From quantum to classical integrability: applications to field theories
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I. INTRODUCTION TO CLASSICAL INTEGRABLE MODELS
A. Classical phase space

We start considering a classical system with a finite dimension n. In this case, the phase space S is a 2n-dimensional
manifold parametrized in the usual way by 2n real variables organized into two subsets:

pi t=1,....n (1)
qi i:l,...,n (2)

respectively the generalized momenta and positions. We will use bold symbols to label group of variables, e.g. g and
p. Any function F on the phase space S is therefore parameterized as a function over the two sets: F'(q, p). The phase
space is promoted to a symplectic manifold introducing the Poisson bracket, defined for two functions F'(q,p) and

G(q,p) as

{F7G}=i(8F8G 6F8G) 3)

i=1 Op; 0qg; - a_qz Op;



which is consistent with the canonical Poisson bracket:

{pi7Qj}:5ija Viajzla"'vn (4)

We can introduce the Hamiltonian as a particular function H(q,p) which is associated with the time-evolution
according to

F={H,F} (5)

It is clear from this equation that any function F such that {H,F} = 0 will remain constant in time. This leads
immediately to the notion of Liouville integrability that we explain in the next section.

B. Liouville Integrability

The definition of integrability according to Liouville is associated with the existence of conserved quantities.

Definition I.1. A classical system (with a 2n-dimensional phase space) is said to be Liouville integrable if it has n
independent conserved quantities F; in involution:

{Fi7Fj}=O Vi,j:l,...,n (6)

For independence we imply that the set defined by the simultaneous conditions F; = f; fori=1,...,n and f; € R define
a n-dimensional sub-manifold of the phase space.

Excercise 1.1 (x). Arqgue that the number of conserved quantities can never be larger than n and therefore that
integrability corresponds to the situation where the number of conserved quantities is mazximal.

It follows that the hamiltonian H has to be dependent on the conserved quantities Fj, so it is a function of them
H=H(F).

The important point behind this definition of integrability by Liouville is that it is possible to put in direct relation
with the notion of solvability. This is the result of the following theorem.

Theorem I.1 (the Liouville theorem). The solution of the equation of motion of a Liowville integrable system can be
obtained by “quadrature”.

Solvability by quadrature means that instead of facing the difficulty of solving the equation of motion, which are
partial differential equations, we can find a change of coordinates such that the dynamics trivializes. Then, the only
difficulty lies in the change of variable itself. The idea behind the theorem is that one passes from the set {p,q} to
the new canonical coordinates {F, ¥}, still satisfying

{F:, 5} =035 (7)

In this coordinate, the dynamics is rather simple as

B-{HF}=0, W -{H¥)=-0

9F, - constant (8)

The notion of Liouville integrability already provides the set of functions F; = F;(q,p) in terms of the original
coordinates {p, q}. So the difficulties lies in the determination of the functions ¥, (g, p). This is easily done introducing
the action, restricted to the submanifold of constant F;(q,p) = f;, as a differential form:

dS|p = Zpid%’ . 9)

We show that Liouville integrability implies dS|g is a closed differential form:

. Op; Ip;
d*S|lp=0 ie. == (10)
6Qj F a% F
In order to do so, we introduce two matrices:
8Fk 8Fk
My, = —, ki = —— 11
J 8pj J 6(1]' ( )



This allows us to rewrite
{Fe,F;} =0=(NM'-MN"),, = M 'N=(M'N) (12)
Then, on a surface of constant Fj = fi are constant, we have (thanks to Dini theorem)

OFy, OFy, Op;
0=dFy, =) —dp; + —dq; =0
=2y Wit g =0 =

J

=—(M7'N); (13)

Being dS| a closed form, one can (at least locally) integrate it and define the action S:
q
S(F,q) = fq 2. pi(F.q)dg; (14)
o g

and we introduce the variables ¥; simply as

08
U, = — 15
q
Excercise 1.2 (xx). Show that the coordinates {F, ¥} are canonical
{Fia\Ilj}:(sij Vi7j:1,...,n (16)

(Hint: you need to convert the derivatives with respect to q and p in the Poisson bracket into derivatives with respect
to F,q and then use that {F;,F;}=0.)

Remark I.1. We see that the difficulty of the problem lies in two main steps
1. Finding the functions p = p(F,q) by inverting the definitions of the conserved quantities F = F(q,p).

2. Obtaining the expressions ¥ = W(F, q) = % and inverting them to obtain q = q(F,¥).

This gives us a first insight on why integrable systems allow bargaining the difficulty of solving partial differential
equations with the difficulty of finding “direct” and “inverse” transformations between the physical coordinates {p,q}
and the coordinates that trivialize the dynamics {F,¥}.

Remark 1.2 (Action-angle variables). As we discussed before, the Hamiltonian does not play a special role for an
integrable system. One can use any conserved quantity F; to define a time variable evolution. Since there are n of
them and they are independent, if the phase space has to be compact one can understand that the phase space can be
foliated by n-cycles tori: every time we fix the variables F;(q,p) = fi, we obtain a n-dymensiona submanifold, wich
must have the structure of a n-cycles torus. As a consequence, rather than using the variables F', one can combine
them into the set

1
I = gf ds| (17)

obtained integrating the action on each cycle c;. As dS|p is a closed form, the integral does not depend on continuous
deformation of the cycle and therefore I; = I;(F'), so they are also conserved. Together with the conjugate

5 08

TR (18)

q

one obtains a new set of coordinates called “action-angle” variables {I,0}. In practice, these coordinates {I,0} have
the particular property that once the I;(q,p) = i; have been fived, the resulting manifold is a torus and the conjugate
variables 0; parametrizes the angular value on each cycle of the torus.

One of the main difficulty related to integrable models is that there is no general procedure to say if a given
Hamiltonian is integrable or not. According to definition one has to search for a sufficiently large number of
conserved quantities although no general procedure to construct them exist, given the Hamiltonian of the model. For
this reason, there are generically two situations where one can effectively use this approach with success:



1. In cases where the number of degrees of freedom is small, one can look for symmetries of the model which give
rise to conserved quantities. It may happen that their number equals the number of degrees of freedom; this is
the situation of simple problems in classical mechanics;

2. When the number of degrees of freedom becomes large (even infinite as we will discuss in the next section),
finding conserved quantities by brute force becomes impossible. However, one follows a different procedure:
integrable models are introduced in a constructive way that ensures the existence of the conserved quantities.
In this case, one is therefore sure that the model is integrable and all the difficulty is restricted to the inverse
problem.

C. Lax pairs

The basic idea is to formulate the dynamics in such a way that the presence of conserved quantities becomes
automatic. The basic concept is the one of Lax pair. We consider two matrices L and M, whose entries are functions
of the phase space coordinates, i.e. L;; = L;;(q,p). Then we introduce a dynamical system whose dynamics is given
by

L=[M,L]=ML-LM (19)

where the M L represents the standard matrix product. Note that as this equation only involves a commutator, it is
well defined for an abstract Lie algebra and automatically extends to any of its representations. It is very easy to get
a formal solution of this equation in the form

L(t) = g(t)L(0)g™" (1) (20)

where the matrix g(t) is obtained from

t
i) =Myt = 9 =T{ew [ M) )

It follows immediately from that one can obtain conserved quantities by tracing powers of L in the matrix space:
Fo(t) = Te[ L™ ()] = Te[L"(0)] = F1 (0) (22)

Powers of a matrix determine its characteristic polynomial and therefore, its eigenvalues are also conserved quantities.

So we see that any pair of matrices involving functions in the phase space can be used to construct a dynamical
system which preserves several conserved quantities. However, this is still not enough to arrive to Liouville integrabiliy.
We would still need

1. A Hamiltonian evolution: nothing grants that the dynamics obtained from is indeed equivalent to one
coming from a Hamiltonian;

2. Conserved quantities have to be independent and their number must equal the number of degrees of freedom,;
3. Conserved quantities have to be in involution among themselves.
For specific examples one can verify that this is the case.

