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. Dualitg: null Polggonal WL = gluon scattering amplitudes. lnsPirecl bg the
common dual string (alday-Maldacena) which describes also local sector of gauge

theory (WL ﬂOﬂ"locaD (Drummond)Korchemskg,Sokatchev,...)

* An itegrabilitg Perspec’cive. Benefit for exchange of ideas between these
fields!

o Sketch of aPLANIn integrabile words :

s Form Factor (FF) Series for nul Polggonal WLs;

* (to gain the states) Nested Bethe Ansatz;

+ (to sum the FF series) Thermoc]gnamic Bethe Ansatz (string theorg);

* (begond classical string theorg) FFs again: scalar additional contribution;

fermions revised towards l~loop (bit more technical explana‘cions};
|}

o Parallel with N=2 Par{:ition function and begoncl the NS limit
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OPE for Polggonal Wl.s

Theorg: N=4 SYM in Planar imit A= N.g%,, N. — o0
Dual to quantum areaof I B string theorg on.: —AdSeese

Light-like Polggons can be clecomposecl into |ight~li‘<e

Pentagons (and Squares): an OPEalday, Maldacena, Basso,Sever,Vieira)
Prototgpe: Hexagon into two Fentagons
The same as M~Point correlation function <PP> into FFs

But WL non-local: local methocl, i.e. insertion of identitg
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* |Ina Picture:

= P(14°456)

In general: E-5 shared squares, -4 Pentagonsr

hexagon 1§, ) i

+ Which mathematica”g means: |
l
* W=X exp(-rE)<O|P|n> |

Multi-P correlation Function:gencral m,n transition
o =<PP>: the same as 2D Form Factor (FEe) decomposition
|}

* s Obﬁg aXiomS Wltl"l tl’TC 5~matri>< (Karowski,Weisz, Al. Zam,Smirnov,...) : ])Watson

eqs., 2) Monoclromg (q—-KZ.)) etc.

* Eigen-states In>7 2D excitations over the GKP folded string (01C
lengthzz In s+. Fie) which stretches from the bounclarg to bounclarg (For
large G




* The quantum GKP string can be rePrescntecl
bﬂ the quantum sl:)in chain vacuum (gauge,

Korchemskg et al.)

Qgrxp=TrZD3Z + ...

SSAy Particles: 6 scalars, 2 gluons, 44+4
(ant) fermions Bethe states masso:

Ot s = Tr 2D ol

i Z7W7X7F-|-J_7F—I-J_7\I]—I—7\Ij—|—
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Corresponclcnce (s) and

lntegrabi litg

* String/Gauge clualitg: N=4 Super Yang»-—Mi”s SU (

equivalent toll B string theory on AdSs x S°
N

2 R 1 1
Ne = A = 24 == G2
9y m Vo Rlaante 9s = 9y m N,

* | ast equalltg miracle of MULTICOLOUR
A= NCgYM, N, — 0

o free string (sigma model) with Planck constant

’
— - s . - — — -
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An iml:)ortant example:the spec‘crum

+ Dimensions of gauge operatorszlinergg of the quantum

strin
S DO = AO ie. < O(z)0O(0) >= |z|22

> A Particular string comqguration shall corres[:)oncl to the
gauge oPerator (For any oPerator). Dis the string

Hamiltonian

» Multicolor: corresponc‘ence with INTEGRABLE SYSTEM,
better Be’tlne~\/ang (asgmpoticzlarge P vd g ey e E‘c]s

2 lmPortant Excursus: Exact E‘quations Form TBA Bombardelli,DFTateo

Gromov,Kazakov Vieira |

Arutgunov, Frolov.....

