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Duality: null polygonal WL= gluon scattering amplitudes. Inspired by the
common dual stringauay-maidacenay Which describes also local sector of gauge
theory (WL non-lOcal) (Drummond,Korchemsky,Sokatchev,E)

An itegrability perspective. Benept for exchange of ideas between these
pelds!

Sketch of a PLAN in integrabile words :

Form Factor (FF) Series for null polygonal WLS:

(to gain the states) Nested Bethe Ansatz;

(to sum the FF series) Thermodynamic Bethe Ansatz (string theory);

(beyond classical string theory) FFs again: scalar additional contribution;
fermions revised towards 1-loop (bit more technical explanations);

+ Parallel with N=2 partition function and beyond the NS limit
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OPE for polygonal WLs

» Theory: N=4 SYM in planar limit X\ = N.g3-2,, N. — 00
« Dual to guantum area of Il B string theory on  AdSs x S°

+ Light-like polygons can be decomposed into light-like
PentagOnS (and SquareS): an OPE (aiday, Maldacena, Basso,Sever, Vieira)

+ Prototype: Hexagon into two Pentagons P
+ The same astwo-point correlation function <PP> into FFs

+ But WL non-local: local method, I.e. insertion of identity
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+ |n a picture:

NeXagon " s 4= P(140456)

In general: E-5 shared squares, E-4 pentagons!

+ Which mathematically means:

* W= exp(-rE)<O0|P|n> |
Multi-P correlation function:general m,n transition
+ =<PP>: the same a2D Form Factor (FF) decomposition

+ FFs obey axioms with the S-matrix karowskiweisz,Al zam smimov.£): 1)\Watson
egs., 2) Monodromy (g-KZ2), etc.

+ Eigen-states [n>? 2D excitations over the GKP folded string (of
length=2 In s+E.) which stretches from the boundary to boundary (for
large s).




+» The gquantum GKP string can be represented
by the quantum spin chain vacuum (gauge,

Korchemsky et al.)

| ckp = TI’ZD:_Z'F

+» 2D particles: 6 scalars, 2 gluons, 4+4
(ant))fermions Bethe states (sasso):

G e =TT 2D > S et o

= Z, W, X, F_|_J_,p_|_J_, \I]_|_, ‘Q_|_
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Correspondence(s) and
Integrability

+ String/Gauge duality: N=4 Super Yang-Mills SU(NC)
equivalent to |l B string theory on Adss x S°

2
Oy pNe = A \/—:R_: : QSZQ%MNN_

/ 2
Y gws C

+ Last equality: miracle of MULTICOLOUR
i — [ gemts s N S

+ free string (sigma model) with Planck constant
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An important example:the spectrum

+ Dimensions of gauge operators=Energy of the quantum

string 2 _ T B
DO =10 1.e. <O(X)O(0) >= |x]

+ A particular string conbguration shall correspond to the
gauge operator (for any operator). D Is the string
Hamiltonian

+ Multicolor: correspondence with INTEGRABLE SYSTEM,
better Bethe-Yang (asympotic=large size) seisert-staudacher EQS

+ Important Excursus: Exact Equations form TBA  sombardelipFTateo

Gromov,Kazakov,Vieira !
Arutyunov, FrolovE..
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e H=(!) is a non-trivial information, namely the
renormalisation of the pelds

BTy (0
~ dinp

bare _— ren
Oa v ZabOb I ab
b

+ No microscopic model, but, for large size

Zab

(guantum numbers) Asymptotic Bethe
Ansatz: 1,2,3,4,5,6,7 eds, symmetric w.r.t. the
central node 4 (seven rapidities:
ul,u2,udy4,us,u6,u’).




TWIST OPERATORS

» |dea: Pll in the egs. only with s u4 rapidities: covar. Deriv.

+ Then s will become very large: Fermi seaANTI-
FERROMAGNETIC vacuum

» But consistency imposes TWO HOLES in this Fermi sea.

+» No novelty: the same as sl(2) spin chain, e.g. studied for
QCD at one IOOp (Belitsky,Korchemsky,Manashov,E) .

+ |n fact N=4 SYM at one loop gauge Is almost the same.




