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Conformal mapping



Conformal mapping

l。 2D conformal
maps : a first look

Conformal map = transformation
that preserves angles , not length.

example : stereographic projection.
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line element on the sphere :

expressed
ds"= do2 + kind)dp2

incrcy) ceordinakesfcaysdy)
·to linewith( *=㎡ proportional

element in the erolidean plans.
conchision : sphere

Gab = Jgplan
e

(a,b =x,y) .

so the map preserves angles, buh
not lengths (XF1) :

2
.
Conformal map of planar domains and complex
analytic functions

recall that
,
in complex coordinates,

z - z + d is a translation않) z ∞ e
℃
t a is rotation

of angle &

Sivi) E→ Xz is a dilationn
(20) of ratio)

.



Now look at a complex- analytic (holomorphic)
subset ofthe lanefunction on some open P

→。
complex

analytic in U
C)

This map is conformal .
Indeed
,
around any point zEU
f(z) = f(zol + (zzzolf'(za)+...
= f(z) + earge if'l (z-zo)
_ w ん

transtate rotation dilation

Examples of conformal maps (slides)
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· Question : Can you guess the following
mop?

□品ii ".
〆→1//t

Answer : , 世 ,→
_~_*

P
→街丝

…

So w= coshz -

· a general formula for mapping froon
polygonal domain to Hli .
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polygonal domain
near a corner . z -2j--xj)/
differentiating : dz (ej1duC
global formula : z = LπCA*

g

-y)-
1

dsj=I
(Schuarz-Christoffel formula) .



3. Conformal mappings in physics/engineering
3
.1 Electrostatics

parallel plate capacitor (infinite)
vottageapplied La capacitance
로 xQ c= 皇Ly t * tψ+ E→
二×tttt+++ttt++選Q
— — —- _

-

d' stox Gausslaw => c=
z
d (fda =.)

Setvaruum
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íūConformal map #,it



3
.2. Aerodynamics/fluid dynamics
plid flows in 2D : v = (vm,)
{ incompressible fluid : Fu =oirrotational Plac : Tu=0 .

if we set UE= U올(- ivy )
then ∂EUz = 12(

4 tify) un-ivy( )=0

80 Uz (Z) is holomorphic .

conformal→

へ
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ㄱmummn的prk→閆*
_

Z
^
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_

plane minus slit
where =( V. ,0)
is a valid floor .

then Uz= ((Votio) is going
to be a valid floor around the king
profile. (angle any (f) at 2.



4. Some important facts
_

4.1. Riemann mapping theorem
Thi :. helt # Dece , anopensSimply counter he

闷“同mmaring
fro U to the unit disc.

Sketch of proof (electrostatics) :
fix zoEU and look at potential V

Vaste created by a charge at zo

.。 SV= 0 for zfzo .

{VGziel = ← loglz-z.R
Z→ Eo

VLG
,Z) =O along &U .

Harmonicity => Iu sit. f= V+iVis holomorphic .

Indeed, vs.t .s다)=( -αv ) .
-R

Then e is the conformal map we are looking for
sending zo to i ∞



Example :

児舞 ⑬%
∞ W=

Globacomformal
4 .2 Special conformal transformations Mobius)
Thun : all conformat maps from

버 to itself are of the form
、

Z →
az +b

, a,
b, c,dEIR

+d ad-bc=1.

Cargument : look at f :D-D , use fixed
point and maximum principle) .

Thu bis : all conformal maps from G to

itself are of the form

E)鼗 , a,
b, c,dE
ad - bo= L

15 freeparameters vs 3 froe param.)
Exercise : zreS=+ba↳Weaus+be_

cyzfdy c
2gtd2

the composition maps At to Al Cord to 4)
S it is also a 'SCT! Compute its parameters a,b,ad



Conclusion ofexercise : Group of SCT
isomorphic to SL(2, IR) or SL(2,4)·
S
.3 The cross-ratio

* _… … %,
!_ 燕 ? ”的

HHolld'at → #1%원-*
∞없 ..

"

set
칼걸x3

SCT can be used to fix three points
* Natural to ask : what about 4 points zezzzzzu?
define cross-ratio ferizzizsiEn)
as the position of zu under the SCT that
sends (E2izs ,zul to 11, 0,0) :

this is EvD = fCzl(
Z-Zy Z2-E3 )

⑧ Ffcank
En-Z3쏀

、
_ _

Zi-ZG Z2-Z3

By definition 6 n is invariant under
all SCTs .



* Thu : cross-ralio is real iff
ZIIZ2 IZZ ,ZG are on a circle (or a lineey
with is a circle with as radius) .

Corollary : SCTs map circles to circles

* It is instructive to ask what happens
to the cross-ratio under a conformaImap
& that is not SCT: Local distorsion :

xf(zt
)→ ㉙xf(z+zz)

Y(f(z+) , f(z+
e
,),f(z+(s) ,f(z+zy))

= y(2,22 ,2s ,24)[1 + (e-22)(2y-24)=[R,z3+.. )
where Ef,z] =最当㎡
Schuarzian derivative .



5 Remark : conformal vs . WeglR

transformations

conformal and Weyl transformations
and not the same thing , although they
are related.

(E) )

Conformat
maps

x"-y"(x).
Change of coordinates)

Weyl transformation : 6(×)2

Sab(x) -> (gab= e gab(X)

Not the same !

However: under a conformal
transformation

,
metric changes as

ds"= dzde (E= x
^

tixz)
= de(琵)(袋) die

so gaby) = Xgab(
with λcx)

2

= dadz
To die

So we may remove the tby a
Weyl transformation.



note : in isotherment coordinates
ds= Idade

Gauss curvature is

K= - 赤Slogd radirs
& of sphere

example : sphere A=zz

K=ーt品上 10g飛)

=±
r
2

so a conformal map given by complex
analytic function never modifies
curvature . ButWeyl transformation does modify it.


