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Theoretical Quantum Optics
Part I: Hamiltonian engineering & quantum optical toolbox

Part ll: quantum noise & open quantum systems

... basic concepts & minimal models

... how we "think" about quantum noise in quantum optics

Programmable Quantum Simulators with Atoms and lons
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Quantum Simulation

Problem: solving’ a quantum many-body problem

Classical
Computing

Analog/Digital/Hybrid
Quantum Simulation

‘quantum advantage’




Frontier of large-scale entanglement / large-particle number

Problem: solving’ a quantum many-body problem

Classical
Computing
[J S7S57 + Jo <§j 57+ S;
[ o ° o Analog/Digital/Hybrid
. : ° Quantum Simulation
[ k-local Hamiltonians J
Entanglement @ in regime of large particle #
A A 90—
FAAYAAYAR'
‘P =C| +C2 + oo +CN|[ S ,'.'

AND AND AND

Goal/Challenge: Learn large-scale entanglement structure of many-body quantum state
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Outline:

Introduction & Background Material

— > - Programmable Quantum Simulators - Atomic Platforms

- Characterizing Entanglement in Many-Body Systems

How to measure Entanglement

° I A Elben, ST Fl ia, HY H , RK , J PreskKill,
Randomized Measurement Toolbox A Elben, ST Flammia, HY Huang, R Kueng, J Presk

* Renyi Entanglement Entropy



s

BN | | e | & J
10, 20 ... 50 Qubit Trapped-lon g

Programmable Quantum Simulator @ IQOQI-Labs & |1 "%
o - '/ : .--/;{’: “‘ - ¢ Y| Al

— .

Transverse long-range Ising model

... and single site
control & readout

- - - L R TR R U TR U U R « B - - - - -

L\ aaaldl

focused
laser

Innsbruck, Duke, Rice ...

C. Monroe et al., Programmable quantum simulations of spin
systems with trapped ions. RMP (2021)
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Analog Quantum Simulators

What physics canwe do ... ?

1) —
1) o
— o1 [
U =e
— |'¥)
quench L
1) dynamics L

time

product state — entangled state




Analog Quantum Simulators

What physics canwe do ... ?

Probability to see a specific
configuration of bit string s

1) -
1) >~
_ —iHt | m
;= e . .............. > P (S)

U N7

quench

dynamics D—

1) | quantum

expectation values

projective measurements

time

Native Hamiltonian

& _ AX AX AZ
Hising =) _Jij6767 +B) 0;
ij ;




Analog Quantum Simulators Entanglement in quench dynamics

_ _—iHxyt
What physics can we do ... ? [y (1)) =e " y(0))

NN
1) — D
11 _ — P-
U=e " —p- |
- :_ time
quench : _
dynamics :_ e - v
A B Magnon
Entangement

time

Native Hamiltonian

Jurcevic et al.,
Nature 2014

& _ AX AX AZ
H sing —Z]ijO'iO'j +BZOi
i,] i

Richmere et al.,
Nature 2014
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‘Programming’ Quantum Simulators

programming entangled states

family of entangled states
— W) (@) = Un(Oy)... Ux0)U1(0) | y)
N > EXITTITE

: :
i )
o o
Q Q@
(0] (0]

~
4 s > trapped ion quantum resources
| | time
~ _ -0y, J6767 .
Native Hamiltonian Ui(0) = e "= entangle (lsing)
R [ 0) = o~ i0n-6; local rotations
AX AX AZ 2,
] I - in general not universal gate set
: : 1Al - scalable
... as resource for high-fidelity N-body gate | y

(@)
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‘Programming’ Quantum Simulators

( quantum device ) ( classical computer )ﬁ
4 - g R (

measurements
- /\
— [y(0))
~ansatz Y~
/

: :
i )
o o
Q Q@
(0] (0]

quantum feedback

optimize 0
\_ ) \_ J

Variational Classical-Quantum Algorithms

target Hamiltonian (e.g. lattice model) Variational Quantum Eigensolver (VQE)

... computing

Hp = 2 MG + Z B 6367 + ... ground states
na

et U Energy(0) = (w(0) | Hy|w(0)) — min

QAOA, E Farhi, J Goldstone, S Gutman, arXiv:1411.4028,
Review: M Cerezo, A Arrasmith, R Babbush, SC Benjamin, S Endo, K Fuijii, JR McClean, K Mitarai, X Yuan, L Cincio, PJ Coles, Nature Reviews Physics 3, 625 (2021)
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‘Programming’ Quantum Simulators

C quantum device) ( classical computer )ﬁ

§

measurements

/\
w(0))
ansatz | ~10  ___—

a|buejus
a|buejus

K quantum feedback optimize @

\_ ) \_ J
Variational Classical-Quantum Algorithms
target Hamiltonian (e.g. lattice model) Variational Quantum Eigensolver (VQE)

_ Q) ~a b AaAﬁ A | ... computing
(Hy) = Z hiem+ 2, b © Energy(0) = (w(®) | Arlw®)) » min  ground states

\&niaﬁ ﬂ/

measured on quantum device robust to design errors in resource Hamiltonians!

