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Introduction

• in high energy scattering, sometimes 
masses may be neglected; symmetry 
enhanced from Poincaré to conformal 
symmetry

• most studies so far deal with correlation 
functions in position space; what are the 
consequences for on-shell scattering 
processes?

• broad applications: gauge theories, Yukawa 
vertices,        ;         in D=6 dimensions 

We consider amplitude Feynman integrals instead of the scattering amplitudes

I(p1, . . . , pn) =
⁄

dDk1 . . . dDk¸
N ({ki}; {pi})

D1 . . . DN

• Scattering of massless particles p2
i = 0, i = 1, . . . , n and

q
pi = 0

• Massless propagators Di

• Conformal interactions, e.g. Yukawa vertices and „4 in D = 4; „3 in D = 6
• UV- and IR-finite sector of the full theory, i.e. finite Feynman integrals
• Feynman integrals are naively conformal

An≠1ÿ

i=1
Ki,µ

B
I(p1, . . . , pn) ?= 0

On-shell conformal generator Kµ is a 2nd order di� operator
• Attention, change of notation: k æ K , q æ Q, s æ S, etc.

6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

= 4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???



Symmetry for finite `hard functions`

• this talk: study effect of symmetry on finite 
`remainder functions`, i.e. hard processes

• two quantum sources of symmetry breaking: 
soft/collinear and ultraviolet effectsIntroduction to scattering amplitudes 6

Figure 1. Factorization of soft and collinear singularities.

of bosonic and fermionic states the same, and preserve Ward identities for ordinary

supersymmetry.

The general structure of the infrared divergences is well understood from decades
of work in QED as well as QCD [37]. It has been worked out in the most detail in the

context of dimensional regularization [38, 39, 40]. The basic picture is shown in fig. 1.

Soft divergences and collinear divergences associated with the amplitude M each have a

universal form. They can be factorized from each other and from a hard, short-distance

part of the amplitude. Soft divergences, denoted by the blob marked S, come from

exchange of long-wavelength gluons. These gluons do not have the resolving power to
probe the internal structure of the “jets” J of virtual collinear particles which capture

the collinear divergences. Soft gluons can only see the overall color charges of the jets.

An individual jet function Ji depends on the type of particle i, but not on the full

amplitude kinematics. The soft function S does not depend on the particle types, but

only on their momenta and color quantum numbers. In general these quantum numbers

can be mixed by gluon exchange, so S is a matrix in color space. The hard function h
has no infrared singularities, but generically depends on the particle types, colors and

kinematics.

In the planar or large-Nc limit, the picture simplifies considerably, to that shown

in fig. 2. Now M represents the coefficient of a particular color structure, such as

Tr(T a1T a2 · · ·T an) (assuming that all external states are in the adjoint representation;

see section 2). In the planar limit, individual soft gluons can only connect color-adjacent
external partons. There is no mixing of different color structures at large Nc. One can

absorb the entire soft function S into jet functions, which corresponds to breaking up

the right-hand side of fig. 2 into n wedges. Each wedge is bounded by two hard lines,

and is composed of “half” of each of the two jet functions, as well as the soft gluons

exchanged between them. Up to nonsingular terms, the wedge controlling the infrared

divergences represents the square root of the Sudakov form factor, which is defined as
the amplitude for a color-singlet state to decay into a pair of (adjoint) gluons.

In dimensional regularization, the Sudakov form factor obeys a particular differ-

[Figure: L. Dixon, J.Phys 
A44 (2011) 454001]

• application: complicated 
amplitudes from symmetry?



Plan of the talk

• (Loop-level) conformal Ward identities

• Application: `bootstrapping` 5-particle integrals 

• Superconformal symmetry: from 2nd order 
PDE to 1st order PDE

• First result for a non-
trivial hexa-box integral

Ward identities for five-point integrals
Integrals with ’magic’ numerators [Arkani-Hamed, Bourjaily, Cachazo, Trnka ’10]

ANMHV
5 = =∆ I(1)

5 ({⁄, ⁄̃}) =

ANMHV
5 = =∆ I(2)

5 ({⁄, ⁄̃}) =

S–-variation of A5 is anomalous =∆ inhomogeneous PDE for ¸-loop Feynman
integral I(¸)

5 ({⁄, ⁄̃}) with collinearity operator F –
ijk ,

F –
ijk I(¸)

5 ({⁄, ⁄̃}) =
ÿ

r=1,2,3,4
⁄–

r

⁄ 1

0
d› A(¸≠1)

r (›, {⁄, ⁄̃})



Conformal symmetry
• important in many areas: string theory,  

AdS/CFT, conformal bootstrap, solid state 
physics, mathematics

• all local (re)scalings of the measure
- Poincaré group,                                 
- dilations,                                          
- special conformal boosts

• powerful symmetry!