A TRIALITY

+» Gauge/String/Integrable Systems:

l ckp = TrZD‘er+

+ Fast (folded) spinning string in AdS (angular momentum s):
Gubser-Klebanov-Polyakov. Folded string simulates an open string
which ends on AdS with the two scalars Z.

+ ABA solution with s u4 and two holes Z: Fermi sea or GKP vacuum.

+ Understood:we started from zero roots=BMN vacuum=

% Trzt
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Triality: twist operators

+ Gauge/String/Integrable System

+ Scalar (QCD:quarks) twist operators (not only at the
ends)

s r7L
R DR s s

» Fast spinning (s on AdS) and rotating (L on S5)
(folded) string

+ Two large u4-holes, L-2 small u4-holes.
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A gquick excursus on QCD

+ Motivation for N=4 as laboratory: twist operators were born in QCD (with quarks)

+ |Large spin behaviour

1

(@50 =1 @s+fa(@.L)+0 ()

* gives (the cusprolyakov) )=F/2 (light-like WL orchemsky)) @and the virtual scaling function
(WL and amplitudes)

+ Highest transcendental part is N=4

+ Reciprocity Is the same property:

» 1)parity; B(s) = £(C?), ¢? = (s+ gl 1) (s—l— g) . 2)self-tunigg: s) = » (S+ %! (g,L,s)>

+ Of course, N=4 conformal: no mass scaleno asymptotic freedom, no conbnement
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All the Excitations

7 (class of) Bethe-Yang Equations (Beisert-StaudacherOs)
describe the states over the ferromagnetic (half-BPS) state of L
bxed spinsT rZ b

Now, we bnd the gauge excitations over the sea of u4 Bethe
roots=antiferromagnetic state=! gkp = TrZD3Z + ...

SCALARS are HOLES as in the non compact sl(2) spin (-1/2)

chain (inversion of the l.h.s. w.r.t. the spin=1/2)

We convert the equations into non-linear integral equations by
Cauchy circulating the u4 roots (o Rrossi).




+ GLUONS: two polarisations F, F correspond

to stacks of roots

Ly, iU, = sl il D= e e

» and respectively (2N>6, 3N>5)

e me ke =l

Ug,j — UJ

+» They are isospin (SU(4)) SINGLETS.




+ FERMIONS (Gauginos):they leave on the two
sheets of the Zukowsky map:

: =
a’;(u)Z% 5 2 | 52

2 2

uc! 2g

+ small rapidity

= =
xf(ul):% 1! \/1! 21 |Xf|§g/\/é

+ |arge rapidity

; e
rp(uz) = u_23 1+\/1! iz 2 | > g/V/2
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» Anti-fermions : 1N>7, 3N>5 (upper half into
lower half):

+ small

xe (uz) = — 1! 11 —=-

+ large

: o
CIIF(US):% 1+\/1 92




+ |sotopic or nesting structure of GKP Bethe
Ansatz: Ka roots(linked to fermions)

o — Uagy  J = Ky

+» Kc roots(linked to antifermions: 2D>6)

Usj = Uc,j j 3 NP

+» Kb stacks (linked to scalars)

N sl

Upj = U3j = Usj, Ugj+ = Upj %




+» Fermions: 4 representation (fundamental)

Ua’k I

UF | +

j:]- Ua’k l

———— mr—— T TN P T T e

UF !

———— i —— T -

N=N|—"

K . Kbp '

-2 Ua’k I Ua,j S5 ) [ Ua’k ' Ub,J I§

- [

s Ug i ! Ua,j ' Ij=1 Ua k ! Up,j 5

i K i

Upk ! Upj + i~ % Upk! Uaj ! 5 7° Unk! Ugj ! 3
Upk ! Up; ! |J 1 Upk ! Ugj I§j:1 Upk ! U, IE
K Kb '

| | | L

j!:kuCk' Uejjo =5l oy ek s AU e




+ Anti-Fermions: bar 4 representation (anti-fund.)

uC,k '

Upz,j +

j -1 UC,k '

—— T T — "'"'"rg-r@_—‘—'-‘ T

Upz,j '