(@)1
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ARTICLE

16 MAY 2019 | VOL 569 | NATURE | 355

https://doi.org/10.1038/s41586-019-1177-4

Classical

- Quantum Feedback Loop

~

C. F. Roosh? & P. Zollerh-2#

of lattice models

C. Kokailb?3, C. Maier"?3, R. van Bijnen"?3, T. Brydges"?, M. K. Joshi!?, P. Jurcevic"?, C. A. Muschik"?, P. Silvi?, R. Blatt"?,

Rick van Bijnen (th-postdoc), Christine Maier (exp-PhD), Christian Kokail (th-PhD)

Cost functions

/ - T TN
| Energy |\
~ I
RV

Classical CPU
(stochastic optimization)

—— — — — — —

~

Central data
repository

Programmable Quantum Simulator

Variational parameters, @

©)
UR

|
A0+ OTE

¥ (6))

-~ &

Symmetry-protecting quantum circuit

—— o = =y,

|T>—ﬁ(_\ EHD
D

Projective measurement data

20 (now: 50) qubits, 1015 call of PQS, circuit depth 6



Energy Optimization Trajectory for Ground State (VQE)
N = 20 ions | @&(TM%I‘I@F

an DT | [|A0)
0o - 3 4

up to
20 ions

VQE cooling to
ground state

(B> = () - <HT>2\
@) Experlment

% X Theory

self-verification

i" (Aexp) EM) exp
_f E( theory

0 100 200 300 400 500 600
[teration number |

Quantum machine provides energy and error bar

C Kokail C Maier R. van Bijnen

Lattice Schwinger Model (1+1D QED)

HT—]ZCO'G

long - range interaction

+wz<0' 61+1+0+1 1)

particle - antiparticle creation/annihilation

global optimization

in noisy landscape 5
15 parameters 2

circuit depth = 6

budget: 10° calls to simulator

C Kokail, C Maier, R van Bijnen, T Brydges, MK Joshi, P Jurcevic,
CA Muschik, P Silvi, R Blatt, CF Roos & P.Z., Nature (2019)



Experimental Energy Optimization Trajectory W Joshi, CKokail R van Bijnen,

F Kranzl, TV Zache,R Blatt,CF Roos, & PZ,

for Ground State (VQ E) Nature online Nov 29 (2023)
N = 51 ions / Target Model: XXZ (Heisenberg spin- 1/2) \
Stochastic DIRECT
[ | + — | |
" A, = ]Z (Sj?SjFH + SZYSZYH) LA Z 882
B | i=1 |
K Pty +++ ¢ + \
—|--—-—-—-+—» A,
\\\\ ) —J critical +J 9apped J = A—/l/ /
I S — —
// Short VQE Circuit with lon Resources \
coherent
'VQE cooling’ 2 )/ O- — Y7
Q‘;.' i of 2% 9O 11) — - O —— L
it O W Al 2 o G pe— .
. = 1) - — -
___________ — — S 2 . | Z L @ -
0 200 400 N - & i @O — L
Iteration number ¢ \ % 1) @~ 1 Z)s

prepare pure quantum state | W) - onerdy

(O
)
<
o)
-
»
)
>
o
—
o
©
)
-
)
3
D
—
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New Physics ...7

- Basic Quantum Science /i/?"?fzi\}#\/o\

‘Learning’ Entanglement

C. Kokail et al, Nat. Phys. 17, 936-942 (2021)
MK Joshi, C Kokail, R van Bijnen et al., Nature online Nov 28 (2023)

Ramsey Interferometer

* Applications

Optimal Quantum Metrology

R. Kaubruegger et al., Phys. Rev. X. 11, 041045 (2021)
CD Marciniak et al., Nature. 603, 604 (2022).

variational quantum circuits

[beyond squeezing]

... enabled by Programmable Q-Simulator
(@)
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Outline:

Introduction & Background Material

* Programmable Quantum Simulators - Atomic Platforms

= > - Characterizing Entanglement in Many-Body Systems




Characterizing Entanglement in
Quantum Many-Body System

Reduced density matrix /
e.g. ground state

pa=Trg [ P)(P]]

Two systems are bipartite entangled iff |¥) # |¥), ® |¥);
Tralpi] <1 purity

Von Neumann

SN = —Try[ps1
. alpalogpyl entanglement entropy How to measure?

e.g. via randomized measurements



Characterizing Entanglement in
Quantum Many-Body System

Reduced density matrix /
e.g. ground state

pa=Trg [ P)(P]]

Two systems are bipartite entangled iff |¥) # |¥), ® |¥);

X
P) = ) 75| Dh) @ | DF) % = 1 product state

P4 has rank y
a=1 x > 1 entangled state

Schmidt decomposition




Characterizing Entanglement in G,
Quantum Many-Body System /y" ,o%/\ ~ B 5

Reduced density matrix

ps = Trp [|\P)(‘P |] — ¢ Ha Z‘rlfe?n Séiti&iﬁ'téf ( Why interesting? \
\I\ e Entanglement measures
entanglement Hamiltonian (EH)  fingerprint of topological order (Li-Haldane)
¥ e detection of quantum phase transitions
= ) e75| Do) (D]
a=1 can be used as a “fingerprint” to
identify topological order. [PRL 2008]
entanglement spectrum \

Can we learn' operator structure of Entanglement Hamiltonian? (sample-)efficient?

(@)

... low-lying entanglement spectrum

uibk 20




Example: Entanglement Spectrum & Quench Dynamics

Quench dynamics with analog quantum simulator

U = e—th

t —— |Y¥)
quench — ,—H,
dynamics Pa=¢

T T time

initial product state highly entangled state
X
|P) = Z e~ | DY) ® | DL)
a=1

Schmidt values as function of time
product — entangled state

C Kokail, R van Bijnen, A Elben, B Vermersch, & P.Z, Nature Physics (2019); with experimental data from T. Brydges et al., Science (2019)

(@)
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Example: Entanglement Spectrum & Quench Dynamics Th+EXxp

Sub-system [1:5] of 10 ions [similar data for 20 ions and subsystem [8:14] ]

1 | | | | | | | | |
J; 1:5 4 Von Neumann S, ( j
Q000000000
0.8 [ - ] . —
eory: quenc I:l
q:
‘/theory: EHT ” Ut — e_lHt [ | ‘P)
quench
dynamics Pa
X
W) = ) e 52| D) @ | DE)
a=1
H = Z (Jij6i+6j_ 4 h.C.> +B Z o’ We wish to ‘'see’ the Schmidt values

< l. A, = e %« in quench dynamics in time

- v

C Kokail, R van Bijnen, A Elben, B Vermersch, & P.Z, Nature Physics (2019); with experimental data from T. Brydges et al., Science (2019)

(@)
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Example: Entanglement Spectrum & Quench Dynamics Th+EXxp

Sub-system [1:5] of 10 ions

Experiment vs. Theory

1 | | | | | | | | | T T T T
J> 15 4 Von Neumann S, - 6 |—¢ Th. Simulation 1 L—¢— Th. Simulation i
0000000000 —o— Experiment Experiment o
4k JdL o g
W %
t =2ms ;:/;:// t = 3ms
0 -
6 -—>— Th. Simulation 1| = Th. Simulation i
—o— Experiment —o— Experiment
s 4r i
up
di n/u—z:/g%%%?é‘t | M
t =4ms t =5dms
O | | | | | |
0 2 4 6 O 2 4 6
Q e
H= Z (Jl_jdl_+6j— + h.C.> + BZ 65 for B> Q.: How to extract the ES (and EH)
i<j j from experimental data?

