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Open Quantum Optical Systems - Theory Perspectives
Quantum optical systems as open quantum systems

• open system
bathsystem

drive

Examples 
• Driven, radiatively damped two-level atoms

laser
γ
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laser
photon

photon
atomatom driven by laser emitting photons in the 3D 

vacuum modes of the electromagnetic radiation field

system of interest coupled to an environment (bath, 
reservoir)

1

atoms + cavity mode (system), coupled to waveguide / 
optical fiber (electromagnetic bath)

in-channel

out-channel
• Cavity QED

environment as input & output channels to drive and 
monitor evolution of quantum system

detector
drive
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in

out• We do not monitor the quantum system
drive

Various Scenarios of Open System Dynamics

dynamics of unobserved system / master equation / 
a priori dynamics

in

out

time

homodyne currentlocal 
oscillator

i (t )
<latexit sha1_base64="iH1zaxB6C0k0EE53GSuBWHfaS6E=">AAACQnicfZA7SwNBFIVnfRuf0UpsgiJEkGU3ATVdwMYyQl6QhDA73mSHzM4uO3ckIeQv2GrjjxEEezv/gp3YiaCTqJAQ9FaXc757ORwvElyh4zxbM7Nz8wuLS8uJldW19Y3N5FZZhTpmUGKhCOOqRxUILqGEHAVUoxho4AmoeJ2zoV+5gljxUBaxF0EjoG3JW5xRHEo8jYfNzX3HdnKnTjaXml5c2xnNfn7n8/3+6e6x0Exa6fplyHQAEpmgStVAtk1W/8h1I2z0Y4jCGAeJg38pxWIDDjkDagURZR3ahlrRbfRboUSQbDDpCJNZ5hp9LiP9Y7d4N6UDQTWqxBja10wNxoWaxtZpd/x0nKaBCij6U6LqBd6kCIpLk7ge0A5QUzYixIn66GvK7zZ9EFeAplwJGmyErun2t8DU30s5Y7tZO3NhSj4m37NEdskeSROXnJA8OScFUiKM+OSa3JBb68F6sV6tt290xvq52SYTY318AfFmtxQ=</latexit>

• We (continuously) observe the systems

photodetector / photon counting: photon statistics

homo- / heterodyne current: current correlations photodetector clicks

time
in

out

dynamics of system conditional to observed measurement 
trajectory in a single run / stochastic Schrödinger Equation / 
a posteriori dynamics

• … and  quantum feedback

act back on quantum system conditional to measurement 
read out in a single run of the experiment 

feedback loop

act 
back
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Theory Overview - Quantum Markov Processes

bathsystem

• Dynamics of system + bath

Quantum Stochastic Schrödinger Equation
Quantum Langevin Equations

• Topics

• Reduced system dynamics

bathsystem

Master Equations
Stochastic Schrödinger Equation

- Ito & Stratonovich (Quantum) Calculus

- Solution of QSSE with Matrix Product States

quantum trajectories (jump / diffusive)

integrated out

input-output formalism
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Theory of Quantum Noise in Quantum Optics 

4

bathsystem
drive

Quantum Stochastic Schrödinger Equation (QSSE)

• Quantum Operations, Kraus operators 
- formal quantum information theory


• QSSE, quantum trajectories, master equations etc. 
- quantum Markov processes, quantum stochastic formalism

- formulated in context of quantum optical problems

Part II



Lit.: M. A. Nielsen and I. I. Chuang, Quantum Computation and Quantum Information, Cambridge (2000): Chapter 8


Background Material: Quantum
Noise and Quantum Operations

Lit.: M. A. Nielsen and I. I. Chuang, Quantum Com-
putation and Quantum Information, Cambridge Uni-
versity Press (2000): Chapter 8: Quantum Noise and
Quantum Operations

Quantum Operations
Open quantum system: system of interest coupled
to a bath. They form a closed quantum systemwhere
time evolution U in Hilbert space Hsys ⊗HB .

Evolution of system coupled to a bath:

ρsys −→ E (ρsys) = trB

[
U

(
ρsys ⊗ρB

)
U †

]

Operator sum representation
Orthonormal basis {|ek〉} for HB

Initial state (pure state): ρB = |e0〉〈e0| (e.g. vacuum)

Evolution of the composite system

E (ρsys) =
∑

k
〈ek |U

[
ρsys ⊗ |e0〉〈e0|

]
U †|ek〉

=
∑

k
EkρsysE †

k

with operational elements Ek ≡ 〈ek |U |e0〉 acting inHsys

Completeness relation: for all ρsys trace preserving

1 = trsysE (ρsys) = trsys

(
∑

k
EkρsysE †

k

)

= trsys

(
∑

k
E †

k Ekρsys

)

so that ∑

k
E †

k Ek = 1̂sys

Physical interpretation: imagine that a measure-
ment of the environment is performed in the basis
{|ek〉}

4

bathsystem

closed total system

U
system

bath ρB
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E (ρsys)
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Background Material: Quantum
Noise and Quantum Operations

Lit.: M. A. Nielsen and I. I. Chuang, Quantum Com-
putation and Quantum Information, Cambridge Uni-
versity Press (2000): Chapter 8: Quantum Noise and
Quantum Operations
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Evolution of system coupled to a bath:

ρsys −→ E (ρsys) = trB

[
U

(
ρsys ⊗ρB

)
U †

]

Operator sum representation
Orthonormal basis {|ek〉} for HB

Initial state (pure state): ρB = |e0〉〈e0| (e.g. vacuum)

Evolution of the composite system

E (ρsys) =
∑

k
〈ek |U

[
ρsys ⊗ |e0〉〈e0|

]
U †|ek〉

=
∑

k
EkρsysE †

k

with operational elements Ek ≡ 〈ek |U |e0〉 acting inHsys

Completeness relation: for all ρsys trace preserving

1 = trsysE (ρsys) = trsys

(
∑

k
EkρsysE †

k

)

= trsys

(
∑

k
E †

k Ekρsys

)

so that ∑

k
E †

k Ek = 1̂sys

Physical interpretation: imagine that a measure-
ment of the environment is performed in the basis
{|ek〉}

4

System coupled to a Bath - a Quantum Information Perspective
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Background Material: Quantum
Noise and Quantum Operations
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putation and Quantum Information, Cambridge Uni-
versity Press (2000): Chapter 8: Quantum Noise and
Quantum Operations

Quantum Operations
Open quantum system: system of interest coupled
to a bath. They form a closed quantum systemwhere
time evolution U in Hilbert space Hsys ⊗HB .

Evolution of system coupled to a bath:

ρsys −→ E (ρsys) = trB
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EkρsysE †

k

with operational elements Ek ≡ 〈ek |U |e0〉 acting inHsys
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∑

k
E †

k Ek = 1̂sys
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)
= trsys

(∑
k E †

k Ekρsys
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U
system

bath ρB
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bathsystem

closed total system

|e0〉〈e0|
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pure state

ℋsys ⊗ ℋB



U
system

bath ρB
<latexit sha1_base64="4HE5zyhG5vCi2d6d39hKTW7vXT8=">AAACRHicfZBNS0JBFIbn9mn2ZUWrIiQJWsTlXoPSVVKblgVpgorMnY7eyZm5l/mQK+I/aNG2flD/of/QLtpGkxkoUmd1eN/nHF7eIGZUac97dWZm5+YXFlNL6eWV1bX1zMZmRUVGEiiTiEWyGmAFjAooa6oZVGMJmAcMboPOxbd/2wWpaCRudC+GBsdtQVuUYG2lSl2GUfO8mcl5rlcseMfF7PTiu95wcqXtXb6XeTi7am44h/W7iBgOQhOGlaqBaNu04ZHvx7rRlxBHUg/SB/9SikgLfnMWNApiTDq4DbUbv9FvRUKDIINJh9nUotjoUxGbkd2iSdZwho1W6TG0b4gajAs1o1uFZPx0nMZccazDKVH1eDApgqLCJq5z3AFs69YaZLo+/JoNk2YIrAva1ivAgKshsd3+Fpj9e6nkXf/YzV/bkk/Qz6TQDtpHh8hHp6iELtEVKiOC7tEjekLPzovz5rw7Hz/ojDO62UIT43x+AXp+tM4=</latexit>

ρsys
<latexit sha1_base64="U6KbYOmi8ubBqhyJ6Jp4jZqCcx4="></latexit>

“k”

ρsys(k) ∼ EkρsysE †
k
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Probability for the outcome k

p(k) = trsys+B

[
|ek〉〈ek |U

(
ρsys ⊗ |e0〉〈e0|

)
U †|ek〉〈ek |

]

= trsys

(
EkρsysE †

k

)

and thus

E (ρ) =
∑

k
p(k)ρsys(k) =

∑

k
EkρsysE †

k

Interpretation: a quantum operation corresponds to
taking ρsys and randomly replacing it by ρsys(k) with
probability p(k).
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Probability for the outcome k

p(k) = trsys+B

[
|ek〉〈ek |U

(
ρsys ⊗ |e0〉〈e0|

)
U †|ek〉〈ek |

]

= trsys

(
EkρsysE †

k

)

Not reading the measurements

E (ρ) =
∑

k
p(k)ρsys(k) =

∑

k
EkρsysE †

k

Interpretation: a quantum operation corresponds to
taking ρsys and randomly replacing it by ρsys(k) with
probability p(k).

5
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Quantum Operations
Open quantum system: system of interest coupled
to a bath. They form a closed quantum system where
time evolution U in Hilbert space Hsys ⊗HB .
Evolution of system coupled to a bath:

ρsys −→ E (ρsys) = trB

[
U

(
ρsys ⊗ρB

)
U †

]

Operator sum representation
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Initial state (pure state): ρB = |e0〉〈e0| (e.g. vacuum)
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∑

k
〈ek |U
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=
∑

k
EkρsysE †

k

with operational elements Ek ≡ 〈ek |U |e0〉 acting inHsys

Completeness relation:
∑

k
E †

k Ek = 1̂sys

Proof: 1 = trsysE (ρsys) = trsys

(∑
k EkρsysE †

k

)
= trsys

(∑
k E †

k Ekρsys

)

Performing a measurement in the basis {|ek〉}, the
state of the system after reading "k" is

ρsys(k) ∼ trB

[
|ek〉〈ek |U

(
ρsys ⊗ |e0〉〈e0|

)
U †|ek〉〈ek |

]

∼ 〈ek |U
(
ρsys ⊗ |e0〉〈e0|

)
U †|ek〉

= EkρsysE †
k /trsys (. . .)

4

bathsystem

closed total system



Open Quantum Optical Systems

Example: Radiatively Damped and Driven Two-Level Atom

photon

Open Quantum Optical Systems

Example: Radiatively Damped and Driven Two-Level
Atom

Hamiltonian (ħ= 1)

Htot = Hsys +HB +Hint

• System: with Paulioperators σ− = |g 〉〈e| etc.

Hsys = ωeg |e〉〈e|−
1
2
Ωe−iωL tσ+− 1

2
Ω∗e+iωL tσ−

• Bath: vacuum modes of 1D radiation field

HB =
ˆ ωL+ϑ

ωL−ϑ
dωωb†(ω)b(ω)

with
[
b(ω),b†(ω′)

]
= δ(ω−ω′) and cutoff ϑ (≪ ωeg ≈ωL )

• Interaction Hamiltonian system-bath in RWA

Hint = −µegσ−E (+)(0)−µegσ+E (+)(0)

with 1D electric field operator E (+)(x) = i
´ ωL+ϑ
ωL−ϑ dω

√
ω

4πA ϵ0
b(ω)eiωx/c .

We rewrite
Hint = i

ˆ ωL+ϑ

ωL−ϑ
dωκ(ω)

[
b†(ω)σ−−σ+b(ω)

]

• First Markov approximation: replace in [ωeg −ϑ,ω+ϑ]

κ(ω) →
√

γ

2π

Rem.: Below γ will be identified with Fermi’s golden rule spontaneous emission
rate.

Schrödinger Equation

Interaction picture:

iħ d
d t

|Ψ̃(t )〉=
[
H̃sys + H̃ int(t )

]
|Ψ̃(t )〉

with
H̃sys =−∆|e〉〈e|− 1

2
Ωσ+− 1

2
Ω∗σ−

5

fiber

γ
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Rabi 
frequency

detuning

photon

photonic  nanostructure as 
engineered em environment
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Hint = −µegσ−E (+)(0)−µegσ+E (+)(0)

with 1D electric field operator E (+)(x) = i
´ ωL+ϑ
ωL−ϑ dω

√
ω

4πA ϵ0
b(ω)eiωx/c .

We rewrite
Hint = i

ˆ ωL+ϑ

ωL−ϑ
dωκ(ω)

[
b†(ω)σ−−σ+b(ω)

]

• First Markov approximation: replace in [ωeg −ϑ,ω+ϑ]

κ(ω) →
√

γ

2π

Rem.: Below γ will be identified with Fermi’s golden rule spontaneous emission
rate.

Schrödinger Equation

Interaction picture:

iħ d
d t

|Ψ̃(t )〉=
[
H̃sys + H̃ int(t )

]
|Ψ̃(t )〉

with
H̃sys =−∆|e〉〈e|− 1

2
Ωσ+− 1

2
Ω∗σ−
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Open Quantum Optical Systems

Example: Radiatively Damped andDriven Two-Level
Atom

Hamiltonian (ħ= 1)

Htot = Hsys +HB +Hint

• System: with Paulioperators σ− = |g 〉〈e| etc.

Hsys = ωeg |e〉〈e|−
1
2
Ωe−iωL tσ+− 1

2
Ω∗e+iωL tσ−

• Bath: vacuum modes of 1D radiation field

HB =
ˆ ωL+ϑ

ωL−ϑ
dωωb†(ω)b(ω)

with
[
b(ω),b†(ω′)

]
= δ(ω−ω′) and cutoff ϑ (≪ ωeg ≈ωL )

• Interaction Hamiltonian system-bath in RWA

Hint = −µegσ−E (−)(0)−µegσ+E (+)(0)

with 1D electric field operator E (+)(x) = i
´ ωL+ϑ
ωL−ϑ dω

√
ω

4πA ϵ0
b(ω)eiωx/c .

We rewrite
Hint = i

ˆ ωL+ϑ

ωL−ϑ
dωκ(ω)

[
b†(ω)σ−−σ+b(ω)

]

• First Markov approximation: replace in [ωeg −ϑ,ω+ϑ]

κ(ω) →
√

γ

2π

Below γ will be identified with the spontaneous emission rate.

Schrödinger Equation

Schrödinger Equation in interaction picture:

iħ d
d t

|Ψ̃(t )〉=
[
H̃sys + H̃ int(t )

]
|Ψ̃(t )〉

with UI (t ) = exp
(
−i [HB +H (0)

sys]t
)
with H (0)

sys =ωL |e〉〈e|
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Open Quantum Optical Systems

Example: Radiatively Damped andDriven Two-Level
Atom

Hamiltonian (ħ= 1)

Htot = Hsys +HB +Hint

• System: with Paulioperators σ− = |g 〉〈e| etc.

Hsys = ωeg |e〉〈e|−
1
2
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2
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• Bath: vacuum modes of 1D radiation field

HB =
ˆ ωL+ϑ

ωL−ϑ
dωωb†(ω)b(ω)

with
[
b(ω),b†(ω′)

]
= δ(ω−ω′) and cutoff ϑ (≪ ωeg ≈ωL )

• Interaction Hamiltonian system-bath in RWA

Hint = −µegσ−E (+)(0)−µegσ+E (+)(0)

with 1D electric field operator E (+)(x) = i
´ ωL+ϑ
ωL−ϑ dω

√
ω

4πA ϵ0
b(ω)eiωx/c .

We rewrite
Hint = i

ˆ ωL+ϑ

ωL−ϑ
dωκ(ω)

[
b†(ω)σ−−σ+b(ω)

]

• First Markov approximation: replace in [ωeg −ϑ,ω+ϑ]

κ(ω) →
√

γ

2π

Below γ will be identified with the spontaneous emission rate.

