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Beyond Majorana fermions

Consider the effectively 1D boundaries
of 2D a topological phase
which supports (abelian) anyons.

“Fractional topological
insulator”:

Fractional
Laughlin Quantum Hall state Topological
with:

Insulator
v=1/m for spin up

v=-1/m for spin down (m odd)

(FTI)

Stable phase: Levin and Stern (2010)

Majorana fermions at SC/FM interfaces: Fu and Kane (2009)

Beyond Majorana fermions

Fractional quantum Hall “realizations”
of a Fractional Topological Insulator

3 FQH state
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~ e tunneling

Lindner, EB, Stern, Refael (2013);
Clarke, Alicea, Shtengel (2013);
Cheng (2013)
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Free  action:
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S = ;&%j de dx (iP P WP + U (gx(l)P)z]
(P‘-‘il for R L Movers, reSPLche[v )

Free Hamiltonian:

Hy= am [ 9[Gaba) « Gud)]
Commutation  velations :
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Q.p. operator:
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Note about notations

T om us{/l? a difterent @nvention here

to  previous  lectures:

relative

b = &

R A\

e Ay

used Schoutens

hert Rggmw(t

OPg ot vertex  operators:

oL ( - (w) I
e bg (2) em% ~ -
(z-w) 7

((q)z(” b (W) ) ~ —rl:ln (z-w) )

i (Pater =4 v)) [ r(0))— Delz) b () ]
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Extea 4erms  that orise  in SC/FH rcéions:
Sc. Pair fvunneling term
-mi - &l.
—gs(x) ‘V-; 4’,_4 « he ~ -;5(’() e mi (4 ) + h.oc.

= bt 2;5 cOos m(d’; - &L)
Assume 95 rea|

=M. Single ele ctron wnneliag

-gp(x) ‘-l’,: q’,_ + he. ~ < 29 COSV"\@R*‘¢:_)

Define C‘)(X) =-'i(¢n - ¢l_)

a (x) =é(d7n * dh)
(P, 06)]) = 3 [detn - bt | Pel) + &, ()]

i 1T T
= # 2 Sjn(x'-x) . 2, ) = o Ow'-x)
Step function
Spia  and cha,réc den¢ities:

Px) = ;‘n(s’xd’rz* %) = ';9,‘@

{

Sq()\) = _:"_" ('3,( 4>R - gx(bl.) = -T!—C ?x¢ = 7 (C«Arren'l' dUSf'fg)
Hawmiltonian: H = He - Idx [g,(x) s (2m) + 9¢ () cos(zme)]
Hy = o [ ak@e) e

K- LutH n? er  pargm eter

Suﬁoosc that bot h th M ad SC regions  are  in their 49ped

phase [ 4c. G- larae enouah )
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Therefore | 80 , ¥ (2> ) connot be praned

‘t03e+t\ex. We can choose a  bacis

where <@ %> t0
)
antl  +then (e *y =0

\

or vice versa.

Ore N domains:

Me Can choose a basis

<e ™y = Ale™™ .- 0. ome
N
Le o
AN
A\
N N
Ngs o< (2m)* = ({2m')

“Anaon" with qwarﬂ'um dimension d=\|zm ct Query interface.

ms\ d = \EX (Magon’-ma\ Zero modej)
M Charge ond  Spin  opemtors
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Q and S operators

In terms of the ¢, 0 fields, one can define the Q,
S operators:

FM

eimQ2 _ E,_f‘f, op dr020 _ oil0(x3)—0(x1)]
(J_.F?.—.S'_-; — (:'f:_;l drd.d _ Gi[f__-")(,t‘.;)—rf}(\}'g )]
({fﬁﬁ‘; ({fﬁ(g.j — (-_i;%(fs,"-j_'_:[ —fi;_.j_l)(_551'?(‘-')_{,'65775','
Zero  modes ot intertaces
Just o a th waormm Case, there s a "zero mode " at
JCL:, intecface between t'fw SC onral Fhn reg onsg.
To see +his | nokice that in the m=1 case | the
Operotors
i(ex¢)
Yor ~ e( ¢
ore Q/SS‘LM‘M“\& the Moxiomm 2ero  modes ot tL(.
l'rltw-L&Ces.
To  understand  this | I'MK}I'AL ﬂcHn} with ‘-PR or Y
hear one ¥ th ynterfaces:
iﬁb;)i 9(x)
e
T s el
X%
-\
/ / / V= // /
To understand  what  Fhis  doec, imaging  ‘splitting®  the operator
eie[;cxo) e.tie(xn - ei‘PCXHE) o (0(X,—€)
whece & s of the order of th Correlation )e,h?-}l. 5.
+00ko- ¢ 0; i Eon:
To the FM  region: € ¢) <e iy = a6
. .e . ud
In t\\i Sc reqion : P_( ¢(xa+£) Shi€4s e' ¢ — v 15 for 0.5 i«
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(Yo can checke €hat  this dmncje_s the o‘\ar?e of  the je2 sc.:
i Q. i@, - m
e "o <€’,Tr(a M)>

