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Glimpse ofgeneral ID CFT·
ressStensorand central change

1. Motivation
What we have in mind : a surface

(ig) ¢ with Sorme degrees of
Freedom α or fields, P( , XEMa

and a local action S[4) = fF(tapt ...)di
· mt target∞ space.

ifwe integrate out to then we get

EL]=S . xp( -s[ψ]).
↑ depends on Sig)

also possible : boundaries with b
.c Port

zBugfe(S·↑with prescribed 6 .C
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In summary : a CFT is a a recip
to define partition functions (and correlation
functions) that satisfy some consistency rules
Sinspired ples ,e.g. lattice models)from concreteexam

W 니

forget targetspaces and explicit computations
of path integrals .
We will explore basic ingredients of
CFT in this Lecture.



2.The stress-tensor

Local operator whose --point
function determines variation of Z[g]
with metric

g :

-log誕 .=<TSgasa) sd
^

relates the variation of partition function
to a correlation function :

In conformal coordinates
∠

dse =dutdydc)r

= X2dz dE
∠
Z=atiy

the components are
TZz = Tuu_TYY+ i2Tuy{ T㉒= Tax--YY-12Y

Tㄾ = paxe+ +yY

scaleinvariance implies TEz∅
(assuming zero wruature)
while JaTab= 0 (Noether's thu)

so ∂zTzz= 2z Tzz =0 .



So
, in a 2d CFT, we have a stress-

tensor with components that satisfy
TCE) (= Tσ =本TEE) hlonorphic
->

TE) ETEE =1FYauti-holomorphic
behavier under conformal map
zu VCz)

Tcπ= ("τ(ω) + 合{ω}
This is a generalisation of chaf
we had found for the GFF

,where we had c=1.

"

c is called the central change
Moreover, in the plane K or in A,

CTIN)J or
=∅

Therefore
,
in a demain U,

<TcE)》=ε {ω,8}

Now let' explore the meaning of this
in some examples.



3. The central change in partition functions
3
.1 Central charge of long cylinders

leoi∞ :一
_
'
nC

L

claim : for L>9,
z ≈ exp (풍능)

This result follows from
- TvezーOmD →

ZuNIz

The Schwarzian of this map
is

Eω,z}= 瓷,一P= 一去(作

⇒ ∠T(z)2ay|트음.3=e
Then we can look at ds"=de(1)My
-logZ9)-

= fTabsgabd 'x
=옳 SFFT) d료 =6δl

so integrating flogz/sf we get the above result.



3
.2 Curvature· ata point:
conical singularities(

∞

think for instance of a stat-mech model
on a lattice :

I can be

=> man z
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α= 3 × 2π .

We can compute <TIIa using the conformalmap :

燕w=z
The Schwarzian of thiswap gives

((z
)
Done=号{ω , z}=ε(-起



using similarhich as for the cylinder
this leads to

- kgZ[ ① 〜.ah
hettrcgrcing )
_ ]
ce

= 드(옳- 뜻) g.().
3
.
3 Analogs with boundaries

b.a

z[/// = explb
.c

一一

Z(感惑] ← 食 (会一長)kg歳).
3
.4 Applications
* Hearing the shape of a dram
a drum is a membrane that vibrates

□vibratious
Ymembrane attached to frame

→ vibrahlen modes correspond Ko
spectrum of Laplacian .



so 1ly )i 8the question Crephrased mathematica
can the spectrum of the La lacian a
2 different polygonal domain

P
be the same!

옳 (α
r ㅋ非E ?
*2

How is this related to our subject?
☆ one computes the partitien f
the aff

z = fea{ hAhd文
ーlz

b]
≥ detC-.A ) =πth( )な

productof eigenwatig
Of Laplacrorso if the I domains have the

same spectrum, they must have the same
partition function, therefore

ECA] ≡ E[☆]
^

(一共 )= 系云(院-j)



* Casimir energy(attractive force between

plates( critical medium
,

S 2 fluids ateg.

miscible transition

attractive force between Plates .

force= e -1.gzL= 뚫.
* Heat capacity of 1D quantum critical

system
consider gapless quarter system,excitations movingat velocity ±v
_→C

ㄴ

low temperature. Then 会==荒
this is because the internal energy is

U= CHX
2

= log k( r exp(i))
=T+ log Z[DE+ -]

→다
= T

~

2 ,logexp酷



* Entanglement entropy af 1D grantom
critical point

ㄴ
→

3t SA ← 등 lㆍg L
음(내음)follows from Rengi entropy Sigh

* Thermal Hall effect
Hall bar : magnetic field

nver
e

eneDelton
gas

TR

gepless edge modes

energy current : Je =T
* "Bipantile quensh" : energy wrrent

itic time colliousystem 고mixture of LR excitations
energy

current :
of dirferent temperatures
一⇌←→《 X1的 | 2E=2 (TREπ]



Conclusion : central charge is
a central quantity in applications.

(Almost) every universal result
about a physical system that can be
expressed in terms of central

charge only can be traced backed
to 읔
T() ="πω)+ 合 Ew,z3.

Exercise (central charge of 1D Fermi gas)
Consider N non-interacting fermious on a
ring of length f . Each of them is in an

eigenstate of theSchrodinger eg.
一鼠φ= hEn,Ψcu+l )=" a

1. Assume N is odd . What are the singl-
particle eigenstates that are filled ?
Express the ground state energy of the gas
of N fermious interms of the single
particle energies.

2. What is the energy
of the first excited state?

And its momentum ? Assuming that the
velocity ↓ of gapless excitations is given by



V= EEnstexc
.- Eo)/Postex. 1 show that

v=m Tn where n=X is the particle density :β

. Consider the lov-t limit of the
1

partition function

Z≡ r exp-부)
≈ exp (-

ε
우) .

T→O

Using the Euler-Aclaurin formula,
evaluate z for Teo, 1-0, Nto, keeping
the density n=N fixed .

Show that
the result is of the form

Z = exp(. )9L xexp(年)
with h=

The first term is an extensive (non-universal)
contributien to the partition function, while
the second term is the universal part
predicted by CFT.
Question : what is the value of c ?