Schrödinger Equation

Schrödinger Equation in interaction picture:

iħ d
d t

|Ψ̃(t )〉=
[
H̃sys + H̃ int(t )

]
|Ψ̃(t )〉

with UI (t ) = exp
(
−i [HB +H (0)

sys]t
)
with H (0)

sys =ωL |e〉〈e|

5

• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωL )tσ−−σ+b(ω)e−i (ω−ωL )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
− i
ħ H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator

[
b(t ),b†(s)

]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales:

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigorious mathematical definition within
Stratonovich (or Ito Calculus.) Belowwill integrate this equation ‘naively.’

6



• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωL )tσ−−σ+b(ω)e−i (ω−ωL )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
− i
ħ H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator

[
b(t ),b†(s)

]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales: we have assumed the following hi-
erarchy of time scales

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigoriousmathematical definition within Stratonovich
(or Ito Calculus.) Below will integrate this equation ‘naively.’

6

γ
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Open Quantum Optical Systems

Example: Radiatively Damped and Driven Two-Level
Atom

Hamiltonian (ħ= 1)

Htot = Hsys +HB +Hint

• System: with Paulioperators σ− = |g 〉〈e| etc.

Hsys = ωeg |e〉〈e|−
1
2
Ωe−iωL tσ+− 1

2
Ω∗e+iωL tσ−

• Bath: vacuum modes of 1D radiation field

HB =
ˆ ωL+ϑ

ωL−ϑ
dωωb†(ω)b(ω)

with
[
b(ω),b†(ω′)

]
= δ(ω−ω′) and cutoff ϑ (≪ ωeg ≈ωL )

• Interaction Hamiltonian system-bath in RWA

Hint = −µegσ−E (+)(0)−µegσ+E (+)(0)

with 1D electric field operator E (+)(x) = i
´ ωL+ϑ
ωL−ϑ dω

√
ω

4πA ϵ0
b(ω)eiωx/c .

We rewrite
Hint = i

ˆ ωL+ϑ

ωL−ϑ
dωκ(ω)

[
b†(ω)σ−−σ+b(ω)

]

• First Markov approximation: replace in [ωeg −ϑ,ω+ϑ]

κ(ω) →
√

γ

2π

Rem.: Below γ will be identified with Fermi’s golden rule spontaneous emission
rate.

Schrödinger Equation

Schrödinger Equation in interaction picture:

iħ d
d t

|Ψ̃(t )〉=
[
H̃sys + H̃ int(t )

]
|Ψ̃(t )〉

with UI (t ) = exp
(
−i [HB +H (0)

sys]t
)
with H (0)

sys =ωL |e〉〈e|
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Ω
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Rabi 
frequency

• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωL )tσ−−σ+b(ω)e−i (ω−ωL )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
− i
ħ H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator

[
b(t ),b†(s)

]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales:

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigorious mathematical definition within
Stratonovich (or Ito Calculus.) Belowwill integrate this equation ‘naively.’

6

Remarks:
• optical frequencies disappeared

• below take white noise limit
ϑ→∞
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RWA

weak coupling; hierarchy of time scales



• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωeg )tσ−−σ+b(ω)e−i (ω−ωeg )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
− i
ħ H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator

[
b(t ),b†(s)

]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales: we have assumed the following hi-
erarchy of time scales

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigoriousmathematical definition within Stratonovich
(or Ito Calculus.) Below will integrate this equation ‘naively.’

6
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photon photon

• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωL )tσ−−σ+b(ω)e−i (ω−ωL )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
−i H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise
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&
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with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales:

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigorious mathematical definition within
Stratonovich (or Ito Calculus.) Belowwill integrate this equation ‘naively.’
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• Interaction Hamiltonian in RWA
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[
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]

≡ i
&
γ
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Generic Quantum Optical Model - Summary
Model: generic quantum optical model of a system of interest coupled
to a bath of harmonic oscillators in RWA.

Hamiltonian of system + bath

Htot = Hsys +HB +Hint

system Hamiltonian
Hsys

(unspecified)
bath (harmonic oscillators)

HB =
ˆ ω0+ϑ

ω0−ϑ
dωωb†(ω)b(ω)

with bosonic
[
b(ω),b†(ω′)

]
= δ(ω−ω′)

Hint(t ) = i
ˆ ω0+ϑ

ω0−ϑ
dωκ(ω)

[
b†(ω)c − c†b(ω)

]

in RWA with c a system operator

Schrödinger Equation

The state vector of the composite system |Ψ(t )〉 ∈Hsys ⊗HB obeys the
Schrödinger equation

d
d t

|Ψ(t )〉=−i Htot|Ψ(t )〉

with initial condition |Ψ(0)〉= |ψsys〉⊗ |vac〉
Quantum Stochastic Schrödinger Equation

d
d t

|Ψ(t )〉=
{
−i Hsys+

&
γb†(t )c −&

γc†b(t )
}
|Ψ(t )〉

with
b(t ) = 1

&
2π

ˆ ω0+ϑ

ω0−ϑ
b(ω)e−i (ω−ω0)t dω

[
b(t ),b†(s)

]
= δs (t − s)

and initial condition |Ψ(0)〉= |ψsys〉⊗ |vac〉.
Notation: we have dropped the tilde and the subscript sys.
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HO bathsystem

system frequency

reservoir bandwidth B

ωeg
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ω
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γ/2π
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reservoir coupling
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Generic Quantum Optical Model - Summary
Model: generic quantum optical model of a system of interest coupled
to a bath of harmonic oscillators in RWA.

Hamiltonian of system + harmonic oscillator bath

Htot = Hsys +HB +Hint

system Hamiltonian
Hsys

(unspecified)

bath (harmonic oscillators)

HB =
ˆ ω0+ϑ

ω0−ϑ
dωωb†(ω)b(ω)

with bosonic
[
b(ω),b†(ω′)

]
= δ(ω−ω′)

Hint(t ) = i
ˆ ω0+ϑ

ω0−ϑ
dωκ(ω)

[
b†(ω)c − c†b(ω)

]

in RWA with c a system operator

Quantum Stochastic Schrödinger Equation

d
d t

|Ψ(t )〉=
{
−i Hsys+

$
γb†(t )c −$

γc†b(t )
}
|Ψ(t )〉 with |Ψ(0)〉= |ψsys〉⊗|vac〉

‘white noise’ quantum noise operators

b(t ) = 1
$

2π

ˆ ω0+ϑ

ω0−ϑ
b(ω)e−i (ω−ω0)t dω

[
b(t ),b†(s)

]
= δs (t − s)

validity τsys ≫ 1/ϑ≫ τopt

Notation: we have dropped the tilde and the subscript sys.
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quantum noise

Below we will integrate the QSSE

U(t) Schrödinger equation: 
system + environment

Rem.: Here we assumed a RWA, 
and all optical frequencies have 
been transformed away

• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωL )tσ−−σ+b(ω)e−i (ω−ωL )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
− i
ħ H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator

[
b(t ),b†(s)

]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales:

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigorious mathematical definition within
Stratonovich (or Ito Calculus.) Belowwill integrate this equation ‘naively.’
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Time Evolution of System + Bath

U

• We do not observe the bath / environment: reduced density operator

Time-Evolution of System + Bath

We integrate the Schrödinger Equation

d
d t

|Ψ(t )〉=−i Htot|Ψ(t )〉

=−i
(
Hsys+HB +Hint

)
|Ψ(t )〉

|ψs y s〉

|vac〉

|Ψt 〉

|Ψ0〉→ |Ψt 〉= e−i Htott |Ψ0〉

Questions:

• We do not observe the environment: reduced density operator

ρt = trB |Ψt 〉〈Ψt |

master equation

• decoherence
• preparation of the system

(e.g. optical pumping, laser cooling)
• We measure the environment: continuous measurement

conditional wavefunction

• counting statistics
• effect of observation on system evolution

(e.g. preparation of the (single) quantum system)

8

counts

time

U

• We monitor the bath / environment: continuous measurement

Time-Evolution of System + Bath
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Integration of the Quantum Stochastic Schrödinger Equation

time t0

"Coarse Grained” Time Integration

Integration of the Quantum Stochastic
Schrödinger Equation

“Coarse Grained” Time Integration
Idea: we integrate the QSSE in small time steps ∆t

τsys ≫∆t ≫ 1/ϑ (≫ τopt)

Example TLS: τsys ∼ 1/Ω,1/∆,1/Γ

The choice of the time step ∆t implies:
The system hardly involves during a single time step ∆t .

• This allows us to calculate the change of the state vector |Ψ(t )〉 in
perturbation theory in each time interval.

• The small parameter is τsys/∆t ≪ 1

• Note: There are many optical cycles in each ∆t (consistency with
RWA).

• coarse graining in time. Take ∆t → d t at the end.

Notation for the intervals:
Initial time is t0 = 0. Integration intervals are (ti , ti+1] with i = 0,1,2, . . . with
stepsize ∆ti = ti+1 − ti . We choose: ∆ti ≡∆t .
Stroboscopic evolution of the state vector:

|Ψ(t = n∆t )〉=U (t ,0)|Ψ(0)〉
=U (∆t ) . . .U (∆t )U (∆t )|Ψ(0)〉

with U (∆t ) the time evolution operator.

Background Material: Perturbation theory

The SE equation for the time evolution operator,
d

d t
U (t , t0) =− i

ħHint(t )U (t , t0) (U (t0, t0) = 1̂),

is equivalent to the integral equation

U (t , t0) = 1̂− i
ħ

ˆ t

t0

d t ′ Hint(t ′)U (t ′, t0).

A perturbative solution is derived by iteration:

U (t , t0) = 1̂− i
ħ

ˆ t
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The first time step

We start with the first interval and expand U (∆t ) to second order in ∆t

U (∆t )|Ψ(0)〉=
{

1̂− i Hsys∆t +#
γc
ˆ ∆t

0
b†(t )d t −#

γc†
ˆ ∆t

0
b(t )d t

+ (−i )2γc†c
ˆ ∆t

0
d t
ˆ t2

0
d t ′ b(t )b†(t ′)+ . . . + . . .} |Ψ(0)〉

with |Ψ(0))〉= |ψ〉⊗ |vac〉

Remarks:

We expand to first order in ∆t which means that (i) we keep only the first
order term in Hsys∆t , but (ii) we must keep the second order perturbation
term in the white noise increments which turns out to be first order in
∆t . This is due to the singular behavior of the commutator involving b(t )
and b†(t ):

ˆ ∆t

0
d t
ˆ t

0
d t ′ b(t )b†(t ′)|vac〉=

ˆ ∆t

0
d t
ˆ t

0
d t ′

[
b(t ) ,b†(t ′)

]
|vac〉

=
ˆ ∆t

0
d t
ˆ t

0
d t ′δs (t − t ′)|vac〉

= 1
2
∆t |vac〉

for ∆t ≫ 1/ϑ.

Result: the wave function after the first time step

|Ψ(∆t )〉=U (∆t ,0)|Ψ(0)〉

=
{

1̂− i
ħHeff∆t +#

γc ∆B †(0)
}
|Ψ(0)〉

with the definition

• effective (non-Hermitian) system Hamiltonian

Heff := Hsys −
i
2
ħγc†c

[Note: a system wave function evolving under Heff will decay, i.e.
loose norm]

• increment of input operators as an integral of the white noise op-
erator b(s).

∆B(t ) :=
ˆ t+∆t

t
b(s)d s

Properties of the increments

10

time t0
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t
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• A system wave function evolving under Heff will decayloose norm
• TLS Wigner-Weisskopf Hamiltonian Hsys =

(
ωeg − i

2γ
)
|e〉〈e|+ . . .

• annihilation (creation) operator of photon in (t , t +∆]

• quantum version of Wiener increment
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The first time step
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1̂− i Hsys∆t +#
γc
ˆ ∆t
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b†(t )d t −#

γc†
ˆ ∆t

0
b(t )d t

+ (−i )2γc†c
ˆ ∆t

0
d t
ˆ t2

0
d t ′ b(t )b†(t ′)+ . . . + . . .} |Ψ(0)〉

with |Ψ(0))〉= |ψ〉⊗ |vac〉

Remark: We must keep the second order perturbation theory terms in
the white noise increments, which turns out to be first order in ∆t due
to the singular nature of the commutator involving

[
b(t ),b†(s)

]
= δs (t −s).

ˆ ∆t

0
d t
ˆ t

0
d t ′ b(t )b†(t ′)|YDF〉=

ˆ ∆t

0
d t
ˆ t

0
d t ′

[
b(t ) ,b†(t ′)

]
|YDF〉

=
ˆ ∆t

0
d t
ˆ t

0
d t ′δs (t − t ′)|YDF〉

= 1
2
∆t |YDF〉

for ∆t ≫ 1/ϑ.

Result: the wave function after the first time step

|Ψ(∆t )〉=U (∆t ,0)|Ψ(0)〉

=
{

1̂− i
ħHeff∆t +#

γc ∆B †(0)
}
|Ψ(0)〉

with the definition

• effective (non-Hermitian) system Hamiltonian

Heff := Hsys −
i
2
ħγc†c

[Note: a system wave function evolving under Heff will decay, i.e.
loose norm]

• increment of input operators as an integral of the white noise op-
erator b(s).

∆B(t ) :=
ˆ t+∆t

t
b(s)d s

Properties of the increments

• We have defined the increments so that the “point to the future”
(t , t +∆t ]
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t
b(s)d s
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with |Ψ(0))〉= |ψ〉⊗ |vac〉

Remarks:

We expand to first order in ∆t which means that (i) we keep only the first
order term in Hsys∆t , but (ii) we must keep the second order perturbation
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Heff := Hsys −
i
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[Note: a system wave function evolving under Heff will decay, i.e.
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Properties of the increments
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Physical Meaning and Properties of ∆B(t ) and ∆B †(t )

∆B(t ) ≡
ˆ t+∆t

t
b(s)d s

Properties

• ∆B(t )|vac〉= 0

• commutation relations
[
∆B(t ),∆B †(t ′)

]
=

{
∆t t = t ′

0 t ̸= t ′
,

where (t , t +∆t ] and (t ′, t ′+∆t ′] are two overlapping (t = t ′) or non-
overlapping (t ̸= t ′) time intervals, respectively

• one photon wave packet in time slot (∆t , t +∆t ]

∆B †(t )
%
∆t

|vac〉 ≡ |1〉t

with zero-photon state ∆B(t )|0〉t = 0.

t2〈1|1〉t1 = 〈vac|∆B(t2)
%
∆t

∆B †(t1)
%
∆t

|vac〉 ≡ δt1t2

• photon number operators

N (t ) = ∆B †(t )
%
∆t

∆B(t )
%
∆t

with eigenstates N (t )|0〉t = 0, N (t )|1〉t = 1|1〉t

• {N (t )} form a set of commuting operators,

[N (t ), N (t ′)] = 0

with eigenstates

∆B †(tn)
%
∆t

. . .
∆B †(t1)
%
∆t

|vac〉 ≡ |1tn , . . . ,1t2,1t1〉

corresponding to photons emitted at times t1 < t2 < . . . < tn .
Properties (continued)

Note: The state |Ψ(∆t )〉 is normalized to first order in ∆t

∥Ψ(∆t )∥2 = 1+ 〈vac|〈ψ|+ i
ħH †

Hɱ∆t − i
ħHHɱ∆t

+%
γc†∆B(0)

%
γc∆B †(0)|ψ〉|vac〉

= 1+O(∆t 2)
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Physical Meaning and Properties of ∆B(t ) and ∆B †(t )

Properties

∆B(t ) ≡
ˆ t+∆t

t
b(s)d s

• We have defined the increments so that the “point to the future”
(t , t +∆t ]

• ∆B(t )|vac〉= 0

• canoncial commutation relations
[
∆B(t ),∆B †(t ′)

]
=

{
∆t t = t ′

0 t ̸= t ′
,

where (t , t +∆t ] and (t ′, t ′+∆t ′] are two overlapping (t = t ′) or non-
overlapping (t ̸= t ′) time intervals, respectively

• (normalized) one photon wave packet in the time interval (t , t+∆t ].