Excercise 1.3 (). Show that the Lax pair:

) ()

leads to the dynamics of the harmonic oscillator, with H = iTr L2

II. CLASSICAL FIELD THEORIES

We now pass to consider the situation where the system has an infinite number of degrees of freedom. We will focus
on the cases where the dynamics is described by a partial differential equation. The paradigmatic example will be the
sinh-Gordon equation:

m?
02— 0%¢ = ———sinhgo . (24)
)



One can imagine this equation as derived in a context similar to the previous one, where now the degrees of freedom
qi,pi labeled by the index i, have been replaced by ¢(x),II(x) labeled by the continuous index x. This means that
the phase space in this case is an infinitely dimensional manifold whose coordinates are the two functions ¢(z),II(z).
Indeed, one has similarly the Poisson structure:

{I(2), p(a")} = b(x - 2") . (25)

which is extended to arbitrary functions through the product rule
{FG,H} =F{G,H}+{F,H}G , (26)
with F, G, H functionals of ¢(x) and II(x). Of course, this limiting procedure can lead to problems as points close in
space cannot vary freely otherwise the derivative in would make no sense. For this reason, we restrict the space

of functions to differentiable ones which vanish at infinity. In this way, Eq. can be shown to be the equation of
motion associated to the Hamiltonian:

H= [oo dz (;H(x)z + %(aa:(b(a)‘))Q n g—Q(cosh(g@ - 1)) . (27)

where one can use integration by parts and neglect boundary terms. In this case, we see that the Hamiltonian is
written as the integral of a local density.

Definition I1.1 (Local field theory). A local field theory is defined by a phase space which is the space of functions
II(z), ¢(x) and a Hamiltonian which is written as the integral of a local density:

H- f ~ de h(z) (28)

where the local energy density h(x) is expressed in terms of I(x), ¢(x) and (a finite number of ) their derivatives.
Remark I1.1. It is clear that a direct conversion of the notion of integrability d-la-Liouville can lead to some problems:
as the degrees of freedom are infinitely many, we must require an infinite number of conserved quantities. However,

counting such infinities is somehow ambiguous. Once again, an important role is played by locality.

Definition I1.2. A local field theory is integrable if there are infinitely many independent local conserved quantities
in involution:

F= [ dfi@),  {F.F}=0 (29)

Remark I1.2. We see that from this definition integrability ends up intimately related with space-time. In particular,
it turns out that integrable field theory which are non-trivial exist only in 1+ 1 space-time theories.

As we discussed before, it is clearly very difficult to find conserved quantities for a given Hamiltonian H. Invariance
under translation ensures that the total momentum of the theory is conserved

P- / dz 11(2)9, () (30)

In general, it seems that if few conserved quantities are found (beyond those implied by symmetries as the momentum),
the theory ends up being integrable in practice. One can check that

39°630% , g°(61 + %)
4 8

2 2
Q=285 + 070) + + 5 (67 + 62 cosh(g) + 5 5 sinh(96) (m* sinb(99) ~4902x)  (31)

is indeed conserved and gives a strong indication that the model described by is indeed integrable. However,
finding an infinite sequence of them require a different approach.
Let’s start with something simple.



A. Klein-Gordon field theory

In the limit ¢ — 0, the interaction term in Eq. becomes simply quadratic. The resulting Hamiltonian goes
under the name of Klein-Gordon theory and it corresponds to a free model

H = % /:: [H(x)2 +gz5z(x)2 +m2¢(x)2] dz | (32)

It is the easiest example we can consider to show how the conserved charges can be constructed. The total momentum
carried by the field is

P - —/ () ¢y (z) da . (33)
The field ¢(z) and the conjugate momentum II(x) have a the canonical commutator

{I(z, 1), (1)} = 6(x - y) . (34)

1. Solution of the dynamics

The equation of motion for the field operator is simply
(07 =02+ m*)d(a,t) = 0., (35)
It can be solved going in Fourier transform

—oo 27\ 2w (k)

and consequently for TI(z,t) = Oy¢(x,t), with w(k) = vVm? + k2. The modes A(k) and A*(k) define a new system of
coordinates, for which Eq. , becomes

gf)(l‘,t) _ [A(k) efithrikz +A*(k) eiwt—ikx] , (36)

(A" (k), A(K)} = 2mis(k - k') . (37)

Substituting the solution of the equation of motion into the Hamiltonian, one has

H = [ & AR (38)

The time evolution of this quantities is simply obtained in the standard way using the Poisson bracket and the product
rule

A(k) = {H,A(k)} = f d—k,w(k {A*(K"), A(k)YA(K") = w (k) A(k) . (39)

which is easily solved by A(k,t) = A(k)e*(®). So in terms of these variables the dynamics trivializes and clearly
|A(K)|? is a conserved quantity. At the classical level, we can see that the Fourier transform acts essentially as the
scattering transform: the field variables ¢(z,t), w(x,t) are transformed into the new set A(k), A*(k), whose dynamics
is trivial.

2. Local conserved quantities

In the previous section, by solving the dynamics through Fourier transform, we obtained as a byproduct a set of
conserved quantities |A(k)|?. Nevertheless, to assess the integrability of the model, we need to find local conserved
quantities as introduced in . Indeed, the Klein-Gordon theory admits an infinite number of local conservation laws
that can be easily derived using the light-cone coordinates 7 and ¢ defined by

1 1
= 5(7——0)7 x:§(7'+0). (40)



In the light-cone variables the equation of motion becomes

2
(bar = mTQS . (41)

Taking 7 as ”time” variable, we have the infinite chain of conservation laws coming from the equation of motion
(n=1.2,-)

2 m* 2 2 m? 2
a‘r¢na = T aU(b(n—l)a ) aU(bnT = TaT(b(n—l)T (42)
where ¢, = g;f and analogously for ¢,-. The equations above have the general form 0. A = 9, B and therefore, going
back to the original laboratory coordinates (x,t), they can be expressed in terms of the continuity equation

Oi(A+B) = 0,(B-A) (43)
so that the conserved charges are Q = [ dz(A+ B). For the Klein-Gordon we have then the following set of conserved

charges

oo

oo 2 ) 2
@F[dﬁ%+ﬁﬁm4, @f[;mwﬁﬁﬁm4~ (44)

Taking the sum and the difference of these quantities, we can define the even and odd conserved charges

2
6n=<Qn+Qn)=/QMLﬁU+¢L+“Z(¢aqw+¢aqﬁﬂ (45)

2
2 2 m-.o2 2
On = (Qn-Q-y) = f da I:(z)na = Qe+ T(¢(n—1)cf - ¢(n—l)-r):|
It is now easy to see that they can be expressed in terms of the mode occupation of the field by injecting . To do
S0, it is more convenient to adopt the rapidity variable k = msinh 6, arriving to the expressions

m2n—1 de m2n—1 d9 )
53 o P(6) cosh[(2n-1)0], 0, = 53 o P(6) sinh[(2n - 1)0] (46)

En =

where we set P(6) = m|A(msinh6)|? coshé. You can compare with the derivation that we had done in (90), which
match except for few difference of normalization. The first representatives of these expressions correspond to the
energy and the momentum of the field. We will see how this expression are interpreted in the quantum field theory
interpretation.