C Kokail, R van Bijnen, A Elben, B Vermersch, & P.Z, Nature Physics (2019); with experimental data from T. Brydges et al., Science (2019)

(@)
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Outline

Introduction & Background Material

* Programmable Quantum Simulators - Atomic Platforms

- Characterizing Entanglement in Many-Body Systems

How to measure Entanglement

— > « Renyi Entanglement Entropy

- quantum state tomography
« copies - quantum protocol
 randomized measurements & classical shadows

The randomized measurement toolbox,

A Elben, ST Flammia, HY Huang, R Kueng, J Preskill, B Vermersch & PZ,
Nature Review Physics (2022)

(@)
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Measuring Renyi Entanglement Entropy

task: measure 2nd order Renyi entanglement entropy

+—>

A B

Trap5  Renyientropy n=2
T ~ purity of subsystem

nonlinear functional of density matrix

but expectation values are always linear: (A) =Tr[Ap] =




Measuring Renyi Entanglement Entropy

Protocol 0: Quantum State Tomography

0,0, 0,0,0,0,0
+—>
A B

Trap5  Renyientropy n=2
T ~ purity of subsystem

measurement > P4 v expensive® ~ rank(p,) 2™ (scales exponentially)
data




Measuring Renyi Entanglement Entropy

Protocol 1: Copies of the quantum system [qguantum protocol]

Example n=2:
swap operator

[k)y
P1®P1 <: )V(Q) v 3), @ [k)o = |k); i)y
1) —

expectation value 1jkl

tr{V@p; ® po} = tr {v<2> ST o) 1) (] @ k) w}

= tr{p1p2}

theory: AJ Daley, H Pichler, J Schachenmayer, PZ, PRL (2012); C Moura Alves & D Jaksch, PRL (2004); A. K. Ekert et al.PRL (2002).

(@)
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Measuring Renyi Entanglement Entropy

Protocol 1: Copies of the quantum system [quantum protocol]

copy 1 O-O-O-O-0-O0-00

copy 2 O-O-O-O-OOO0O
4+—)
A B

Controlled few-atom systems & quantum gas microscope
Mott insulator S CER ) (veeeee) Many-body p1¥

Initial h :
EEven [10dd nitialize C ...... ) Quenc ( NN ) l.) interference [)2/ <

gy

pep

->

Tlg =.5=!.==§ =H=F.%==§ see Appendix with
HEEER. E B
T v e

g W T | | |
HlERaENE

details of protocol

VL!IIIIIII

WWWW VWL

experiment: R Islam et al., Nature (2015); AM Kaufmann et al., Science (2016) [Greiner Group]

/\/\/\/\/\/\/\




Measuring Renyi Entanglement Entropy

Protocol 2: Single copy of quantum system AEloen & varmerarn
single system 0, 0,0,0,0,0,9,9, ?
A B pep

virtual copy”

from Statistical Correlations
INn Random Measurements
signal is in the noise

how? Trap5 ...




Statistical Correlations in Random Measurements

Protocol for a chain of qubits: A
oy L4 | 4 | 4
Random measurement v | v | v 1
il random unitary
PU(SA) = Tr [UAPAU)% ‘SA> <SA’] A py random gates

- .~ 4 A4 | »
Average over the Circular Unitary Ensemble (CUE) vy

: Measurement
2 . f qubit stat
NHA NHA(NHA_I_]') (07170):SA
Hilbertspace 4

dimension of A

: : T I S)pae
Virtual copies: Py(sa)? = Trigo { a UApAUI;@UApAUH B rlje\fzy[( (Nn ‘%—H’)M =
A A

copy 1 @j@:@g@ﬂ(}'@'@;@%% -~ 5k‘l5mn + 5kn5ml
N\ N\ -
copy 2 O-O-O-O-O-OCC “ain

B N?—LA(N’HA + 1)




Randomized Measurements: Local Random Unitaries

Measurement post-processing

A
] — - 0 Py(s) =Tr[UpaU'|s)(sl]
_' ZQ '_: """ » 1 = § bit string
e—th e 0 U= ®ui u; € CUE(d)
I€EA evenly distributed
on Bloch sphere
quench dynamics

time

purity - Renyi entropy

Trp% =Ey~cuelPs]l with By =241 (=2)7PlS py(s) Py (s))
s,8’ T |

Hamming distance cross-correlation
T Brydges, A Elben et al., Science (2019)

Random single spin rotations are sufficient! A Elben, B Vermersch, et al., PRA (2019)

(@)
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Randomized Measurements: Local Random Unitaries

Measurement post-processing

A
i —p- 0 Py(s) =Tr[UpaU'Is)(sl]
[ - ... b1 — gmb
: — [U3] — B ’
e—lHt o U= ®ui u; € CUE(d)
I€EA evenly distributed
on Bloch sphere
quench dynamics
time
purity - Renyi entropy
kK k=1.... NU = K random unitaries
M K ) 2 9 9
2 _ D : D 1 _D[s(m,k)’s(m,k )] m = 1,,,,,NM = M measurements
Trpy =Ey~cuelP2]l with Py= g Y Y. (-2)
m=1k#k'=1 Ny X N, #expruns

Features: - |ocal operations & measurements
+ scaling with #unitaries and #measurements?