∆B †(t )
%
∆t

|vac〉 ≡ |1〉t

We write the corresponding zero-photon state as |0〉t ;

∆B(t )|0〉t = 0

For non-overlapping time intervals the photon wave packets are or-
thogonal:

t2〈1|1〉t1 = 〈vac|∆B(t2)
%
∆t

∆B †(t1)
%
∆t

|vac〉 ≡
{

1 same interval
0 nonoverlapping interval

• photon number operators

N (t ) = ∆B †(t )
%
∆t

∆B(t )
%
∆t

with eigenstates N (t )|0〉t = 0, N (t )|1〉t = 1|1〉t

Note: since the N (t ) commute, [N (t ), N (t ′)] = 0, they can be ”mea-
sured simultaneously”. Measuring the {N (t )} amounts to measuring
the photon statistics of the scattered field

Note: The state |Ψ(∆t )〉 is normalized to first order in ∆t

∥Ψ(∆t )∥2 = 1+ 〈vac|〈ψ|+ i
ħH †

eff∆t − i
ħHeff∆t

+%
γc†∆B(0)

%
γc∆B †(0)|ψ〉|vac〉

= 1+O(∆t 2)
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Physical Meaning and Properties of ∆B(t ) and ∆B †(t )
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Physical Meaning and Properties of ∆B(t ) and ∆B †(t )

Properties

∆B(t ) ≡
ˆ t+∆t

t
b(s)d s

• We have defined the increments so that the “point to the future”
(t , t +∆t ]

• ∆B(t )|vac〉= 0
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[
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]
=
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Physical Meaning and Properties of ∆B(t ) and ∆B †(t )
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Rem.: We will use this below to calculate the photon statistics of the emitted light
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time t0

The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i
ħHHɱ ∆t +$

γc ∆B †(0)
]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i

ħHHɱ ∆t
)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

which is a superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)
Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i
ħHHɱ ∆t (no photon in (0,∆t ])

E1 =
√

γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i

ħHHɱ ∆t
)
ρ(0)

(
1̂− i

ħHHɱ ∆t
)†

+γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =− i
ħ

(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t
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Summary of first time step: to first order in ∆t
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γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator
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= E0ρ(0)E †

0 +E1ρ(0)E †
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)
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master equation:
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The first time step

We start with the first interval and expand U (∆t ) to second order in ∆t

U (∆t )|Ψ(0)〉=
{

1̂− i Hsys∆t +#
γc
ˆ ∆t

0
b†(t )d t −#

γc†
ˆ ∆t

0
b(t )d t

+ (−i )2γc†c
ˆ ∆t

0
d t
ˆ t2

0
d t ′ b(t )b†(t ′)+ . . . + . . .} |Ψ(0)〉

with |Ψ(0))〉= |ψ〉⊗ |vac〉

Remarks:

We expand to first order in ∆t which means that (i) we keep only the first
order term in Hsys∆t , but (ii) we must keep the second order perturbation
term in the white noise increments which turns out to be first order in
∆t . This is due to the singular behavior of the commutator involving b(t )
and b†(t ):

ˆ ∆t

0
d t
ˆ t

0
d t ′ b(t )b†(t ′)|vac〉=

ˆ ∆t

0
d t
ˆ t

0
d t ′

[
b(t ) ,b†(t ′)

]
|vac〉

=
ˆ ∆t

0
d t
ˆ t

0
d t ′δs (t − t ′)|vac〉

= 1
2
∆t |vac〉

for ∆t ≫ 1/ϑ.

Result: the wave function after the first time step

|Ψ(∆t )〉=U (∆t ,0)|Ψ(0)〉

=
{

1̂− i
ħHeff∆t +#

γc ∆B †(0)
}
|Ψ(0)〉

with the definition

• effective (non-Hermitian) system Hamiltonian

Heff := Hsys −
i
2
ħγc†c

[Note: a system wave function evolving under Heff will decay, i.e.
loose norm]

• increment of input operators as an integral of the white noise op-
erator b(s).

∆B(t ) :=
ˆ t+∆t

t
b(s)d s

Properties of the increments
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ρ(0)

(
1̂− i Heff ∆t

)† +γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i Heff ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i Heff ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)
Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i Heff ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i Heff ∆t

)
ρ(0)

(
1̂− i Heff ∆t

)† +γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i Heff ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i Heff ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)
Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i Heff ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i Heff ∆t

)
ρ(0)

(
1̂− i Heff ∆t

)† +γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t
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Lindblad form of master equation; optical Bloch equations

The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i Heff ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i Heff ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i Heff ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i Heff ∆t

)
ρ(0)

(
1̂− i Heff ∆t

)† +γcρ(0)c†∆t
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U

The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)
Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i
ħHHɱ ∆t (no photon in (0,∆t ])

E1 =
√

γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i

ħHHɱ ∆t
)
ρ(0)

(
1̂− i

ħHHɱ ∆t
)†

+γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =− i
ħ

(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t
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ρ = |ψ⟩⟨ψ | ⟶ ℰ(ρ) = TrB [Uρ ⊗ |e0⟩⟨e0 |U†] = ∑
k

EkρE†
k



The first time step

We start with the first interval and expand U (∆t ) to second order in ∆t

U (∆t )|Ψ(0)〉=
{

1̂− i Hsys∆t +#
γc
ˆ ∆t

0
b†(t )d t −#

γc†
ˆ ∆t

0
b(t )d t

+ (−i )2γc†c
ˆ ∆t

0
d t
ˆ t2

0
d t ′ b(t )b†(t ′)+ . . . + . . .} |Ψ(0)〉

with |Ψ(0))〉= |ψ〉⊗ |vac〉

Remarks:

We expand to first order in ∆t which means that (i) we keep only the first
order term in Hsys∆t , but (ii) we must keep the second order perturbation
term in the white noise increments which turns out to be first order in
∆t . This is due to the singular behavior of the commutator involving b(t )
and b†(t ):

ˆ ∆t

0
d t
ˆ t

0
d t ′ b(t )b†(t ′)|vac〉=

ˆ ∆t

0
d t
ˆ t

0
d t ′

[
b(t ) ,b†(t ′)

]
|vac〉

=
ˆ ∆t

0
d t
ˆ t

0
d t ′δs (t − t ′)|vac〉

= 1
2
∆t |vac〉

for ∆t ≫ 1/ϑ.

Result: the wave function after the first time step

|Ψ(∆t )〉=U (∆t ,0)|Ψ(0)〉

=
{

1̂− i
ħHeff∆t +#

γc ∆B †(0)
}
|Ψ(0)〉

with the definition

• effective (non-Hermitian) system Hamiltonian

Heff := Hsys −
i
2
ħγc†c

[Note: a system wave function evolving under Heff will decay, i.e.
loose norm]

• increment of input operators as an integral of the white noise op-
erator b(s).

∆B(t ) :=
ˆ t+∆t

t
b(s)d s

Properties of the increments

10

U (∆t )
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i Heff ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i Heff ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i Heff ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i Heff ∆t

)
ρ(0)

(
1̂− i Heff ∆t

)† +γcρ(0)c†∆t
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click

master equation:

ρ(∆t )−ρ(0) =−i
(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:
• Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψFOLFN(∆t )〉=
√

γ∆tc|ψ(0)〉 (quantum jump)

with probability

P FOLFN = trV\V
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix after click

ρ1(∆t ) = E1ρ(0)E †
1/trV\V(. . .)

• No click: resulting state

E0|ψ(0)〉 ≡ |ψQR FOLFN(∆t )〉=
(
1̂− i HHɱ ∆t

)
|ψ(0)〉 ≈ e−i HHɱ∆t/ħ|ψ(0)〉

with probability

P QR FOLFN = trV\V
(
E0ρ(0)E †

0

)
=

∥∥∥e−i HHɱ∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trV\V(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (2∆t ,∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i
ħHsys∆t +&

γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+
(
− i
ħ

)2

γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i
ħHeff ∆t +&

γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉

The increments ∆B †(∆t ) and ∆B(∆t ) etc. commute with ∆B †(0) because
the time intervals do not overlap, i.e. we can commute ∆B(∆t ) through
the ∆B †(0) until we can apply ∆B(∆t )|vac〉= 0.
Wave function after the second step:

|Ψ(2∆t )〉=
(
1̂− i

ħHeff∆t +&
γc∆B †(∆t )

)(
1̂− i

ħHeff∆t +&
γc∆B †(0)

)
|Ψ(0)〉
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)
Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i
ħHHɱ ∆t (no photon in (0,∆t ])

E1 =
√

γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i

ħHHɱ ∆t
)
ρ(0)

(
1̂− i

ħHHɱ ∆t
)†

+γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =− i
ħ

(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i HHɱ ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i HHɱ ∆t

)
ρ(0)

(
1̂− i HHɱ ∆t

)† +γcρ(0)c†∆t
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

probability for this measurement

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i HHɱ ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i HHɱ ∆t

)
ρ(0)

(
1̂− i HHɱ ∆t

)† +γcρ(0)c†∆t
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

probability for this measurement

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i HHɱ ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i HHɱ ∆t

)
ρ(0)

(
1̂− i HHɱ ∆t

)† +γcρ(0)c†∆t

12

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:

1. No click: resulting state

E0|ψ(0)〉 ≡ |ψno click(∆t )〉=
(
1̂− i Heff ∆t

)
|ψ(0)〉 ≈ e−i Heff∆t/ħ|ψ(0)〉

with probability

P no click = trsys
(
E0ρ(0)E †

0

)
=

∥∥∥e−i Heff∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trsys(. . .)

2. Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψclick(∆t )〉=
√
γ∆tc|ψ(0)〉 (quantum jump)

with probability

P click = trsys
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix

ρ1(∆t ) =
E1ρ(0)E †

1

trsys(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (2∆t ,∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i
ħHsys∆t +&

γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+
(
− i
ħ

)2

γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i
ħHeff ∆t +&

γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉
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c ≡ σ− = |g⟩⟨e |

𝒫click = γΔt ||⟨e |ψ⟩ ||2

→ |g⟩

master equation:

ρ(∆t )−ρ(0) =−i
(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:
• Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψFOLFN(∆t )〉=
√

γ∆tc|ψ(0)〉 (quantum jump)

with probability

P FOLFN = trV\V
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix after click

ρ1(∆t ) = E1ρ(0)E †
1/trV\V(. . .)

• No click: resulting state

E0|ψ(0)〉 ≡ |ψQR FOLFN(∆t )〉=
(
1̂− i HHɱ ∆t

)
|ψ(0)〉 ≈ e−i HHɱ∆t/ħ|ψ(0)〉

with probability

P QR FOLFN = trV\V
(
E0ρ(0)E †

0

)
=

∥∥∥e−i HHɱ∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trV\V(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (2∆t ,∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i
ħHsys∆t +&

γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+
(
− i
ħ

)2

γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i
ħHeff ∆t +&

γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉

The increments ∆B †(∆t ) and ∆B(∆t ) etc. commute with ∆B †(0) because
the time intervals do not overlap, i.e. we can commute ∆B(∆t ) through
the ∆B †(0) until we can apply ∆B(∆t )|vac〉= 0.
Wave function after the second step:

|Ψ(2∆t )〉=
(
1̂− i

ħHeff∆t +&
γc∆B †(∆t )

)(
1̂− i

ħHeff∆t +&
γc∆B †(0)

)
|Ψ(0)〉
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The first time step

We start with the first interval and expand U (∆t ) to second order in ∆t

U (∆t )|Ψ(0)〉=
{

1̂− i Hsys∆t +#
γc
ˆ ∆t

0
b†(t )d t −#

γc†
ˆ ∆t

0
b(t )d t

+ (−i )2γc†c
ˆ ∆t

0
d t
ˆ t2

0
d t ′ b(t )b†(t ′)+ . . . + . . .} |Ψ(0)〉

with |Ψ(0))〉= |ψ〉⊗ |vac〉

Remarks:

We expand to first order in ∆t which means that (i) we keep only the first
order term in Hsys∆t , but (ii) we must keep the second order perturbation
term in the white noise increments which turns out to be first order in
∆t . This is due to the singular behavior of the commutator involving b(t )
and b†(t ):

ˆ ∆t

0
d t
ˆ t

0
d t ′ b(t )b†(t ′)|vac〉=

ˆ ∆t

0
d t
ˆ t

0
d t ′

[
b(t ) ,b†(t ′)

]
|vac〉

=
ˆ ∆t

0
d t
ˆ t

0
d t ′δs (t − t ′)|vac〉

= 1
2
∆t |vac〉

for ∆t ≫ 1/ϑ.

Result: the wave function after the first time step

|Ψ(∆t )〉=U (∆t ,0)|Ψ(0)〉

=
{

1̂− i
ħHeff∆t +#

γc ∆B †(0)
}
|Ψ(0)〉

with the definition

• effective (non-Hermitian) system Hamiltonian

Heff := Hsys −
i
2
ħγc†c

[Note: a system wave function evolving under Heff will decay, i.e.
loose norm]

• increment of input operators as an integral of the white noise op-
erator b(s).

∆B(t ) :=
ˆ t+∆t

t
b(s)d s

Properties of the increments

10

U (∆t )
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U

The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)
Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i
ħHHɱ ∆t (no photon in (0,∆t ])

E1 =
√

γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i

ħHHɱ ∆t
)
ρ(0)

(
1̂− i

ħHHɱ ∆t
)†

+γcρ(0)c†∆t

master equation:

ρ(∆t )−ρ(0) =− i
ħ

(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

12

The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i Heff ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i Heff ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i Heff ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i Heff ∆t

)
ρ(0)

(
1̂− i Heff ∆t

)† +γcρ(0)c†∆t

12

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:

1. No click: resulting state

E0|ψ(0)〉 ≡ |ψno click(∆t )〉=
(
1̂− i Heff ∆t

)
|ψ(0)〉 ≈ e−i Heff∆t/ħ|ψ(0)〉

with probability

P no click = trsys
(
E0ρ(0)E †

0

)
=

∥∥∥e−i Heff∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trsys(. . .)

2. Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψclick(∆t )〉=
√
γ∆tc|ψ(0)〉 (quantum jump)

with probability

P click = trsys
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix

ρ1(∆t ) =
E1ρ(0)E †

1

trsys(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (2∆t ,∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i
ħHsys∆t +&

γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+
(
− i
ħ

)2

γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i
ħHeff ∆t +&

γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[
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]
|Ψ(0)〉

= |vac〉⊗
(
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)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
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Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

|probability for this measurement is

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i HHɱ ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i HHɱ ∆t

)
ρ(0)

(
1̂− i HHɱ ∆t

)† +γcρ(0)c†∆t
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The first time step: quantum operations

Summary of first time step: to first order in ∆t
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γc ∆B †(0)

]
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γ∆tc|ψ(0)〉
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[
U

(
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)]
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The first time step: quantum operations

Summary of first time step: to first order in ∆t

|Ψ(∆t )〉=
[

1̂− i HHɱ ∆t +#
γc ∆B †(0)

]
|Ψ(0)〉

= |vac〉⊗
(
1̂− i HHɱ ∆t

)
|ψ(0)〉+|1〉t=0 ⊗

√
γ∆tc|ψ(0)〉

≡ |vac〉⊗E0|ψ(0)〉+|1〉t=0 ⊗E1|ψ(0)〉

superposition of a vacuum and one-photon state.
Reminder: Quantum operations
Pure states

|ψ〉|e0〉 −→ |Ψ〉=U |ψ〉|e0〉
=

∑

k
|ek〉〈ek |U |e0〉|ψ〉 ≡

∑

k
|ek〉Ek |ψ〉

with Ek = 〈ek |U |e0〉 (operation elements)

ρ ≡ |ψ〉〈ψ|−→ E (ρ) = trB
[
U

(
ρ⊗ |e0〉〈e0|

)]
=

∑

k
EkρE †

k

Measurement of the environment: Pk ≡ |ek〉〈ek |. After reading out the
value k:

|Ψk〉 ∼ |ek〉Ek |ψ〉

probability for this measurement

pk =
∥∥Ekψ

∥∥2

We read off the operation elements

E0 = 1̂− i HHɱ ∆t (no photon in (0,∆t ])
E1 =

√
γ∆t c (one photon in (0,∆t ])

Discussion:

• We do not read the detector: reduced density operator

ρ(∆t ) = trB |Ψ(∆t )〉〈Ψ(∆t )|
= E0ρ(0)E †

0 +E1ρ(0)E †
1

=
(
1̂− i HHɱ ∆t

)
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(
1̂− i HHɱ ∆t

)† +γcρ(0)c†∆t
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master equation:

ρ(∆t )−ρ(0) =−i
(
HHɱρ(0)−ρ(0)H †

Hɱ

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:
• Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψFOLFN(∆t )〉=
√

γ∆tc|ψ(0)〉 (quantum jump)

with probability

P FOLFN = trV\V
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix after click

ρ1(∆t ) = E1ρ(0)E †
1/trV\V(. . .)