B. The inverse scattering method

We have seen how conserved quantities can be found explicitly in the simple example of the free Klein-Gordon
equation. In general, the situation is not equally easy and we need a different approach. If we want to apply the idea
behind Lax pairs, we must expect that the size of those matrices becomes infinite: only in this way, indeed, the number
of conserved quantities can diverge. The formalism of the inverse scattering method (ISM) starts from a remarkable
observation. The equation of motion is obtained as the compatibility condition of an auxiliary, overdetermined, linear
system. To be concrete, one considers the linear system

0 F(x,t) = UsF(x,t) (47a)
O F (z,t) = Vo F(x,t) (47b)

where F* = (f1, f2) and Uy and V) are linear differential operators. It is easy to check, computing in two possible
ways the cross derivative of F'(x,t), that for the system to be well defined one needs to impose

0:Ux =0, VA + [Ux, V3] =0. (48)

If we interpret Uy, V) as a connection on the trivial vector bundle R? x C?, we see that is nothing but the zero-
curvature condition. To state this more explicitly, we introduce the covariant derivative D, = 0,, - A, where 1 =0,1
and the two values correspond to

{80—A0:8z—U (49)

Oh-A1=0-V



Then Eq. is equivalent to
[Do, D1]1=0 (50)
or in other words that the differential form A = A, dxz* has a vanishing covariant derivative
DA=D,A, dz" ndx” =0 (51)

An application of the non-Abelian Stokes theorem, then tells us that the Wilson loop associated to the connection
A, is simply the identity:

P exp [j{ Audx“] =Pexp [[ DA] =1 (52)

where the symbol P exp is the path-ordered exponential, so that operators from right to left corresponds to increasing
points in the path.
Let’s use in a smart way. Consider a rectangular path as in Fig. [Il We introduce the propagators in the two

A

1 _
T Tk

FIG. 1. A closed rectangular loop in the space-time (x,t) plane. The path-ordered exp on this path has to be equal to the
identity.

directions:
T\(z,y;t) = Pexp fy Ux(z',t)dz", Sa(ty,ta;2) =Pexp /t.tz Va(z,t")dt (53)
x 1
Clearly the propagator satisfies
OyTa(z,y:t) =Ux(y, )T (x,y3t) . OuTa(2,y5t) = T(2,y;6)Ux(2,1) (54)
So that the integral over the loop in Fig. [1| becomes simply
Sx(ta, t1;2)Ta(y, 23 t2) Sx (1, tas y) Ta (2, y3t) = 1 (55)
Simple inspection of tells us that
T(z,y;t) = To(y, z;t) ", Sy (t1,ta;2) = Sx(ta, t1;2) ™ (56)
which can be used to arrive at
S(ti,t2:y) " (2, yst2) Sa(tr, tas ) = Ta(w, ys ) (57)
Now we see that if we can find to points  and y such that
Wa(z,t) = Va(y,t) (58)

then the operator L, ,(\) = Ta(z,y;t) and the operator M(\) = Vy(z,t) will be a Lax pair for any A as Eq.
coincides with Eq. (20). Moreover Tr L(\) will be time-independent for any A thus giving an infinite family of conserved
quantities. It means that we succeded in the construction of conserved quantities for the dynamics described by .



C. Inverse scattering for the sinh-Gordon equation

From the previous section, we conclude that if, for an appropriate choice of Uy, V), reduces to the equation
of motion of a given dynamical system, this turns out to be integrable, i.e. it will admit an infinite set of conserved
charges (here for simplicity we ignore the problem of involution between conserved quantities).

Excercise II.1 (x). Show that setting

9(Pz+o1) A2—e9%m?
_ 4 4N
Ux= A= 9%m?  _ g(datdr) (59)
4N 4
9(Patt) AZ4e9%m>
_ 4 4N
Vi = X4 e?m2 (¢t dr) (60)
4N 4

for a field ¢(x,t) (and its derivatives ¢, (x,t) = Opip(x,t) and ¢i(x,t) = Orp(x,t)) Eq. reduces to for the field
¢(x,1)

From this excercise, we see that if ¢(z,t) (and its derivatives) are choosen from a solution of the sinh-Gordon
equation given in then will be satisfied at any (x,t). As a consequence, we can construct a family of
conserved quantities, according to the procedure explained below Eq. . In order to do this, we have to fix the
boundary conditions of the problem. Simplest choices are the following:

k
1. the whole line case: |x|a%

— 0 as |x| - oo, for any >0 and k € N;

2. the periodic case ¢(x + 2L,t) = ¢(x,t), where the function can be defined on the restricted spacial domain
[_LvL]'

D. The whole line case

As we discussed in the Liouville theorem the main point about integrability lies in the possibility of constructing
a new set of coordinates for which the dynamics becomes much simpler. This is essentially what the action-angle
variables do. We will now see how this can be achieved for an integrable field theory going to the scattering variables.
We consider the linear problem

0, F (z,t) = Un(z, ) F(x.,t) (61)

where F'(z,t) is a two-dimensional vector defined for € R and ¢(z,t = 0), ¢¢(x,t = 0) are rapidly decreasing functions.
Given any initial vector F(xq,t), we can get a solution of applying the propagator T (xg,z;t):

F(:c,t) :T($0a$;t)F(ant) . (62)

Since T'(zo,xo;t) = 1, we can see that Eq. is satisfied because of . Being a first order bidimensional system,
the space of solutions is 2-dimensional. It is useful to fix a basis by fixing the behavior of the solution at x - +oco. For
x — oo, we have

) i(A\2 —m?)
Uy = lim Uy = Te— (63)
for which we can identify a basis of asymptotic solutions (z — o) as
L1\ i
Yu(z) = NG ( 45 )6iz ! (64)
where we introduced the standard parametrization for the rapidity and the momentum, A = me? and k = %‘M =

i()\ —m?2\71). From this, we can identify two basis of solutions f., g, of ([@7al), said Jost solutions, according to their
asymptotic behavior at x — +00 or z - —o0

T—+00

fo(z,t) — u(x) (65)
g.(z,t) "= () . (66)
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These are known as Jost solution in scattering theory. We can arrange the two vectors f, as the two columns of a
matrix (and similarly for g, ):

F(z,t) = (f+(x,t) f_(x,t)) , &(x,t) = (g+(z,t) g_(x,t)) , W(x) = (1/)+(17) 1!1_(x)) (67)
Note that, since Uy(z,t) is a real matrix and 9. (x)* = ¥£(z), we simply deduce (for real \)

{ f, =1 - { F(z,t)* =F(z,t)oy (68)
g =g" G(z,t)" =G(z,t)oy,
using , we can write explicitly this functions as
S(a,t) = lim T(wo, ;) ¥ (o) (69)
&(x,t) = woli_}{loo T(zg,x;t)¥(x0) (70)
Since both are basis for the space of solutions, it is possible to define a change of basis between the two
F(x,t) = B(x,t)T (A t) (71)
which using leads to
T(At) =67 (2,0)(x,1) = lim_ P (yo) ' T(z0,y0;) ¥ (o) , (72)

Yyo—>—00

This operator converts Jost solutions one into the other and can therefore be interpreted as a classical version of the
S-matrix.

1. Ewolution of the scattering data

Let’s write explicitly the coefficients of the transfer matrix by studying their properties. It is useful the following

Excercise I1.2 (x). Show that for real \, the transfer matriz T (\) can be written in the form

a(\t) b*(\t
T00=(508) au)) )

The functions a(\),b(A) give the so-called scattering data. It is useful to investigate what is their time evolution.
In order to do so, we take t1 =ty + §t in to obtain

dT(x,y;t)

o = VT (zy:t) - T(z,y:)V(z, 1) (74)
Now, in order to take for x,y — oo, we note that
)\2 2 )\2 2
lim V(x,t) = YN+ m7) y = lim V(z,t)¥(z)= lim w@(x)az (75)
Tr—+o00 4>\ Ir—>+o00 T—>+00
which leads to the equation of evolution for the transfer matrix:
dT (A1) (A2 +m?)
dt - AN (UZT()‘vt) _T()‘at)UZ) (76)
which translates into the evolution equations for the coefficiens a(\), b(\):
da(\,t db(\t) (N2 Db\t
aOut) o O O b -
dt dt 2\
which immediately tells that a(A,t) = a(\) is constant in time. Moreover, as Tr Uy («,t) = 0, we have the equality
det T\ ) = [aM)P=pb(V)P=1,  VAeR (78)

which allows us to conclude that also |b(A,t)] is constant in time and that only the argument of b(\) evolves:

dargb(\,t) A2 +m?

79
dt 2\ (79)
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2. Analytic properties

From the previous consideration, we see that the combinations ¢(A\) = [1/a(\)* and r()\) = [b(A)/a(\)[* can be
realized, respectively, as transmission and reflection coefficients satisfying

t(AN)+r(\) =1, VAeR (80)

This shows the spectrum of is continuous and coincides with the real line in the A-complex plane. In general,
one can extend these definitions on the complex A plane; the function a()) is analytical for I\ > 0, except for simple
zeros, corresponding to the position of the spectrum where a bound state occurs. For the sinh-Gordon case, no bound
states are present. It follows that also loga(\) will be analytical for JA > 0 and therefore, arga()) is fixed by its
modulus by the dispersion relation

% d\ Inja(\))|

arga(A) = —%p.v. [m o (81)
where p.v. stays for the Cauchy principal value. Using the Sochocki-Plemelj formula
1 1 )
= PV +mo(A = A) (82)
we arrive at the “dispersion relation”
Excercise I1.3 (*). Show that for real A one has
TEN)=T*(N) (84)

(Hint: note that o, Tx(x,y;t)o, = T-x(z,y;t).)