—— —_— -—— — - »
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o H = (va) is a non-trivial inFormation, namclg the

renormalisation of the fields

OZaTe X, Z ZabOlfl;en Vab =
b

+ No microscopic model, but, for largc size
(quantum numbers) /—\sgmptotic Bethe
Ansatz:1.2.3.4.5.6,7 eqs, symmetric w.r.t. the
central node 4 (seven raPiclitics:

B S S G L)




- ———————— - -

i . A i il G i . Dt iy

TWIST OPERATORS

o Idea: fill in the egs. onlg with s u4 ral:)iclitiees: covar. Denw.

s Then s will become very large: Fermi sea, ANTI-
FERROMAGNETIC vacuum

+ But consistencg imPoses TWO HOLES in this Fermi sea.

+ No noveltg: the same as s/ (2) sPin chain, e.g. studied for
QCD at one IOOP (Belitskg,Korchemskg,l\/lanashov,...).

o Infact N=4 SYM at one IOOP gauge is almost the same.
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A TRIALITY

Gauge/ String/ l ntegrable Systems:

QGKP =k ZDj_Z

Fast (folded) spinning string in AdS (angular momentum s):
Gubser—-Klebanov—-Polga|<ov. Folded string simulates an open string
which ends on AdS with the two scalars Z.

ABA solution with s u4 and two holes Z: Fermi sea or GKP vacuum.

Unclerstoocl:we startecl From zero roots=BMN vacuums=

TrZ-
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Trialitg: twist operators

* Gauge/ Striﬂg/ [ ntegrable Sgstem

* Scalar (QCD:quarks} twist ol:)erators (not onlg at the
ends)

s r7L
R DR s s

St sPinning (s on AdS) and rotating (L on S5)
(olded) string

+ [wo large u"r~ho|es, | -2 small u4-holes.
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A\ quick excursus on QCD

* Motivation for N=4 as laboratorg: twist operators were born in QCD (with quarks)

* Large spin behaviour

v(g,8,L) = f(g)Ins + fu(g,L) +O (L)

In s

* gjves (the cuspcpolgako@):mc/ 2 (!ight~lil<e WL (Korchemsks)) and the virtual scaling function
(WL and amplitudes)
P

. Highest transcendental part is N=4

* Reciprocity i1s the same Propertg:

* 1) Paritg: Pl L (s + g — 1) (s + g) 2) selﬁ-tuning: v(g,L,s) = P (s + %v(g, 7 s)>

* Of course, N=4 conformal: no mass scale) no asgmptotic Freedom) no confinement
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All the Excitations

» 7 (class of) Bethe—ﬁfang Equations (Beisert-Staudacher’s)
describe the states over the Ferromagnetic (ha|F~BP5) state of L
fixed spins TrZt

+ Now, we find the gauge excitations over the sea of u4 Bethe

roots:anthcerromagnetic state=Qaxp =172 DiZ SRy

o SCALARS are HOLES as in the non compact s1(2) spin (/2%
chain (inversion of the l.h.s. w.rt. the spinzl/Z)

* We convert the equations into non-linear integral equations bg

Cauchg circu!ating the u4 roots (DF. Rossi).

= - R W I T ComEarne g . e . —



* GLUONS: two Polarisations F, F corresponcl

to stacks o1c roots

2eZgr ST e [ e
Ll gh—- U~ u37j—u-__7,/2, ]—1,...,Ng

+ and respectivelg (26 85—

g
j )

2 R Y
Ug,5 — U Us 5 — Uj L 2/2, o)== 1,...,Ng

= Theﬂ are isoslain (SU™)) SINGLETS.




o FERMIONS (Gauginos) :theg leave on the two
sheets of the Zukowskg map:

29

2

m(u):g _1+\/1

+ small raPiclitg

U2

U
:Bf(ul):gl 1\/1

< large ral:)iclity :
Bl o) = % 1+\/1

B T e e e
S e o : " ~




s Anti-fermions: 1—>7, 3—>5 (uPPer half into
lower halb):

* sma”




© lsotol:)ic or nesting structure of GKP Bethe

Ansatz: Ka roots (linked to fermions)

Ugj = Uqj, J=1,...; K,

+ Kc roots(linked to antifermions: 2—>6)

