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The Forest Formula

B PH Z (Bogoliubov, Parasiuk 1955; Hepp, Zimmermann )
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Ingredients

- Scheme dependent counter-term operation /<

- Notion of sets of divergent subgraphs/regions [/



What I1s a forest?

A forest is a set of subgraphs {71, -,7} which are either nested 7 C v;
or disjoint v, N+, =0 .
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Forest formula generalisations

Hopf algebraic formulation

[Kreimer,Connes; Bloch; Brown]

Generalisation to euclidean IR

[Chetyrkin, Tkachov; Smirnov; Brown]

Generalisation to collinear

[van Neerven]

Towards soft+collinear forest formula for

Real radiation [coliins, Soper, Sterman; Caola, Raul, Roentsch; Somogyi, Trocszanyi,
DelDuca; Magnea, Maina, Torielli, Uccirati; FH]

- On-shell delta functions
- Overlapping divergences now appear: soft-collinear

- [FHI: Use a slicing/blow-up scheme to classify and treat overlap



Forest formula generalisations

. . HeH id®antipode » HoH
* Hopf algebraic formulation
[Kreimer;Connes; Bloch; Brown] comult mult
* Generalisation to euclidean IR H————k————H
[Chetyrkin, Tkachov; Smirnov; Brown] \ /I
comult mult
* Generalisation to collinear
[van Neerven] HeH antipode®id > HeH

Towards soft+collinear forest formula for

Real radiation [coliins, Soper, Sterman; Caola, Raul, Roentsch; Somogyi, Trocszanyi,
DelDuca; Magnea, Maina, Torielli, Uccirati; FH]

- On-shell delta functions
- Overlapping divergences now appear: soft-collinear

- [FHI: Use a slicing/blow-up scheme to classify and treat overlap

Conjecture:

= )= g) X Z/{g) mod J Y .
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Normal coordinates measure distance
along the surface “normal”

Singular surface S

T dy T
Counter-term prescription: / —f(x) — lim / ?f(x)
0 €

X e—0)

-/ T [ 1o
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Normal coordinates

. Normal Upper
Region coordinate bound
Collinear L12]]..[|n °12..n < b12.p
Q2 B
Soft 12.n — 0 2P1-P12..n < ao.n
Skl

Soft variable requires choosing suitable momentum pg;
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Hierarchy of regions

* A forest formula emerges (at least conjecturally)
from region cancellations with the hierarchy:

Qjy..ip = Qjpgy_q > - > b; > 0> biliz

.
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SiImple Example
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Locations of singularities in
Mandelstam space 13



Simple Example cont.

1 =0O(F) + 0(S2) + 6(C12) + O(Cs3)

— @(Clg M SQ) — @(ng M 52)

Note: Hierarchy implies that the
soft region contains the overlap
of the collinear regions .
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Simple Example cont.

2 1
(47T)_2+6 . =C oll=—1 )l
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59

2€

I'l1—¢€) sisa,
(1,3) ©(S2)s13 o 13 32
/(M)S2 S12823 Sl [(l=2e): ‘e

(471.)—24—6 b12Q? i (e y i
/ d(I)CwSQ@(ClQ M SQ) — F(l T 6) /0 d812812 /0 292,

So N Cho

i 2

@(012 M SQ) - (47‘(’)_2—i_6 (agbngz)_e
/ dq)ClQSQ S1222 F(l s 6) €
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Simple Example cont.

Isingular (@ a1, b12, bag) = (3.25)

:(5—23)2[4-(2 —|—_9 4lna2—|—(9—!—4§2+181na2—|—41n2a2)+(’)(e))
o <—2 s =l Zmblz + (4+4¢ + Tlnbiy + In? bi2) + O(€)>
3 ( il 21nb23 + (4 +4C + Tlnbog + In® bog) + O(€)>
_(632+_9‘21““62_21“12+(9+6g2+91na2+91n512
+21InagInbyz + In? ag + In? bi2) + O(e)>
_(6%+_9_21na62_21nb23—I—(9+6C2+91na2—|—91n623
19 In @y In bos -+ In“ @y + In” bas) + O(G))} (3.26)
®; (2 -5 2
= BE [6—2—|-T—|—(—1—2111612—21nb23—21na21nb12—2lna21n623—|—21n az) + O(e)| .
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The finite part

