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Plan

• N spinless Fermions in a 1-d harmonic trap at T = 0

⇒ GUE random matrices

• New interesting edge physics at T = 0

rightmost fermion position ⇒ Tracy-Widom distribution of GUE

• Generalisation to finite T

⇒ unexpected connection to the Kardar-Parisi-Zhang (KPZ) equation

• Generalisation to higher dimensions

• Summary and Conclusion
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Ultracold atoms

• Recent great progress in the experimental manipulation of cold atoms

⇒ to investigate the interplay between quantum and statistical
behaviors in many-body systems at low temperatures

• Interesting quantum many-body effects even in the absence of interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle ⇒ rich quantum many-body physics

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Ultracold atoms

• Recent great progress in the experimental manipulation of cold atoms

⇒ to investigate the interplay between quantum and statistical
behaviors in many-body systems at low temperatures

• Interesting quantum many-body effects even in the absence of interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle ⇒ rich quantum many-body physics

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Ultracold atoms

• Recent great progress in the experimental manipulation of cold atoms

⇒ to investigate the interplay between quantum and statistical
behaviors in many-body systems at low temperatures

• Interesting quantum many-body effects even in the absence of interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle ⇒ rich quantum many-body physics

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Ultracold atoms in a confining potential

A common feature of these experiments ⇒ presence of a confining
potential that traps the particles within a limited spatial region
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V(x)

confined in space
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Ultracold atoms in a trap → edge physics
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harmonic trap

V(x)

bulk edgeedge

• bulk: traditional many-body physics (translationally invariant system)

• edge: new physics induced by confinement ⇒ universal edge properties
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T = 0 free fermions in a 1-d harmonic trap

&

Random matrix theory (RMT)
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A single Fermion in a harmonic trap
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x

k=0

k=1

k=2

k=3

V(x)
A single quantum particle in a
harmonic potential: V (x) = 1

2mω
2x2

Schrodinger equation:

− ~2

2m
d2ϕk

dx2 + 1
2mω

2x2ϕk(x) = εkϕk(x)

with ϕk(x → ±∞) = 0

single particle eigenfunctions: ϕk(x) =
[

α√
π 2k k!

]1/2

e−α
2 x2/2 Hk(α x)

with energy levels: εk = (k + 1/2) ~ω k = 0, 1, 2, 3 . . .

α =
√
mω/~ → inverse of the width of the ground state wave packet

Hk(x) → Hermite polynomials

For example, H0(x) = 1, H1(x) = 2 x , H2(x) = 4 x2 − 2, etc.
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N spinless Fermions in a harmonic trap: T=0
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k=0

k=1

k=2

k=3

k=N−1

Fermi  level ground state many-body
wavefunction → Slater determinant

Ψ0(x1, x2, . . . , xN) = 1√
N!

det[ϕi (xj)]

with 0 ≤ i ≤ (N − 1), 1 ≤ j ≤ N

ground state energy: E0 = ~ωN2/2

Ψ0({xi}) ∝ e−
α2

2

∑N
i=1 x

2
i det

1≤i, j≤N
[Hi (α xj)]

where Hk(x) ⇒ Hermite polynomials

For example, H0(x) = 1, H1(x) = 2 x , H2(x) = 4 x2 − 2, etc.

The determinant det
1≤i, j≤N

[Hi (α xj)] ⇒ can be explicitly evaluated
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Vandermonde determinant

Example: N = 3: H0(x) = 1, H1(x) = 2 x , H2(x) = 4 x2 − 2

det




H0(x1) H0(x2) H0(x3)

H1(x1) H1(x2) H1(x3)

H2(x1) H2(x2) H2(x3)




= det




1 1 1

2 x1 2 x2 2 x3

4 x2
1 − 2 4 x2

2 − 2 4 x2
3 − 2




= 8 det




1 1 1

x1 x2 x3

x2
1 x2

2 x2
3




= 8 (x1 − x2) (x2 − x3) (x3 − x1)
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N spinless Fermions in a harmonic trap: T=0
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Fermi  level ground state many-body
wavefunction → Slater determinant