Ug,5 — Uc,j, .] T 17 "'7Kc

o Kb stacks (linked to scalars)

Ub,j = U3,j = U555 Udj+ = Up,j T




* Fermons: 4 rePresentation (Funclamental)

NE Ug kb — UF; T % os, ﬁ Ug,k — Uq,j T ¢ - Ya,k — Uo,5 — %
] Ug kb — UF,j — % 7 T Ug,k — Uqg,5 — 1 i Ug,k — Up,j T %
e ﬁub,k—UbJ‘I—ZK Up. K uaj_%:Kc Up, k. — Ue,j %

i1 Wbk = Uy — % ) Ubk — Ua,g T 5 23 Ubk = ey g

=3 e ucj+7jK” uc,k—ub,g—%

Uip o =Tl <2 Ui okl S

—————_ e T AT . e e R
g R .



+ Anti-Fermions: bar 4 rePresentation (anti~1cuncl.)

K, L2V4S {

=S Ug,kk — Uq,j T ¥ Ua,k ub,]_é

g, Yak — Uag — 8o Uk = by + 5

s ﬁ Up g — Uy + ¢ T Ug,; —% & Upk — Uc,;j %

i Up o — Upj — 1 e Up ke — Uq,j T % = Up.k; — Uc,j T %

e uc,k—’ufp,j—l—% b LT Ue ko — Ue,j + 1 ﬁuc,k—ub,] —%

e e R i Yek — Ve — 0 Uek — Up + 5
) J

——— — T g Sl T e e -



+ Scalars: 6 representation (vector)

e o Ug,k — Ua,j )

= U Al e

Iﬁ Up k. — Up =5 % = ﬁ Up k. — Up,j + 1 Ba Up ke — Uq,j — %
U Up y iop Ubk — Ubj — i i Uk — Uay ’
= T ok — Uoy + 1

= el )

———— e r— TP T T T e — e - = e e Ty e —— . ————— P —
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7

Ug,k Up, ; 9
7

Ug,k — Up,j S5 5
7

b,k U’C,j B)
ub,k uc,j - %
7

Ue, k Ub,] T
uc,k e ub,j = %

———



[ Np S
H Ue k — up+za3-wR
= Up — 103 + W

p p=1
‘.

* We derive isotopic Part of the sU 4) sl:)in chain

Nyp

N
(uak Up +za1 'wR>

b

N R SN,
H ubk—up+zoz2-wR
Up | — Up — 109 - W

=
—

Uck

Kq )

Huak ua3+zHua,k—ub,j—z’/2
Ug ko — Ugq.i — 1 Ug . — Up i + 14/2
R a,k a,) = a,k ba.]_l_/
K, o s : .
Hubk—ub]+zl—[ubk Z/QHub,k—uc,j—z/Q
22 e S e ubk—ua]+z/2 ub,k—uc,j+z’/2
JFk =
jies Ky

— /2

Huck ucg+ZHuc,k_ub,j
U ] Ue b — Ub g i ER

J7Fk f=l

o with the h.w. w=(1,0,0), (0,1,0), (0,0,1)

respecti\/ely in the three case. Gluons are singlets.

o The physical rapidity enter as inhomogeneities, as
0 Pty g

should be.

———y r—— T T T T T e, e —e e
- . a2 €432 . B
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Scattering of Phgsical Particles

« Scalars

Ky i H Ng Ng
He BP (un)+2iD') (up) H e R f H S (up, up) H S9) (uy, uf) H S (yy,, ud).

e et 20 J J
Up Up, 5 Gy

= = Sl
h'#£h
Ng N r Ny i .
H SEE) (up, up ;) H S(SF)(uh,quj) H S(Sf>(uh,uf,j) H S(Sf)(uhauf,j)
=1 J=1 Jj=1 gl