• No click: resulting state

E0|ψ(0)〉 ≡ |ψQR FOLFN(∆t )〉=
(
1̂− i HHɱ ∆t

)
|ψ(0)〉 ≈ e−i HHɱ∆t/ħ|ψ(0)〉

with probability

P QR FOLFN = trV\V
(
E0ρ(0)E †

0

)
=

∥∥∥e−i HHɱ∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trV\V(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (2∆t ,∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i
ħHsys∆t +&

γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+
(
− i
ħ

)2

γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i
ħHeff ∆t +&

γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉

The increments ∆B †(∆t ) and ∆B(∆t ) etc. commute with ∆B †(0) because
the time intervals do not overlap, i.e. we can commute ∆B(∆t ) through
the ∆B †(0) until we can apply ∆B(∆t )|vac〉= 0.
Wave function after the second step:

|Ψ(2∆t )〉=
(
1̂− i

ħHeff∆t +&
γc∆B †(∆t )

)(
1̂− i

ħHeff∆t +&
γc∆B †(0)

)
|Ψ(0)〉
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master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:
• Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψclick(∆t )〉=
√

γ∆tc|ψ(0)〉 (quantum jump)

with probability

P click = trsys
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix after click

ρ1(∆t ) = E1ρ(0)E †
1/trsys(. . .)

• No click: resulting state

E0|ψ(0)〉 ≡ |ψno click(∆t )〉=
(
1̂− i Heff ∆t

)
|ψ(0)〉 ≈ e−i Heff∆t/ħ|ψ(0)〉

with probability

P no click = trsys
(
E0ρ(0)E †

0

)
=

∥∥∥e−i Heff∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trsys(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i Hsys∆t +&
γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+ (−i )2γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i Heff ∆t +&
γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉

The increments ∆B †(∆t ) and ∆B(∆t ) etc. commute with ∆B †(0) because
the time intervals do not overlap, i.e. we can commute ∆B(∆t ) through
the ∆B †(0) until we can apply ∆B(∆t )|vac〉= 0.
Wave function after the second step:

|Ψ(2∆t )〉=
(
1̂− i

ħHeff∆t +&
γc∆B †(∆t )

)(
1̂− i

ħHeff∆t +&
γc∆B †(0)

)
|Ψ(0)〉

13

time t0

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:
• Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψclick(∆t )〉=
√

γ∆tc|ψ(0)〉 (quantum jump)

with probability

P click = trsys
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix after click

ρ1(∆t ) = E1ρ(0)E †
1/trsys(. . .)

• No click: resulting state

E0|ψ(0)〉 ≡ |ψno click(∆t )〉=
(
1̂− i Heff ∆t

)
|ψ(0)〉 ≈ e−i Heff∆t/ħ|ψ(0)〉

with probability

P no click = trsys
(
E0ρ(0)E †

0

)
=

∥∥∥e−i Heff∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trsys(. . .)

Second integration step

Wave function after second step

|Ψ(2∆t )〉=U (∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i Hsys∆t +&
γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+ (−i )2γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i Heff ∆t +&
γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉

The increments ∆B †(∆t ) and ∆B(∆t ) etc. commute with ∆B †(0) because
the time intervals do not overlap, i.e. we can commute ∆B(∆t ) through
the ∆B †(0) until we can apply ∆B(∆t )|vac〉= 0.
Wave function after the second step:

|Ψ(2∆t )〉=
(
1̂− i Heff∆t +&

γc∆B †(∆t )
)(

1̂− i Heff∆t +&
γc∆B †(0)

)
|Ψ(0)〉

13

commute due to

master equation:

ρ(∆t )−ρ(0) =−i
(
Heffρ(0)−ρ(0)H †

eff

)
∆t +γcρ(0)c†∆t

≡−i
[
Hsys,ρ(0)

]
∆t + 1

2
γ

(
2cρ(0)c† − c†cρ(0)−ρ(0)c†c

)
∆t

• We read the detector:
• Click: resulting state after emission / detection of a photon

E1|ψ(0)〉 ≡ |ψclick(∆t )〉=
√

γ∆tc|ψ(0)〉 (quantum jump)

with probability

P click = trsys
(
E1ρ(0)E †

1

)
= γ∆t

∥∥cψ(0)
∥∥2

Rem.: density matrix after click

ρ1(∆t ) = E1ρ(0)E †
1/trsys(. . .)

• No click: resulting state

E0|ψ(0)〉 ≡ |ψno click(∆t )〉=
(
1̂− i Heff ∆t

)
|ψ(0)〉 ≈ e−i Heff∆t/ħ|ψ(0)〉

with probability

P no click = trsys
(
E0ρ(0)E †

0

)
=

∥∥∥e−i Heff∆t/ħψ(0)
∥∥∥

2

Rem.: density matrix ρ0(∆t ) = E0ρ(0)E0/trsys(. . .)

Second integration step

wave function after second step

|Ψ(2∆t )〉=U (∆t ) |Ψ(∆t )〉

explicitly

|Ψ(2∆t )〉=
{

1̂− i Hsys∆t +&
γc
ˆ 2∆t

∆t
b†(t )d t −&

γc†
ˆ 2∆t

∆t
b(t )d t

+ (−i )2γc†c
ˆ 2∆t

∆t
d t
ˆ t2

∆t
d t ′ b(t )b†(t ′)+ . . .

}

×
{

1̂− i Heff ∆t +&
γc
ˆ ∆t

0
b†(t )d t

}

|Ψ(0)〉

The increments ∆B †(∆t ) and ∆B(∆t ) etc. commute with ∆B †(0) because
the time intervals do not overlap, i.e. we can commute ∆B(∆t ) through
the ∆B †(0) until we can apply ∆B(∆t )|vac〉= 0.
Wave function after the second step:

|Ψ(2∆t )〉=
(
1̂− i

ħHeff∆t +&
γc∆B †(∆t )

)(
1̂− i

ħHeff∆t +&
γc∆B †(0)

)
|Ψ(0)〉

13

Generic Quantum Optical Model - Summary
Model: generic quantum optical model of a system of interest coupled
to a bath of harmonic oscillators in RWA.

Hamiltonian of system + harmonic oscillator bath

Htot = Hsys +HB +Hint

system Hamiltonian
Hsys

(unspecified)

bath (harmonic oscillators)

HB =
ˆ ω0+ϑ

ω0−ϑ
dωωb†(ω)b(ω)

with bosonic
[
b(ω),b†(ω′)

]
= δ(ω−ω′)

Hint(t ) = i
ˆ ω0+ϑ

ω0−ϑ
dωκ(ω)

[
b†(ω)c − c†b(ω)

]

in RWA with c a system operator

Quantum Stochastic Schrödinger Equation

d
d t

|Ψ(t )〉=
{
−i Hsys+

$
γb†(t )c −$

γc†b(t )
}
|Ψ(t )〉 with |Ψ(0)〉= |ψsys〉⊗|vac〉

‘white noise’ quantum noise operators

b(t ) = 1
$

2π

ˆ ω0+ϑ

ω0−ϑ
b(ω)e−i (ω−ω0)t dω

[
b(t ),b†(s)

]
= δs (t − s)

validity τsys ≫ 1/ϑ≫ τopt

Notation: we have dropped the tilde and the subscript sys.
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time t0

Integration up to time t

Generalization to many time steps:

|Ψ(t +∆t )〉=
(
1̂− i

ħHeff∆t +$
γc∆B †(t )

)
|Ψ(t )〉

or

|Ψ(t )〉=
n−1∏

i=0

(
1− i

ħHeff∆t +$
γc∆B †(ti )

)
|Ψ(0)〉

Properties of |Ψ(t )〉

• Schrödinger Equation with a discretized time steps ∆t :

∆|Ψ(t )〉 : = |Ψ(t +∆t )〉− |Ψ(t )〉

=
(
− i
ħHeff∆t +$

γc∆B †(t )
)
|Ψ(t )〉

• |Ψ(t )〉 depends only on∆B †(ti ) in the past (0, t ], and thus∆B(t )U (t ) |ψ〉|vac〉=
∆B(t )U (t ) |ψ〉|vac〉= 0

∆B(t ) |Ψ(t )〉= 0

Interpretation of the state vector
Expanding we write

|Ψ(t )〉= |ψ(t |)〉|vac〉
+

∑

t1

|ψ(t |t1)〉∆B †(t1)|vac〉

+
∑

t2>t1

|ψ(t |t2, t1)〉∆B †(t2)∆B †(t1)|vac〉

+ . . .

+
∑

tn>...>t1

|ψ(t |tn , . . . , t1)〉∆B †(tn) . . .∆B †(t1)|vac〉

+ . . .

... with system wave functions

|ψ(t |)〉 := e−i Heff t/ħ|ψ(0)〉
|ψ(t |t1)〉 := e−i Heff (t−t1)/ħ$γce−i Heff t1/ħ|ψ(0)〉

. . .

|ψ(t |tn , . . . , t1)〉 := e−i Heff (t−tn )/ħ$γce−i Heff (tn−tn−1)/ħ . . .

. . .e−i Heff (t2−t1)/ħ$γce−i Heff t1/ħ|ψ(0)〉
etc.
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U (∆t )
<latexit sha1_base64="HTbV0k7ebBUuLnWsRQQTsvMJ7+o="></latexit>

…… U (∆t )
<latexit sha1_base64="HTbV0k7ebBUuLnWsRQQTsvMJ7+o="></latexit>

t

Integration up to time t

Many time steps:

|Ψ(t +∆t )〉=
(
1̂− i Heff∆t +#

γc∆B †(t )
)
|Ψ(t )〉

or

|Ψ(t )〉=
n−1∏

i=0

(
1− i Heff∆t +#

γc∆B †(ti )
)
|Ψ(0)〉

Schrödinger Equation for |Ψ(t )〉 & Properties

• Schrödinger Equation with a discretized time steps ∆t :

∆|Ψ(t )〉 : = |Ψ(t +∆t )〉− |Ψ(t )〉

=
(
−i Heff∆t +#

γc∆B †(t )
)
|Ψ(t )〉

• |Ψ(t )〉 depends only on ∆B †(ti ) in the past (0, t ], and thus

∆B(t )U (t ) |ψ〉|vac〉=∆B(t )U (t ) |ψ〉|vac〉= 0,

and

∆B(t ) |Ψ(t )〉= 0

Ito Quantum Stochastic Schrödinger Equation (∆t → d t )

(I ) d |Ψ(t )〉= |Ψ(t +d t )〉− |Ψ(t )〉

=
(
−i Heff∆t +#

γcdB †(t )
)
|Ψ(t )〉

with Ito table (vaccum input)

dB(t )dB †(t ) = d t

∆B(t )∆B †(t ) |vac〉=
[
∆B(t ),∆B †(t )

]
|vac〉=∆t |vac〉

Interpretation of the state vector
Expanding we write

|Ψ(t )〉= |ψ(t |)〉⊗ |vac〉
+

∑

t1

|ψ(t |t1)〉⊗∆B †(t1)|vac〉

+
∑

t2>t1

|ψ(t |t2, t1)〉⊗∆B †(t2)∆B †(t1)|vac〉

+ . . .

+
∑

tn>...>t1

|ψ(t |tn , . . . , t1)〉⊗∆B †(tn) . . .∆B †(t1)|vac〉

+ . . .
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1− i Heff∆t +#

γc∆B †(ti )
)
|Ψ(0)〉

Schrödinger Equation for |Ψ(t )〉 & Properties

• Schrödinger Equation with a discretized time steps ∆t :

∆|Ψ(t )〉 : = |Ψ(t +∆t )〉− |Ψ(t )〉

=
(
−i Heff∆t +#

γc∆B †(t )
)
|Ψ(t )〉

• |Ψ(t )〉 depends only on ∆B †(ti ) in the past (0, t ], and thus

∆B(t )U (t ) |ψ〉|vac〉=∆B(t )U (t ) |ψ〉|vac〉= 0,

and

∆B(t ) |Ψ(t )〉= 0

Ito Quantum Stochastic Schrödinger Equation (∆t → d t )

(I ) d |Ψ(t )〉= |Ψ(t +d t )〉− |Ψ(t )〉

=
(
−i Heff∆t +#

γcdB †(t )
)
|Ψ(t )〉

with Ito table (vaccum input)

dB(t )dB †(t ) = d t

∆B(t )∆B †(t ) |vac〉=
[
∆B(t ),∆B †(t )

]
|vac〉=∆t |vac〉

Interpretation of the state vector
Expanding we write

|Ψ(t )〉= |ψ(t |)〉⊗ |vac〉
+

∑

t1

|ψ(t |t1)〉⊗∆B †(t1)|vac〉

+
∑

t2>t1

|ψ(t |t2, t1)〉⊗∆B †(t2)∆B †(t1)|vac〉

+ . . .

+
∑

tn>...>t1

|ψ(t |tn , . . . , t1)〉⊗∆B †(tn) . . .∆B †(t1)|vac〉

+ . . .
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other elements of Ito table are zero
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)
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∆B(t )U (t ) |ψ〉|vac〉=∆B(t )U (t ) |ψ〉|vac〉= 0,

and
∆B(t ) |Ψ(t )〉= 0

Interpretation of the state vector
Expanding we write

|Ψ(t )〉= |ψ(t |)〉|vac〉
+

∑

t1

|ψ(t |t1)〉∆B †(t1)|vac〉

+
∑

t2>t1

|ψ(t |t2, t1)〉∆B †(t2)∆B †(t1)|vac〉

+ . . .

+
∑

tn>...>t1

|ψ(t |tn , . . . , t1)〉∆B †(tn) . . .∆B †(t1)|vac〉

+ . . .

... with system wave functions
|ψ(t |)〉 := e−i Heff t/ħ|ψ(0)〉

|ψ(t |t1)〉 := e−i Heff (t−t1)/ħ#γce−i Heff t1/ħ|ψ(0)〉
. . .

|ψ(t |tn , . . . , t1)〉 := e−i Heff (t−tn )/ħ#γce−i Heff (tn−tn−1)/ħ . . .

. . .e−i Heff (t2−t1)/ħ#γce−i Heff t1/ħ|ψ(0)〉
etc.
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|Ψ(t )〉= e−i Heff t |ψ(0)〉⊗ |vac〉
+

∑

t1

e−i Heff (t−t1)$γce−i Heff t1 |ψ(0)〉⊗∆B †(t1)|vac〉

+ . . .