Ψ0(x1, x2, . . . , xN) = 1√
N!

det[ϕi (xj)]

with 0 ≤ i ≤ (N − 1), 1 ≤ j ≤ N

ground state energy: E0 = ~ωN2/2

Ψ0({xi}) ∝ e−
α2

2

∑N
i=1 x

2
i det

1≤i, j≤N
[Hi (α xj)]

∝ e−
α2

2

∑N
i=1 x

2
i

∏

j<k

(xj − xk)

=⇒ |Ψ0({xi})|2 =
1

ZN
e−α

2 ∑N
i=1 x

2
i

∏

j<k

(xj − xk)2
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Ψ0(x1, x2, . . . , xN) = 1√
N!

det[ϕi (xj)]

with 0 ≤ i ≤ (N − 1), 1 ≤ j ≤ N

ground state energy: E0 = ~ωN2/2

Ψ0({xi}) ∝ e−
α2

2

∑N
i=1 x

2
i det

1≤i, j≤N
[Hi (α xj)]

∝ e−
α2

2

∑N
i=1 x

2
i

∏

j<k

(xj − xk)

=⇒ |Ψ0({xi})|2 =
1

ZN
e−α

2 ∑N
i=1 x

2
i

∏

j<k

(xj − xk)2
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Eigenvalues of Gaussian random matrix

Jij ⇒ complex, hermitian N × N Gaussian random matrix

J =




J11 J12 . . . J1N

J12 J22 . . . J2N

. . . . . . . . . . . . . . .
J1N J2N . . . JNN




Prob.[J] ∝ exp


−

∑

i,j

|Jij |2



= exp
[
−Tr

(
J† J

)]

→ invariant under rotation
(GUE)

N real eigenvalues: λ1, λ2, . . . , λN

Joint distribution of eigenvalues (GUE):

P(λ1, λ2, . . . , λN) =
1

ZN
exp

[
−

N∑

i=1

λ2
i

] ∏

j<k

|λj − λk |2
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Free fermions at T=0 ≡ GUE eigenvalues

• Fermions: squared many-body wave function at T = 0
(quantum probability density)

|Ψ0({xi})|2 = 1
ZN

exp

[
−

N∑

i=1

α2 x2
i

] ∏

j<k

(xj − xk)2 where α =
√
mω/~

• GUE eigenvalues: joint probability distribution

P(λ1, λ2, . . . , λN) = 1
ZN

exp

[
−

N∑

i=1

λ2
i

] ∏

j<k

|λj − λk |2

⇒ The positions of free fermions in a harmonic trap at T = 0 behave
statistically as the eigenvalues of a GUE random matrix

(α x1, α x2, . . . , α xN) ≡ (λ1, λ2, . . . , λN)
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Properties of fermions in a harmonic trap at T=0

Squared many-body wave function at T = 0 for fermions

⇒ quantum probability density

|Ψ0({xi})|2 = 1
ZN

exp

[
−

N∑

i=1

α2 x2
i

] ∏

j<k

(xj − xk)2 where α =
√

mω/~

⇒ several spatial properties of free fermions in a harmonic trap at T = 0
can directly be obtained from the known results in random matrix
theory (RMT)

Eisler ’13, Marino, S.M., Schehr, Vivo, ’14, Calabrese, Le Doussal, S.M., ’15, . . .
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RMT predictions

for

T = 0 properties of free fermions in 1-d
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Slater determinant and the Kernel

• Slater determinant: Ψ0(x1, x2, . . . , xN) = 1√
N!

det[ϕi (xj)]

• Squared wave function: quantum prob. density

|Ψ0(x1, x2, . . . , xN)|2 = 1
N! det[ϕi (xj)] det[ϕi (xj)]

= 1
N! det

1≤i,j≤N
[KN(xi , xj)] where

KN(x , x ′) =
N−1∑

k=0

ϕk(x)ϕk(x ′) → Kernel
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m-point correlation function

• m-point correlation function: 1 ≤ m ≤ N

Rm(x1, x2, . . . , xm) = N!
(N−m)!