———— i —— T -

N =[N —

i
Uak ! Ugj +i° 7 Uak ! Upj ! 3
: ‘ i
E k ua,k ! Ua’J ! I J =1 ua k | ubj + E
. i K i
Up Kk ! Up,j + | Up Kk ! Ua,j ' 5 * Upk ! Uc,j ' §
' | I | i
=1 Upk - ua,j 0 2 j=1 Upk qu + 2
K Kb i
g uCk I uC,j e | uC,k ' ubj I IE
| | | L
j E K uC’k . UCJ | j=1 uC,k Ubj + 5



+» Scalars: 6 representation (vector)

1= ¢ Ua k ! Ua,j + | Ko Ua k ' Ub,j ! I§
g 5 P Ek Ua k | ua,j L i=1 Ua k ! ub,j E IE
ez ub,k! Un + I§ = AT Ub,k! Up,j + | )5 Ub,k! Ua,j ! '5 Ke Ub,k' Uc,; ' '§
_, Upk! up! 3 = jzg Uok D Upj bl Upk ! Uaj + %jzl Upk ! Ucj + &
1= i Uck | Ucj + | Ko Uck ! Up | ' IE
PEk Uc k ! uc,j L 21 Uc k ! ub,j + IE

2 4
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+» \We derive isotopic part of the SU(4) spin chain

Ua k ' Up + I 1 alvr
Ua k ' Up L7 1 é.\NR
Up k ! Up + Il 5> alvg
Up k ! Up L7 2 é.\NR
Uc k ' Up + Il 3 alvr
Uc k ' Up L 3 é\NR

N

#N

#N

BE Ugk | Ugj T I A" Ua k ' Up,j 11/ 2
ey Uak I Uy ! Iy Uak L up; + 1/ 2

Ub,k! Ua,j ' I/2!<C Ub,k' Uc,j 11/ 2
x Up k ! Ugj T I/ZJ: Ub,k' Ucj + I/ 2
P Uck | Ucj T I e Uc,k' Up,j 11/ 2
j.tkuckl Ucj ! '1_1 Uck ! Upj; + 1/ 2

+ with the h.w. w=(1,0,0), (0,1,0), (0,0,1)
respectively in the three case. Gluons are singlets.

+ The physical rapidity enter as inhomogeneities, as
should be.
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Scattering of Physical Particles

+ Scalars

| iRP () i (s) b Unp ! up; + b Mo No
= e B 2 SBunun)  SEO(un,f)  SEP(UnELES
j =4 h - b,] . z I!]]!!;]_h J =J: J =1 :
‘ Ne N N 2 |
a SEF ) (up,upy ) S (un,um; ) SC N (un,ug ) SEP(un,ug )
| . : : :
; J=1 J =1 ] =1 ] =1

.
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+ Fermions

Ka | ‘ NF
N R i e ) (U MR e U Dl 2 = o .
g Urk ! Ugj ! 1/ 2 U Uk, U ()
’ ’ J:l

J=1

+ Anti-fermions

1 = RP ) (umy )+2D (F)(ugy )

() |
T D T S (U, gy )(- - -)
i ! ' =

» Also: other sheet FN>f small fermions (two-
sheet Riemann surface)




+ Gluons

==

fJEv=

alRP (9) (ud)+2 iD (9) (u?)

No Ne IH
S(gg) (ug, ug) S(gg) (ug’ ug) S(gs) (ug’ Uh)f
j=1, Ek j=1 h=1

Ne N N Nio

SO (uf, ur, )
J=1 J

N
alRP (9 (u?)+2 iD (9 (u?) °

J
B N
S8 (ud, ugj)

S(gFﬂ)(ug, ulﬂ,j ) . S(gf)(ug, Us j ) | S(gfﬂ)(ug, qu )
=1 j=1 J=1

9 _Ng! IH
g(99) (UE, ud) g(99) (uE, u?) g(9s) (uﬁ, Up )i

=1 j=1,EKk h=1

x4 = !\If !\Ifﬂ

SE (Ul ug; )  SE(,u )  SE(Ul,ug )

j=1 1= i =

+ Gluons form bound states as well

———
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Interpretation

+ SU(4) spin chain with representations 6, 4, 1
+ GKP vacuum breaks SUSY except R-symmetry: good news?
+ Particles: bosons:6+1+1=8, fermions: 4+4=8

+ 16 €pinonsO while we started from 16 magnons (BS egs.)