These am?um&nh chr-} over -LOr anj m. For m2 3, ‘t\\.e, Zero

mode oPera-(—or e,'@ *9) iS a Lduﬁl\'l'n q-p- <

le.. at the inteprface  Fractional Laughlin g.p.s con

be absor(nd with zereo eher” cost.
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Explietr  representotion of ero wode  operators

—_—

on low- enerqy SubsPace

Nw\ we Can  COnSteuct eth'a’f/J a mFmS@m‘a?‘/'Vn
of the o of the wmw  mades.
choose a  bas's  such  that 62).“ = ‘E’ “a;m n‘i“: D..
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These zero mode optrotors Sﬁ."'f,('{} the ‘pOHOWI'Aﬁl

\rc\o.)n' ons:

wm

(7('3 \oﬂ\b) =1

jv Xew = €7 Ko X
703'\» 7<’k\0' = €
"Parafermionic exd\om?c, relations” (Fem;“e;

Coupling of interfaces

X2jo Q_; X2j+le S 0.

|

q.p. tunneling

Hgo = —tx2j.0 )(-Ji)_,-+1_g + h.c. = =2tcos (7Q;)

sz,a' QJ Z2j+l,o' S Q_lhl
‘\._../
q.p. tunneling
Hg = —tx2j+1.0X :_F,J.+2_g + h.c. = =2t cos (7S;)
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Braiding

Braiding domain walls 3 and 4:

. TN A N
Usy = exp (r_—QT;) = exp (r_ : r_,r.;))
2 °° 2m -

i 1
Qo =—qo, g2=0,..., 2m — 1
m

Example: m=3 ¢ =2p+3¢ (p=0,1.2, ¢=0,1)

. LT o ] T 9 27 5
Usy = exp (-s.qu) = exp (—-:.3r;‘) exp | ip

(Majorana) ® (Something new!)

Alernative {fom of the bm id"n& notrix
0% = cxp[ﬂ (Qa + i)zil (24)
4 2 - om) ] -

Alternatively, using the identity [48] e/(7/2ma" =

’L 2m—1 Lilaw/m)pg—(p*/2)]+i(w/4) - -
2m ZP=U e , one can wrile

2m—1
U%ﬂ} = 1’% z (,—lf#flm]m—kl:+f[7r_f-ll{€frr()3),rr. (25)
. m

p=0

Th bmi&u'/% madrice s Satisty the Young Boxter  equation:

() CH Ga) () (k)

12 23 I = 23 v 23 e

In the  vel  FOH Seke \ the  "topdogreal Spin”

z
ot  th 9-p. i< o==I the Statisdical Phasc
Cbotoined — when the particle s Cxclwmﬂgp{ with  ield )

= The CXcAangf. pAa.fe ot  +wo defects = —:—L'- (top. Spin of tol/ n«’:usl'an CAGW;L").
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Fractionalized zero modes at
“twist defects” in topological phases

Ends of line defects that interchange anyon types
("topological symmetry”)

A '\\ v=1/3
- — ___/'/ r=1/3
@7 '

The "defect line” can permute anyon types.

Barkeshli, Jian, Qi (2013); Fidkowski, Lindner, Kitaev (unpublished)

Re loion 4o Ciwﬂn*um dimensipn :

e
< m Wa
- B—® ®
e £
™ ™M
i :
WiW, = €% W, W, =5 GS Is at least m- 4old a!cgenomn!

Fractionalized zero modes at
“twist defects” in topological phases

v=1/3 bilayer

“Twist defect”

-
Yv
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Fractionalized zero modes at
“twist defects” in topological phases
Alternate A,B domains:
High
genus

/ surface

Parafermions without superconductivity!

N

-
=
-

Fractionalized zero modes at
“twist defects” in topological phases
Alternate A,B domains:
High
genus

/ surface

Parafermions without superconductivity!

N

Conclusion

New paradigm for realizing non-abelian
anyons: defects on edges of two-dimensional
topological phases.

/w—*ﬁ/
o

ve==1im —_

e

Future directions:
Classification of 1D gapped edge states of 2D
topological theories?
Experimental signatures?

Thank you.
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