∫
dxm+1 . . . dxN |Ψ0(x1, x2, . . . , xm, xm+1, . . . , xN)|2

• m = N:

RN(x1, x2, . . . , xN) = N! |Ψ0(x1, x2, . . . , xN)|2 = det
1≤i,j≤N

[KN(xi , xj)]

• m = 1: one-point function:

R1(x) = N
∫
dx2 . . . dxN |Ψ0(x , x2, . . . , xN)|2 =

∑N
i=1〈δ(x − xi )〉

⇒ Average density of fermions (normalized to 1):

ρN(x) =
1

N

N∑

i=1

〈δ(x − xi )〉 =
1

N
R1(x)
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m- point correlation function: determinantal process
• Beautiful determinantal structure:

Rm(x1, x2, . . . , xm) = N!
(N−m)!

∫
dxm+1 . . . dxN |Ψ0(x1, x2, . . . , xm, xm+1, . . . , xN)|2

= 1
(N−m)!

∫
det

1≤i,j≤N
[KN(xi , xj)] dxm+1 . . . dxN

= det
1≤i,j≤m

[KN(xi , xj)] → (m ×m) determinant

=⇒ direct consequence of Wick’s theorem in fermion physics

• The Kernel:

KN(x , x ′) = 〈Ψ0|ĉ†(x) ĉ(x ′)|Ψ0〉 =
N−1∑

k=0

ϕk(x)ϕk(x ′) ⇒ central object

• In particular, the average density:

ρN(x) =
1

N
KN(x , x) =

1

N

N−1∑

k=0

|ϕk(x)|2
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Average density of fermions at T=0

Average density of fermions (T = 0): Wigner semi-circle law

ρN(x) = 1
N

∑N
i=1〈δ(x − xi )〉 = 1

N

N−1∑

k=0

|ϕk(x)|2

For N >> 1, ρN(x)→ α√
N
fW
(
α x√
N

)
, where fW (z) =

1

π

√
2− z2

(see also Local Density (or Thomas-Fermi) Approx. in the fermion literature)
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Average density of fermions at T=0
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ρ
N
(x)

0

x

2N2N

α α

_

−1/6
N
edge

−1/6

N
edge

−1/2
N

bulk

• Average density: ρN(x)→ α2

π N

√
2N
α2 − x2

where α =
√
mω/~ and the edge location: redge =

√
2N/α

• bulk interparticle distance:
∫ lbulk

0
ρN(x) dx ≈ 1

N ⇒ lbulk ∼ 1
α N−1/2

• edge interparticle distance:
∫ redge

redge−ledge
ρN(x) dx ≈ 1

N ⇒ ledge ∼ 1
α N−1/6

ledge >> lbulk
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Edge density for finite N at T=0

Edge density of free fermions at T = 0: finite but large N

-1.0 -0.5 0.5 1.0

0.1

0.2

0.3

0.4

p
2 N

↵
�
p

2 N

↵

⇠ wN =
N�1/6

p
2↵

⇢N (x)
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Edge density for finite N at T=0

Edge density of free fermions at T = 0 Bowick, Brezin ’91/Forrester ’93

ρN(x) ≈ 1
N wN

F1

(
x−
√

2N/α
wN

)

where wN = N−1/6

α
√

2
∼ ledge and F1(z) =

[
Ai′(z)

]2 − z [Ai(z)]2

-10 -8 -6 -4 -2 2

0.2

0.4

0.6

0.8

1.0

z

F1(z) ⇠ e�
4
3 z3/2

F1(z) ⇠
p

|z|
⇡

F1(z)
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Limiting form of the Kernel at T = 0

• Bulk limit: when x and x ′ are far from the edge and

|x − x ′| ∼ 1
NρN (x) ≡ interparticle distance

KN(x , x ′) ≈ 1
` Kbulk

(
|x−x′|
`

)
with ` = 2

π N ρN (x)

Kbulk(z) =
sin(2z)