+ \We read off the momentum (and the energy)

+» Dynamically generated length R=2 In gdifferent from the original

one L), the rest (coupling depending) into D

+ Two coupling depending defects D (purely transmitting)
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+ Most importantly: we derived the (INTEGRABLE) S-
matrix for the GKP dynamics

+ Many quantities can be determined exactly out of the

S-matrix: in present theory all the Form Factors Basso.Sever,Vieira;
Belitsky;DF,RossIE.

|<0|O|n>| =G (1, 444 ") exactly. Not always true.

+ Can we use matrix part (for some operator) to general
theory with the same symmetry (R-symmetry: SU(4))?

+» Even more problematic: re-summation of the FF*2
series: not possible, by now, even here,except..E
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+ EE.at strong coupling minimal area string computation( aiday-caiotto-

Maldacena)gives rise to the A3 TBA( Al. Zamolodchikov).

+ We reproduced TBA with only gluons and Omesong§feson is a 2D

fermion-antifermion bound state only at strong coupling , other particle

contribution is superbcially 1-l00p)orRrossipiscagiia)

+ We also reproduced the general E-gon: A3X(E-5 columns) (+sever,vieira)
(delicate determination of the convolution integration contours) (+gonini

+ New way to consider: 1JBA from spectral series which gives rise to a
Yang-Yang functional (=area)(similar to how it arises in N=2 SYM
(Nekrasov-Shatashvili)); 2) classical Lax/quantum IS.

+ \Weak COUpIing (gauge) results: tree level and 1-|OOp(Basso,Sever,Vieira+Perimeter).
2-l00ps (pixon,prummond etaty DY USINg Peld theory methods.
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FFs series summing to TBA

+ Quite unique example (two-body product) though we
may expect something similar in the UV limit of OanyO
FF series (cf. infra scalars), but it does not happen

+» The key idea: Hubbard-Stratonovich transformation

replaces the inbnite sums with a path integral

S9[x 9] = % dl drf X 9T, )X 9 )+

1 <(9) g
MRS R=7 (0) a3 BGllig - o i | e TN
E e ) Clin (e EOrm Ty 4 Li (1 e BCDTT X7

* soxer 143 Saddle point egs. are TBA egs.

-odre

X9(1)! Gg(!,!!)ug(! !) log (1+ eXg(!!)e" E( )+ i" )1+ eXg(!!)e" ST )#: 0

\ d!!Gg(!,!!)Tg(!!,!”): ..(!! !”)

’
— EE— - T — ——— - ——c P — T —
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+ Cruclally due to two-body product form of the
multi particle FF (which did NOT happen before
In FF theory):

!

! ! 5 7N 1

1
- Whex = , NI 7

ai an k=1 I<j

S " VEay (Ut i" pay (Ui)+ im 5, #
aaa Uk )e k k k |
N = uak( k) Pai aj (Ui |uj ) Pa,— aj (uj |Ui) :

+ Gaussian belds Xs

IN
3 e!X(ai)(Ui)X(aj)(Uj)" — !eX(al)(U]_) ééé((aN)(uN)" 1 — e!X(a)(u)x(b)(V)"
Pa b (Ulv) Ppa(viu)

i<j

A, ua(u) e! PEa(u)+ i" pa(u)+im o # ex(a)(u)
2!

a

Whex = 1 exp

:
—— DI e— . e — T e —— T e - S e e - — —— ———c— R -—— > ————
e "rav e " A - G = y < - X
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Crucial simplibcation of strong coupling: the gluon bound
states are additive x¢, = axj, ;their measure=1/n"2 produces
the dilogarithm

Fermion-antifermion bound state in the 2d (GKP) S-matrix
analytic structure at inbnite Ot Hooft coupling: new particle2d
meson.

New FFs or pentagonal amplitudesorpiscagiia,Rossi)

Anew, bound states of mesons: they are additive; measure=1/
n"2 entails dilog.