+
∑

tn>...>t1

e−i Heff (t−tn )$γce−i Heff (tn−tn−1) . . .e−i Heff (t2−t1)$γce−i Heff t1 |ψ(0)〉⊗ ∆B †(tn) . . .∆B †(t1)|vac〉

+ . . .

Discussion:

• The photon states

∆B †(tn)
$
∆t

. . .
∆B †(t1)
$
∆t

|vac〉 ≡ |1tn , . . . ,1t2,1t1〉

correspond to exactly one photon emitted in each of the time inter-
vals (t1,t1 +∆t ], (t2, t2 +∆t ], . . . , (tn , tn +∆t ]

They are eigenstates of the commuting of the number operators
{N (t )} with eigenvalues e.g.

t1 t2 t3 t4
0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 · · ·

• Counting probabilities: The probability density of having a count
in (we set ∆t → d t ) (t1, t1 +d t1], the second in (t2, t2 +d t2] etc. and
the n-th in (tn , tn +d tn], and no other counts in the rest of the time
interval (t0, t ] (with t0 < t1 < . . . < tm ≤ t ) is

pt (t1, . . . , tn) =
∥∥ψ(t |tn , . . . , t1)

∥∥2

Note: higher order terms in ∆t and ∆B(t ) give rise to higher order
differentials in d t which can be neglected:

∑

i
f (ti )∆ti −→

ˆ
f (t )d t ,

∑

i
f (ti )∆t 3/2

i −→ 0 etc.

• |ψ(t |tn , . . . , t1)〉 is the system wave function associated with a count
trajectory with (exactly) n photons emitted at times tn > . . . > t1, re-
spectively (so-called n-photon amplitude).

• Under continuous observation the system wave function evolves
during time intervals of no photon emission as

|ψ(t0)〉→ |ψ(t )〉= e−i Heff (t−t0)/ħ|ψ(t0)〉,

while emission of a photon is associated with a quantum jump

|ψ(t )〉→ |ψ(t +d t )〉 ∼ c|ψ(t )〉 (quantum jump)
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Entangled state system + (emitted) photons … huge!

Continuous observation with a photodetector will collapse the superposition
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the n-th in (tn , tn +d tn], and no other counts in the rest of the time
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pt (t1, . . . , tn) =
∥∥ψ(t |tn , . . . , t1)

∥∥2

Note: higher order terms in ∆t and ∆B(t ) give rise to higher order
differentials in d t which can be neglected:

∑

i
f (ti )∆ti −→

ˆ
f (t )d t ,

∑

i
f (ti )∆t 3/2

i −→ 0 etc.

• |ψ(t |tn , . . . , t1)〉 is the system wave function associated with a count
trajectory with (exactly) n photons emitted at times tn > . . . > t1, re-
spectively (so-called n-photon amplitude).
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|ψ(t0)〉→ |ψ(t )〉= e−i Heff (t−t0)|ψ(t0)〉

while emission of a photon is associated with a quantum jump

|ψ(t )〉→ |ψ(t +d t )〉 ∼ c|ψ(t )〉 (quantum jump)
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• Properties of systemwave functions: From the definition it follows
immediately that the equation of motion for the n-photon amplitudes
is

d
d t

|ψ(t |)〉=−i Heff|ψ(t |)〉

with initial condition
|ψ(t = 0|)〉= |ψ(0)〉

and
d

d t
|ψ(t |tn , . . . , t1)〉=−i Heff|ψ(t |tn , . . . , t1)〉

with initial condition
|ψ(tn |tn , . . . , t1)〉=#

γc|ψ(tn |tn−1, . . . , t1)〉

The new state of the system when a photon is emitted is thus the
“jump operator” c applied to the wave function.

We summarize:

• We define normalized system wave functions

|ψ̃(t | . . .)〉 := |ψ(t | . . .)〉∥∥ψ(t | . . .)
∥∥ ≡ |ψ(t | . . .)〉

[
pt (t1, . . . , tn)

]1/2

This allows us to write the total wave function as an entangled state

|Ψ(t〉=
[
pt ]1/2 |ψ̃(t |)〉|vac〉 (1)

+
∑

t1

[
pt

0(t1)∆t
]1/2 |ψ̃(t |t1)〉|1t1〉

+ . . .

+
∑

tn>...>t1

[
pt

0(t1, t2, . . . , tn)(∆t )n]1/2 |ψ̃(t |tn , . . . , t1)〉 |1tn . . .1t1〉

+ . . .

• Probability of no photon emission in (0, t ]

pt
0 =

∥∥ψ(t |)
∥∥2

≡
∥∥∥e−i Heff t/ħψ(0)

∥∥∥
2

• Probability density for n-photon emission at times t1 < t2 < . . . < tn
in (0, t ]

pt
0(t1, . . . , tn) =

∥∥ψ(t |tn , . . . , t1)
∥∥2

≡
∥∥∥e−i Heff (t−tn )/ħ#γce . . .

#
γce−i Heff t1/ħψ(0)

∥∥∥
2

Interpretation: For a given count trajectory the t1, . . . , tn the associated
system time evolution is described by the nromalized wave function
|ψ̃(t | . . .)〉
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Master Equation

Reduced system density operator

Problem: We do not observe bath dynamics, i.e. we do not measure
the outgoing radiation field.
Reduced density operator:

ρ(t ) := TrB |Ψ(t )〉〈Ψ(t )| (density operator in Hsys)

with |Ψ(t )〉 (∈Hsys ⊗HB )

Our goal is to derive an equation of motion for the reduced system op-
erator (master equation).

Derivation of the master equation

∆W (t ) :=W (t +∆t )−W (t )

= |Ψ(t +∆t〉〈Ψ(t +∆t |− |Ψ(t )〉〈Ψ(t )|

=
(
1̂− i

ħHeff∆t +'
γc∆B †(t )

)
|Ψ(t〉〈Ψ(t )|

(
1̂+ i

ħH †
eff∆t +'

γc†∆B(t )
)

− |Ψ(t )〉〈Ψ(t )|

Now taking the trace

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= TrB

{(
1− i

ħHeff∆t +'
γc∆B †(t )

)
|Ψ(t〉〈Ψ(t )|

(
1+ i

ħH †
eff∆t +'

γc†∆B(t )
)}

−TrB {|Ψ(t〉〈Ψ(t )|}

= TrB

{
− i
ħHeff∆t |Ψ(t〉〈Ψ(t )| + |Ψ(t〉〈Ψ(t )| i

ħH †
eff∆t

+'
γc∆B †(t )|Ψ(t〉〈Ψ(t )|+ |Ψ(t〉〈Ψ(t )|'γc†∆B(t )

+ γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )
}

Steps:

• First two terms: pull Heff outside of the trace with respect to the bath
TrB {. . .},

(1)+ (2) =− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t

• The third and fourth terms gives zero, e.g.

(4) = TrB

{
|Ψ(t〉〈Ψ(t )|'γc†∆B(t )

}
= TrB

{
∆B(t )|Ψ(t〉〈Ψ(t )|'γc†

}
= 0
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U (∆t )
<latexit sha1_base64="HTbV0k7ebBUuLnWsRQQTsvMJ7+o="></latexit>

… U (∆t )
<latexit sha1_base64="HTbV0k7ebBUuLnWsRQQTsvMJ7+o="></latexit>

ρ(t ) ≡ trB |Ψ(t )〉〈Ψ(t )|
<latexit sha1_base64="WPP0i5MEMBa1IjrmO5xxCBIpUPo="></latexit>

• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

= γcTrB

{
∆B(t )∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

we use ∆B(t )∆B †(t ) =∆t +∆†B(t )∆B(t ),

(5) = γc TrB

{(
∆t +∆B †(t )∆B(t )

)
|Ψ(t〉〈Ψ(t )|

}
c†

= γcρ(t )c†∆t +0

Collecting

∆ρ(t ) := ρ(t +∆t )−ρ(t )

=− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t +γcρ(t )c†∆t

Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

≡ i Heffρ(t )+ρ(t )i H †
eff +Jρ(t )

or

ρ̇(t ) = −i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡ Lρ(t )

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

=−i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡Lρ(t )

n-photon contributions to the reduced system density op-
erator

Introductory remark: Poisson process

Ṗ (0)(t ) = −κP (0)(t )

Ṗ (n)(t ) = −κP (n)(t )+κP (n−1)(t ) (n = 1,2, . . .)

with solution

P (n)(t ) = (κt )n

n!
e−κt
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Lindblad

jump operator

Rem.: check trsysΩ = 1
<latexit sha1_base64="PhC44LL4N44HDbidVYtg6KdNc1Q="></latexit>

Now taking the trace

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= TrB

{(
1− i H ∆t +"

γc∆B †(t )
)
|Ψ(t〉〈Ψ(t )|

(
1+ i H ∆t +"

γc†∆B(t )
)}

−TrB {|Ψ(t〉〈Ψ(t )|}

= TrB

{
− i
ħHeff∆t |Ψ(t〉〈Ψ(t )| + |Ψ(t〉〈Ψ(t )| i

ħH †
eff∆t

+"
γc∆B †(t )|Ψ(t〉〈Ψ(t )|+ |Ψ(t〉〈Ψ(t )|"γc†∆B(t )

+ γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )
}

Steps:

• First two terms: pull Heff outside of the trace with respect to the bath
TrB {. . .},

(1)+ (2) =− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t

• The third and fourth terms gives zero, e.g.

(4) = TrB

{
|Ψ(t〉〈Ψ(t )|"γc†∆B(t )

}
= TrB

{
∆B(t )|Ψ(t〉〈Ψ(t )|"γc†

}
= 0

• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

= γcTrB

{
∆B(t )∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

we use ∆B(t )∆B †(t ) =∆t +∆†B(t )∆B(t ),

(5) = γc TrB

{(
∆t +∆B †(t )∆B(t )

)
|Ψ(t〉〈Ψ(t )|

}
c†

= γcρ(t )c†∆t +0

Collecting

∆ρ(t ) := ρ(t +∆t )−ρ(t )

=− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t +γcρ(t )c†∆t

Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

≡ i Heffρ(t )+ρ(t )i H †
eff +Jρ(t )

or

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

=−i
[
Hsys,ρ(t )

]
+ 1

2
γ

(
2cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡Lρ(t )
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Master Equation

Reduced system density operator

Problem: We do not observe bath dynamics, i.e. we do not measure
the outgoing radiation field.
Reduced density operator:

ρ(t ) := TrB |Ψ(t )〉〈Ψ(t )| (density operator in Hsys)

with |Ψ(t )〉 (∈Hsys ⊗HB )

Our goal is to derive an equation of motion for the reduced system op-
erator (master equation).

Derivation of the master equation

∆W (t ) :=W (t +∆t )−W (t )

= |Ψ(t +∆t〉〈Ψ(t +∆t |− |Ψ(t )〉〈Ψ(t )|

=
(
1̂− i

ħHeff∆t +'
γc∆B †(t )

)
|Ψ(t〉〈Ψ(t )|

(
1̂+ i

ħH †
eff∆t +'

γc†∆B(t )
)

− |Ψ(t )〉〈Ψ(t )|

Now taking the trace

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= TrB

{(
1− i

ħHeff∆t +'
γc∆B †(t )

)
|Ψ(t〉〈Ψ(t )|

(
1+ i

ħH †
eff∆t +'

γc†∆B(t )
)}

−TrB {|Ψ(t〉〈Ψ(t )|}

= TrB

{
− i
ħHeff∆t |Ψ(t〉〈Ψ(t )| + |Ψ(t〉〈Ψ(t )| i

ħH †
eff∆t

+'
γc∆B †(t )|Ψ(t〉〈Ψ(t )|+ |Ψ(t〉〈Ψ(t )|'γc†∆B(t )

+ γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )
}

Steps:

• First two terms: pull Heff outside of the trace with respect to the bath
TrB {. . .},

(1)+ (2) =− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t

• The third and fourth terms gives zero, e.g.

(4) = TrB

{
|Ψ(t〉〈Ψ(t )|'γc†∆B(t )

}
= TrB

{
∆B(t )|Ψ(t〉〈Ψ(t )|'γc†

}
= 0
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• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

= γcTrB

{
∆B(t )∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

we use ∆B(t )∆B †(t ) =∆t +∆†B(t )∆B(t ),

(5) = γc TrB

{(
∆t +∆B †(t )∆B(t )

)
|Ψ(t〉〈Ψ(t )|

}
c†

= γcρ(t )c†∆t +0

Collecting

∆ρ(t ) := ρ(t +∆t )−ρ(t )

=− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t +γcρ(t )c†∆t

Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

≡ i Heffρ(t )+ρ(t )i H †
eff +Jρ(t )

or

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

=−i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡Lρ(t )

We often write the recycling term as Jρ(t ) = γcρ(t )c†

Proof:

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= trB

{
. . .∆B †(t )|Ψ(t〉〈Ψ(t )|+ . . . |Ψ(t〉〈Ψ(t )|∆B(t )+ . . .∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t ) . . .

}

use ∆B(t )|Ψ(t〉= 0, 〈Ψ(t )|∆B † = 0 and
[
∆B(t ),∆B †(t )

]
=∆t

Derivation of the master equation

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= TrB

{(
1− i Heff∆t +'

γc∆B †(t )
)
|Ψ(t〉〈Ψ(t )|

(
1+ i H †

eff∆t +'
γc†∆B(t )

)}

−TrB {|Ψ(t〉〈Ψ(t )|}
= TrB {−i Heff∆t |Ψ(t〉〈Ψ(t )| + |Ψ(t〉〈Ψ(t )|i H †

eff∆t

+'
γc∆B †(t )|Ψ(t〉〈Ψ(t )|+ |Ψ(t〉〈Ψ(t )|'γc†∆B(t )

+ γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )
}
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• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

= γcTrB

{
∆B(t )∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

we use ∆B(t )∆B †(t ) =∆t +∆†B(t )∆B(t ),

(5) = γc TrB

{(
∆t +∆B †(t )∆B(t )

)
|Ψ(t〉〈Ψ(t )|

}
c†

= γcρ(t )c†∆t +0

Collecting

∆ρ(t ) := ρ(t +∆t )−ρ(t )

=− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t +γcρ(t )c†∆t

Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

≡ i Heffρ(t )+ρ(t )i H †
eff +Jρ(t )

or

ρ̇(t ) = −i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡ Lρ(t )

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

=−i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡Lρ(t )

Proof:

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= trB

{
. . .∆B †(t )|Ψ(t〉〈Ψ(t )|+ . . . |Ψ(t〉〈Ψ(t )|∆B(t )+ . . .∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t ) . . .

}

use ∆B(t )|Ψ(t〉= 0, 〈Ψ(t )|∆B † = 0 and
[
∆B(t ),∆B †(t )

]
=∆t

n-photon contributions to the reduced system density op-
erator

Introductory remark: Poisson process

Ṗ (0)(t ) = −κP (0)(t )

Ṗ (n)(t ) = −κP (n)(t )+κP (n−1)(t ) (n = 1,2, . . .)
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• last term
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• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )
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)
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Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†
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Some simple, and not so simple examples



1. Driven Two-Level System undergoing Spontaneous Emission
Quantum jumps and master equation

laser

Hamiltonian

∞

• two-level system

• a quantum jump (detection of an emission) prepares the atom in the 
ground state 
 
 
probability for click in time interval (t,t+dt]

• master equation (Optical Bloch Equations)

c →σ− = |g 〉〈e|
<latexit sha1_base64="EPOSbjYBvR/DNYJcZaE5aLzTmQ4="></latexit>

c →σ− = |g 〉〈e|
<latexit sha1_base64="EPOSbjYBvR/DNYJcZaE5aLzTmQ4="></latexit>

• System Hamiltonian in rotating frame

H̃sys =−∆|e〉〈e|− 1
2
Ωσ+− 1

2
Ω∗σ−

• Interaction Hamiltonian in RWA

H̃ int(t ) = i
ˆ ωeg +ϑ

ωeg −ϑ
dωκ(ω)

[
b†(ω)e−i (ω−ωL )tσ−−σ+b(ω)e−i (ω−ωL )t

]

≡ i
&
γ

[
b†(t )σ−−b(t )σ+

]

• Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator
[

b(t ),b†(s)
]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Quantum Stochastic Schrödinger Equation (QSSE)

d
d t

|Ψ̃(t )〉=
[
− i
ħ H̃sys +

&
γb†(t )σ−−&

γσ+b(t )
]
|Ψ̃(t )〉

with initial condition |Ψ̃(0)〉= |ψsys〉⊗ |vac〉.