Since a(\) is conserved, it can be used to generate conserved quantities, which can be obtained from the Laurent
series of a(\) around a certain point. The dispersion relation suggests two possible expansion points A = 0 and A = co:

loga() == L 32 AL fw AN () logla(\)] | (85)
T =0 —o0

loga(A) "0 - L 3" an f AN (V)" ogla(\)] . (36)
T =0 —o00

From, the Excercise [[I.3] we see that |a()\)| = |a(-\)| and therefore only the odd n give non-trivial term in the sum.
Setting

2‘ oo
Iopi1 = sign(2n + 1)—Z / dX (N)?"logla(N)] . (87)
w Jo
which can be combined into
21 I 21 [ I ,
E, = % [m2"+2l_2n_1 - %] . O, = % [ el m2”+21_2n_1] ., n>0 (88)

We now go to the rapidity variable X = me? and we introduced the weight
8
P(6) = —21n|a()\(9))| . (89)
g
and we deduce the expressions for n > 0

En:[”de P(6)mcosh((2n + 1)) , On:[wdQ P(0)msinh((2n +1)0) (90)
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Excercise I1.4 (* * ). Show that the conserved quantities E, and O,, defined above are local, i.e. they have the
form of spacial integral of a density (see ) In particular the Hamiltonian and the total momentum are the first
conserved quantities

ey [ 7o Y 20 omagte) =) o1
P=0=- Lo dz TH(2) o () (91D)

In order to do so, you may find useful to parametrize
T(z,y;t) = (1+ W (2))e” P C(y) (92)

where the matriz W(x) is off-diagonal, Z(x) is diagonal and C(y) is fized by the condition at T(x,xz;t) = 1; then
Eq. provides differential equations for W(x) and Z(x) which simplify for x — oo.

Excercise I1.5 (x x x). Consider the construction of the scattering data a(\),b(\) from the field configuration

o(x,t),m(x,t) = Opp(x,t) as introduced in Sec. [IID 1. As the limit g — 0 of coincides with , expand the
transfer matriz in to find the relation between a(\),b(\) and A(k), A*(k) in the small g expansion.

Remark I1.3. We have seen in this section how the scattering transform puts in place the general picture of classical
integrable models. In particular, it transforms the space-time data ¢(x,t),0.0(x,t) into a new set of coordinates
a(A),b(A\) which have the much simpler evolution described in Eq. . The final step to complete the solution of the
dynamics becomes the inverse scattering transform, that allows to recover the field configuration from the scattering
data a(X),b(N). A general theory for this problem exists that allows formulating the problem as the Gelfand-Levitan-
Marchenko integral equation®.

III. QUANTUM INTEGRABILITY

It seems natural when passing from classical to quantum realm, that the definition can be used to defined
similarly a quantum integrable model. This seems to be a well-defined procedure: as usual the coordinates and the
momenta are promoted to operators in an Hilbert space H

(gi;pi)  —  (d4i,0i) (s, D5] = 1hd; (93)

In general, all the Poisson brackets would be promoted to commutators; therefore one could say that a quantum
system evolving with the Hamiltonian H is integrable if one can finds conserved operators F; in involution

[, Fj1=0, [Fi,H]=0, Vi,j=1,...,n. (94)

In this quantum case, we will use the nomenclature “conserved charges” to indicate the operators F;. This definition
poses two main issues:

1. how many charges do we need? To parallel the classical case, we would like their number to be maximal, which
means as many as the number of pairs (g;,p;). Counting the degrees of freedom in this way in the quantum
case is problematic as the phase-space is not a differentiable manifold and position and momentum cannot be
defined simultaneously.

2. how to define independence between charges? In the classical case, independence is again associated to the
dimensiono of the submanifold obtained once the value of the charges has been fixed. In the quantum case, this
is not possible: charges are operators in an Hilbert space. So we have the obvious notion of linear independence,
which is however rather different with respect to the classical one.

The simple approach to overcome the first difficutlty is to deal with a quantum system whose Hilbert space as a finite
dimensionality: this is true for spin systems for instance and in general it is not a strong limitation as introduce an
infrared and ultraviolet cut-off leads in any case to a finite dimensional spectrum. In this approach all the space of
operators operators O (including the Hamiltonian) simply become composed by finite dimensional matrices n x n:

O =End(H), dim(H) =n (95)

Now, we have two choices, both leading to weird conclusions:



13

e if we assume that “independence” means “linear independence”, the maximal number of conserved quantities
is trivially given by n and there is an easy way to find them, for instance:

E,=H" (96)

This would lead to the unpleasant conclusion that any quantum system is integrable in practice. Note that this
choice of powers of the Hamiltonian do not produce independent conserved quantities at the classical level, as
H(q,p)" = h,, does not provide an indipendent constraint for different powers of n (the resulting set is either
empty or equivalent to H(q,p) = h (iff h,, = h"™).

e if instead we assume that functional “independence” is meant, then it easy to check that any operator commuting
with H will be functionally dependent on a single operator Q:

VE [F.H]=0 = F=fr(Q). (97)
If the spectrum of His non-degenerate, one can actually take Q =H.

In conclusion, the niive generalization of the classical Liouville definition of integrability leads to a problematic
definition, which essentially makes any system integrable. This is also consistent with the idea of solvability: in the
classical case, this is identified with quadrature, which allows replacing differential equations with algebraic ones.
However, for a quantum system, the dynamics is essentially always an algebraic problem, which is reduced to the
diagonalization of the Hamiltonian

W) = e o) = Y e P nfWo) ), Hn) = By |n) (98)

n

So this idea of solvability as quadrature leads to nowhere. The main point is however that the size of the Hilbert
space H scales exponentially with the number of its components; take for instance a quantum system composed by N
spin 1/2. Then, one has dim A = 2. This makes the algebraic solution of the problem in terms of diagonalization of
the Hamiltonian rapidly impossible in practice for any system with large N. These ideas suggest that a better way to
interpret the concepts of integrability/solvability is to relate them with the complexity of the problem. We will not
pursue this direction in these lectures; we refer the interested reader to”, for a summary of the problems related to
the definition of “quantum integrability” and for an approach based on complexity.
Here, we will instead follow a different approach:

1. We always associate the notion of integrability with the one of locality

2. We consider quantum integrable models that have a corresponding classical analogous.

A. Quantum integrable field theories

There are two different ways to arrive to a quantum integrable field theory and it is useful to summarize them as
they allow a deeper level of understanding.

e The first idea is to start from a classical field theory and quantize it. We can for instance start from the sinh-
Gordon Hamiltonian introduced in Eq. . The Poisson bracket is promoted to the canonical commutation
relation

[6(),1(2")] = 26 (x - 2") (99)

This kind of approach is quite standard but it has one main difficulty: the resulting theory suffers of many
divergences, which result from the possibility of strong fluctuation for a field at points close in space x ~ x'.
Regularizing these divergences requires renormalization techniques.

e A second possibility is to start with a well-behaved lattice theory. One simple example can be a spin 1/2 model.
Consider for instance the Hamiltonian of the anisotropic Heisenberg spin chain (XXZ model)

H=JY 5757 +5Y8Y + A&7 57, (100)
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The groundstate of this Hamiltonian |Ey) for A > 1 is gapped; this fact manifests itself into the large-separation
decay of correlation functions, i.e.