* a) Slicing:

s
I (Q; a1,b12,b23) = /dCI>123 O(F) &
$12 $23

O(F) = O(s12 > b12Q?)O(s93 > 523Q2)@(32(13) > a2513)

* b) Subtraction:
QQ

s
Ir(Q;a1,bi2,beg) = /d@ms[ e O(s213) < a2Q°)
$12 823  S12 $23

(212 = @(221 < CLQ)) 9
= O(s19 < b
512 221(1 — 812/Q? (12 126°)

)
(232 — O(223 < ap ) 2
— O(s23 < b
So3 293(1 — s23/(Q)?) . 230°)
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Numerics

S » 900F En. e =
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* Subtraction
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General framework

Start with:

O©(Singular) + O(F) =1 O(F) = H (1 —0O(r))

reR
with R the set of all singular regions; to get
O(Singular) = — Z (—1)IYI H O(r)
UCR rel

where U Is any non-empty subset of R.

Final step: argue that non-desired regions cancel using hierarchy. 19



Mis mdscmiee S ¢ cgas e @D

Soft integrals simplify by choosing different soft
reference vectors Pk for different diagrams
contributing to different eikonal factors!

O (Singular) * \Ml_,nH\Q — Z (M) 1..n+1 (Mp)1.nr1 ©(Singular(k, m))

k,.m
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NLO singular gart

Singul . .
Ol qont1 = — lim lim
T a;—0 b;;—0

‘ Z (_1)|U|/d(1)1..n+1 «71(}7)%1 H O(r) * ‘Ml..n-l-l‘z

Ucid(l) relU

\ U = G 151, 1C;.50 )
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Soft and collinear lImits

» Soft:
alklglo@(sk) * (M1 nt1]® = Z \M%ﬁ n+1‘28 @(aksij - Sk(ij))
ij
» Collinear:
. 2
b};glo @(Cij) g |Mzg|2 — @ (Pij)mm |Mﬂlu2..fj..|2 @(bijQz o Sij)
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Integrated counterterms NLO

o] o siie glUehic FeeliEiden

Smgular ) TS (s, a5) = / dq)gj,l)(skl’ai)si(k,l)

]_ ]_ n+1 Z Q b?}j ? a”bj a/j)OO;l'.?:j..n+1 - QCF(a?skl)—e F(l —6)2

1> e  T(2—2)

5 \ 5 ) k ) S 15(@0) = [ d, (@) = (o)
s si]
i k l#?, 62 (3—26) F(2—2e)
I59(Q2, by, az) /d<1>c 5. (Q%bij, as) i P,
= 40 (Q2b€2a) 5

40— qdy o MO |7

L;1.n+1 1..n+l1 n—l—Z

To(Q%,bij, aiy a5) = TG(Q, bij) — I5F (@2, bij, as) — Tk (Q2, bij, a5)
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NNLO singular part

Singular : : . .
(’)2;1“n+2 = — lim lim lim lim

ajj—0 a;—0 b;;;r—0 b;;—0

S (-1l / 101 0 T2 TTO0) * My nial?

UEZ/{(2) rcl

Uil = {{Sz'}, {Sij},{C} {Ciji}s {Cijes Cij }s {Ciji, i} { Cijies Si}s { g Cra}
{Cij: Si5},{Cijs 5}, {Csj, Sk} {5455 Si 3 {56, 551, {5i5 55, 845} { Ciji Cigo Sis 1
{Cijk> Cij, Si 1, {Cijks Cij, Sk} A Ciji, Sigs Si} ACij, Sis S35 {Cijkr Siy S5 Sij
{Cij, Cri, Si}s 1G5, Sij Si}, 1Cisr Sis Sk} 1C551 Sir Sks Sk 1o 10585 Sigis Si }
1Ciix, Cij, Sij, Si}s {Cijks Cijs Siks Sk} 1Cijks Cijs Si, Sk}, 1Csjk, Cig, Sis Sky Sik }
1Cs5, Cris Si, Sk}, 1Cs5, Ch, Si,Sk,Sik}} 24



Double soft lImit

Soft momenta factorised but color kinematic correlations
with up to 4 Wilson lines \

1 - J)(ryt) : T,
kl%m Mol = 2 ) M; 7}f(l/n’2 S s
'jrt:O

- 300 Y WP (287 - 7 - 5)