Operator ‘white’ noise

b(t ) = 1
&

2π

ˆ ωL+ϑ

ωL−ϑ
b(ω)e−i (ω−ωL )t dω

with commutator

[
b(t ),b†(s)

]
= δs (t − s) with δs (t − s) = 1

2π

ˆ +ϑ

−ϑ
dωe−iω(t−s)

with δs a ‘δ−function’ with time scale 1/ϑ

Validity and hierarchy of time scales: we have assumed the following hi-
erarchy of time scales

Ω,∆,γ≪ϑ≪ωeg ≈ωL

Note: QSSE can be given a rigoriousmathematical definition within Stratonovich
(or Ito Calculus.) Below will integrate this equation ‘naively.’

6

jump operator



Optical Bloch Equations

Note: projection operator to the ground state multiplied by the spontaneous
emission rate

• transforming away the optical frequencies (transformation to the rotating
frame)

�A = e�i�|e⌅⇤e|t�̄Ae
+i�|e⌅⇤e|t

or
�ee = �̄ee, �eg = �̄ege

�i�egt, �ge = �̄gee
+i�egt, �gg = �̄gg

This transforms the master equation to an equation of the same form

d

dt
�̄A = � i

~H̄e� �̄A +
i

~ �̄AH̄
†
e� + J �̄A

with effective Hamiltonian

He� ⇥ H̄e� = ~
�
�⇥� i

1

2
�

⇥
|e⌅⇤e|� 1

2
~⇤(t)⇥⇥� � 1

2
~⇤(t)⇥+

where ⇥ = ⇤ � ⇤eg and ⇤(t) := 2⌅µeg⌅eE(t)/~.
• Writing out the optical Bloch equations

d

dt
�̄eg = (i⇥� 1

2
�)�̄eg � i

1

2
⇤ (�ee � �gg) ,

16

d

dt
�̄ge = (�i⇥� 1

2
�)�̄eg + i

1

2
⇤⇥ (�ee � �gg) ,

d

dt
�ee = ���ee � i

1

2
⇤⇥�̄eg + i

1

2
⇤�̄ge,

d

dt
�gg = +��ee + i

1

2
⇤⇥�̄eg � i

1

2
⇤�̄ge

or

d

dt

�

⇧⇧⇤

�̄eg
�̄ge
�ee
�gg

⇥

⌃⌃⌅ =

�

⇧⇧⇤

i⇥� 1
2� 0 �i 12⇤ i 12⇤

0 �i⇥� 1
2� i 12⇤

⇥ �i 12⇤
⇥

�i 12⇤
⇥ i 12⇤ �� 0

+i 12⇤
⇥ �i 12⇤ +� 0

⇥

⌃⌃⌅

�

⇧⇧⇤

�̄eg
�̄ge
�ee
�gg

⇥

⌃⌃⌅

• Multiphoton emission and the recycling term: The trace preserving prop-
erty is due to the recycling term. In our previous discussion of spontaneous
emission from a TLS we have derived an equation for the atomic wave func-
tion (vacuum amplitudes):

|⇥(t)⇤ = e�iHe� t/~|⇥ (0)⇤

The norm of the wave function decayed according to

d

dt
⌅⇥⌅2 = ��|⇥e|⇥⇤|2,
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2. Driven Two-Level System undergoing Spontaneous Emission
Conditional time evolution

Evolution of the atom, given this counting trajectory?

conditional time evolution / wave function

time

photon count trajectory (single run)

|g⟩

|e⟩
Ω

photodetector

∞



2. Driven Two-Level System undergoing Spontaneous Emission
Conditional time evolution

∞t

Fig.: typical quantum trajectory (upper state population)

| sys(t)i !
p
��� | sys(t)i

click:
“quantum jump” = effect of 
detecting a photon on system

| sys(t)i = e�iHeff t | sys(0)i
no click:

Heff =
µ
!eg ° i

1
2
∞

∂
æee + . . .

with Wigner -Weisskopf Hamiltonian

normalized

wavefct



2. Driven Two-Level System undergoing Spontaneous Emission
Conditional time evolution

• Monte Carlo wave function simulation

stochastic wavefunction |�(t)�sys (dim d)

density matrix �sys(t) (dim d � d)DMRG + wave function simulation

⇢(t) = h | sys(t)i h sys(t)| istreduced density matrix

Fig.: typical quantum trajectory (upper state population)

normalized

wavefct



3. Decaying Two-Level Atom
Conditional time evolution

atom

photodetector

time |g⟩

|e⟩
initial state:

Outcome of experiment: 
We observe NO photon up to time t

Question: what is the state of the atom 
conditional to this observation after time t?

| c(0)i = cg|gi+ ce|ei

| c(t)i =
e�iHeff t/~| c(0)i

k. . .k =
cg|gi+ cee��t/2|ei

k. . .k

�! |gi for t ! 1

Answer:

We learn that the system is in the ground state



4. Entanglement of Distant Atoms from Observation (Detector Click)
Preparation of EPR / Bell pairs of entangled atoms from conditional evolution

atom A atom B

laser

laser

atom A

atom B

- Weak (short) laser pulse, so that the excitation probability is small. 

- If no detection, pump back and start again. 

- If detection, an entangled state is created.

low efficiency  
photodetectors



Process:
atom A atom B

laser

laser

atom A

atom B

low efficiency  
photodetectors



5. Quantum jumps, or reading out qubits
Three level atom

• three level atom 

• single atom photon counting

dipole-forbidden 
transition

atom

photon counting on strong 
transition

photon counting on the 
strong line: 

single trajectory

dipole-allowed 
transition



5. Quantum jumps, or reading out qubits
Three level atom

ü atomic density matrix conditional to observing 
an emission window 

ü state measurement with 100% efficiency

photon counting on strong transition

preparation in 
metastable state

R. Blatt

P.Z et al. '88

strong 
line

… reading out qubits

measurement

simulation of  
photon statistics



Unravelling of the master equation
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Unraveling of the Master Equation

n-photon contributions to the reduced density matrix: the total system wave
function |™(t )i can be written as

|™(t )i= |√(t |)i≠ |vaci+ . . .

+
X

tn>...>t1

|√(t |tn , . . . , t1)i≠ ¢B
†(tn) . . .¢B

†(t1)|vaci+ . . .

which is a sum of n = 0,1,2, . . . photon contributions.

In a similar way we can decompose the reduced density operator of the system
as sum over n-photon contributions,

Ω(t ) = TrB |™(t )ih™(t )| =
1X

n=0
Ω(n)(t ),

with

Ω(0)(t ) = |√(t |)ih√(t |)|

Ω(n)(t ) =
ˆ

t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1|√(t |tn , . . . , t1)ih√(t |tn , . . . , t1)| (n = 1,2, . . .)

where Ω(n)(t ) := TrB P̂
(n)|™(t )ih™(t )| with P̂

(n) the projector on the n-photon sub-
space.

Interpretation: We have achieved here a decomposition of the reduced density
operator into pure state system wave functions |√(t |tn , . . . , t1)i. Our earlier dis-
cussion showed that |√(t |tn , . . . , t1)i describes the evolution of the system in the
time interval (0, t ] with (exactly) n photons emitted (quantum jumps) at times
t1 < . . . < tn . The n-photon contribution to the density matrix Ω(n)(t ) is obtained
by integrating over these emission times, and the total density matrix is obtained
by summing over these n-photon contributions, Ω(t ) = P1

n=0Ω
(n)(t ). We call the

above construction unraveling of the master equation.

Equations of motion for Ω(n)(t ): we have the hierarchy of equations

Ω̇(0)(t ) =° i

flHeffΩ
(0)(t )+Ω(0)(t )

i

flH
†
eff

Ω̇(n)(t ) =° i

flHeffΩ
(n)(t )+Ω)(n)(t )

i

flH
†
eff +∞cΩ(n°1)(t )c

† (n = 1,2, . . .)

Proof: Take time derivative Ω(n)(t ) = . . . and use d

d t
|√(t | . . .i=° i

fl Heff|√(t | . . .i

Discussion:

• This is a hierarchy of equations for Ω(n)(t ) where the recycling term plays the
role of a feeding term connecting the n and n °1 photon contributions.

• Summing over n we obtain the master equation back: Ω̇ =LΩ.
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2

ρ(t ) ≡ trB |Ψ(t )〉〈Ψ(t )|
<latexit sha1_base64="WPP0i5MEMBa1IjrmO5xxCBIpUPo="></latexit>

• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

= γcTrB

{
∆B(t )∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

we use ∆B(t )∆B †(t ) =∆t +∆†B(t )∆B(t ),

(5) = γc TrB

{(
∆t +∆B †(t )∆B(t )

)
|Ψ(t〉〈Ψ(t )|

}
c†

= γcρ(t )c†∆t +0

Collecting

∆ρ(t ) := ρ(t +∆t )−ρ(t )

=− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t +γcρ(t )c†∆t

Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

≡ i Heffρ(t )+ρ(t )i H †
eff +Jρ(t )

or

ρ̇(t ) = −i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡ Lρ(t )

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

=−i
[
Hsys,ρ(t )

]
+2γ

(
cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡Lρ(t )

n-photon contributions to the reduced system density op-
erator

Introductory remark: Poisson process

Ṗ (0)(t ) = −κP (0)(t )

Ṗ (n)(t ) = −κP (n)(t )+κP (n−1)(t ) (n = 1,2, . . .)

with solution

P (n)(t ) = (κt )n

n!
e−κt

18

quantum jump operator c

Now taking the trace

∆ρ(t ) := ρ(t +∆t )−ρ(t )

= TrB

{(
1− i H ∆t +"

γc∆B †(t )
)
|Ψ(t〉〈Ψ(t )|

(
1+ i H ∆t +"

γc†∆B(t )
)}

−TrB {|Ψ(t〉〈Ψ(t )|}

= TrB

{
− i
ħHeff∆t |Ψ(t〉〈Ψ(t )| + |Ψ(t〉〈Ψ(t )| i

ħH †
eff∆t

+"
γc∆B †(t )|Ψ(t〉〈Ψ(t )|+ |Ψ(t〉〈Ψ(t )|"γc†∆B(t )

+ γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )
}

Steps:

• First two terms: pull Heff outside of the trace with respect to the bath
TrB {. . .},

(1)+ (2) =− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t

• The third and fourth terms gives zero, e.g.

(4) = TrB

{
|Ψ(t〉〈Ψ(t )|"γc†∆B(t )

}
= TrB

{
∆B(t )|Ψ(t〉〈Ψ(t )|"γc†

}
= 0

• last term

(5) = TrB

{
γc∆B †(t )|Ψ(t〉〈Ψ(t )|c†∆B(t )

}
= γcTrB

{
∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

= γcTrB

{
∆B(t )∆B †(t )|Ψ(t〉〈Ψ(t )|∆B(t )

}
c†

we use ∆B(t )∆B †(t ) =∆t +∆†B(t )∆B(t ),

(5) = γc TrB

{(
∆t +∆B †(t )∆B(t )

)
|Ψ(t〉〈Ψ(t )|

}
c†

= γcρ(t )c†∆t +0

Collecting

∆ρ(t ) := ρ(t +∆t )−ρ(t )

=− i
ħHeff ∆t ρ(t )+ρ(t )

i
ħH †

eff ∆t +γcρ(t )c†∆t

Master equation: taking the ∆t → d t (coarse grained derivative)

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

≡ i Heffρ(t )+ρ(t )i H †
eff +Jρ(t )

or

ρ̇(t ) =−i Heffρ(t )+ρ(t )i H †
eff +γcρ(t )c†

=−i
[
Hsys,ρ(t )

]
+ 1

2
γ

(
2cρ(t )c† − c†cρ(t )−ρ(t )c†c

)

≡Lρ(t )
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recycling term
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Unraveling of the Master Equation

n-photon contributions to the reduced density matrix: the total system wave
function |™(t )i can be written as

|™(t )i= |√(t |)i≠ |vaci+ . . .

+
X

tn>...>t1

|√(t |tn , . . . , t1)i≠ ¢B
†(tn) . . .¢B

†(t1)|vaci+ . . .

which is a sum of n = 0,1,2, . . . photon contributions.

In a similar way we can decompose the reduced density operator of the system
as sum over n-photon contributions,

Ω(t ) = TrB |™(t )ih™(t )| =
1X

n=0
Ω(n)(t ),

with

Ω(0)(t ) = |√(t |)ih√(t |)|

Ω(n)(t ) =
ˆ

t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1|√(t |tn , . . . , t1)ih√(t |tn , . . . , t1)| (n = 1,2, . . .)

where Ω(n)(t ) := TrB P̂
(n)|™(t )ih™(t )| with P̂

(n) the projector on the n-photon sub-
space.

Interpretation: We have achieved here a decomposition of the reduced density
operator into pure state system wave functions |√(t |tn , . . . , t1)i. Our earlier dis-
cussion showed that |√(t |tn , . . . , t1)i describes the evolution of the system in the
time interval (0, t ] with (exactly) n photons emitted (quantum jumps) at times
t1 < . . . < tn . The n-photon contribution to the density matrix Ω(n)(t ) is obtained
by integrating over these emission times, and the total density matrix is obtained
by summing over these n-photon contributions, Ω(t ) = P1

n=0Ω
(n)(t ). We call the

above construction unraveling of the master equation.

Equations of motion for Ω(n)(t ): we have the hierarchy of equations

Ω̇(0)(t ) =° i

flHeffΩ
(0)(t )+Ω(0)(t )

i

flH
†
eff

Ω̇(n)(t ) =° i

flHeffΩ
(n)(t )+Ω)(n)(t )

i

flH
†
eff +∞cΩ(n°1)(t )c

† (n = 1,2, . . .)

Proof: Take time derivative Ω(n)(t ) = . . . and use d

d t
|√(t | . . .i=° i

fl Heff|√(t | . . .i

Discussion:

• This is a hierarchy of equations for Ω(n)(t ) where the recycling term plays the
role of a feeding term connecting the n and n °1 photon contributions.

• Summing over n we obtain the master equation back: Ω̇ =LΩ.

2
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+
X

tn>...>t1

|√(t |tn , . . . , t1)i≠ ¢B
†(tn) . . .¢B

†(t1)|vaci+ . . .

which is a sum of n = 0,1,2, . . . photon contributions.

In a similar way we can decompose the reduced density operator of the system
as sum over n-photon contributions,

Ω(t ) = TrB |™(t )ih™(t )| =
1X

n=0
Ω(n)(t ),

with
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tn
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0
d t1|√(t |tn , . . . , t1)ih√(t |tn , . . . , t1)| (n = 1,2, . . .)

where Ω(n)(t ) := TrB P̂
(n)|™(t )ih™(t )| with P̂

(n) the projector on the n-photon sub-
space.

Interpretation: We have achieved here a decomposition of the reduced density
operator into pure state system wave functions |√(t |tn , . . . , t1)i. Our earlier dis-
cussion showed that |√(t |tn , . . . , t1)i describes the evolution of the system in the
time interval (0, t ] with (exactly) n photons emitted (quantum jumps) at times
t1 < . . . < tn . The n-photon contribution to the density matrix Ω(n)(t ) is obtained
by integrating over these emission times, and the total density matrix is obtained
by summing over these n-photon contributions, Ω(t ) = P1

n=0Ω
(n)(t ). We call the

above construction unraveling of the master equation.