=k

(Eol sysh |[Bo) = e @, |0—k| > o0 (101)

while this relation is exactly computable for this model, it is true for a very generic class of models in the gapped
regime. The quantity £(A) defines a characteristic length, called “correlation length”. The gap closes as A - 1*
and simultaneously

A->1" = EA)> 0. (102)

It is intuitive that in this limit, all the details of the lattice will be washed out as the correlation length becomes
larger and larger and only long-scale behavior matters. We can therefore hope that a continuous description
emerges, so that

Ali_r)111+§(A)2d (Eo| 8Y = (vac| O(2)O(z") [vac) (103)

mag(8)Smare(a) [E0)
where the limit A — 1% is taken so that mxz and mz’ are fixed and the dimension d is the unique number
(depending on the operator §7, in this case) that makes the limit of the left-hand side finite. Quantities like the
one on the right-hand side can be described through a field theory. Integrable lattice models naturally lead to
quantum integrable field theory: in this case the XXZ model leads to the sin-Gordon field theory, related to the
sinh-Gordon model in Eq. by a (rather non-trivial) analytic continuation ¢ — #¢. In this approach the idea
behind renormalization is easily understood in terms of conversion from lattice variables.

e Finally, a quantum field theory is a theory for the scattering between relativistic particles. In this formulation,
one assumes to have: i) asymptotic states, where the particles are infinitely far-apart one from the other and
evolve freely; ii) a finite region of space where the interactions occur as described by an appropriate scattering
matrix.

We will work on the combination of these three different aspects of a quantum field theory. Note that although a
field theory can be defined even in presence of Galilean invariance, here we focus on the relativistic case. The non-
relativistic one can be recovered as an approriate limit ¢ - co. We introduce a Quantum Field Theory (QFT) from
the following set of ingredients

Definition III.1 (Quantum field theory). A quantum field theory is defined by
e Hilbert space.— an Hilbert space H;

e Hamziltonian.— an operator fI, acting on H called the Hamiltonian. Its lowest energy state defines the vacuum
and the corresponding eigenvalue can be set to zero

H |vac) =0 (104)
e Relativistic invariance.— The momentum P and boost B operators satisfying the 1d Poincaré algebra
[H,P]=0, [B,P]=«H, [BH]=1P (105)
H |vac) = P |vac) = B|vac) = 0 (106)
e Locality.— The Hamiltonian and the momentum are spacial integrals of local fields (densities)

H = /_wdxﬁ(x), H-= [oodmﬁ(x) (107)
where for any local field O(x):
[P,0](z) = z%é(x) = O(z)=ePrO0)e " (108)

with [O(x),h(2')] = 0 for x + 2.

Note that this is similar to saying that a local operator @(x) depends on some fundamental fields q@(a:),fr(x) and
possibly a finite number of their derivatives around x.
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From this definition of a QFT it is now natural to introduce the concept of quantum integrable field theory (QIFT)
by simply extending to the quantum dictionary the definition in

Definition IIL.2. A quantum field theory is integrable if it supports infinitely many independent local conserved
charges in involution:

Fi:[mdxfi(x), [, F1=0, [H.E]=0 (109)

B. Asymptotic states

The standard way to go beyond free theory is to introduce asymptotic states. This is the standard approach when
dealing with QFT as theories for relativistic particles in interaction. In practice one assumes that the Hamiltonian
can be splitted

H=Hy+V (110)

where Hy contains the free propagation and V all the interaction. Note that, Hy can in principle be differen from
what one could obtain from H setting the coupling constants to zero: the masses of the particles can be renormalized
by the interaction or new particles (bound-states) can be generated by the interaction and need to be added to the

“free” Hy written above. Once this splitting has been performed, one can define “in” and “out” states |\I/)(i/ 9 As H,
is a free Hamiltonian, its eigenstates are labeled by the set of particles and the corresponding quantum numbers it
contains
0 0
[8)@ =101, 00)) L, (111)
where we used the superscript 0 to indicate that they are eigenstates of Hy. We are also using the rapidities to label
the energy and momentum of each particle:

e(0) =mgcoshf,  pa(6) =mgsinhf . (112)

The label a is used to indicate all the other possible quantum numbers associated to the particle. Then, the in/out
states are the eigenstates |‘I’)(i"/°"t) of H which reduce to |<I>)(O) at time ¢ — +oo:

e—zI:I‘r |\If>(i/o) t=>Foo e—lﬁm’ |(I)>(O) . (113)

“In” states are such that in the infinite past they behaved as free-states. Note that, strictly speaking, this equation
cannot make sense as it is: eigenstates of H would not evolve at all and so the limits 7 — oo are ineffective. The correct
way, to interpret the “~”  is to imagine that eigenstates have been replaced by smooth superpositions in energies, so
that each particle is a wave-packet localized in space. For more details about this procedure, see for instance Chapter
3 in [6]. It is useful to represent “in” and “out” states by writing explicitly their rapidities and to sort them:
|917'..70n>((1i1/o2.a’ ’{Zl>...>0n€R (ln) . (114)

32001Gn 1<...<0, €eR (out)

In this way, the ordering of the rapidities in a in/out state corresponds to the ordering of the particles on the real line
in far past/future (the corresponding eigenstate of Hy).

Both the in and out states define an orthonormalized basis. Their overlap instead is highly non-trivial and contains
all the scattering information:

St (01, 003055, 00) = O (01, 00l01, Oy (115)

There is a well-defined procedure to pass from a Hamiltonian formulation as in to the definition of asymptotic
states and of the scattering matrix S. The formal procedure employs the LSZ reducton formula, named after the three
German physicists Harry Lehmann, Kurt Symanzik and Wolfhart Zimmermann®, which allows defining S-matrix
elements in terms of time-ordered correlation functions. However, the inverse problem, i.e. recovering correlation
functions from the S-matrix, is not easy in general. For integrable models, it becomes possible and leads to the theory
of form factors.
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C. Effects of integrability on the scattering
1. Elastic scattering

We now consider how the presence of integrability can be used to constrain the scattering matrix. Let’s see the
implications of the existence of infinitely many local conserved quantities. Since they are local in space and they
remain conserved in the evolution, we know that for any in or out state, they must be additive on the ensemble of
particles contained in the state. Moreover, as seen for the Klein-Gordon equation and for the sinh-Gordon in the
classical case, the charges are well organized as functions of the rapidity; it is useful to take combination of them so
that they transform trivially under the boost operator of the theory B. We use the integer label s (called spin as the
Boost effectively acts as a rotation in energy-momentum space) so that

n
Qs 01,0050 Z 01, 0n)) (116)

Note that not all the integers s can be realized as local conserved quanties for a given model. For instance, we have
seen in Eq. that, for the Klein-Gordon model, only odd s = 2n + 1 are realized. However, the presence of infinite
different values of s is already enough to draw strong conclusions. Let’s indicate with Z the set of available values of
s for which local conserved charges exist in the model under exam. As both “in” and “out” states are eigenstates of
Qs, they can have a finite overlap only if the eigenvalue is the same:

Z & () 30 _ Z Xl()i)es% 7 VseT (117)
k=1

For general values of the rapidity set, the combination of these equations imply that
e No particle production/annihilation can occur: n =n'.
e The set of rapidities must be the same: {0} = {6,.}.

e Permutations of rapidities can occur only among particles belonging to a symmetry multiplet, so that xa, = X, -
In particular, rapidities can be exchanged only between particles of the same masses.

These properties are summarized by saying that scattering has to be elastic.

2. Factorized scattering

One can go even beyond the conclusion of the previous section. We will now see that actually the scattering matrices
can be factorized into only two-body processes. A rigorous argument is hard, but we will focus on a more physical
intuition. Suppose we have a charge corresponding to a certain value of s and —s (always true if the theory has parity
invariance) and let’s take the odd combination:

n

= Qs - Q—s = Os ‘917 ve a 51‘1/:)) Jan Z Slnh(sek) |917 cees >((1li(:) (118)

eyl

where to simplify the argument we assumed x(*) does not depend on the particle type. Suppose for simplicity that
s =3; then we can reparametrize the eigenvalue in terms of momentum:

2 4 3
p(6) =msinh 0, g3(0) = x@ sinh(30) = 2L _ ) (119)
m

Now suppose we take an “in” state and we consider small wave-packets which are localized both in space and
momentum. This can be done by taking the superposition weighted by the single-particle wave-function

¢($0,p0) ~ [ dpe—a2(p—Po)2ezp(:c—aco) (120)

where a defines the width of the wave packet in momentum. What happens if we act on this state with unitary
transformations generated by the charges? Let’s start with the simplest case, i.e. the momentum P and consider the
transformation

Up(u) =™, Up(u)lby,....0,)"7  =ewZepr|gy 0 0,)7 (121)

A1y..03Qn A1,y..,an
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Inserting this term in the integral in (120)), we see that this operator rigidly translates all the particles of the same
amount u: this was clearly expected as the momentum is the generator of translations (see Eq. (108)).