T Brydges, A Elben et al., Science (2019)
Proof = A Elben, B Vermersch, et al., PRA (2019)

@1 uibk 32




Example 1: Experiment —Entanglement in Quench Dynamics

. Quench Randomized
Preparation :
Dynamics measurements ,
» time
i— Uq ,'?_;,1'{
= 1 Hamiltonian
..._ 2 -
- _ us A
s : =4 — - Nog. T. . :
® evolution - XY Z JZ] (R +0; 93 )
- us_ o i<J
- o iHxy T Ug = 4 long range interaction
- - u7 2A
- us - +h§ (B +g%’
J

- — Uug 2A .

J
- — U10 z 4
- - local disorder potentials

uibk 33
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ﬁ
QD
K
¢
K
¢
K
¢
K
¢

10 lons [no disorder]

purity Tr[p?q] Renyi entropy
______ e
...... -!§§

!




10 lons [disorder]

m lons: [3 4 5] lons: [6 7 8] m
D 6 © 6 O NN~ © 0Ok O 60
S emsiiyl
S —lons345) _lonsi678
4 9 1 ¢ [345]:[678] ¢ [234]:[789] ¢ [123]:[8910]
o
&2
S R e
’ Disorder strength
/ $ AJJ=3 & A/JT=0
01, . .
0 10 20)
Hxy =hY |Jiiloro: +0;05)+hY (B+b)o?
XY N1 7 (| V-7
1<j . . J . .
long range interaction local disorder potentials

uibk 35
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Example 2:

otk

A Elben B Vermersch T Brydges MK Joshi
— Caltech = Grenoble

PHYSICAL REVIEW LETTERS 124, 010504 (2020) published 6 January 2020

Cross-Platform Verification of Intermediate Scale Quantum Devices

Andreas Elben®, Benoit Vermersch, Rick van Bijnen, Christian Kokail, Tiff Brydges, Christine Maier,
Manoj K. Joshi, Rainer Blatt, Christian F. Roos, and Peter Zoller

4 ) 4 R
1) (2) (1) (2) Quantum machine 1 Quantum machine 2
FlpYy, ~ Tr [ ]
(IOA P ) PaPa ,0(1) -« )0(2) data from Brydges et al.
G000 O0L00 O-0-0-0-OXI
How to measure? | A) . N

J. Carrasco, A. Elben, C. Kokail, B. Kraus, and P. Zoller, Theoretical and Experimental Perspectives of Quantum Verification,
PRX Quantum (2021).

J. Eisert, D. Hangleiter, N. Walk, I. Roth, D. Markham, R. Parekh, U. Chabaud, and E. Kashefi, Quantum certification and benchmarking,
Nature Reviews Physics (2020).

Exp.: D. Zhu et al. (C Monroe), Nat Comm (2022)




Scaling of the required number of measurements [numerical results]

Minimal number of required measurements Nj; to estimate (F .x(04,p4))e fOr error € = 0.05
vs. number qubits N4 for Ny = 100.

NU =200 Results:

10° |®PP ®PR ®MR « Scaling statistical error
| "”. ® z"” ® Hg:max(pA,pA)]e_ll ~ 1/(NM\/ NU)
] ”, ,” ”’

E g ,f.’ .;"" for Ny < Dy = 2Na and Ny > 1,
Z 102 E ‘ /"’ "..a” . Y |

| Y 2000 ue « Scaling experimental runs
1@--"" Ny ~2MNap -

10! | -08+01-064+0.1-0840.1 NyNpy ~2

4 6 Q 10 with b <1 vs. full tomography b =2
N4

PP: pure product state
PR: pure Haar random state
MR: mixed random states



Example 3:

Mixed State Entanglement

Tz
A B
|+ 0], 2
2.0 ¢[.2,034 -
- ¢ [1,2,3],[4,5,6] +
=15 /]
&' ,’/ NP <
/ n
1.0 P .
o 1 2 3 4 5
t(ms)

connected subpartitions

Measure first,
ask questions later

————— 92020:.0,020200000
A d B
14 [1,2,3],[4,5,6] A and B bipartite o (9) (¢)
: ¢ [1,2,3],6,7.8] _ entangled iff PAB 75 Zp’t P A & PB
< ¢ [1,2,3],[8,9,10] ¢
g p3-PPT condition
s} * ------
S - 2
. \\‘_"_2_% ______ f __________ + P3 < P2

where

PT-moments

pn = Tr[(p4h)"]
disconnected subpartitions

= sufficient condition

A Elben, R Kueng, HY Huang, R van Bijnen, C Kokail, M Dalmonte, P Calabrese, B Kraus, J Preskill, PZ & B Vermersch, PRL (2020)

I@1 uibk
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Randomized Measurements

Exp: T. Brydges, A. Elben et al., Science (2019),
Probing Renyi Entanglement Entropy via Randomized Measurements

A Elben B Vermersch
— Caltech — Grenoble

Theory: A Elben, B Vermersch, CF Roos, and PZ, PRA (2019),
Randomized Measurements: A Toolbox ...

Classical Shadows

H.-Y. Huang, R. Kueng, and J. Preskill, Nat. Phys. 16, 1050 (2020)
Predicting Many Properties of a Quantum System from Very Few Measurements

C Kokail R van Bijnen

Review article

Therandomized
measurement toolbox

Andreas Elben ®'?**#, Steven T. Flammia'®, Hsin-Yuan Huang ® 5, Richard Kueng ®’, John Preskill'*5¢,
Benoit Vermersch ® **2 & Peter Zoller ®3*

Nature Reviews Physics 1 (2022).

. Measure first, ask questions later




Randomized Measurements

Exp: T. Brydges, A. Elben et al., Science (2019),
Probing Renyi Entanglement Entropy via Randomized Measurements

Theory: A Elben, B Vermersch, CF Roos, and PZ, PRA (2019),

Randomized Measurements: A Toolbox ...

