with minimal scaling dimension

at fixed spin. They just describe a particle in an orbit around the center of

AdS.

As we said our actual interest is in constructing primary representations

of the conformal ground with minimal scaling dimension at fixed angular

momentum, while so far we just discussed descendants.

The idea is to consider a two particle state whose center of mass is

essentially at the origin of AdS, while they are rotating around this common

center of mass exactly antipodally to each other.

It is important for them to rotate anti-podally to each other since oth-

erwise some small forces between the particles, e.g. electric or gravitational

forces, would cause the system to evolve.

If the particles have total angular momentum ℓ and radial quantum

number n we denote this state [O1O2]n,ℓ as in (102).

This particular configuration is a primary because the center of mass is

at the center of AdS. It is depicted in figure 5. We can then act on this
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configuration with Pµ and find descendants by having the center of mass

rotate around the center of AdS.

If we neglect interactions in AdS it is clear that the scaling dimension

of this primary is ∆(O1) + ∆(O2) + 2n + ℓ. Now comes the crucial point.

Generic theories are far from being holographic. But for large enough ℓ,

since the particles are very separated in the radial coordinate (109), the

physics in AdS does correctly reproduce the CFT properties, and further-

more, AdS interactions allow to systematically calculate corrections to the

scaling dimensions of [O1O2]n,ℓ.

One must also ask what precisely does the state [O1O2]n,ℓ mean in terms

of the field theory – i.e. which exact combination of derivatives in (101)

leads to a primary. The strategy is to write the two particle state, which

is ought to be a primary, as a sum of products of single particle wave

functions, each of which could be a primary or descendant. This exercise

was done in [?, ?]. In the case of n = 0 one finds

[O1O2]ℓ =
∑

ℓ1+ℓ2=ℓ

sℓ1,ℓ2
(
∂µ1

· · · ∂µℓ1
O1

) (
∂ν1

· · · ∂νℓ2
O2

)
(110)

with coefficients

sℓ1,ℓ2 =
(−1)ℓ1

ℓ1!ℓ2!Γ(∆1 + ℓ1)Γ(∆2 + ℓ2)
. (111)

Exercise: find the ℓ1,2 that dominate the sum in the large ℓ limit.

The above describes large spin primaries to leading order in the large

spin expansion in any CFT.

Let us parameterize the corrections to this large spin picture as

∆(O1) + ∆(O2) + 2n+ ℓ+ γ(n, ℓ) . (112)

The corrections to the free partons picture in the large ℓ picture arise

from interactions between the two partons. They may be very far from

each other due to (109) but there is still some small force between them.

For instance there is always some small gravitational attraction and if

these AdS particles are charged there may be Coulomb forces as well.

We can estimate γ(n, ℓ) from the gravitational force as

γ(n, ℓ) = γn/ℓ
d−2 . (113)

The gravitational force in AdS arises from the energy momentum tensor

on the boundary and d − 2 is the twist ∆ − J of the energy-momentum

tensor. More generally, operators of twist τ lead to corrections at large ℓ

that scale like 1/ℓτ . Therefore the corrections decay at large ℓ if the twist
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spectrum is strictly positive (for nontrivial operators). In any unitary CFT

in d > 2 the twist spectrum is strictly positive so the large ℓ expansion

works. But for CFT2 the story is more complicated since the twist of the

energy-momentum tensor vanishes and it needs to be treated carefully. In

the AdS3 picture we see that gravitational interactions cannot be neglected

since particles create conical singularities.

Now we sketch the calculation of γ(0, ℓ) by computing the gravitational

interaction between separated bodies in AdS. Since the actual primary

state is a complicated linear combination (110) the computation is quite

arduous.

For completeness we will now quote the result for γ(0, ℓ) due to Coulomb

forces and gravitational forces (i.e. due to conserved currents and the

energy-momentum tensor in the field theory language):

∆([ΦΦ]0,ℓ) = 2∆(Φ) + ℓ+
Γ(d)Γ2(∆)

Γ2(d/2)Γ2(∆− d−2
2 )

(
1

cJ
− 2d(d+ 1)∆2

(d− 1)2cT

)
1

ℓd−2
.