However, what happens if we do the same thing with 047 Inspecting Eq. (119)), we see that the non linear contri-
bution ~ p?, will again translates the position of particles but of an amount which depend on the particle momentum
itself: indeed if a is large, the integral in Eq.(120) is dominated by the neighborhood of p ~ pg, therefore inside the
integral

foo dpe=@” =p0)* gw(z=20) rup® foo dpe=" (P=P0)” P (@=20+up8) o (10 4 up?, o) (122)

Different values of s would lead to a similar conclusion. Now let’s consider a simple scattering process involving

y (a) (b) (¢)

01 62 05 01 0y 05 01 0 053

FIG. 2. Three different configurations of “impact parameters” for a 3 — 3 process, leading to a different sequence of scattering
sequences. The presence of rank s > 2 conserved quantities imposes that the scattering matrix for the three situation has to be
the same, thus implying factorization of the scattering.

three ingoing particles and three outgoing ones. Even though we indicated “in” states simply using their rapidities,
the scattering process actually depends on the relative positions of the three particles: this determines the “impact
parameter” of the scattering process. We can essentially group the possible scattering processes as the (a), (b) and
(c) depicted in Fig. [2l We can write explicitly the resulting scattering matrices for the three cases (sum over repeated
indexes is understood):

5211?122’3133 (917 927 95) (a)
Sasas (92’93)5(2’113(61a93)52,1&%(91,92) (b) (123)
Siic0s (01.02) 315 (01, 0:) S (62.65)  (©)

This is true because locality imposes that scattering can take place only when the wave packets overlap. Now, the

remarkable implication of the analysis made before is that these three contributions have to be equal one to the

other: indeed, we can act with e““* to move the wave-packet centers and pass from one configuration to the other;

as [QS, H ] = 0, the resulting scattering matrix has to be the same in the three cases. This argument can be repeated

b3 b2 b1 b3 b2 bl
v e
o R
(& e < b
ay as ag ai as as

FIG. 3. Graphical transcription of the famous Yang-Baxter equation for the two-body scattering matrices. To simplify the
notation rapidities are omitted, but they can be easily reconstructed as a; goes together with 6; and then elasticity of the
scattering preserves them through the process. See Eq. (?7) for its translation in a formula.

for more than three particles, leading to the following conclusions:
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1. The scattering matrix for a many-body process can be written as product of two-body scattering matrices; e.g.
for three particles:

SUbs (01, 02,03) = S, (02,03) S5 (01, 03) S22 (01, 0) (124)

ap,az,as az,a3 ai,c

2. Different ways of factorizing the many-body scattering have to be consistent:

S s (02,03) 55,7201, 03) S22 (01, 02) = S&:°,, (01,02) 53¢ (01,03) S22 (62, 05) (125)

az,as3 ai,c ai,a2 d,as

This last equation goes under the name of Yang-Baxter equation. It is the fundamental ingredient of any quantum
integrable model: 2d classical lattice models, integrable spin chains and finally QIFT. It is easily memorized by a
sketch, see Fig. [3| In the end, the scattering problem has been reduced to one single matrix function: S%-%2 (6,,6,).

ap,a2

Remark III.1. From the argument presented in this section, it should become clear why non-trivial integrable field
theories exist only in 1d. Indeed, in higher dimensions, repeating the previous construction, one could move particles
far apart so that no interactions occur at all: such a statement can be made rigorous and goes under the name of
Coleman-Manduja theorem. It tells us that in 3d, whenever a non-trivial conserved quantities exist (still preserving
the Lorentz group structure), the S matriz has to be trivial (i.e. non-interacting).

D. Finding integrable models

We have seen that the existence of conserved quantities imposes several constraints on the possible scatterings,
which strongly simplify the problem making it treatable in the end. It is not clear however how one should obtain
integrable models in practice: given a Hamiltonion, will it admit conserved charges? Let’s try a constructive approach
in the simplest case: a single scalar field é(z,t) with generic interactions

H = [: du [H(;)Q * %(;)2 * m2¢2(x)2 + mj?“é(m)“ - m;gﬁéﬁ(x,t)“ . (126)

where we expanded the potential in powers and we normalized coupling with the mass to make them dimensionless.
Note that to reduce the number of terms we assumed parity invariance ¢ - —¢, in the Hamiltonian, so that only even
terms can appear. We want to find the conditions on the couplings g4, g, - . . such that the theory is integrable. Being
a relativistic theory, in general, one expects to have particle productions. But as we showed in Sec. scattering
is always elastic: it means that the couplings must satisfy non-trivial relations so that there is no production in the
end.

To keep the calculations compact, we work at tree level and, following [7, we consider the diagrams that contribute
to the production process 2 — 4. It is sufficient to consider the case where the initial particles have precisely the energy
to create the four out-coming particles: for the momenta (p(o),p(l)) of the on-shell initial particles in the center of
mass reference frame, we have (2m, +v/3m). The total energy is then F; = 4m and therefore the four final particles
are all at rest, their common value of the momenta being (m,0). There are three possible diagrams contributing to
this amplitude. They are showed in Fig. [6] The free propagator for this theory is simply:

7

G(p) = o (127)

—m2 440"

and we have interactions vertices at any even order —1gs,/(2n!). We now proceed to evaluate each diagram, neglecting
the contributions of the external legs, which is obviously the same in the three cases.

(a) the quadrimomentum of the inner leg is simply py.. = (0,v/3m). Therefore, counting the number of different
ways to realize such diagram, we get:

_ 3um?g?

1(-m2g )
G x = |94 (4x4)x 3x3 x 2 x Al (128)

. in particles exch. vertices remaining legs
inner leg

where the cominatorial factor counts the possible ways to construct such diagram.
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(a) (b) ()

FIG. 4. Feynman graphs at the tree level for the production process 2 — 4.

(b) the quadrimomentum is p;,, = (3m,0), which leads to

2 2 2 2
G x [T L axayx 3x2 x 2 x4l -9 (129)
Pinn X 5 0 2 2 2
—— —
inmer log 1M Particles  exch. vertices  remaining legs
(c) Here, we have no inner legs and just one vertex:
vm?ge
- x 6! (130)
6!

If we want that no particle production can occur, the sum of these three diagrams has to vanish
(a) +(b) + () = im? (gi—gg) =0 = g6:gz . (131)

Remark ITI1.2. In the absence of the ¢% vertex, the Feynman graphs built only on ®* Landau-Ginzburg theory would
have given a non-zero value of the production amplitude 2 — 4, already at the tree level. This implies that in general
one cannot have an integrable model whose interaction is a simple polynomial, i.e. involving a finite number of vertices.

Excercise IT1.1 (xxx). Using the value of the gg from (131)), show that requiring that the amplitude for the production
process 2 — 6, one has that

gs = g3 (132)

Generalising this analysis to the higher on-shell production amplitudes 2 — n, one finds that the conditions that
ensure their cancellation requires the existence of arbitrarily higher couplings whose values are fixed by the equation

gan = (92)" " . (133)

Relabeling g4 — g, the series can be resummed, with the final result
oo 1. 5 1. 5, m? .
H- f o S10(2)? + 50 (2)? + 2 (coshi(gd) - 1) ] - (134)
— o0 q

which is again the Sinh-Gordon model!

Remark II1.3. The calculaton presented here should give an intutition on how rare integrable models are. In practice,
for a single scalar field with Zo parity simmetry, there is essentially a unique model: the sinh-Gordon, with its closely
related partner, i.e. the sin-Gordon model, which is obtained for g — 1g9. Relaxing the constraint of parity would lead
to a different model. These ones essentially exhaust all the possibility with a single scalar field.
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FIG. 5. Two possible channels in the 2 — 2 scattering process Sfjl (p1,p2)- Left: the s-channel, from which we obtain the physical
constrain s > (my +mz)?. Right: the t-channel, which leads to t < (m; — m;)?.