π z
⇒ Sine-kernel

• Edge limit: x and x ′ close to the edge redge =
√

2N
α

KN(x , x ′) ≈ 1
wN
Kedge

(
x−redge

wN
,
x′−redge

wN

)
with wN = N−1/6

α
√

2
∼ ledge

Kedge(z, z′) =

∫ ∞

0

duAi(z + u)Ai(z′ + u) ⇒ Airy-kernel
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Position of the rightmost fermion at T=0
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V(x)

xmax
(T=0)

redgeredge−
x

Connection to RMT ⇒ xmax(T = 0) ≡ λmax

α
where α =

√
mω/~

⇒ fluctuations of xmax(T = 0) are governed by the Tracy-Widom
distribution for GUE
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V(x)

xmax
(T=0)

redgeredge−
x

redge =
√

2N
α

wN = N−1/6

α
√

2

Prob.[xmax(T = 0) ≤ M] ≈ F2

(
M − redge

wN

)

F2(s) → GUE Tracy-Widom scaling function

F2(s) = det (I − Ps Kedge Ps) ⇒ Fredholm determinant

Ps → projector over the interval [s,∞]

Kedge(z, z′) =
∫∞

0
duAi(z + u)Ai(z′ + u) ⇒ Airy-kernel
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Tracy-Widom distribution

xp
2N

↵
�
p

2N

↵

Wigner 
semi-circle

⇢N (x)

⇠ N� 1
6

Tracy-Widom

Asymptotics: F ′2(s) = f2(s) ∼ exp
[
− 1

12 |s|3
]

as s → −∞
∼ exp

[
− 4

3 s
3/2
]

as s →∞

Tracy-Widom distribution → ubiquitous

directed polymer, random permutation, growth models–KPZ equation,
sequence alignment, large N gauge theory, liquid crystals, spin glasses,...
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sequence alignment, large N gauge theory, liquid crystals, spin glasses,...
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Tracy-Widom distribution: Experiments
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Ubiquity of Tracy-Widom distribution

“Equivalence Principle”, M. Buchanan, Nature Phys. 10, 543 (2014)

“At the far ends of a new universal law”, N. Wolchover, Quanta Magazine (October, 2014)
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Free fermions at T = 0 → Tracy-Widom

One of the main conclusions:

free fermions in a harmonic trap at T = 0

⇒ a physical realization of Tracy-Widom distribution
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Summary of T = 0 results

• free fermions in a harmonic trap at T = 0

⇒ provides a physical realization of GUE

• positions of fermions ⇒ determinantal process with kernel KN(x , x ′)

• Bulk: Sine-kernel

Kbulk(z) =
sin(2z)

π z

• Edge: Airy-kernel

Kedge(z, z′) =

∫ ∞

0

duAi(z + u)Ai(z′ + u)

• Scaled kernels are universal, i.e., independent of the trapping potential

V (x) ∼ |x |p with a single minimum (and p > 1)
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What happens at finite T > 0 ?
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N free fermions in a harmonic trap at T > 0

x

k=0
k=1

k=2
k=3

k=N−1

Fermi levelV(x)
T=0

x

k=0
k=1

k=2
k=3

k=N−1

Fermi levelV(x)
T>0

At finite T > 0: setting β = 1/kBT and εk = (k + 1/2) ~ω

Joint distribution of the positions of fermions

P (x1, x2, . . . , xN) = 1
N!ZN (β)

∑

k1<k2<···<kN

[det(ϕk(xj))]2 e−β (εk1
+εk2

+...+εkN )

ϕk(x) =
[

α√
π 2k k!