Classical Shadows

Rigorous error bounds:
H.-Y. Huang, R. Kueng, and J. Preskill, Nat. Phys. 16, 1050 (2020)
-y : M  log(L)4" /€?
Predicting Many Properties of a Quantum System from Very Few Measurements g

data reused many times ...

independent randomized
rReview article

Nature Reviews Physics 1 (2022). 1 measurements suffice to ...
Therandomized
measurement toolbox

Andreas Elben ®'?**#, Steven T. Flammia'®, Hsin-Yuan Huang ® 5, Richard Kueng ®’, John Preskill'*5¢,
Benoit Vermersch ® **2 & Peter Zoller ®3*

Measure first, ask questions later
_ . )




Randomized Measurements

Measurement post-processing

_/ random \_ D— Pro.bablility for
quench — _ — P bitstring s
dynamics, ] unitary - D Repeat
e - —: .............. > Py (s)
VQE circuit | Y€ %= e
etc. _K global or local /— D isjersgggir:g\’s:age
time

(Cross-) Correlation of probabilities

‘Noise’ or ensemble average %EUNU [PU (S)PU (S/)] 2-design,

(e.g. CUE)

experiment ‘day 1, lab 1’ 5 é experiment ‘day 2 lab 2’

... hybrid classical-quantum protocols

(@)
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. -
Randomized Measurements e OTOCS

theory - B. Vermersch et al., Phys. Rev. X9, 021061 (2019).

Measurement post_processing exp - M. K. Joshi et al., Phys. Rev. Lett. 124, 240505 (2020).
Pa e topological invariants
f \_ U _ — theory - A. Elben et al., Science Advances 6, eaaz3666 (2020).
quench — Lol — B . : :
dynamics, lal—B- e Partially transposed density matrix
_ . theory [+ exp | - A. Elben et al., Phys. Rev. Lett. 125, 200501 (2020).
VQE circuit theory [+ exp | - A. Neven et al., Npj Quantum Inf. 7, (2021).
etc.

- J ¢ Entanglement Hamiltonian Tomography

theory - C Kokail et al., Nat. Phys. 17, 936 (2021).
theory + exp - MK Joshi, C Kokail, R van Bijnen et al., arXiv 2023

e Spectral form factor & quantum chaos

theory - L. K. Joshi et al., Phys. Rev. X. 12, (2022).
exp - L. K. Joshi et al. with Monroe group, unpublished

¢ observation of quantum Mpemba effect
theory + exp - MK Joshi et al. unpublished

(@)
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Randomized Measurements: Local Random Unitaries

Measurement post-processing

A
] — - 0 Py(s) =Tr[UpaU'|s)(sl]
_' ZQ '_: """ » 1 = § bit string
e—th e 0 U= ®ui u; € CUE(d)
I€EA evenly distributed
on Bloch sphere
quench dynamics

time

purity - Renyi entropy

Trp% =Ey~cuelPs]l with By =241 (=2)7PlS py(s) Py (s))
s,8’ T |

Hamming distance cross-correlation
T Brydges, A Elben et al., Science (2019)

Random single spin rotations are sufficient! A Elben, B Vermersch, et al., PRA (2019)
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Randomized Measurements: Tomography

Quench dynamics with analog quantum simulator

PA
|T > —if U ~‘§_ ._
11) quench dynamics i |u,| i— D—
—E u’% :— .—

e—th

11

product state — entangled state

Randomized Tomography

Pa = Eycuelpal <

exponentially expensive

time

time

ﬁA:Z

S,s’

‘G
Entanglement Hamiltonian
pa=el

... learn efficiently only if we know

~
oal: learn operator structure of

. something about EH D

2, Pu®ED U 8| U
U

tomographically complete
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C Kokail R van Bijnen M Joshi

Exploring Large-Scale Entanglement
in Quantum Simulation

r )

: Theory: C Kokail, R van Bijnen, TV Zache, and P.Z.
Trapped ions

Experiment: ML Joshi, F Kranzl, R Blatt, CF Roos

Nature online Nov 23, 2023

UBK&lgoal Early collaborations: M Dalmonte (— ICTP), B Vermersch (— Grenoble)




. Heisenberg model
< L | pa=e /7,
51 Ions
L LT LTI TTTTEERE XXZ chain H = JZ (S;?Sjﬁr1 + 878, + ASj.Sj.H) = Zhj

A A ' j

State preparation & analysis

A = 1 Antiferromagnet

Lotobet i) i ' (N
i I L L phase diagram

VQE circuit
1) VQE ground state
2) VQE heated state

g
o
=
s
<
o
)
—
o
Q
+~=
<
2
w2

Pa .
)t W (o) volume law

NAA] - [A] - entanglement

— heated state

|

1
Ansatz: pa(B) = o~ ZjeaBihjt..

Z4B) sample-efficient tomography of p,
for subsystems > 20 lattice sites

b Ab;
“— [T/\]N\g T/\ ]] area law

Entanglement entanglement

amiltonian Learning

data acquisition + EHT

—» ground state ‘[




Experimental Energy Optimization Trajectory o
Experiment: M Joshi et al., unpublished
for Ground State (VQE)

N =51 ions s

Stochastic DIRECT / Heisenberg Model (spin-12) \\
l— | ‘ | ] |

_++++
I +++++ 0!

| N-—1
m=7% (S$Sz+1+ Z m) +AZ SZS+1+hZSZ
| i=1 3
J=1 A=1 h=05
N

el bt o -
/ VQE Circuit with Trapped lon Resources

. 2 1) el @ - M @\-
34 ¢ ¢ O 11) — - O I— L
it e e = Rl Mol
¢ 6 |4 > | | O ... | B
___________ — © : a @ LT @
0 20() 400 o : — — O — -
[teration number ¢ _ oz ) @ = Z)s
to be improved \ /
\ o layers and 10 parameters /

~ low temperature state T' ~ few J - */




Learning the Entanglement Hamiltonian?