It add a third pseudoenergy XM with its equation coupled to
the two previous ones: A 3 Dynkin diagram (new kernel).
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Spectral OPE

Insertion of a orthonormal basis of asymptotic
(free) Hamiltonian for scalars

]! ! 2on Pn
- dt; Iz cosh !
= —LgBN(1,,444,,)e i+
| " 1
2n)t . 2

Strong coupling regime: relativistic O(6)NLSM,

21/ 4 7 |

! (5/4)| 1/8e! !_/4(1+ 0(1/ |_))

Zi=Mgap =F <422 Mgap(!) =

Exponentially small mass in the exponent is subtle

In general: zcoshl; | "E (1) + i#p(11)

e 2 s z 143
GPM (11,448l n) = ! gy?l)(!l;aaa!Zn)! Snart]t)(!l’aaa!zn)

-. - g
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+» The dynamic part is two-body

!2n
b ayn (F1,@@@lan) = b (Yinty)

I<j

+» The matrix part depends on differences, is
group-theoretical (residual R-symmetry) and
coupling independent, but cumbersome

B 1 " da ™ da " da
TR D e s e
nn 2n "N
ga" &) 9" b) 9" qg)
I m i<j i<j i<j % o
2n " nn " 2n :b2|| 70
Bfar ) ) S e (g syt ==t
z z =) Tl k=1 =il
« BUTEE

f(x)= x2+ % g(x) = x3(x%2 +1)
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« EEE.integrals similar to N=2 SYM partition
function: sum over (symmetrised arrays of)
Young tableaux

+» \WWe want the exponent#$ree energy

!l 2 !l 1 #n d|| 2 P n ! 2n hi.
et (2n)! ZTQ( (11,888 5)e 2 = oo
n=1 n=1 : i=1

+ and gs arethe connected functions ! Easily

computable from G

e ———— =~ . —
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Excursus on fermions

+ N fermions u, n anti-fermions v
n S o e Sl Phore [0 5%
(U WD = o ek

g@'! a)gb! b)a(c! g)

i<j

A
“hn

n

fa! b)f(c! h) f(u! a)f(v! g)

+» These can be generalised to all particles and

all these (matrix part) G=FF can be read off
from Bethe Ansatz equations for SU(4)




Factorisation

+ Known property for usual FFs works here too

G(Z”)(ul + | ,é.é.é.UZK + | , Uok+1 ,ééélUZn) !!!" G(Zk)(ul,é.é.é.UZK) G(Zn#Zk)(U2k+1 ,é.é.é.UZn)+ O(' #2)

+ with the novelty of the milder and more subtle power-like

decay (instead of the exponential one), thanks to the
balance

2n et 2L n 2 Ja 1 n 2 2n! m z z z 2n! m A
L S0 Uy + " AABU + " Umer  8&AU,) P 2R ™ () Uy 88 AUm ) S0 ™ (Unes A BUL,)
2n n L2072 n L 44 1 nl 2 2n! 2k z L~ 2n! 2k z z
N e Al E RS Liop s Al ) | m@nt m)y 2Oy, 44 aun ) B0 A (o , Adn)

+ Therefore the soft, but integrable decay

lim g®™M (1l + 1 ,448lm + !, Ima,848l)! 5" O




+ Residue integration on a and c produces

e e [ e s s
' mat (U, 88 zn) = @ni(n)?z 2l o N 1)
i= f(uj ! h) i<j

j

+ Young Tableaux, fully encoding residues on b,

R A = (I1,aadaln)s = (Y)s

I + a5 =2l 0= 3 I 1 5 [Y[|=2n,l;<3

+ made us guess the structure

o2 Pon (U1, @aaauzn)

* mat I2n
(uf +1)(uf +4)
i<j

+ which we proved byfactorisation .




Strong coupling expansion

+» The dynamical part takes a relativistic simple
form at strong coupling

d A4 a n BT AT (A Vo=t
* dyn (!1,aaa!2n)! ! (!i !j) 1 (1)= !2%_'_ i? "a_%! ;,

I<]

+» Thanks to relativistic invariance, . integral

. 2anml 1

Rl =1, 2n! 1 F(Zn) I 2 d! ig(Zn)(! Eaptiviey ABT 1)K0(Z")
=
Ko(z')="! Inz! In! +(In2 ! ")+ O(z%In 2) Z= Mgapr ! exp(" 1)
| !2n !2n
12=2n+2 cosh"j 1 +2 cosh(' iy 1! "ji 1)

R S = e — — B —————— —— Ll
‘—t-mw g _— — e - —



This Contrlbutlon scales as

I (2n)(#1 ----- #Zn 1)"' O(In ')

+ the same as the classmal minimal area; 2—"!_AE

+» Check with Knizhnik twist Peld dimension. - cu w. 1 =271 2 = 12jc=5
Castro-Alvaredo,Doyon,DF

+ and we can also compute further: new feature is

divergency (asymptotic freedom).