]1/2

e−α
2 x2/2 Hk(α x)

ZN(β) =
∑

k1<k2<···<kN

e−β (εk1
+εk2

+...+εkN )
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Correlation function for T > 0

• For N � 1, canonical ensemble ≡ grand canonical ensemble

(no. of particles N fixed) (chemical potential µ fixed)

• Free fermions at T > 0 in the grand canonical ensemble is a
determinantal process

n-point correlation function: Rn(x1, x2, . . . , xn) ≈ det
1≤i, j≤n

Kµ(xi , xj)

with the kernel:

Kµ(x , x ′) =
∞∑

k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

1
1+eβ (εk−µ) ⇒ Fermi factor Dean, Le Doussal, S.M., Schehr, ’15

• same kernel also appears in a class of matrix models

Moshe, Neuberger, Shapiro ’94/Johansson ’07, Johansson & Lambert, ’15
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Relevant scales at finite T
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ρ
N
(x)

0

x

2N2N

α α

_

−1/6
N
edge

−1/6

N
edge

−1/2
N

bulk

At T = 0

bulk: lbulk ∼ 1
α N−1/2

edge: ledge ∼ 1
α N−1/6

• Thermal de-Broglie wave length: λT = h√
2πm kB T

controls the crossover from quantum to classical as T increases

• bulk: quantum if λT > lbulk ⇒ kB T < ~ωN = EF

classical if λT < lbulk ⇒ kB T > ~ωN = EF

• edge: quantum if λT > ledge ⇒ kB T < ~ωN1/3

classical if λT < ledge ⇒ kB T > ~ωN1/3
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Average bulk density at finite T

N ρN(x ,T ) = Kµ(x , x) =
∞∑

k=0

|ϕk (x)|2
1+eβ (εk−µ)

Two well understood limits:

-1.0 -0.5 0.5 1.0

0.1

0.2

0.3

0.4

T = 0 T ! 1

-3 -2 -1 1 2 3

0.1

0.2

0.3
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Edge density at finite T

Edge scaling limit: N →∞, T ∼ N1/3 with fixed b = ~ωN1/3

T
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�
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⇠ wN =
N�1/6

p
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ρN(x ,T ) ∼ 1
N wN

F1

(
x−
√

2N/α
wN

)
where F1(z) =

∫ ∞

−∞

[Ai(z + u)]2

1 + e−b u
du
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Bulk kernel for N free fermions at T > 0

Kµ(x , x ′) =
∞∑

k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

• Bulk scaling limit: N →∞, T ∼ N, x & x ′ ∼
√
T

with y = EF

T = ~ω N
T and |x − x ′| ∼ 1

NρN (x) ≡ interparticle distance

Kµ(x , x ′) ≈ 1
` Kbulk

(
|x−x′|
`

)
with ` = 2

π N ρN (x)

Kbulk(z) =
1

2
√
y

∫ ∞

0

du√
u

cos
(√

2u
y z
)

[1 + eu/(ey − 1)]

⇒ generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot ’03, Johansson ’07

• bulk kernel universal, i.e., independent of the confining trap

V (x) ∼ |x |p Dean, Le Doussal, S.M., Schehr, ’15

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Bulk kernel for N free fermions at T > 0

Kµ(x , x ′) =
∞∑

k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

• Bulk scaling limit: N →∞, T ∼ N, x & x ′ ∼
√
T

with y = EF

T = ~ω N
T and |x − x ′| ∼ 1

NρN (x) ≡ interparticle distance

Kµ(x , x ′) ≈ 1
` Kbulk

(
|x−x′|
`

)
with ` = 2

π N ρN (x)

Kbulk(z) =
1

2
√
y

∫ ∞

0

du√
u

cos
(√

2u
y z
)

[1 + eu/(ey − 1)]

⇒ generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot ’03, Johansson ’07

• bulk kernel universal, i.e., independent of the confining trap

V (x) ∼ |x |p Dean, Le Doussal, S.M., Schehr, ’15

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Bulk kernel for N free fermions at T > 0

Kµ(x , x ′) =
∞∑

k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

• Bulk scaling limit: N →∞, T ∼ N, x & x ′ ∼
√
T

with y = EF

T = ~ω N
T and |x − x ′| ∼ 1

NρN (x) ≡ interparticle distance

Kµ(x , x ′) ≈ 1
` Kbulk

(
|x−x′|
`

)
with ` = 2

π N ρN (x)

Kbulk(z) =
1

2
√
y

∫ ∞

0

du√
u

cos
(√

2u
y z
)