Protocol 0: Quantum state tomography

measurement = : * exponential in
data > Pa = CXP (_HA) v expensive subsystem size N, ?

* except: for small system sizes, or if we know

something about the quantum state

Do we know something about the structure of H 4 to make tomography efficient?

A. Anshu et al., Sample-Efficient Learning of Interacting Quantum Systems, Nat. Phys. 17, 931 (2021).
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Entanglement Hamiltonian in QFT: Bisognano-Wichmann Theorem

Relativistic Quantum Field Theory Entanglement Hamiltonian

Lorentz invariance
hot~entangled
Q P(x) ~ X1

H = " d?x H(x) . —— >
AUB B 1

vacuum state | Q) » ps=Trg| Q(Q| =exp [— [ d’x B(x) I (x) ]
A
W,

Gibbs state with local temperature f(x) ~ x,
EH H, as deformed system Hamiltonian

Bisognano and Wichmann, J. Math. Phys. (1976) Casini, Huerta & Myers, Journal of HEP (2011)
Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Entanglement Hamiltonian in QFT: Bisognano-Wichmann Theorem

Conformal Field Theory Entanglement Hamiltonian

scale invariance
p(x) ~ parabolic

~

H= " d%x A (X) e .
AUB X1

vacuum state | Q) » ps=Trg| Q(Q| =exp [— [ d’x B(x) I (x) ]
A
W,

Gibbs state with local temperature f(x) ~ x,

Entanglement Hamiltonian as deformed system Hamiltonian

Casini, Huerta & Myers, Journal of HEP (2011) 1+1 CFT: Hislop, Longo, Cardy, Calabrese, Tonni, Wen, Ryu, Ludwig, ... (ground state, thermal & quench)
Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Lattice Bisognano-Wichmann & beyond

ground state of many-body lattice model

Gibbs state with local

inverse temperature ﬁg
ramp i

—COCRRRR| SR> pa=e

entanglement
Hamiltonian

/\'B ¢ parabola

—[(m»nnm“»f

C BW recipe )

k-local Hamiltonian

f,h,+ ... EH as local deformation
of system Hamiltonian

1. Validity of BW-like EH, non-local corrections
often sub-leading

Analytical results: non-interacting, non-critical chains
Numerical evidence: lattice models, quench dynamics

Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Lattice Bisognano-Wichmann & beyond

C BW recipe )

ground state of many-body lattice model

k-local Hamiltonian
Gibbs state with local

inverse temperature ﬁg
ramp i

—COCRRRR| SR> pa=e

entanglement
Hamiltonian

f,h,+ ... EH as local deformation
of system Hamiltonian

Numerical example: Heisenberg model 1D
10

o---g
- DMRG
/\ IB 4 para bola ! ,,E/,D o ~|:|\
/”I’D-—-u \\ \\

| Za g o m
COCRNB| SRR [N > Pr o ,,ﬁ,- G
f &7 -=- \, N\, \ \

97, \, \, AN AN AN
4t 2’ N \ \ \ \
”,/ \\\n \\n h h O (m|

2 L

parabolip deformatipn! |

1

2 3 4 ? 6 7 8

Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Lattice Bisognano-Wichmann & beyond

C BW recipe )

ground state of many-body lattice model

k-local Hamiltonian
Gibbs state with local

inverse temperature ﬁg
ramp i

—COCRRRR| SR> pa=e

entanglement
Hamiltonian

f,h,+ ... EH as local deformation
of system Hamiltonian

2. suggests an efficient ansatz

ﬂ y to learn' Entanglement Hamiltonian
parabola
gCC OO bﬂm»f

Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Entanglement in Many-Body Quantum Systems

Many-Body Problem

energy spectrum

Hamiltonian Ek A
H = Z h;  k-ocal
J
_ - p excited state — J4a volume law
Example: XXZ / Heisenberg model (1D) | W) Sy x V=1L, entanglement

thermal entropy

4

O

¢ o L4 area law
|‘Pc;> {:%D ground state A A entanglement

N-1 N—-1
Ar=7Y ($:85,+ 88, ) +a Y 85,
i=1 i=1

—J gapless J gapped

Heisenberg

RIRIRIRIRLTO I R

~clogL,CFT d =1




Area Law vs. Volume Law Entanglement

Many-Body Problem

energy spectrum

Hamiltonian Ek A .
g-simulators can represent volume
A A law states = quantum advantage
H = Z hj k-local
J
¥, excited state S, & V = LY volume law
entanglement

thermal entropy

classical simulations with tensor
networks

RIRIRIRIRLTO I R

area law

d—1
|\Pc;> {:%3 ground state SA = LA entanglement
~clogL,CFT d =1




Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

Eigenstate Thermalization Hypothesis (ETH):

A Tr <OAA€_BEI)
local Hamiltonian: ~ H = " h; =k 4 \Oa) = Ty (e—ﬁﬁ)
( E Bi“
= T
reduced density matrix of a subsystem A — ( / W
(I N |
~ _BHA _
A~ - —
P Ze — A A
Z \ T
local temperature profile —

Garrison et.al. PRX 8, 021026 (2018)



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

Eigenstate Thermalization Hypothesis (ETH):

local Hamiltonian: H = Z h; k4
Z’ =
= T
reduced density matrix of a subsystem A — ( \\
1 47 - | |
~ _BHA _
A~ - —
P Ze — A A
Z \ T
local temperature profile —

Garrison et.al. PRX 8, 021026 (2018)



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

Eigenstate Thermalization Hypothesis (ETH):

local Hamiltonian: H = Z h; k4
Z’ =
= T
reduced density matrix of a subsystem A — ( \\\
1 - |||
~ _BHA _
A~ - —
P Ze — A A
Z \ T
local temperature profile —

Garrison et.al. PRX 8, 021026 (2018)



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

N

local temperature profile

@

Eigenstate Thermalization Hypothesis (ETH): SYN o (14)
. . . - L ". gk A SVN
local Hamiltonian: H = Z h; A 4
( E 5@'“
= i / La
reduced density matrix of a subsystem A — ( \\\\ .
——— L/’l
1 = |11
~ _BH —
par —e T = A A
— cooling to the ground state
1 o
~ —e R —