Equations of motion for Ω(n)(t ): we have the hierarchy of equations

Ω̇(0)(t ) =° i
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(0)(t )+Ω(0)(t )
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†
eff

Ω̇(n)(t ) =° i

flHeffΩ
(n)(t )+Ω)(n)(t )

i

flH
†
eff +∞cΩ(n°1)(t )c

† (n = 1,2, . . .)

Proof: Take time derivative Ω(n)(t ) = . . . and use d

d t
|√(t | . . .i=° i

fl Heff|√(t | . . .i

Discussion:

• This is a hierarchy of equations for Ω(n)(t ) where the recycling term plays the
role of a feeding term connecting the n and n °1 photon contributions.

• Summing over n we obtain the master equation back: Ω̇ =LΩ.

2
• n-photon probabilities

P
(0)(t ) = TrsysΩ

(0)(t ) = p
t

0,

P
(n)(t ) = TrsysΩ

(n)(t ) =
ˆ

t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1p

t

0(t1, . . . , tn) (n = 1,2, . . .)

where from earlier p
t

0 ¥
∞∞√(t |)

∞∞2 and p
t

0(t1, . . . , tn) ¥
∞∞√(t |tn , . . . , t1)

∞∞2.

Photon Statistics: Characteristic Functions & Density Opera-
tors etc.

Example: Poisson process

• characteristic function:

¬(s) :=
1X

n=0
e

ns
P

(n)(t ) = e
∑t (e

s°1)

• normalization:
1 =

1X

n=0
P

(n)(t ) =¬(s = 0)

• mean number of jumps:

hnit =
1X

n=0
nP

(n)(t ) = @¬(0)
@s

= ∑t

• variance: with hn2i= @2¬(0)
@s2

¢n
2 = hn2i°hni2 = hni

= ∑t

characteristic density operator: We definee

¬̂(s, t ) :=
1X

n=0
e

nsΩ(n)(t )

which obeys the equation

@

@t
¬̂(s, t ) =L ¬̂(s, t )+ (e

s °1)J ¬̂(s, t ) (¬̂(s,0) = Ω(0))

Note: to solve for the photon statistics we must solve this equation to compute
the

characteristic functional for the photon statistics

¬(s, t ) =
1X

n=0
e

ns
P

(n)(t ) = Tr¬̂(s, t )

Example: Photon statistics of the driven two-level atom

3
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or

⇤̇(t) = � i

� [Hsys, ⇤(t)] + 2�
�
c⇤(t)c† � c†c⇤(t)� ⇤(t)c†c

⇥

⇥ L⇤(t)

n-photon contributions to the reduced system density operator

Introductory remark: Poisson process

Ṗ (0)(t) = �⇥P (0)(t)
Ṗ (n)(t) = �⇥P (n)(t) + ⇥P (n�1)(t) (n = 1, 2, . . .)

with solution
P (n)(t) =

(⇥t)n

n!
e��t

n-photon contributions to the reduced system density operator: The re-
duced system density operator can be written as a sum of contributions from
n = 0, 1, 2, . . . photon emissions

⇤(t) = TrB |�(t)⌅⇤�(t)| =
⇥⇤

n=0

⇤(n)(t)

33

Poisson process
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Appendix

Remark: the light statistics from a driven two-level atom is not Poissonian
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• n-photon probabilities

P
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ˆ
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0
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0(t1, . . . , tn) (n = 1,2, . . .)

where from earlier p
t

0 ¥
∞∞√(t |)
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t
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∞∞2.

Photon Statistics: Characteristic Functions & Density Opera-
tors etc.

Example: Poisson process

• characteristic function:

¬(s) :=
1X

n=0
e

ns
P

(n)(t ) = e
∑t (e

s°1)

• normalization:
1 =

1X

n=0
P

(n)(t ) =¬(s = 0)

• mean number of jumps:

hnit =
1X

n=0
nP

(n)(t ) = @¬(0)
@s

= ∑t

• variance: with hn2i= @2¬(0)
@s2

¢n
2 = hn2i°hni2 = hni
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¬̂(s, t ) :=
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n=0
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nsΩ(n)(t )

which obeys the equation

@

@t
¬̂(s, t ) =L ¬̂(s, t )+ (e

s °1)J ¬̂(s, t ) (¬̂(s,0) = Ω(0))

Note: to solve for the photon statistics we must solve this equation to compute
the

characteristic functional for the photon statistics

¬(s, t ) =
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n=0
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P

(n)(t ) = Tr¬̂(s, t )

Example: Photon statistics of the driven two-level atom
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• n-photon probabilities
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Note: to solve for the photon statistics we must solve this equation to compute
the

characteristic functional for the photon statistics

¬(s, t ) =
1X

n=0
e

ns
P

(n)(t ) = Tr¬̂(s, t )

Example: Photon statistics of the driven two-level atom

3
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• n-photon probabilities

P
(0)(t ) = TrsysΩ

(0)(t ) = p
t

0,

P
(n)(t ) = TrsysΩ

(n)(t ) =
ˆ

t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1p

t

0(t1, . . . , tn) (n = 1,2, . . .)

where from earlier p
t

0 ¥
∞∞√(t |)

∞∞2 and p
t

0(t1, . . . , tn) ¥
∞∞√(t |tn , . . . , t1)

∞∞2.

Photon Statistics: Characteristic Functions & Density Opera-
tors etc.

Example: Poisson process

• characteristic function:

¬(s) :=
1X

n=0
e

ns
P

(n)(t ) = e
∑t (e

s°1)

• normalization:
1 =

1X

n=0
P

(n)(t ) =¬(s = 0)

• mean number of jumps:

hnit =
1X

n=0
nP

(n)(t ) = @¬(0)
@s

= ∑t

• variance: with hn2i= @2¬(0)
@s2

¢n
2 = hn2i°hni2 = hni

= ∑t

characteristic density operator: We definee

¬̂(s, t ) :=
1X

n=0
e

nsΩ(n)(t )

which obeys the equation

@

@t
¬̂(s, t ) =L ¬̂(s, t )+ (e

s °1)J ¬̂(s, t ) (¬̂(s,0) = Ω(0))

Note: to solve for the photon statistics we must solve this equation to compute
the

characteristic functional for the photon statistics

¬(s, t ) =
1X

n=0
e

ns
P

(n)(t ) = Tr¬̂(s, t )

Example: Photon statistics of the driven two-level atom

3• mean number of photons
d

d t
hni= °Ωee (t )

i.e. for long times hni! °Ωee t

• photon number fluctuations

¢n
2

hni = hn2i°hni2

hni = 1+Q

with Mandel Q-parameter (which measures the deviation from Poisson statis-
tics)

Q =
1
2≠

2 °
¢2 ° 3

4°
2¢

°
¢2 + 1

4°
2 + 1

2≠
2
¢2

Discussion: For weak fields and strong driving the photon statistics is Poisso-
nian (Q º 0), on resonance and for medium driving we have sup-Poissonian
fluctuations.

Example: Quantum Jumps in Three-Level Atoms

Background: Experiments with single trapped ions represent an experimental
realization of continuous observation of a single quantum system in the context
of quantum optics. The observation of quantum jumps in a three level system
is probably one of the best-known examples in quantum optics where quan-
tum jumps are “seen” in experiments where fluorescence from single ions is
observed by continuously monitoring the atom with a photodetector.

System of interest: double resonance with two excited states |ei and |r i are
connected to a common lower level |g i via a strong and weak transition.

Continuous observation: fluorescence photons from the strong transition are
observed in a photon counting experiment. Excitation of the weak transition with
a laser will induce a quantum jump to the metastable state |r i, or will temporarily
shelve the atomic electron in |r i. This will cause the fluorescence from the
strong transition to be turned off. Quantum jumps of the weak transition are thus
monitored via emission windows in the signal provided by the fluorescence of
the strong transition.

master equation: three-level system

Ω̇ =° i

fl (HeffΩ°ΩH
†
eff)+JsΩ+JwΩ

¥LΩ

effective Hamiltonian

Heff =fl
µ
°¢s ° i

°s

2

∂
|eihe|+fl

µ
°¢w ° i

°w

2

∂
|r ihr |

° 1
2
fl≠s

°
|g ihe|+ |eihg |

¢
° 1

2
fl≠w

°
|g ihr |+ |r ihg |

¢
(1)

4
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• mean number of photons
d

d t
hni= °Ωee (t )

i.e. for long times hni! °Ωee t

• photon number fluctuations

¢n
2

hni = hn2i°hni2

hni = 1+Q

with Mandel Q-parameter (which measures the deviation from Poisson statis-
tics)

Q =
1
2≠

2 °
¢2 ° 3

4°
2¢

°
¢2 + 1

4°
2 + 1

2≠
2
¢2

Discussion: For weak fields and strong driving the photon statistics is Poisso-
nian (Q º 0), on resonance and for medium driving we have sup-Poissonian
fluctuations.

Example: Quantum Jumps in Three-Level Atoms

Background: Experiments with single trapped ions represent an experimental
realization of continuous observation of a single quantum system in the context
of quantum optics. The observation of quantum jumps in a three level system
is probably one of the best-known examples in quantum optics where quan-
tum jumps are “seen” in experiments where fluorescence from single ions is
observed by continuously monitoring the atom with a photodetector.

System of interest: double resonance with two excited states |ei and |r i are
connected to a common lower level |g i via a strong and weak transition.

Continuous observation: fluorescence photons from the strong transition are
observed in a photon counting experiment. Excitation of the weak transition with
a laser will induce a quantum jump to the metastable state |r i, or will temporarily
shelve the atomic electron in |r i. This will cause the fluorescence from the
strong transition to be turned off. Quantum jumps of the weak transition are thus
monitored via emission windows in the signal provided by the fluorescence of
the strong transition.

master equation: three-level system

Ω̇ =° i

fl (HeffΩ°ΩH
†
eff)+JsΩ+JwΩ

¥LΩ

effective Hamiltonian

Heff =fl
µ
°¢s ° i

°s

2

∂
|eihe|+fl

µ
°¢w ° i

°w

2

∂
|r ihr |

° 1
2
fl≠s

°
|g ihe|+ |eihg |

¢
° 1

2
fl≠w

°
|g ihr |+ |r ihg |

¢
(1)

4
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trap
laser

spontaneous emission

ion

atom

photon counting on strong 
transition

photon counting on the 
strong line: 

single trajectory
dipole-forbidden 

transition

dipole-allowed 
transition

• mean number of photons
d

d t
hni= °Ωee (t )

i.e. for long times hni! °Ωee t

• photon number fluctuations

¢n
2

hni = hn2i°hni2

hni = 1+Q

with Mandel Q-parameter (which measures the deviation from Poisson statis-
tics)

Q =
1
2≠

2 °
¢2 ° 3

4°
2¢

°
¢2 + 1

4°
2 + 1

2≠
2
¢2

Discussion: For weak fields and strong driving the photon statistics is Poisso-
nian (Q º 0), on resonance and for medium driving we have sup-Poissonian
fluctuations.

Example: Quantum Jumps in Three-Level Atoms

Background: Experiments with single trapped ions represent an experimental
realization of continuous observation of a single quantum system in the context
of quantum optics. The observation of quantum jumps in a three level system
is probably one of the best-known examples in quantum optics where quan-
tum jumps are “seen” in experiments where fluorescence from single ions is
observed by continuously monitoring the atom with a photodetector.

System of interest: double resonance with two excited states |ei and |r i are
connected to a common lower level |g i via a strong and weak transition.

Continuous observation: fluorescence photons from the strong transition are
observed in a photon counting experiment. Excitation of the weak transition with
a laser will induce a quantum jump to the metastable state |r i, or will temporarily
shelve the atomic electron in |r i. This will cause the fluorescence from the
strong transition to be turned off. Quantum jumps of the weak transition are thus
monitored via emission windows in the signal provided by the fluorescence of
the strong transition.

master equation: three-level system

Ω̇ =° i

fl (HeffΩ°ΩH
†
eff)+JsΩ+JwΩ

¥LΩ

effective Hamiltonian

Heff =fl
µ
°¢s ° i

°s

2

∂
|eihe|+fl

µ
°¢w ° i

°w

2

∂
|r ihr |

° 1
2
fl≠s

°
|g ihe|+ |eihg |

¢
° 1

2
fl≠w

°
|g ihr |+ |r ihg |

¢
(1)

4
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photon counting on strong transition

Continuous observation: fluorescence photons from the strong transition are
observed in a photon counting experiment. Excitation of the weak transition with
a laser will induce a quantum jump to the metastable state |r⇧, or will temporarily
shelve the atomic electron in |r⇧. This will cause the fluorescence from the
strong transition to be turned off. Quantum jumps of the weak transition are thus
monitored via emission windows in the signal provided by the fluorescence of
the strong transition.

master equation: three-level system

�̇ = � i

� (He��� �H†
e�) + Js� + Jw�

⇥ L�

effective Hamiltonian

He� = �
�
�⇥s � i

�s

2

⇥
|e⇧⌅e| + �

�
�⇥w � i

�w

2

⇥
|r⇧⌅r|

� 1
2

�⇤s (|g⇧⌅e| + |e⇧⌅g|)� 1
2

�⇤w (|g⇧⌅r| + |r⇧⌅g|) (2)

radiative decay terms �s and �w (�s ⇤ �w), ⇥s,w detunings, ⇤s,w Rabi fre-
quencies

48

strong 
line

simulation (theory)

experimental run
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• mean number of photons
d

d t
hni= °Ωee (t )

i.e. for long times hni! °Ωee t

• photon number fluctuations

¢n
2

hni = hn2i°hni2

hni = 1+Q

with Mandel Q-parameter (which measures the deviation from Poisson statis-
tics)

Q =
1
2≠

2 °
¢2 ° 3

4°
2¢

°
¢2 + 1

4°
2 + 1

2≠
2
¢2

Discussion: For weak fields and strong driving the photon statistics is Poisso-
nian (Q º 0), on resonance and for medium driving we have sup-Poissonian
fluctuations.

Example: Quantum Jumps in Three-Level Atoms

Background: Experiments with single trapped ions represent an experimental
realization of continuous observation of a single quantum system in the context
of quantum optics. The observation of quantum jumps in a three level system
is probably one of the best-known examples in quantum optics where quan-
tum jumps are “seen” in experiments where fluorescence from single ions is
observed by continuously monitoring the atom with a photodetector.

System of interest: double resonance with two excited states |ei and |r i are
connected to a common lower level |g i via a strong and weak transition.

Continuous observation: fluorescence photons from the strong transition are
observed in a photon counting experiment. Excitation of the weak transition with
a laser will induce a quantum jump to the metastable state |r i, or will temporarily
shelve the atomic electron in |r i. This will cause the fluorescence from the
strong transition to be turned off. Quantum jumps of the weak transition are thus
monitored via emission windows in the signal provided by the fluorescence of
the strong transition.

master equation: three-level system

Ω̇ =° i

fl (HeffΩ°ΩH
†
eff)+JsΩ+JwΩ

¥LΩ

effective Hamiltonian

Heff =fl
µ
°¢s ° i

°s

2

∂
|eihe|+fl

µ
°¢w ° i

°w

2

∂
|r ihr |

° 1
2
fl≠s

°
|g ihe|+ |eihg |

¢
° 1

2
fl≠w

°
|g ihr |+ |r ihg |

¢
(1)

4radiative decay terms °s and °w (°s ¿ °w ), ¢s,w detunings, ≠s,w Rabi frequen-
cies

recycling operators

JsΩ = |g ihg |°sΩee ,

JwΩ = |g ihg |°wΩr r .