— -Qf.'fr':qgm—w——f"" o e T ——TT S — e DD S Ay et e~ B, s et —— . e ™., W I —— =~ ——
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+ fFermions

iz -
IR B o L2 DAC (it ) H Wiike=Thay =) Z;; H S(FF)(UF,kauF,j)(- )
Upk — Uq,j — ¢

o Anti-fermions

S e — U -+7j/2NF - =
| = R = 1] S (up prup;)( )

o Also: other sheet F—>f small fermions (two-~

sheet Riemann surface)




+ Gluons

N_
S GRP () 12D (ul) H 5(99) (4,9 uf Hs(gg) H S%) (u? )
j=1,#k Jj=1 =
NF Ng Ny Nf
11897 (wg,ury) 1] 897 (uf, upy) [ S99 (ufsupg) 11 899 (uf, uz)
= =l = =il
N, N3 H
I — RPY(u])+2iD'9 (u]) H g(g9) (ud, ud) H g(99) (ud,ud) H S(gs)(ui,uh)-
j=1 TR h=1
Ng NF‘
HS(QF)(ui,u i) H S(gF) uk’u_ Hs(gf) wl ug HS(gf)
=l T=

———



lnterpretation

sU#) spin chain with representations 6
GKP vacuum breaks sUSY excep’c R~59mmetr9: goocl Nnews”?

Particles: bosons:6+l+l=8, fermions: 4+4=8

16 ‘spinons’ while we started from 16 magnons (BS eqs.)
We read off the momentum (and the encrgg)

Dgnamicallg gcnc—:rated Icngth R=21ns (clhq:erent from the original

one L), the rest (cou ;)ling depending) into D

Two coupling clel:)enc ing defects D (Purelg transmitting)
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* Most imPortantlgz we derived the (INTEGRADBLE) S-
matrix for the GKP clgnamics

2 Mang quantltles can be cietermmecl exactlg out cnc the

S-matrix: in present theoru all the Form Factors DBasso.Sever V’é”’ai
Belutsk D]:ROSSI 2

|<O|O|n>| G(”) (01, ,0n; A) exactly Not alwags true.

* Canwe use matrix Part (For some oPerator) to general

theory with the same symmetry (R~59mmetr9: SUME))7?

+ Even more problematic: re-summation of the FF*2

series: not possiblc, 199 Nnow, even herc, excepltiey
)
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PR e at strong couPIi ng minimal area stri ng computation (alday-Gaiotto-
= ¥

Maldacena) giVCS riSC to tl’TC A§ TBA (AI Zamolodchikov) ;

* We rel:)roclucecl TBA with on19 gluons and ‘mesons’ (meson is a 2D

fermion-antifermion bound state onlg at strong coupling, other Particle

contribution is superﬁciang l~|ooP) (DF,Rossi,Piscaglia)

s We also reproclucecl the general E—-gon: AAx(E=5 columns} (+Sever Vieira)

(clelicatc: determination of the convolution integration contours,) ¢bonini)

+ New way to consider: D TBA from s!:)ectral series which gives rise to a
Yang-Yang functional (zarea) (similar to how it arises in N=2 SYM

(Nekrasov-Shatashvil)); 2) classical Lax/ quantum IS.

* Weak coupling (gauge) results: tree level and ]——loop (Basso,Sever,Vieira+Perimeter) .

Z~looPs (Dixon,Drummond et al.) bg using ﬁelcl theorg methocls.




s series summing to TBHA

S Oiinte unique examPle (two~boclg Product) though we
may expect something similar in the UV limit of ‘ang’
FF series (cf. infra scalars), but it does not happen

* The key idea: Hubbard-Stratonovich transtormation
relalaces the infinite sums with a Path integral

1 :
ol / df dy’ X¥(0)T9(9,0') X (6")+
W}(LQ) — Z(Q) [Xg] sl /DXgeS(g)[Xg] 4 9
il / Z—W 19 (0" [LiQ(_e—E(Q/)Hqs eXg(Q/)> o Lig(—e_E(el)_i¢ eXQ(e’))}