Garrison et.al. PRX 8, 021026 (2018)



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

EH from CFT for ground state:
(at the critical point)

Ek A
1 = it
pA = — €Xp [—/ dzx 5(90)7'[(35)] = [+
A ="
== | NUN.
_ L?Ll — 42 — A A
with B(x) -
La — cooling to the ground state
- — . . N | —
Parametrization as Gibbs state with /ocal _
inverse temperature -
py~ e Dica Bl —
local temperature S
\_ J

Casini, Huerta & Myers, JHEP, 2011(5), 1-41



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

EH from CFT for ground state:

(at the critical point) . GYN

o

A
1 cooling to the ground state

pa = %eXp [— /A dx 5(90)3%(%’)]

L?4 — 42
L4

with B(x)

IR HI(!]W Il I

rParametrization as Gibbs state with local )
inverse temperature
Py~ € Lica il /\
local temperature
u y, i |

AN
N

Casini, Huerta & Myers, JHEP, 2011(5), 1-41



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

EH from CFT for ground state:

(at the critical point) . GYN

o

A
1 cooling to the ground state

pa = %eXp [— /A dx 5(90)3%(%’)]

L?4 — 42
L4

with B(x)

IR HI(!]W Il I

rParametrization as Gibbs state with local )
inverse temperature
Ps~ € 2ica Pl m
local temperature
u y, i | |

AN

A
Casini, Huerta & Myers, JHEP, 2011(5), 1-41



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

EH from CFT for ground state:

(at the critical point) . GYN

o

A
1 cooling to the ground state

pa = %eXp [— /A dx 5(90)3%(%’)]

L?4 — 42
L4

with B(x)

RN HI(!}\“ Il I

(Parametrization as Gibbs state with local )
inverse temperature
py ~ e Zieabl
local temperature
N y i N -
A A

Casini, Huerta & Myers, JHEP, 2011(5), 1-41



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

EH from CFT for ground state:

(at the critical point) . GYN

o

A
1 cooling to the ground state
pa~ €
local temperature

. ) NI

pa = %eXp [— /A dx 5(90)3%(%’)]

L?4 — 42
L4

with B(x)

(Parametrization as Gibbs state with local
inverse temperature

ZieA ﬂiili

RN HI(!}\“ Il I

Casini, Huerta & Myers, JHEP, 2011(5), 1-41



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

Eigenstate Thermalization Hypothesis (ETH):

local Hamiltonian: H = Z h; k4 Siy
i Bir
B__ /LA
reduced density matrix of a subsystem A ( \\\\ .
La
[ | 11
~ _BHA _
A X —
P Ze A A

1 cooling to the ground state

1 &

N

IR HI(!]“I Il

SYN
local temperature profile ~ log(La)
- I
BT A

Casini, Huerta & Myers, JHEP, 2011(5), 1-41 hot_ o -hot



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

Eigenstate Thermalization Hypothesis (ETH):

local Hamiltonian: H = Z h; k4 Siy
— 5t / L
reduced density matrix of a subsystem A ——t ( \\\\ \
= L;l
L —sf =~ 11
~ _BHA _
AR —e€e —_
Pa =7z — A A
— cooling to the ground state
- %e— Z@ — (away from the critical point)
\ — SYN
local temperature profile —
— ﬁ—
i NN La
Viktor Eisler et al J. Stat. Mech. (2020) 103102 A A

Casini, Huerta & Myers, JHEP, 2011(5), 1-41 hot_ o -hot



Entanglement Hamiltonian & Eigenstate Thermalization Hypothesis

Example: XXZ model (51 sites)

ﬁ=§2(s+sz+1+Hc)+AZSz o

7

Ansatz for the Entanglement Hamiltonian:
ferromagnet . c=1 CFT antlferromagnet

Ha Zi@éflﬁ:'—l A\“:jl
¢

- 1y .
he = = (j €+1+H.c.)+AS§S§+1

Qi & Ranard Quantum 3, 159 (2019)
E. Bairey et.al. Phys. Rev. Lett. (2019)
W. Zhu et.al. Phys. Rev. B 99, 235109
C. Kokail et.al. Nat.Phys. 2021

Ek A

—_
e

.

—_
S

N = O 0o

N =~ O 00

3>
T

»
T

123456789

1.5}

p SYN

\ 4

4 6. 8 10
Ly

cooling to the ground state

— VOO0 O IO O 0>

1234%6789

1.54

A SXN
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Results: Theory and Experiment

Heisenberg model
LA

-H
_ - = e A/
51 Ions B PA / A

x .'_q & ll'll] (EETEE RN LY fiddaa 'l_l ] XXZ Chain H — JZ (S;CS;C+1 + S§Si+l + ASjS§+1) = Z hj
A | :

State preparation & analysis

A=1

Antiferromagnet

.
||

g
o
=
=
o]
o
)
—
o
Q
+~=
<
+
w2

data acquisition + EHT

VQE circuit
1) VQE ground state
2) VQE heated state

J

Pa

e— ZjeAﬁjhj"""

1
Ansatz: pa(B) = 7B

VAN

Entanglement
amiltonian Learning

- H

Jreee W (Oop),

o 60
o
Fp®
Ve

,«'« area-law

oo 0T 0OpopOgo

~_
LY

5 10
Ly

L VQE ground

5 10 15
Ly
. - 6

VQE groun _

5
JEA
-=-=-=-theory: exact GS

-=-=--theory: VQE-circuit

JEA
¢ O experiment




Scaling

L
variational prep. of the XXZ GS: H = JZ (55’55 C L+ 5115;1“ +AS Sz J+1> Z ; I —51
=1 =1

51 particles

- 0 1 0 0 0 |W
Po) [Largest subsystem: L4 = 20 sites]
| || | | N\
= ( “heating’ ) ' ' ' ) '
| | | | |

b= 40 ¢ -
T

S ( [ [ ] [ [ )