∆([Φ†Φ]0,ℓ) = 2∆(Φ) + ℓ− Γ(d)Γ2(∆)

Γ2(d/2)Γ2(∆− d−2
2 )

(
1

cJ
+

2d(d+ 1)∆2

(d− 1)2cT

)
1

ℓd−2
.

In many theories, including in the XY model, these are the leading

corrections at large ℓ. cJ and cT stand for the two-point functions of the

current and energy-momentum tensor. In AdS, these are essentially the

inverse fine structure constant and the inverse gravitational constant. By

inspection of the above results for ∆([ΦΦ]0,ℓ) and ∆([Φ†Φ]0,ℓ), we see that

the gravitational interaction always reduces the scaling dimension of the

double twist operators while the Coulomb interaction increases the energy

for like charges and decreases the energy for opposite charges. These of

course are the sensible outcomes.

As we said the derivation of this result in full fledged form is quite

technically demanding so we will do something much simpler and discuss

the corrections to the energy of non-relativistic particles in the Newtonian

approximation.

It is most convenient to switch to the AdSd+1 coordinates

ds2 = L2

[
−(1 +

r2

L2
)dt2 + (1 +

r2

L2
)−1dr2 + r2dΩ2

d−1

]
.

We specialize to d = 4, i.e. AdS5. We find the gravitational potential
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due to nonrelativistic point sources

V (r) = −8πGNM1M2

3Ω3

1

r2

GN is the Newton constant in 5 dimensions, and the exponential decay

reflects the confining nature of AdS space. Ω3 = 2π2 the surface area of

a unit 3 sphere. (Of course here we see another reason that d = 2 is very

subtle – the gravitational potential is actually logarithmic and does not

decay. The same is true for the Coulomb potential.)

If we are very far from the AdS center we can trade r for the geodesic

distance D = L log r, which is approximately correct at large r. Then we

find that the potential is

V (r) = −4GNM1M2

3π
e−2D/L

The exponential decay of the gravitational force with the geodesic distance

is a reflection of the fact that AdS is a box.

For identical particles of mass M in the particular state (110) each par-

ton carries spin ∼ ℓ/2 and is geodesic distance L
2 log(ℓ/

√
M) from the origin

and hence the geodesic distance between the particles is D ∼ L log(ℓ/M),

which leads to

V (r) = −4GN

3π

M2

ℓ2
.

This approximation makes sense for very heavy particles for whichM ∼ ∆.

In addition, we use the relation between the Newton constant and the two-

point function of the energy-momentum tensor c = π
8GN

, which finally gives

γ(0, ℓ) = −1

6

(∆1∆2)
2

c

(
1

ℓ

)2

, (114)

Remarkably, this agrees precisely with the exact bootstrap results in the

large ∆ limit. As expected, the gravitational interactions, i.e. energy mo-

mentum tensor exchanges, make the double twist operators with n = 0

approach their asymptotic scaling dimensions from below.

6.1. Back to the XY Model at J ≫ Q2

Here we discuss the regim J ≫ Q2 using the ideas from the large spin

expansion that we have just explained. The lowest dimension operator of

charge Q is schematically ΦQ. We will seek the lowest lying operators with
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Fig. 9. In the large spin limit, the minimal dimension operator(s) can be thought of as

Q partons rotating on the equator of the sphere. When J/Q2 ∼ 1 these partons should
collapse to the giant vortex.

charge Q and spin J . For very large J these are Q-twist operators of the

schematic type
↔
∂a1Φ

↔
∂a2Φ · · ·

↔
∂aQΦ , (115)

i.e. we insert many derivatives between any two Φ “partons” such that∑Q
i=1 ai = J . If J and each ai are large enough (we will soon compute how

large they need to be) then the large-spin expansion applies and the leading

and subleading order terms in the formula for the scaling dimension of the

operator (115) are

∆ = J +Q∆Φ + · · · . (116)