E. Analytic properties of the S-matrix

We have seen in the previous section that integrable models are rare and determining them is not easy: already for
a single field a lot of Fenyman diagrams are needed, order by order, to fix the interaction potential. However, we have
seen that integrability imposes strong constraints on the possible structure of the S-matrix: it turns out that one can
exploit this structure to construct S-matrices which correspond to integrable models.

We present here only a brief summary of all the requirements that the S-matrix has to satisfy: further details can
be found for instance in (8. In order to study a relativist scattering of type 2 — 2, it is useful to use invariant quantities:
we introdue the Mandelstam variables, which are a parametrization of the four momenta involved in the scattering
process:

s=(p1+p2)”, t=(p1—ps)*,u=(p1-ps)’. (135)
As the process is elastic however, the variable u is identically vanishing; instead
s(01,09) = mf + m% + 2m1me cos B , t(61,02) = m% + m% —2mimscosbis . (136)

So as expected from Lorentz invariance, both variables only depend on the rapidity difference and moreover ¢(6) =
s(vm — 0). Inspecting Fig. |5, we see that this equation has the geometrical interpretation of a iw “rotation” in the
hyperbolic plane. As a first consequence, we obtain that the S-matrix has to be a function of the rapidity difference
only:

SEH(01,02) = SEH (61 - 62) . (137)

So we end up with a matrix of functions of a single variable. It is important to explore the analytic structure of S as
a function of #, when it is promoted to a variable in the complex plane. Clearly, physical values of s and t correspond
to the conditions

5(0) > (my +mg)?, t < (m;—mj)? (138)

One can see that these constraints manifest themselves as branch cuts: the S expressed as a function of the Mandelstam
variable s, has branch cuts for s > (m; +m;)? and for s < (m; —m;)?, with possible bound states in the middle. Even
though both these cuts are square-root ones, infinite sheets are accessible passing through both of them. Such a
complicate behavior is better understood going to the 6 plane as obtained by the function s(6) in . In this case,
the physical sheet becomes the strip 0 < J6 < 7 and all the other sheets are covered by the full § plane. We can now

summarize the properties that Sfjl(t?) has to satisfy.

e (Unitarity) The transformation of in-states into out-states has to be unitary, as it is simply produced by the
time evolution:

ZS%Z’(H)(S,‘;}’(Q))* =0; k05,1 (139)
a,b

Note that if the model is not integrable, unitarity is not so simple: particle production has to be taken into
account in the sum ofer all the possible intermediate states.
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A SHA
0 plane
1 n RN
S plane 7 3
:: physical strip
—%—0—0—0;» 2 1 >
4 niom) merm)? 2 3%0

FIG. 6. Behavior of the S-matrix as a function in the complex plane. Left: S(s) as a function of the Mandelstam variable s;
branch cuts appear on the real axis for s > (m; + mj)2 and s < (m; — mj)Q; only the physical sheet is showed here and physical
values of s are right above the branch cut s > (m; +m;)?, other sheets are accessible through the cuts. Right: S(6) as a function
of the rapidity difference 6; the physical sheet in the s plane is mapped in the strip 0 < 360 < 7.

e (Hermitian analyticity) S is a real analytic function of the variable s:
S5(s7) = (55()" = (S5 (0)" = (S[i(-0") (140)

¢ (Crossing symmetry) As we discussed before, passing from the s to the ¢ channel corresponds to reading the
diagram “from left to right”, while changing 6 — 2w — 6. This gives the relation

SH(0) = 82 (ur - 0) (141)

e (Yang-Baxter relation) For consistency of the scattering factorization, as we already discussed, we need to impose
Eq. (125).

¢ (Bound-state consistency) One of the main difficulty is that whenever the Sikjl(ﬁ) presents a pole on the physical
strip 0 < J6 < 7, this corresponds to a stable bound state. So it means that this bound state will correspond to
a new stable particle, which needs to be added to the list of possible particles as asymptotic states.

F. DPossible scattering matrices

The interesting point is that it is possible to find solutions which satisfy all these constraints and correspond to
physical models. We focus on the simplest situation: the diagonal case, where no transmutation occurs and particles
conserve their quantum numbers:

Stz (8) = 62652 Sy a5 (0) "

az,az ai a2

In this way, the Yang-Baxter equation is trivially satisfied and we just need to care about the analytical properties.
In this case, the conditions of Hermitian analiticity, unitarity and crossing symmetry reduce to

(Sap(0))* = Sap(-0*) Hermitian analiticity
Sap(0)Sap(-0) =1 Unitarity (143)
Sap(0) = S,z(ar—6)  Crossing

and the most general solution to these conditions is found to be

sinh(3 (6 + )

Sap(0) = s x _— = 144
ab(0) =50 Ml;[mb sinh(%(@ —mx) (144)
where the A, is a finite set whose elements can be chosen as real and satisfying —1 < x < 1. The factor sflog ==zx1. In

principle, its value would be arbitrary, but in practice, all physical models have a fermionic behavior, S, ,(0) = -1,
which determines such number (for a discussion of the physical consequence of taking instead the bosonic case S(0) = 1,
see [10]). The function Su;(6) has poles for 6 = iz and any x € A,p. Therefore, if some x lies in the physical strip,
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i.e. 0 < x < 1, this corresponds to a bound state which emerges from the scattering of particles a,b. As we discussed in
the previous section, bootstrap principle tells us that boundstate must be considered on the same ground of the other
asymptotic states: this poses a non-trivial problem as, once the set of particles has been fixed, one has to ensure that
the values of x € A, for a given scattering channel a + b, do not give place to new particles. We will not deal with
this procedure here and we refer to [8, @] for details. However, if no value of z lies in the physical strip, than we are
essentially done. Using crossing, one can then obtain Sz ; (), which induced the relation between the sets

A@b:{l—x|xeAab} . (145)

If we require a particle to be neutral, i.e. it is its own antiparticle, then Az, = Aqp. The simplest example is the one
of a single neutral particle which is obtained taking Ay, = {z,1 -z} and -1 < 2 < 0 (so that no pole is in the physical
strip), which corresponds to

_ tanh 1(0 +mz)

~ tanh 2(0 -z

S(6) (146)

This corresponds to a theory with a single neutral particle, which satisfies paritiy invariance. So, we can suspect that
it is indeed the sinh-Gordon model. Indeed, perturbative calculations show that:

92

=-B B(g) = —— 147
r=-Blo)  B@)=g (147)
is indeed the scattering matrix of the sinh-Gordon Hamiltonian in Eq. (134]):
tanh1(0-wmB)  sinh6 - sin(rB
Ssnc(0) = 2 = (rB) (148)

tanh 3 (6 + 17 B) ~ sinh @ +2sin(7B)

Remark II1.4. It is interesting to observe that this approach of constructing S-matriz which satisfy a set of con-
straints, give integrable models but gives no way to identify the corresponding Hamiltonian. As discussed above, in the
case of the sinh-Gordon case, one has to compare with perturbation theory in order to find the correspondence between
the parameter of the model and those in the S-matriz. For more general theory, the problem becomes even more subtle
as the bare parameter that appear in the Hamiltonian gets modified by renormalization: in a perturbative approach,
this has to be done order by order and the procedure becomes more involuted.

IV. THERMODYNAMICS OF AN INTEGRABLE FIELD THEORY
A. Bethe-Ansatz equations

We have seen that when a field theory is integrable, there is the possibility of determining its scattering properties.
We will now see one of the simplest application of this machinery, which allows to derive exactly the thermodynamical
properties of the model. The argument was first introduced by Zamolodchikov in [II] and here we will use it in the
case of the sinh-Gordon model with the scattering matrix in (148).

The main difficulty is that, in order to study the thermodynamics, we want to perform the thermodynamic limit of
the model: the total energy E has to diverge with the systetm size L, while keeping the ratio F/L fixed. In order to
do this we imagine that our field theory is now defined on a circle of length L. This seems to forbid the application of
the scattering theory presented before as that required asymptotic states. Nevertheless, we can imagine that, if L is
very large, there will be configurations where particles are very far one from the other. Then, they evolve scattering
one with the other as described by the scattering matrix (148)).