® SO ~ VA ool saddle Point eds. are TBA eds.

del g(pn’ / . g(n’ / .
X9(9) — / 5 G9(0,0)u? (6) log [(1+6X (@ g BOw ey (P ek <9>e—E<9>—%¢)} =)

/ a9’ G9(0,0\T9(0',0") = 5(6 — 6"

.
— =~ T E———TT ——— - — —— — - - — — — - T ———
i a1 e e o e e D S S S =TTe —— - —
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* Crucia”g due to two—-body Procluct form of the

multi Particle FF (which did NOT happen before
e theorg):

N T 1
= / 11 [T;uak (uk)e‘TE%(“k””p“k(“’“)“m“m] 11
=

N=0 : CLlJ an i<j Paiaaj(ui’uj)Pajaai(uj’ui) |

« Gaussian fields Xs

N
(X(ay)(wi) Xa () _ /X @) ... 2 X(an)(unN) 1 oA X gy (U)X
€ j — (e (a1 e (an — e
11 < ) Py 5 (ulv) Po.o(v]u)

du # b . _ %
Whex = 1 exp e ta (1) e~ TEa(U)+iopa(U)+imag X (a)(u)




Crucial simpliﬁcation of strong couPling: the gluon bound
states are additive X%, = aX4, ; their measure=1/n"2 Procluces

the clilogarithm

Fermion-antitermion bound state in the 2d (GKP) S-matrix

analgtic structure at infinite ’t Hooft couplingz new Particle, 2d

mesorn.

New [FT"s or Pentagonal amPIitUClCS(DF)Piscaglia)Rossi)

Anew, bound states of mesons: theg are aclclitive; measure=1/

n*2 entails clilog.

It add a third Pseucioenergg XM with its ecluation couPIeCJ to
the two Previous ones: A_?% Dynkin cliagram (new kernel) .




Spectral OPE

Insertion of a OP onormal basis of asgmptotic

(free) Hamiltonian for scalars

| o0 ! Pn

. Jie= dg —z  coshl;
W = W(2 n) W(2 n) — G(2 n) 9 0 e =1
2 D Lsrian

Strong Coupling regime: relativistic O (8) NLSM,

21/ 4
| (5/4)

2= Mgap V72 + 07 Mgap (! ) =

8 e VXA @ Gl ATE

Exponentia”9 small mass in the exponent s subtle

lﬂ géﬂeral: zcosh 6, — TE(0;) + iop(6;)
GEM(1q, - ,ton) = Hé?/?l)(!la"' ! on) Mt (M1, ;1 2n)

-— - .
e T 4 T — T —E e D . e - S ——— T — - ——



e The clgﬂamic Part IS two—-bodg

2n
Mggn’ (61,8448050) = [ [ 11(61,6)

I<j

o The matrix part depen&s on ditferences, is
group—-theoretical (resiclual R—-sgmmetrg) and

coupling indepencleﬂt) but cumbersome

e ey it '2n 'n

@ gy = : ik SOOGERR IS
* mat 1y---) 2n 2
(2n)l(n!)s - ) 2T Y 2T i 2T
" 2n "
glai —a;)  g(bi —b) gle —q)
m i<j i<j i<j % o
A 2n " nn " wn P 20' 70
filai=10 e (o =T o S el
j=1 =1 k=1 1=1
e
f@) =2+ 7, gla) = (a? + 1)
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R o integrals similar to N=2 SYM l:)artition
function: sum over (sgmmctrised arrays of)

Young tableaux

» We want the exPonent:Free energy

I
1 d' n ! 2n
P el = E : F(Qn) P § : | | (2n) () o a4t coshils
& 1(2n)!/,12 g ! an)e

« and gs are the connected functions! 7iasi|9

ComPutaHe from G
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Excursus on fermions