+» Besides: hope of computing the building blocks

FF=G (not F) in Iintegrabllity theory as computation
uses Young tableaux (N=2 SYM) systematically.
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Actually, Bethe Ansatz structure of F, but also
of G=FF which Is simpler.

More precisely, Matrix Part can be expressed via
BAESs, Scalar Part i1s a scalar problem indeed.

G=FF means integration over the auxiliary roots
a, b, c of previous transparencies.

Connexion with g-KZ, and then N=2 SYM (work
IN progress).




Fermions and mesons(1-loop)

+» Before meson from bootstrap of S-matrix

+ From the OPE series at strong coupling for n
fermions and n anti-fermions

1 s g !
Wf(”) = e K K e (U e (Vi) € FET (UOT TP (i) gl TEr (Vi) TP (vi) g‘/% {ul.{v}H! E:a)t ({u;}
nint ¢, 21 2!

+» Dynamical part is two-body as for scalars

In In
(M (rud fyd) = 1 . ' s
S LS o PUilup)P(uylu) Pilvi )PV vi) o P )P ui)

e = e ———— : — ——



+» Recall the matrix factor argued from BA

Ipir i dapdhidasae
T i PIR e o

L

lln

g(@! a)alb! B)a(c! )
i<j

f(a! b)f(c! t:,)"n f(ui! a)f(v;! q)’
| L 1) - 2
« But it Is not suitable: we must integrate to obtain

& f(u)= u?+ % g(u) = u?(u?+1)

the polar structure

(n)
! grr]gt ({Ui},{Vj}) = In £ !(nUl ..... SUCATET 5 ! \n/n)
[(ui ! up)?+1]  [(vi! v)?+1] [(ui ! vj)? +4]
<] i<j HL=

+ by Young tableaux and factorisation method as
for scalars (P=polynomial)
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+ This Is suitable to see

+ 1) coalescence of fermion-antifermion=meson,
which means OPE becomes sum over mesons;

+ 2) short range or pinching of many mesons
like Nekrasov Instantons




+ Privileging u_I, fermionic contribution reads

1 5 "N du "1
Wf(n) e QY —I| (Ul aaaun) p(Uij )
nt ¢ i=1 2! i<j

+ with meson-meson short range potential

(Uu)— U2 +1 Uj = Uj ! uj ,
* AS
I & = U/ 29,9 = v;/2gfinite 1,1 1/g
+ And the v-integrals
e SRk dV| (n) Y A
ln(ug,aadup) ! e E —Rn({ui}, {VJ})P ({ui}, {Vj}) h(u; Vj) p(Vu)
' =i Bra=1 i<j

+ fermion-antifermion short range potential

(responsible for the meson formation)

1

h(Ui! Vj): (ui! Vj)2+4

— =S S % QF"IW - 'h, T N P P e e - —_ ——————— — —— e SN o
- g = L . g - .
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+ Regular function

Re({uid. (v ufvi = L uik {vD) e (u)r (v)

I<] =1

+ Only now, we use strong coupling to close the
contour C and compute by residues on lower
half plane on poles

S vi =y ! 2, 18°°(uy,ad4aun) = (! 1)"Ry(ug,ddau,,uy ! 2i, 44ddu, ! 2i)




+ In conclusion, new effective 2D bound state
particle of energy and momentum

Em(u)! Ef(u+ )+ Er(u™ 1), pu(u! pr(u+i)+ p(u” i)

+» And form-factor or pentagonal amplitude

PMM (ulv) =1 (u! v)(u! v+ )P(u+ilv+)P(u! ilv! i)|Pu! ilv+ i)Bu+ilv! i)

+ Technical debnitions

u! v
u! v+ |

by (U) = py (u)e ' B (W+i7pm (u) = b (u+ D)ps(u! i)

Prl\élgM DS A " Bu+iju! P! iju+i)




+ Jo Introduce the sum over mesons

o # qu # 1 #

—ﬁM (u 3 i) é 1 = 1] S 1 = 1 -
P Sl Dl ' o PR (Ut iyt P (up " ifui i)

p(uj )

+» + 1-loop corrections due to the integration on
the interval |, which makes C closed. Caveat: C
above Isnot exactly closed: difference w.r.t.