Master equation with photon counter n on the strong transition

Ω̇(n) =° i

fl (HeffΩ
(n) °Ω(n)

H
†
eff)+JsΩ

(n°1) +JwΩ
(n)

¥ (L °J s)Ω(n) +JsΩ
(n°1)

[Note: by summing over n, Ω = P1
n=0Ω

(n) we obtain again the master equation
Ω̇ =LΩ]

formal solution with initial condition Ω(0) = |g ihg |

Ω(t ) =
1X

n=0
Ω(n)(t )

= e
(L°J s)tΩ(0)

+
1X

n=1

ˆ
t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1e

(L°J s)(t°tn )Jse
(L°J s)(tn°tn°1) . . .

e
(L°J s)(t2°t1)Jse

(L°J s)t1Ω(0)

We read off the photon statistics:

• probability that no photon is emitted during (0, t ] on the strong transition

p
t

0 = Trsys{e
(L°J s)t |g ihg |}

• probability density that exactly n photons are emitted on the strong tran-
sition at times t1, . . . , tn in the time interval (0, t ]

p
t

0(t1, . . . , tn) = Trsys

n
e

(L°J s)(t°tn )Jse
(L°J s)(tn°tn°1) . . .

e
(L°J s)(t2°t1)Jse

(L°J s)t1 |g ihg |
o

which factorizes

p
t

0(t1, . . . , tn) = p
t°tn

0 c̃(tn ° tn°1) . . . c̃(t1 °0)

Factorization is due to the fact that a quantum jump always prepares the
atom in the ground state |g i, and thus there is no dependence on the previ-
ous history of the wave function.

5

dipole-forbidden 
transition

dipole-allowed 
transition

… on the strong line
… on the weak line

Γs Γw

Γs ≫ Γw
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radiative decay terms °s and °w (°s ¿ °w ), ¢s,w detunings, ≠s,w Rabi frequen-
cies

recycling operators

JsΩ = |g ihg |°sΩee ,

JwΩ = |g ihg |°wΩr r .

Master equation with photon counter n on the strong transition

Ω̇(n) =° i

fl (HeffΩ
(n) °Ω(n)

H
†
eff)+JsΩ

(n°1) +JwΩ
(n)

¥ (L °J s)Ω(n) +JsΩ
(n°1)

[Note: by summing over n, Ω = P1
n=0Ω

(n) we obtain again the master equation
Ω̇ =LΩ]

formal solution with initial condition Ω(0) = |g ihg |

Ω(t ) =
1X

n=0
Ω(n)(t )

= e
(L°J s)tΩ(0)

+
1X

n=1

ˆ
t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1e

(L°J s)(t°tn )Jse
(L°J s)(tn°tn°1) . . .

e
(L°J s)(t2°t1)Jse

(L°J s)t1Ω(0)

We read off the photon statistics:

• probability that no photon is emitted during (0, t ] on the strong transition

p
t

0 = Trsys{e
(L°J s)t |g ihg |}

• probability density that exactly n photons are emitted on the strong tran-
sition at times t1, . . . , tn in the time interval (0, t ]

p
t

0(t1, . . . , tn) = Trsys

n
e

(L°J s)(t°tn )Jse
(L°J s)(tn°tn°1) . . .

e
(L°J s)(t2°t1)Jse

(L°J s)t1 |g ihg |
o

which factorizes

p
t

0(t1, . . . , tn) = p
t°tn

0 c̃(tn ° tn°1) . . . c̃(t1 °0)

Factorization is due to the fact that a quantum jump always prepares the
atom in the ground state |g i, and thus there is no dependence on the previ-
ous history of the wave function.
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dipole-allowed 
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unraveling of the master 
equation with respect to 
photons on the strong 
(green) line
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dipole-forbidden 
transition

dipole-allowed 
transition

radiative decay terms °s and °w (°s ¿ °w ), ¢s,w detunings, ≠s,w Rabi frequen-
cies

recycling operators

JsΩ = |g ihg |°sΩee ,

JwΩ = |g ihg |°wΩr r .

Master equation with photon counter n on the strong transition

Ω̇(n) =° i

fl (HeffΩ
(n) °Ω(n)

H
†
eff)+JsΩ

(n°1) +JwΩ
(n)

¥ (L °J s)Ω(n) +JsΩ
(n°1)

[Note: by summing over n, Ω = P1
n=0Ω

(n) we obtain again the master equation
Ω̇ =LΩ]

formal solution with initial condition Ω(0) = |g ihg |

Ω(t ) =
1X

n=0
Ω(n)(t )

= e
(L°J s)tΩ(0)

+
1X

n=1

ˆ
t

0
d tn

ˆ
tn

0
d tn°1 . . .

ˆ
t2

0
d t1e

(L°J s)(t°tn )Jse
(L°J s)(tn°tn°1) . . .

e
(L°J s)(t2°t1)Jse

(L°J s)t1Ω(0)

We read off the photon statistics:

• probability that no photon is emitted during (0, t ] on the strong transition

p
t

0 = Trsys{e
(L°J s)t |g ihg |}

• probability density that exactly n photons are emitted on the strong tran-
sition at times t1, . . . , tn in the time interval (0, t ]

p
t

0(t1, . . . , tn) = Trsys

n
e

(L°J s)(t°tn )Jse
(L°J s)(tn°tn°1) . . .

e
(L°J s)(t2°t1)Jse

(L°J s)t1 |g ihg |
o

which factorizes

p
t

0(t1, . . . , tn) = p
t°tn

0 c̃(tn ° tn°1) . . . c̃(t1 °0)

Factorization is due to the fact that a quantum jump always prepares the
atom in the ground state |g i, and thus there is no dependence on the previ-
ous history of the wave function.

5
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dipole-forbidden 
transition

dipole-allowed 
transition

• probability density for "next photon emission" or "delay function"

c̃(ø) = Trsys{Jse
(L°J s)ø|g ihg |}

Interpretation: c̃(ø)dø = the probability that a photon is emitted at at time ø
when the previous photon was emitted at time ø= 0.
Properties: ˆ

t

0
c̃(ø)dø= 1°p

t

0

Proof:

d

d t
p

t

0 =
d

d t
Trsys{e

(L°J s)t |g ihg |}

= Trsys{(L °J s)e
(L°J s)t |g ihg |} (we use TrsysL ( . . .) = 0)

=°Trsys{Jse
(L°J s)t |g ihg |} =°c̃(t )

The probability density is normalized
ˆ 1

0
c̃(ø)dø= 1

• How to simulate c̃(ø): take a random number generator which produces
equally distributed numbers x 2 [0,1]. We can simulate the decay time t of
"emission of the next photon" according to

t = t (x) with t solution of 1°
ˆ

t

0
c̃(ø)dø= x (given x)

[Complement: Given a probability density p(y) on y 2 [0, a]. normalization´
b

a
p(y)d y = 1. Suppose we have a random number generator which gives as

equally distributed random numbers x, i.e. r (x) = 1 on the interval x 2 [0,1].
We have

h f (y)ip =
ˆ

a

0
f (y)p(y)d y =

ˆ 1

0
f (y(x))d x with x =

ˆ
y

0
p(y)d y

¥
ˆ 1

0
f (y(x))r (x)d x with prob density r (x) = 1 on x 2 [0,1]

= h f (x)ir

Thus, given an equally distributed random number x 2 [0,1], we find a random
y 2 [0, a] distributed according to p(y) when we invert

y = y(x) with y solution of
ˆ

y

0
p(y)d y = x

for a given x. ]

6
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Proof:

d

dt
pt
0 =

d

dt
Trsys{e(L�J s)t|g⌅⇤g|}

= Trsys{(L�J s)e(L�J s)t|g⌅⇤g|} (we use TrsysL( . . .) = 0)

= �Trsys{Jse
(L�J s)t|g⌅⇤g|} = �c̃(t)

The probability density is normalized
ˆ ⇥

0
c̃(�)d� = 1

• How to simulate c̃(�): take a random number generator which produces
equally distributed numbers x ⇥ [0, 1]. We can simulate the decay time t of
"emission of the next photon" according to

t = t(x) with t solution of 1 �
ˆ t

0
c̃(�)d� = x (given x)

[Complement: Given a probability density p(y) on y ⇥ [0, a]. normalization´ b
a p(y)dy = 1. Suppose we have a random number generator which gives as

equally distributed random numbers x, i.e. r(x) = 1 on the interval x ⇥ [0, 1].
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y0 a

0

1

0 a y

choose a random number x 
equally distributed in [0,1]

How to simulate random numbers  according to the distribution p(y):y ∈ [0,a]

complement: 
simulating a 
distribution
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delay function

c̃(τ)
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photon counting on strong transition

strong 
line
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In a simulation of a photon emission sequence on the strong line this will
manifest itself in the periods of brightness and darkness.

• The atomic density matrix conditional on observing an emission win-
dow on the strong line when the last photon on the strong transition was
emitted at time tr is

�c(t) =
e(L�Js)(t�tr)|g⇧⌅g|

Trsys{. . .}
⇥ |r⇧⌅r| (�st � 1)

That is, observation of a window in a single trajectory of counts corresponds
to a preparation of the electron in the metastable state |r⇧. This state prepa-
ration is what is usually referred to as shelving of the electron.

The conditional probability density c̃(⇥) as a function of �s⇥ . c̃(⇥) is the condi-
tional probability density that; given a count has occurred on the strong tran-
sition |g⇧ ⇤ |e⇧ at time ⇥ = 0—the next count on the strong transition will
occur at time ⇥ . The three curves show: a)The metastable state is not ex-
cited, ⇥w = 0, and c̃(⇥) decays essentially exponentially; b) The lifetime of the
metastable state |r⇧ is ten times longer than the lifetime of the rapidly decay-
ing state |e⇧, Wgr = �w = 10�1�s. c) The lifetime of the metastable state |r⇧
is one hundred times longer than the lifetime of the rapidly decaying state |e⇧,

54

application: projective state measurement in ion trap quantum computer and simulator

dipole-forbidden 
transition

dipole-allowed 
transition



END Unravelling of the master equation
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spontaneous 
emission

Master Equation (OBE) for Laser Cooling of a TLS

System: We consider a radiatively damped two-level atom driven by a classical
light field. We wish to include the motion of the atom and mechanical effects
due to induced and spontaneous radiative processes.

Model

Hamiltonian of the driven atom + radiation field

H = H0A +H0F +Hint

• Atom: The atomic degrees of freedom include the center-of-mass degrees
of freedom (motion) of the atom, and the internal (electronic) degrees of
freedom.
The atomic part of the Hamiltonian includes the kinetic energy, and possibly
a trapping potential

H0A =
⇤̂p2

2M
+ V (⇤̂x) + ~⇥eg|e⇤⇥e|�

�
⇤µeg

⇤E(+)
cl (⇤̂x, t)�+ + h.c.

⇥

22

traplaser

ion

6. Laser Cooling Master Equation
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atom: internal  
= electronic

atom: external  
= motion

vacuum
modes

system = atom

bath

recoillaser

spontaneous 
emission

traplaser

ion

spontaneous 
emission

Compare Chapter on Quantum 
Computing with Trapped Ions.

dipole-forbidden 
transition (qubit)

dipole-allowed 
transition (cooiing)
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Master Equation (OBE) for Laser Cooling of a TLS

System: We consider a radiatively damped two-level atom driven by a classical
light field. We wish to include the motion of the atom and mechanical effects
due to induced and spontaneous radiative processes.

Model

Hamiltonian of the driven atom + radiation field

H = H0A +H0F +Hint

• Atom: The atomic degrees of freedom include the center-of-mass degrees
of freedom (motion) of the atom, and the internal (electronic) degrees of
freedom.
The atomic part of the Hamiltonian includes the kinetic energy, and possibly
a trapping potential

H0A =
⇤̂p2

2M
+ V (⇤̂x) + ~⇥eg|e⇤⇥e|�

�
⇤µeg

⇤E(+)
cl (⇤̂x, t)�+ + h.c.

⇥

22

with e.g. a travelling wave ⌥E(+)
cl (⌥x, t) = E⌥eei(⇤kL⇤x�⇥Lt).

Example: harmonic trapping V (⌥̂x) = 1
2M

�
⇤2xx̂

2 + ⇤2y ŷ
2 + ⇤2z ẑ

2
⇥

This Hamiltonian acts in the atomic Hilbert space HA = L(R3) ⇥ {|g⇤ , |e⇤}
which is the product space of square integrable center–of–mass wave pack-
ets and internal atomic states.
Rem.: the interaction Hamiltonian is understood as

�⌥µeg
⌥E(+)
cl (⌥̂x, t)⇧+ = �

ˆ
d3x ⌥µeg

⌥E(+)
cl (⌥x, t)

⌅
⇧+�(⌥x� ⌥̂x)

⇧

• radiation field
H0F =

⇤

�

ˆ
d3k ~⌃ b†

�⇤k
b�⇤k

• interaction Hamiltonian

Hint = �⌥µeg
⌥E(+)(⌥̂x)⇧+ � ⇧�⌥µge

⌥E(�)(⌥̂x)

with electric field operator

⌥E(+)(⌥x) = i
⇤

�

ˆ
d3k

⌃
~⌃

2⇥0(2⌅)3
b�⇤k⌥e⇤k�e

i⇤k·⇤x

23

with e.g. a travelling wave ⌥E(+)
cl (⌥x, t) = E⌥eei(⇤kL⇤x�⇥Lt).

Example: harmonic trapping V (⌥̂x) = 1
2M

�
⇤2xx̂

2 + ⇤2y ŷ
2 + ⇤2z ẑ

2
⇥

This Hamiltonian acts in the atomic Hilbert space HA = L(R3) ⇥ {|g⇤ , |e⇤}
which is the product space of square integrable center–of–mass wave pack-
ets and internal atomic states.
Rem.: the interaction Hamiltonian is understood as

�⌥µeg
⌥E(+)
cl (⌥̂x, t)⇧+ = �

ˆ
d3x ⌥µeg

⌥E(+)
cl (⌥x, t)

⌅
⇧+�(⌥x� ⌥̂x)

⇧

• radiation field
H0F =

⇤

�

ˆ
d3k ~⌃ b†

�⇤k
b�⇤k

• interaction Hamiltonian

Hint = �⌥µeg
⌥E(+)(⌥̂x)⇧+ � ⇧�⌥µge

⌥E(�)(⌥̂x)

with electric field operator

⌥E(+)(⌥x) = i
⇤

�

ˆ
d3k

⌃
~⌃

2⇥0(2⌅)3
b�⇤k⌥e⇤k�e

i⇤k·⇤x

23

spontaneous 
emission

traplaser

ion
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Optical Bloch equations for laser cooling

The reduced atomic density matrix obeys the OBE (including the COM motion)

�̇A = � i

~ [H0A, �A]

+
1

2
�

⇤
2

ˆ
d⇤�n ⇥(⇤n)

�
⇥�e

�ikeg�n·�̂x
⇥
�A

�
⇥+e

ikeg�n·�̂x
⇥
� ⇥+⇥��A � �A⇥+⇥�

⌅

or

�̇A = � i

~ (He��A � �AH
†
e�) + �

ˆ
d⇤�n ⇥(⇤n)

�
⇥�e

�ikeg�n·�̂x
⇥
�A

�
⇥+e

ikeg�n·�̂x
⇥

28

spontaneous 
emission

traplaser

ion

quantum jump operator for  + momentum recoil|e⟩ → |g⟩
angular distribution of 
spontaneous emission

Lindblad master equation
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spontaneous photon recoil

laser

angular distribution of 
the emitted light

Properties:

• The master equation has Lindblad form.
• recycling term

J �A(t) = �

ˆ
d⇤�n ⇥(⌅n)

�
⇥�e

�ikeg�n·�̂x
⇥
�A(t)

�
eikeg�n·�̂x⇥+

⇥

The quantum jump operator ⇥�e�ikeg�n·�̂x describes the return of the electron
to the ground state and the momentum kick to the center-of-mass motion
associated with the emission of a spontaneous photon. Here ~⌅ks = ~keg⌅n is
the momentum kick to the center-of-mass with keg = ⇤eg/c in the direction
⌅n, as determined by the angular distribution

⇥(⌅n) =
1

�

d�

d⇤�n
.

Solution of the OBE for laser cooling: see below
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