« n fermions u, n anti-fermions v

(R e S e o dakdbkdckv.
Hmat({ul}’ {VJ}) o (n!)3 virs (27-‘->3

g(a; —a;)g(b; — bj)a(c; —¢;)
: 1<J

f(a; —Iy)f (ci —by) HW—%ﬁM—%Y

2] 2]

+ These can be generalisecl to all Particles and
all these (matrix Part) G=FF can be read oft
from Bethe Ansatz ecluations for sU 4)

A R I R s T T N T T T A T T S T —— o — - e
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Factorisation

+ Known PFOPCth ‘FOY' USUEBI FTs WOI"‘(S hCFC too

G@M(up+ 1, Uk + ! ,Ugkst,- - ,Usp) = GE M S G A (o e o e MO (15

o with the nove|t9 of the milder and more subtle Power~|i|<c
clecag (insteacl of the exponential one), thanks to the

balanCC
TG (Un+ A U + AU,y Ugn) — AP Uy, - um ) TI0 ™ (Um g, Uzn)
ngz (ul +A7 T, U2k +A7 U2k+1, 7u2n) s A—2m(2n—m)1—[g2(u1’ = 4 7u2k)HgLZt_2k) (u k+1, U )
» Therefore the soft, but integrable decag
: o 1
Ah_{réog(Q )(91 +A7 79m+A76m—|—1a"° 79271,) o F =0

)

’
— - s . - — — -
- - ‘_WW—'” TN—— L T ——T —— T DI N e —
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* Residue integration onaandc Procluces

I8,

ma

* Young “l’ableauxJ Fu”g encoclmg residues on }3)

(2n)

: mat (ul aaauZn) =

52n e o
Uzn) = (2n)! n' / H

e Hfu—b

Z (I1,aaalon)s =

[ ééﬁlgnZZn,li<3,li2Ii+1

* macle us guess the structure

A
D hat =

Pon, (Ula ééé-UZn)

2n

H(uﬁ +1)(uﬁ + 4)

i<j

) O

2

1Y [=2nli<3

* which we l:)rovecl bg factorisation.

b2,

()

1)

(Y)s




Strong coupli ng, expansion

o The clgnamical Part takes a relativistic simple

form at strong couPling

I2n

L @0 gy, 050) L L (6" 6) e

I<]

o Thanks to relativistic invariance, o integral

2l 1l

': GIR="0, 2] O =1, ., 2n! 1 F(Zn) X 2 dozig(zn) (041 ..... a2y 1)K0(Z€)
=1
Ko(z')="! Inz! In! +(In2 ! ")+ O(z%In 2) Z=Mmy,r! exp(" )
12n I2n I2n
£2=2n 42 cosh aj; 1 + 2 cosh(air 1! 41 1)
i=2 i=2j =i+l

e = (e e ——— : _— —



This contribution scales as

o0 gl
InW = \F 2] /H oy GZR ey e azn—1) + O(InVX)

) J the same as the classxcal mmlmal area: 2_"!AE

o Check with Knizhnik twist field dimension s.- e .o s s e

Castro~Alvareclo,Dogon,DI:

* and we can also compute Further: new ?eature 1S

divergencg (asgmptotic freedom).

+ Besides: hope of Coml:)uting the builcling blocks

FF=G (not F) in integrabilit9 theorg as comPutation

uses Young tableaux (N=2 SYM) sgstematicallg.




Actua”g) Bethe Ansatz structure of = but also

of G=FF which is simpler.

More Preciselg, Matrix Part can be exPressed Via

BALs, Scalar Part is a scalar Problem indeed.

G=FF means integration over the auxiliarg roots

a, b, cof Pre\/ious transparencies.

Connexion with q~KZ, and then N=2 SYM (wor|<

in Progress).
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Fermions and mesons (1~|ool:>)

* Before meson from bootstrap ot S—matrix

+ From the OPE series at strong couPIing forn

fermions and n anti-fermions

Wy = z_% WY

1 : 3 Trdu dV 10 U I v 10 v = n n
R S BRI (iR T b o (w8 s Bl op cORIRIEE S (i TR

(n
LY 2!