[1 + eu/(ey − 1)]

⇒ generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot ’03, Johansson ’07

• bulk kernel universal, i.e., independent of the confining trap

V (x) ∼ |x |p Dean, Le Doussal, S.M., Schehr, ’15

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Bulk kernel for N free fermions at T > 0

Kµ(x , x ′) =
∞∑

k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

• Bulk scaling limit: N →∞, T ∼ N, x & x ′ ∼
√
T

with y = EF

T = ~ω N
T and |x − x ′| ∼ 1

NρN (x) ≡ interparticle distance

Kµ(x , x ′) ≈ 1
` Kbulk

(
|x−x′|
`

)
with ` = 2

π N ρN (x)

Kbulk(z) =
1

2
√
y

∫ ∞

0

du√
u

cos
(√

2u
y z
)

[1 + eu/(ey − 1)]

⇒ generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot ’03, Johansson ’07

• bulk kernel universal, i.e., independent of the confining trap

V (x) ∼ |x |p Dean, Le Doussal, S.M., Schehr, ’15

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Bulk kernel for N free fermions at T > 0

Kµ(x , x ′) =
∞∑

k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

• Bulk scaling limit: N →∞, T ∼ N, x & x ′ ∼
√
T

with y = EF

T = ~ω N
T and |x − x ′| ∼ 1

NρN (x) ≡ interparticle distance

Kµ(x , x ′) ≈ 1
` Kbulk

(
|x−x′|
`

)
with ` = 2

π N ρN (x)

Kbulk(z) =
1

2
√
y

∫ ∞

0

du√
u

cos
(√

2u
y z
)

[1 + eu/(ey − 1)]

⇒ generalisation of the Sine-kernel

In the context of matrix models, see Garcia-Garcia, Verbaarshot ’03, Johansson ’07

• bulk kernel universal, i.e., independent of the confining trap

V (x) ∼ |x |p Dean, Le Doussal, S.M., Schehr, ’15

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Edge kernel for N free fermions at T > 0

Kµ(x , x ′) =
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k=0

ϕk(x)ϕk(x ′)

1 + eβ (εk−µ)
, and N =

∞∑

k=0

1

1 + eβ (εk−µ)

• Edge scaling limit: N →∞, T ∼ N1/3 << N, with fixed b = ~ω N1/3

T

x and x ′ both close to the edge redge =
√

2N/α

Kµ(x , x ′) ≈ 1
wN
Kedge

(
x−redge

wN
,
x′−redge

wN

)
with wN = N−1/6

α
√

2

Kedge(z , z ′) =

∫ ∞

−∞

Ai(z + u)Ai(z ′ + u)

1 + e−b u
du

⇒ generalisation of the Airy-kernel

Dean, Le Doussal, S.M., Schehr, ’15, see also Johansson ’07

• edge kernel universal, i.e., independent of V (x) ∼ |x |p (p > 1)
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Position of the rightmost fermion at T > 0
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V(x)

xmax

redgeredge−
x

(T)

redge =
√

2N
α

wN = N−1/6

α
√

2
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Position of the rightmost fermion at T > 0
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Connection to the KPZ equation
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Kardar-Parisi-Zhang (KPZ) equation in 1-d

• KPZ equation in (1 + 1)-dimensions in a curved geometry

(in dimensionless parameters) ∂th = ∂2
xh + (∂xh)2 +

√
2 η(x , t)

η(x , t) → white noise 〈η(x , t)η(x ′, t ′)〉 = δ(x − x ′) δ(t − t ′)

Kardar, Parisi, & Zhang ’86

image from the liquid crystal experiment

Takeuchi et. al., Sci. Rep. ’11

• width of the height fluctuations: w =
√
〈(h − 〈h〉)2〉 ∼ t1/3 as t →∞

• distribution of the scaled height −→ Tracy-Widom GUE as t →∞
Sasamoto & Spohn ’10/Calabrese, Le Doussal & Rosso ’10/Dotsenko ’10/ Amir, Corwin & Quastel ’10
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KPZ equation in curved geometry at finite time t