1>7=1 /

Double soft momenta correlated, but only 2 Wilson lines
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ljolibie soft gl cont

* Let the kinematics follow the color!

lim @(Skl) ¥ My ngol® =

ar;—0
n+2 o e o |le A
“CA Y IMPY el @S - 85Y - 857) 6awsii — snen)
L=k

lim  lim (1 — ©(Sk))O(Sk)O(S)) * [Mi_ni2|® =

ak;—0 (ag,a;)—0

1 P .
+§ Z |Mg.’.‘zf)..(l/2+2|2 SIS: ) Sz( D O(aksrt — Skz(rt)) O(a;si; — Sl(ij))
i,j,r,t?ék,l
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Master Integrals ano

« 2 double soft integrals appear in
higgs threshold production
[Anastasiou, Buehler, Duhr, FH]

* 4 triple collinear integrals are
identical from the n-jettines jet and
beam function [Waalewijn,
Ritzmann]

* Large number of overlap
contibutions but integrals are
“trivial”

reverse unitarity

2
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NNLO Integrated counter-terms for final

state gluonic radiation

Singular
Ooiiomy2 = § : (tij» @i, 05) O14 5 nso
(|
— g g (’)(”) g (s, a5)
1l Bt ? g "k
k zg;ék:
Z gigj (tij, ai, aj) ng:gz (thi, ak, ar) 00;1..{7'..121..n+2
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a3 § g g gk bijks big, Liks Uik, Qig s Qiks Qs i, g, k) OO;l..i/jZ:..n—H
1>j>k

C (t;m) S
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H—0ggg pnase space Integral check

Singular
OH—>91929394
OH 91929391 = 120(CF)2(CA)20H—>g192
1 1121 1 872 123 4691
'{‘:4‘:330 e R
37 304951 2303
+[_1_0C4_W 9C3+—C2] (e)}

Poles check out!

Finite terms remain to be checked!

o 120(CF)2(CA)20H—>9192
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187 121 S 8
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4 16
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Beyond?




Maximal forest partition

A maximal forest U,, is a forest which has maximal size in U/ .

In each sector the only singularities which can occur are those contained
In the particular maximal forest.

[FKS at NLO, Stripper at NNLO, sector-improved subtraction...] 31



- XAMPLE

d®934
e /
51251235124
Maximal forests:

Urrln e {012701237512}7 ng = {012701247512}

Partitions:

S124 D) 5123
Ul) = , U2) = ‘
p(Un) $123 1+ S124 p(Un) S123 + S124
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Maximal forest integral representation

f(.)

/dcl)1234@(312)@(0123)@(012)

Y12Y123Y34
(¥34—Y123)¥123
; dys4 /y3 dy123/ Y123 dyio AT f(.)
g s b123 Uros Jovys Y12 3

There appears to exist a unique representation which allows
to insert the cutoffs explicitely.
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Numerically stable slicing

3
2
1 it
5°
—t = I
Lo SRS
s e
)
1x10°12 1x10710 1x1078 1x107° 0.0001 0.01 1

A

a1z = A, 51232)\27 b12=)\3- 34
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(¥34—9Y123)Y123

: Eetng Y34 71923 b12
/d[FP(Um) = / dy34{/ dy123{/ dy12 Zr —/ dy12IS}
0 0 0 0
) b123 Y34Y123 b12
i / dy123[ / dyie Zg — / dy12ISH
0 0 0

ai2 Y34 (¥34—y123)Y123 b12
—/ d3/34{/ dy123{/ dyi2ZLs —/ dyi2 IS]
0 0 0 0
b123 Y34Y123 b12 1
—/ dy123[/ dyuIs—/ dyuzsﬂ (20
0 0 0
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a19 = D19 = D1o3 = A

0.02

O_

-0.02 -

=

-0.08 -

Al %

-0.1
0.2 0.4 0.6 0.8 1



[ O Lisions

* Presented a new subtraction formalism based on Feynman
diagram dependent slicing observable.

 Have analytically integrated all counter-terms for gluonic
final state real radiation at NNLO.

* Integrated counter-terms are simple and can be recycled
from Higgs soft expansion and n-jettiness beam and jet
function.

 Scheme is not very (?7) suitable as a slicing scheme.

* Outlook: Promote the integrated limits to local subtraction
terms

37
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