Cr_i

< Dgnamical Part 1S two—-bodg as for scalars

43 1 1 m 1

(). 5 o IS
Iy n({usd {v;}) = i P(us|ug) P(ujlus) P(vslvg) P(vj|vs)

i1 Pluilvs) Pvjus)

2 T R N i T T - g — P~ e



) Reca” the matrix Factor arguecﬂ From BA

e, ({u}, {v;}) =

lln

1

g(a; —a;)g(b;

1<J

P dakdbkdck

G EA 7ok

—by)g(ci —¢;))

y lln

f(a; —bj)f (c; —bj)

v il %1’ g(u) = u?(u” +1)

f (Ui — aj)f (Vi = Cj)

e : ir] : )
+ Butitis not suitable:' we must integrate to obtain

the Polar structure

S Quit v =

21

P (uy,..., LIS7ay/p Vi)
In In
[(u.! u)?2+1]  [(vi! vi)2+1] (Uil vp)2+4]
|<j ij =1

) J Dg Young tableaux and factorisation methocl as

lor scalars (P~Po|9nomlal)




el — — e

PRSI - -

P T —

i B S < b

« This is suitable to see

o 1) coalescence of Fermion»-anthcermion:meson,

which means OPE becomes sum over Mmesons;

* 2) short range or Pinching of many mesons

like Nekrasov instantons




Privileging u_i, fermionic contribution reads

n

1 du;
I/I/’f(n):ﬁ‘/cnz—ﬂ-lln(ulj7un)Hp(u”)

=1 I<]

with meson-meson short range Potential

u,%j
p(uij) = u,?j LT Ui = U — Uy,
as
A" & = U/ 29,9 = v;/2gfinite e, ! 1/g
And the v—-intcgrals
e @ (n) =t i A
In (ula 7Un) ity : Rn({ul} {UJ })P ({ul} {Uj }) h(ul UJ) p(vu )
' =i Bra=1 i<j

fermion-antitermion short range Potential

(resPonsible for the meson formation)
1
(ui ! Uj )2 +4

h(ui ! U ) =

e T T T e T ST e e e — —— —_— —
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© Regular function

R ({ui} {v; 1) [T w08 = 1 o (Quids {05 ) T [ B (uadiip(03)
P =1

* Onlg now, we use strong coupling to close the
contour C and coml:)ute 139 residues on lower

halF Plaﬂé on POI@S

® wp =g — 26y TS5y, ) = (1) Ry (ua, - gy s — 205+ 5ty — 24)




In conclusion, new effective 2D bound state

Particle of energy and momentum

Em(u)! Ef(u+ )+ Er(u™ 1), pu(u! pr(u+i)+ p(u” i)

And form-factor or Pentagonal amplituc]e

PMM(ylv) = —(u—v)(u— v+ i) P(u+ilv+ i) Pu—iv —4)|Pu — ilv + i) P(u + i|lv —9)

Technical definitions

- B (u+ i)fs (U —1)
B(u+ iju—i)Pu—iju+i)

u e
Big ((U[M)I="PYEE (u)

. < R Ee GUISTS Ptk
. u) = ue e
i v (U) = Hm (U)




@O introcluce tl’l@ sum over mesons

n n

1 L
W~ WM = § — / | | = - AR
e ‘7! e = - 1 = =P == L)

i<j g 1<jJ

* + 1~|ool:> corrections due to the integration on
the interval |, which makes C closed. Caveat: C

above s not exact Yy closecl: digerence Wl

Nekrasov. Yet, C closed is the leacling

aPProximatior\ (+1 ool:)) for |arge

g' 1/62




* We can Ao Sy be‘cter: average over a gaussian

field x

ol X (i) X (u)) :
PMM(u, —iju; — i )PMM(u; —ilu; —1i)

reg reg

+ of a Fredholm determinant (true also for
l?[p(u“):ln:[uﬁuil:ilndet(ui! lljj! i)