• KPZ growth in a curved geometry

x

height

0

increasing time

height h(0, t) −→ random variable

• An exact expression for the generating function of the height distribution

〈exp
(
−eh(0,t)+t/12−s t1/3

)
〉 = det (I − Ps KKPZ Ps) −→ Fredholm det.

with kernel KKPZ(z , z ′) =

∫ ∞

−∞

Ai(z + u)Ai(z ′ + u)

1 + e−t1/3 u
du
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Free fermions at finite T and KPZ at finite t

• Free fermions at finite T : fluctuations of xmax(T ); b = ~ωN1/3

T

Prob.[xmax(T > 0) ≤ M] ≈ F
(

M−redge

wN

)
; F(s) = det (I − Ps Kedge Ps)

Kedge(z , z ′) =

∫ ∞

−∞

Ai(z + u)Ai(z ′ + u)

1 + e−b u
du

• KPZ eq. at finite t: generating function of the height field

〈exp
(
−eh(0,t)+t/12−s t1/3

)
〉 = det (I − Ps KKPZ Ps)

KKPZ(z , z ′) =

∫ ∞

−∞

Ai(z + u)Ai(z ′ + u)

1 + e−t1/3 u
du

• two problems share the same kernel with the identification

~ωN1/3

T
⇐⇒ t1/3

[Dean, Le Doussal, S.M., Schehr, ’15]
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Free fermions at finite T and KPZ at finite t
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V(x)

xmax

redgeredge−
x

(T)

redge =
√

2N
α , wN = N−1/6

α
√

2
and ~ωN1/3

T ⇐⇒ t1/3

lim
N→∞

[
xmax(T )− redge

wN

]
in law

=
h(0, t) + t/12 + G

t1/3

G ⇒ Gumbel variable independent of h(0, t): Prob.[G ≤ z ] = exp [−e−z ]

[Dean, Le Doussal, S.M., Schehr, PRL, 114, 110402 (2015); PRA, 94, 063622 (2016)]
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Free fermions at finite T and KPZ at finite t
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Free fermions at finite T and KPZ at finite t
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Rightmost fermion in a harmonic trap at finite T
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V(x)

xmax

redgeredge−
x

(T)

t1/3 ⇐⇒ ~ωN1/3

T
implies

early time ⇐⇒ finite temperature

(KPZ) (Fermions)

setting α =
√
mω/~ ≡ 1

Position distribution of the rightmost fermion at high T

Prob.

(
xmax(T )− redge

T/
√

2N
≤ s

)
∼ exp

[√
T 3

4πN
Li5/2(−e−s)

]

Le Doussal, S.M., Rosso & Schehr, PRL, 117, 070403 (2016)
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Rightmost fermion in a harmonic trap at finite T
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Rightmost fermion in a harmonic trap at finite T
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Distribution of xmax(T ) as T increases
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T

h ω

0 N
1/3

TW
2 GUMBEL

• If T/~ω << N1/3: distribution of xmax(T ) −→ Tracy-Widom GUE

• if T/~ω >> N1/3: distribution of xmax(T ) −→ Gumbel

• If T/~ω =
(
N
t

)1/3
: distribution of xmax(T ) −→ parametrized by t

−→ related to the height distribution of KPZ at finite ‘time’ t

=⇒ finite T generalisation of Tracy-Widom

=⇒ the limit T → 0 (or equivalently t→∞ in KPZ) → TW GUE

[Dean, Le Doussal, S.M., Rosso, Schehr, ’15-’17]
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−→ related to the height distribution of KPZ at finite ‘time’ t

=⇒ finite T generalisation of Tracy-Widom

=⇒ the limit T → 0 (or equivalently t→∞ in KPZ) → TW GUE

[Dean, Le Doussal, S.M., Rosso, Schehr, ’15-’17]
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Free fermions in a d-dim. harmonic trap at T = 0
• Single particle Hamiltonian:

Ĥ = − ~2

2 m

(
∂2

∂x2
1

+ . . .+ ∂2

∂x2
d

)
+ 1

2 mω2
(
x2

1 + . . .+ x2
d

)

x2
1 + . . .+ x2

d = r2

• Average global density (T = 0) for large N:

ρN(~x) ≈ 1

N Γ(d/2 + 1)

( m

2π~2

)d/2
[
µ− 1

2
mω2 r2

]d/2

where µ ≈ ~ω [Γ(d + 1)N]1/d
[Dean, Le Doussal, S.M., Schehr, ’15]

⇢N (x, y)

x

y

⇢N (x, y)

x

y

N = 28 N ! 1a) b)

d = 2
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Ĥ = − ~2

2 m

(
∂2

∂x2
1

+ . . .+ ∂2

∂x2
d

)
+ 1

2 mω2
(
x2

1 + . . .+ x2
d

)

x2
1 + . . .+ x2

d = r2

• Average global density (T = 0) for large N:

ρN(~x) ≈ 1

N Γ(d/2 + 1)

( m

2π~2

)d/2
[
µ− 1

2
mω2 r2

]d/2

where µ ≈ ~ω [Γ(d + 1)N]1/d
[Dean, Le Doussal, S.M., Schehr, ’15]

⇢N (x, y)

x

y

⇢N (x, y)

x

y

N = 28 N ! 1a) b)

d = 2

S.N. Majumdar Cold atoms, Random Matrix Theory and the KPZ equation



Free fermions in a d-dim. harmonic trap at T = 0
• Single particle Hamiltonian:
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Free fermions in a d-dim. harmonic trap at T = 0

Edge density at T = 0:

ρedge(~x) ≈ 1
N

1
wd

N

Fd

(
r−redge

wN

)
with wN = bd N

−1/6d

Fd(z) =
1

Γ(d/2 + 1) 24d/3 πd/2

∫ ∞

0

du ud/2 Ai(u + 22/3 z)

[Dean, Le Doussal, S.M., Schehr, ’15]

-8 -6 -4 -2 2
z

0.1

0.2

0.3

0.4

FdHzL

d = 2

d = 1

d = 3

Recall that

F1(z) =
[
Ai′(z)

]2 − z [Ai(z)]2

Fd(z) ∼





(4π)−d/2

Γ(d/2+1) |z |d/2, z → −∞

(8π)−
d+1

2 z−
d+3

4 e−
4
3 z3/2

, z →∞
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Correlation kernel in d dimensions at T = 0

KN(~x ,~x ′) =
∑

~k

θ
(
EF − ε~k

)
ϕ~k(~x)ϕ~k(~x ′)

• Bulk kernel:

KN(~x ,~x ′) = 1
`d
Kbulk

(
|~x−~x′|
`

)
with ` ∼ [N ρN(~x)]−1/d

Kbulk(z) =
Jd/2(2z)

(πz)d/2

• Edge kernel: [Dean, Le Doussal, S.M., Schehr, ’15]

KN(~x ,~x ′) = 1
wd

N

Kedge

(
~x−~redge

wN
,
~x′−~redge

wN

)
where wN = bd N

−1/6d

Kedge(~z ,~z ′) =

∫
ddq

(2π)d
e−i ~q.(~z−~z

′) Ai1

(
22/3 q2 + 2−1/3 (zn + z ′n)

)

zn =
~z.~redge
redge

, z ′n =
~z′.~redge

redge
, and Ai1(z) =

∫∞
z

Ai(u) du
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Summary and Conclusions

• Free fermions in a harmonic trap in 1-d at T = 0 ⇐⇒ RMT of GUE

• Exact results in 1-d at finite temperature T > 0 (determinantal for large N)

⇒ generalisation of the Sine and the Airy kernel

Edge behavior ⇒ interesting connection to KPZ in curved geometry

• Extensions to higher dimensions and finite temperature (d > 1 and T > 0)

⇒ generalisation of the Sine and the Airy kernel

• Universality of these new kernels: independence on the trapping potential

• Can one observe these new universal edge behavior in cold atom
experiments?
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Quantum gas microscope M. Greiner et. al. PRL (2015)
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