One can loosely think about the corresponding state on S2 in terms of Q

partons rotating on the equator of the sphere, see fig. 9

Note that (116) implies a large degeneracy due to the insensitivity of ∆

to rearrangements of the derivatives, to leading order. This is analogous to

the large ground state degeneracy we encountered at leading order in δ in

our analysis of the giant vortex. Next, derivatives with contracted indices

can be added to the operator (115) without changing the angular momen-

tum. In fact, there are two ways to add contracted derivatives – either in

the form ∂µΦ · · · ∂µΦ which corresponds to n = 2 since we have added two

derivatives without changing the angular momentum or via ∂νΦ · · · ϵµνρ∂ρΦ
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which corresponds to n = 1 since we have added one derivative without

changing the angular momentum. More generally, we can obtain all integer

positive n in this way, exactly matching the giant vortex fluctuations!

It is time to discuss the corrections to (116), as this will allow us to

determine when the large-spin expansion breaks down. The corrections to

the scaling dimension (116) come from interactions between the Q = 1

constitutes. The exchanged “forces” are due to Q = 0 lowest-twist op-

erators, where from the unit operator we obtain (116). The next lowest

twist operators in the O(2) model are the energy momentum tensor and

the O(2) current, both of which have twist 1. A qualitative estimate for the

interaction between the Q partons comes from thinking about the problem

in the analog AdS4 configuration of Q partons spinning at radial distance

d ∼ L log(J/Q) from the center of AdS4. The gravitational interaction

between all the ∼ Q2 pairs thus scales as ∼ Q3/J .

We therefore see that the large-spin expansion breaks down at J ∼ Q2

and it is only valid for J ≫ Q2. This nicely matches with the boundary

of the regime of validity of the giant vortex description and further rein-

forces the connection between the giant vortex theory and the large spin

expansion.

Conjecturally, the quantum theory of Q partons with the ∼ Q3/J in-

teractions (mediated by the exchange of the energy momentum tensor and

current) settles in a new ground state, which is essentially the giant vortex

state.

Qualitatively, since the interaction per parton scales likeQ2/J , once J ∼
Q2 the interaction provides sufficient energy for partons to climb over the

O(1) repulsive barrier of parton recombination. Notice that this picture is
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nicely consistent with the interaction between the partons being attractive.i

Our discussion so far assumed that we break up the original operator

ΦQ into Q constitutes separated by ∼ J/Q derivatives from each other.

This is how one arrives at (116).

Here it is important to mention the results of [] which showed that the

large spin ground state due to the slight attraction is made out of repulsive

molecules.

iLet us check that the interaction between the partons is attractive. Denote the two-point

functions of the U(1) current and energy-momentum tensor by

⟨JµJν⟩ =
τ

16π2

Iµν

x4
, ⟨TµνTρσ⟩ =

CT

16π2

Iµν;σρ

x6
(117)

where Iµν = δµν − 2
xµxν

x2 and Iµν;σρ = 1
2
(IµσIνρ + IµρIνσ) − 1

3
δµνδσρ (see [?]). For

a free complex scalar field in 2+1 dimensions of charge 1 we have τ = 2 and CT = 3.

In the interacting theory, we have approximately [?] that τ = 1.809 and CT = 2.832.
Finally we recall that the parton-parton interaction is attractive if [?]

∆Φ√
CT

≥
1
√
6

1
√
τ

. (118)

Using the above values of CT , τ , and ∆Φ = 0.519 we find that the left hand side eval-
uates to 0.308 while the right hand side to 0.304. Since the inequality (118) is indeed
satisfied the force between the partons is attractive. This is consistent with our physical
picture. We expect however that a weakly repulsive force might also be compatible with

a superfluid state; it is indeed known that bosons with repulsive interactions still form a
superfluid state for generic values of the angular velocity [?]. Note that, along the lines

of our intuition from AdS, if we could increase CT indefinitely and thereby decrease the
Newton constant, we would never have binding gravitational interactions. Notice that
inequalities similar to eq. (118) were analyzed in [?] in relation with the weak gravity
conjecture [?] in holography.
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