)

Nekrasov Partition function)

WM = (det (14+M)) = <exp [i (_lznﬂ TTM™

* With power traces

du 1
TTM™ = Cfag (u; —i)eX ) e e
< /HQm v ( Zl_lluz—uiﬂ—l iy :




* At leading order, we can close C

1yt 1 d Sy Ryl d
C £ C 21

n n

+ And hence obtain the usual clilog

W(M) ~ <exp [_/ %HM(U)U 5 |:_e_! Em (u)t " pwm (u)eX(u)i|]>
Cc 4

© +1~|oolz> corrections which are under control via the

exact power trace Formula.
* N.B. l—-looP corrections are easler here than above

< Verg general and universal Problem of correcting s

e ‘-mw—{'ﬁ- e ———T T —— T DL e —— - - e .



]..IooP corrections 1IN N=2 .o

* Nekrasov Partition function or more general Iong-range Potential of

form
ST N s aiEE 08 dr; %
/= TN AT % Q( |)ﬁ K (Gl 50
N =0 1=1 i<j
| + [orinstance
[174,(x —my) e
f=1 f T A=t

Q(x)

e —

:Hi\;c1(x_al)<x+€_|_—al) (332! !%)(xQ! |%)

* More general K, but we have the Problem of short range

x2

K(z) = p(x)e?*®)  with short range p(z) = o
r? — €5

| * For long range we can write gaussian integration

foes S0 d
Slong[X] 25T -

2, (22,,,)275(:1:! y) X () X (y), | t(x! 2)k(z! y)%ZZi"#(x! Y)

N RN I R R R —— - e — - i L 2
- ! P g . g - .



. e
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o Which means
(X (X)X (y)) = l2k(x —y)

+ And allows us an Hubbard-Stratonovich
transtormation to write exactlg the Partition

function

o0 N€ N
2= XD, Wi ZourlX] Y e / HQ(¢)X< kL HD(%)

o Of course, this method is not effective for the

short—-range p as epsilon~2—~>0

e ———— =~ . —



o Thisis whg we elaborated bg Meger expansion

the short Partition function (now trace formula)

0 —%

P 70 P 7 dX !
log 1—qQ(x)e*™®) Viog 1—qgQx)e*™®) —— + O(l,)

e Rl T el
— +
2Ill

Z = exp s Li, qQ(x)et™ T

» [rst time correction to THA (general Problem) bg

cUﬂiVCFSBl) nabla OPCT’atOF
VU(X) > Ur!eg. (X) 7 Us!ing. (X)

< Providecl this clecoml:)osition

ﬁ U(x) = Uteg.() + Using. (x)

< reg.zanalgtic inside the closed integration contour

(uPPer halt Plane), sing.zanalgtic outside (Milne)




ode e ——

e o S —— - % a

o Problem: no AGT corresponclence, SO FarJ but

complicatecl 2d massive scattcring theorg

« Still we would like PDE or ODE from some
null-vector condition, A Phi 21 which is

surFace G clcncect oPerator

. Subtletyz at the very end we wish to integrate
on the rapidities u I Plaging the role of vevs?
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Conclusions and Perspectives

* Modified TBA so to include this contribution which does not clel:)encl on ratios:

common origin, the sl:)ectral series. String one-loop corrections?
= 1}

* Universal Problem of quantise/ correct TBA (quantum dilog?): string, N=2, etc.

+ New way to consider: D TBA from spectral series which gives rise to a Yang-

Yang, functional (zarea) (similar to how it arises in N=2 SYM (Nekrasov-
Shatashvil); 2) classical Lax/ quantum S.

* Proofs of the form of the G and F from BA E‘qs. and all the transitions @elitski.

* Explicit computation of Polgnomials (over simple quac ratic Polgnomials) of the

matrix Parts.

* Young Tableaux clescril:)tions and computations for all the matrix Parts