L

o | [ | | ~

Sal
% ( | [ | ) 20 B = [] ]
@ : e Y
| |\If(90pt)> 452.\: -4 - -

4 AIA ... [& | oL T . ] .
= 15 20 25 30
= .
L] J
+
é > [|[\N\ ‘/\ ] £ & sas lIllllllllﬂ‘lll‘llﬂlilll'll‘iliilill‘iiil SRE s R s B
5% 511ions
-]
o
g Entanglement Hamiltonian
I . Tomography

2 Nat.Phys. 17, p. 936-942 (2021)



Verification of Entanglement Hamiltonian Tomography

variational prep. of the XXZ GS:

A= JZ (8787, +$

j_

51 particles
_ 0 1 0 0 0 |¥g)
| [ [ -] |

c ( “heating’ )

2 [1 1 1 1]

T

T [ 1 [ [

L

Q ( [ | [ [ | )

(5]

3 I 1 I I

b .

| — [T (Oopt))

4 A ... [# |
}_

c S W NG
8 % — ™. IN
=
I Entanglement Hamiltonian
T — Tomography

vt

Nat.Phys. 17, p.

936-942 (2021)

Cross-Platform Verification
Phys. Rev. Lett. 124, 010504

!+ ASE JH) Z L=51

ground state

[TITFTTT
0.9t -

0.8t
0.7
0.6

4 6 8 10 12
subsystem size L 4

“heated GS”

0.9}
0.8t
0.7

00, % s 10 12
subsystem size L 4



Detalils of Entanglement Hamiltonian Learning

C. Kokail, R. van Bijnen, A. Elben, B. Vermersch, & PZ, Entanglement Hamiltonian Tomography in Quantum Simulation,
Nat. Phys. (2021).

A. Anshu, S. Arunachalam, T. Kuwahara, and M. Soleimanifar, Sample-Efficient Learning of Interacting Quantum Systems,
Nat. Phys. (2021).
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Randomized Measurements: Tomography

Quench dynamics with analog quantum simulator

PA
|T > —if U ~‘§_ :>_
11) quench dynamics i |u,| i— D—
—E u’% :— :>—

e—th

11

product state — entangled state

Randomized Tomography

Pa = Ey~cuelpal h

exponentially expensive

time

time

pa= D, D Py P s)(s| U
ss" U

tomographically complete

(@)

uibk

73



Measuring (Large-Scale) Entanglement

Protocol 0: Quantum State Tomography

020:0,0,0,0,0.0
+—>
A B
data > PA v expensive” ~ rank(p,) 2N4 (scales exponentially)
sample-efficient entanglement * tomography can be made ‘more efficient’ if we know something
Hamiltonian tomography about the quantum state: MPS, low rank, neural network, ...

* . . . .
. or, we are only interested in certain functionals of p,, e.q.
Classical Shadows y Pa> ©.9

expectation values (O) = TrO,p,




Sample-Efficient Learning of the )
Entanglement Hamiltonian (EH)
Protocol: efficient parametrization of EH

data >  PA= e H P with HA(ﬂ) — Zﬂz i’f + ... polynomial # ?

Gibbs state I€EA  simple operator structure

measurement protocol
« sample complexity

- time efficiency

C. Kokail, R. van Bijnen, A. Elben, B. Vermersch, & PZ,
desian ansatz construct Entanglement Hamiltonian Tomography in Quantum Simulation,
Nat. Phys. (2021).

~ ——— —~H,(p)
K H,(p) pa(f) ~ e o
A. Anshu, S. Arunachalam, T. Kuwahara, and M. Soleimanifar,

7T : ) Sample-Efficient Learning of Interacting Quantum Systems,
T modification needed Nat, Phys. (2021).




Learning the Entanglement Hamiltonian

state
preparation

......

......

— D—
—D— Ll
ID_

0100010

0C

data

data

design ansatz

H4(8)

T modification needed?

“more data

] verify

construct

pa@) ~ e_I:IA(g)

( Learning Protocol j
o - - )

- Measure experimental frequencies:

Py (s) :Tr(UpAUHs) <s|)

- Ansatz for Entanglement Hamiltonian:

Hx(8) - e.g. deformation of system Hamiltonian

plus corrections

- Fit optimal parameters g by minimizing the
distance to the frequencies

@@=

U,s

e_I:IA(g)

Z(8)

Tr(Uls) (s|U" — Py(s)

- Verify by measuring Hilbert-Schmidt fidelities

data more datal __
./_" ~ Tr [pA pA } = ...
A. Elben et. al. PRL (2020)
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EHT for the Ground state of a long-range Ising chain (Theory)

System Hamiltonian

H:Z Jo Jf(f;c—l—BZaf

i,j>i i = 1"

a=2.5

Ansatz for Entanglement Hamiltonian

We choose a simple deformation of
the system Hamiltonian

Ei4:= Ezzgﬂjafaf—kazfﬁaf

i,jEA i€A

C entanglement spectrum )

\\///
]
10 | — .
\’//
5 e i
Ny = Ny = 150
Ny=8 E—
c+: 0000000000  ——
I
0 0.5 0.6 07 I 08 09 1
B
C Bisognano—Wichmann) # experimental runs )
108 f - ' ' ' -
B =0.75
100 1 . F > 98 %
50_/»//U Z% g ) 2
Jiit2
O S 102 N

F =0.9978 ;




N=51 ions

Conclusions & Outlook

« Programmable Quantum Simulators with Atoms

» Hybrid Classical-Quantum / Variational Algorithms

« Randomized Measurements Toolbox

§ 1 544 lll|lIlllll|lllllllllllll!lltltthiiiilt!' LB L .J
\ — PR

- Programmable Quantum Sensors

(( Entanglement spectrum: quench dynamics )

F_C Variational Optimal Ramsey )\ '
- 5:14

> 2o0cdacacacadcasoaaaacaa

MSE(¢) (dB)
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