We must stress that relativistic invariance generically forbids any approach of first quantization (so determining
a wave-function) simply because it must take into account virtual and real particle creation. In the configuration
space, however, there are regions where we have a set of (wave packets of) relativistic particles strongly separated in
their space position x;. In these regions, which we call free regions, particles move as free ones and off mass shell
effects (virtual particle creation) can be neglected. We can therefore speak about space coordinates z; and momenta
p; =msinh(6;) and introduce a wave function W(xq,...,z,). The important point is that, as we have seen, scattering
has to be elastic: the number of particles and the set of their momenta pq,...,p, must be the same in each free
region. We can therefore identify each free region with an ordering of particles (where they are well separated)

{i1,0. yin) © Xy KTy <...<K<34, . (149)
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When we arrive at a transition between two free regions, we will have configurations where particles are close and
strongly overlap, giving rise to strong relativistic effects, which make the wave function approach ineffective. Nev-
ertheless, we know what happens after the scattering has occurred thanks to the S-matrix: in particular, for the
sinh-Gordon, we will simply have the multiplication times a phase factor:

{’il,...,ip,ip+1,...,’in}—>{i1,...,ip+1,ip,...,in} <~ S(Gip_ngrl) (150)

where for the sinh-Gordon S(0) = Sg,c(0) given in (148)), but the equation is more general. Behing on a circle, all
these connection conditions must be consistent: when a particle has been exchanged with all others it must come back
on itself, i.e.

ePEIIS0i-0,)=1,  i=1,...,N (151)

J#i

or taking logarithms

msinh 6; + 1 SO0 -0;) = 2nhi . 5(0) =@ (152)

L L
which go under the name of Bethe-ansatz equations. In this equation I;,...,I, are n integer numbers, which
have to be different one to the other because of the fermionic nature of the S-matrix (S(0) = -1).
Essentially, there is a corresponding between the set of integers {[y,...,[,} and the corresponding
eigenstate, characterized by the rapidities {61,...,0,}. This structure is very common in all quantum integrable

systems, both on the lattice and in the continuum: generically, in order to write it, one only needs that the factorization
of the scattering is verified and the knowledge of the exact form of the scattering matrix.

Clearly the energy and the momentum for such an eigenstate can be obtained using the free regions, where we
simply have

N N
E =3 mcosh(6;), P =" msinh(6;) . (153)
j=1 j=1

B. Large L limit of Bethe-Ansatz equations

We are now interested in the limit where both the size of the system L and the number of particles N become large.
To do so, for a given eigenstate, we introduce the counting function y(#) defined by the following properties:

e In correspondence of each rapidity 6;, it equals the corresponding quantum integer:

271'[2‘
y(0:i) = ——

; (154)

e It increases monotonically.

Of course, these constraints do not specify a unique function, but the idea is that when N and L will be large (with
N/L fixed), rapidities will denser and denser and the function y(6) will be completely determined. We can then rewrite

j#i
For an excited state, with finite energy, not all the available integers are occupied by a value I;. We can define than

a set of “vacancies” (virtual values of rapidities associated to any integer n) using

™n

2
v = ="

. (156)

Only a subset of the vacancies V = {67,...} corresponds effectively to the rapidity ¢, of a particle. The remaining
values are called holes:

{00} = {053 u{0}) (157)
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In the limit of large L, we associate densities to these three sets according to

1
0;)=lm—— | density of particles 158
P( J) Ty L(9j+1—,]) y ( )
1
") =lim—77-——— | density of holes 159
pr( J) Tle L(H;?H _9;}) ensity of holes (159)
1
f;)=lim —— | density of i 160
pe( J) :}HLl I 9;_)+1 = 9;) ensity of vacancies (160)

where T.L. stays for the thermodynamic limit obtained as N — oo, — oo. Clearly one has pi(k) = p(k) + pn(k),
therefore p;(k) is the total density, while p(k), pn (k) are respectively the particles and holes densities. The derivative
of the counting function can be related to the densities using that

y(0n.1) —y(05)

(05 = fip PEE I <2 (07) (161)
from which we derive
y(0) = 27 [: d6 pi(6) . (162)
Now, from the thermodynamic limit of :
y(8) = msinh§ - [: 4o’ p(6")0(k - k') (163)

and differentiating with respect to 8 leads to the Bethe-Ansatz equations in the thermodynamic limit:

27ps (k) = mcosh(9) — [: do" p(6") (0 -6") (164)

where we introduced the derivative of the scattering phase

@(0)=i@(50): 2sin(7B) cosh(6)

165
dp sin?(7B) + sinh?(9) (165)

Remark IV.1. Egq. 18 the thermodynamic limit of the Bethe-Ansatz equation and shall be considered as a relation
between the density of occupied modes and the one of available vacancies. It should be compared with what happen for
free systems (B — 0), where the density of vacancies is actually fized and independent on which are occupied. This
would correspond to

pt(0) =mcosh(6) = dl;i(;) (166)

which is a flat density in momentum space. In presence of interactions, such distribution is actually modified by the
density of occupied rapidities.

C. Computing the free-energy

Now suppose we want to express the partition function of the model. This can be formally written as
N
Zg= > PP Er=%mcoshd; (167)
{Ih,.,INn} i=1
where the sum is over all the configuration of the Bethe Integers, and 6; are the rapidities obtained solving the

Bethe-equations with those integers. When L — oo

N
By =3 mcosht; = L f d6 m cosh 0p(0) = LE[p] (168)

i=1
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and so it is defined an energy functional &[p] of the rapidity distribution p(6). So, we can convert the sum in (167))
into a sum over the possible functions p(6) if we are able to count how many choice of the integers correspond to the
same pair p(0), p:(6). In a given interval of rapidity 6 we will have
dny, = Lp(0)00 number of vacancies (169)
dn = Lp(0)d0 , number of particles (170)

so the number of ways in which we obtain the same p(8) correspond to the number of ways in which in each interval
060, we choose dn rapidities among the dn, available vacancies:

6 —> 00
#integer configurations corresponding to p(6) = [] (6 " ) 122 eLSvvlond (171)
Ny

where Syy [p,pt] is a functional called the Yang-Yang entropy and by simply performing the Stirling approximation
and recalling that p;(0) = p(0) + pr(0), one obtains the form

intervals §6

Syy[p] = /d9[Pt(9)1npt(9) = p(0) In(p(0)) - pn(0) In(pn(0))] (172)
where p(0), pr,(9) are related by (164]), so there is only one independent function. So we arrive at
Zg = po o BLE[PI+LSyv[p] (173)

We can now use the saddle-point method to compute this integral for L — co. These are better written in terms the
pseudo-energy function €(6):

p) 1
pe(0) e +1

(174)
which leads to the integral equation
Be(6) = mp cosh(8) - f o(0 - 6")log(1+ ey | (175)

These are known as Thermodynamic Bethe-Ansatz (TBA) equations and can be solved by iteration to determine
€(#). Then, p(8),p:(0) can be determined using (174]) and (164)). Finally, reinjecting into (173)), leads to the final
expression for the free energy:

1 < df
Bf = —Zlong = —m[ 2—cosh910g(1+e_’85(9)) (176)
—oo 4T
which is exactly the same formula one would have got for free fermion systems: the only difference lies in the fact that
the single-particle energy appearing in (176]) is actually the pseudoenergy obtained from the TBA equation (175)).

Excercise IV.1 (xx). Derive explicitly Eq. (175) and Eq. (176)), by performing explicitly the variation of the exponent
in (173)) and using the definition of €(0) in (L174)

Remark IV.2. The derivation presented here holds similarly for any integrable model. The main difference is that
for the sinh-Gordon (and its non-relativistic limit, the Lieb-Liniger model) only one stable particle exists. For any

other model, bound-states will appear which will need to be treated by introduced other funcitons p(i)(e),pgi)(Q) for
any particle species i. This leads to a set of coupled integral equations, which can still be solved with a similar method.
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