Nekrasov. Yet, C closed Is the leading
approximation (+1 loop) for large

g! 1!,

.
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+» \We can do even better: average over a gaussian
peld X

& X (U)X ()" | =
Preg" (ui " ifup " PR (uj ™ ifui " i)

+ of a Fredholm determinant (true also for

Nekrasov partition function) .7 &+ ™ arur
' # o (#1)nt S
WM) = Idet(1+ M)"= exp - TrMm?"
n=1
+ With power traces
- ; " dUi " : = " 1
S TM" = Lo T (uj ! i)er! )i:1 e Up+1 " Uq




+» At leading order, we can close C

COM du, I e GBI T

S AR (U e o Bl (W™ @

TrM" |
n c 2! n c 2!

+ And hence obtain the usual dilog

du P &

g V4
— Um (U)LI . n e! FEm (U)+ 1" pm (u)eX(u)

wM) 1 exp "
252

+» +1-loop corrections which are under control via the
exact power trace formula.

+ N.B. 1-loop corrections are easier here than above

+ Very general and universal problem of correcting TBA




1-loop corrections IN N=Zuugneon

+ Nekrasov partition function or more general long-range potential of

form

' !N | 2N % d"i%
Qi R
=1

i<j

N =0 Mk i
+ For instance

N
f=1 (X! my) XS =)

(x ! oa)(x+ ! a) = (x21 12)(x21 12)

Q(x) = 1

+ More general K, but we have the problem of short range

2
K (x) = p(x)e'2®) with short range p(x) = )(2):—12
M -2

+ For long range we can write gaussian integration

1  dxd
Stong [X]= 5— >

o, (Zi..)zt(x! y)X (X)X (), | t(x! z)k(z! y)zdi_fzzr-#(x! y)

— ~ - e A I A e e e e e S —
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+ Which means
IX (X)X ()" = k(X # y)
+ And allows us an Hubbard-Stratonovich

transformation to write exactly the partition
function

X, with Zaor X1z D2t P g pecendi ®
Z = Zgshort [X]", wit Lshort [X] = Q" e
e N ! 2 21 # <

p("ij )

+ Of course, this method Is not effective for the
short-range p as epsilon_2N>0

e ———— =~ . —



+ This is why we elaborated by Meyer expansion

the short partition function ( now trace formula)

0 —%

| Lo . dx ’
| O(l,)

: == P % P Y4
Z= exp = L, qQx)e&® —+ > log 1! qQx)e*™ "

P 7/
| QO hets:

__ +
21"

+ First time correction to TBA (general problem) by

OuniversalO nabla operator
! U(X) > Ur!eg.(x) : Us!ing. (X)

+ provided this decomposition
| U(X) = Ureg. (X) + Using. (X)

+ reg.=analytic inside the closed integration contour

- B

( (upper half plane), sing.=analytic outside(Milne)
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+ Problem: no AGT correspondence, so far, but
complicated 2d massive scattering theory

+ Still we would like PDE or ODE from some
null-vector condition, e.g. Phi_21 which Is
surface or defect operator

+» Subtlety: at the very end we wish to integrate
on the rapidities u_I: playing the role of vevs?
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Conclusions and Perspectives

+ Modibed TBA so to include this contribution which does not depend on ratios:
common origin, the spectral series.String one-loop corrections?

+ Universal problem of quantise/correct TBA (quantum dilog?): string, N=2, etc.

+ New way to consider: 1JBA from spectral series which gives rise to avang-
Yang functional(=area)(similar to how it arises in N=2 SYM (Nekrasov-

Shatashvili)); 2) classical Lax/quantum IS.
+ Proofs of the form of the G and F from BA Eqs. and all the transitions (seiitski) .

+ EXxplicit computation of polynomials (over simple quadratic polynomials) of the
matrix parts.

+ Young Tableaux descriptions and computations for all the matrix parts
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