Conformal symmetry
I In massless theories the Poincaré group can be extended to the

conformal group with the addition of
• dilatations

xµ æ ⁄xµ

• conformal boosts

xµ æ xµ ≠ bµx2

1 ≠ 2(b · x) + b2x2

I Euclidean spacetime: transformations preserving angles

I Minkowski spacetime: transformations preserving causality
timelike points ≠æ timelike points
lightlike points ≠æ lightlike points
spacelike points ≠æ spacelike points
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1 Conformal symmetry
In massless theories the Poincaré group can be extended to the
conformal group with the addition of

dilatations x

µ æ ⁄x

µ

conformal boosts x

µ æ x

µ ≠ b

µ
x

2

1 ≠ 2(b · x) + b

2
x

2

conformal map

Consequences of conformal symmetry in position space are well studied
Our goal: application to scattering amplitudes
Û work in momentum space
Û on-shell massless configuration p

2
i

= 0
The generator of conformal boosts becomes a 2nd order operator

Kµ =
nX

i=1

2

4≠p

iµ⇤p

i

+ 2p

‹
i

ˆ

ˆp

‹
i

ˆ

ˆp

µ
i

+ 2(D ≠ �
i

) ˆ

ˆp

µ
i

3

5

2 Collinear anomaly
Consider naïvely conformal Feynman integrals
Conformal symmetry may be broken in massless configurations [1]
E.g. D = 6 scalar �3 theory
Û Contact anomaly

Kµ
1

q

2(q + p)2 = 4ifi3
pµ

Z 1

0
d››(1 ≠ ›)”(6)(q + ›p)

...p

q

on-shell corner
p

2 = 0

Û Localized on the collinear configuration
q = ≠›p, › œ [0, 1]

Same conformal symmetry breaking mechanism in D = 4 theories

3 Powerful anomalous conformal Ward identities
The contact anomaly in each on-shell corner localizes a loop-integration

Kµ

Z
d

6
q Ã pµ

Z 1

0
d››(1≠›)I(q = ≠›p, ...)I(q, ...)I(q, ...) ...p

q

System of linear non-homogeneous 2nd-order di�erential equations

Kµ”(6)(P)I(¸) = ”(6)(P)A(¸≠1)
µ

Û I(¸) ¸-loop Feynman integral
Û A(¸≠1)

µ anomaly, 1-fold integration of ¸ ≠ 1-loop integrals

Solving these equations for I(¸) in general is an open problem
Here we follow the bootstrap approach

4 Bootstrap strategy
1. Write an ansatz for the integral (s © kinematic variables)

I(s) =
X

i ,j
c

ij

r

i

(s)f
j

(s)

Û algebraic functions r

i

(s) ∆ controlled by leading singularities (e.g. [2])
Û special functions f

j

(s) ∆ polylogarithms described by alphabet {–
k

(s)}
Ansatz for the symbol of the integral

S
2

4
Z

“
d log –1 ¶ ... ¶ d log –

n

3

5 = –1 ¢ ... ¢ –
n

2. Fix the finite number of coe�cients c

ij

through Ward identities

5 First application: 6D penta-box

I(2)
5 =

p1

p3

p2

p4

p5

finite
planar
even under complex conjugation
graph symmetry {1 ¡ 3, 4 ¡ 5}

For pentagon functions up to two loops the alphabet is known [3, 4]
The planar alphabet AP contains 26 letters
It is su�cient to calculate just one projection of the anomaly

⇣
q · A(1)⌘ = (rational) ◊ (weight-3), q ‹ p2, p4, p5

to show that
Û I(2)

5 is weight-5 pure function (modulo algebraic prefactors)
Û only a few letters can enter the symbol as last entries
The ansatz for the symbol then is

S

I(2)

5

�
= 1Ô

�
X

I=(i1,...,i5)
c

I

(–
i1 ¢ ... ¢ –

i5) , –
i

œ AP

where � = det (2p

i

· p

j

) is the Gram determinant
Constraints Planar weight-5 integrable symbols

1st entry condition from [4] 3436
odd under c.c. 161

last entry condition 59
graph symmetry 33

Û All coe�cients are fixed!
Û Only one projection of the Ward identities is needed

6 Outlook
Upgrade bootstrap to function level (Goncharov polylogarithms):
fix “beyond the symbol” terms
Extension to super-conformal symmetry [5]
Û Wess-Zumino model of N = 1 massless supersymmetric matter
Û 1st order Ward identities ∆ even more powerful!
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Conformal symmetry: momentum space

• off-shell special conformal generator             
2nd order in momentum space

Conformal boost generators in momentum space

O�-shell conformal boost Kµ with conformal dimension �,

Kµ
� = ≠qµ⇤q + 2q‹ˆq‹ ˆqµ + 2(D ≠ �)ˆqµ

On-shell conformal boost Kµ

• D = 4 realization is well known, [Witten ’03]
Spinor-helicity parametrization of light-like momenta by SL(2) spinors

‡µ
––̇pµ = ⁄–⁄̃–̇ , Kµ = 2 ‡̃–̇–

µ
ˆ2

ˆ⁄–ˆ⁄̃–̇

• In D = 6 we use chiral SL(4) spinors ⁄Aa, A = 1, . . . , 4; [Cheung, O’Connell ’09]

Conformal boost generators in momentum space

O�-shell conformal boost Kµ with conformal dimension �,

Kµ
� = ≠qµ⇤q + 2q‹ˆq‹ ˆqµ + 2(D ≠ �)ˆqµ

On-shell conformal boost Kµ

• D = 4 realization is well known, [Witten ’03]
Spinor-helicity parametrization of light-like momenta by SL(2) spinors

‡µ
––̇pµ = ⁄–⁄̃–̇ , Kµ = 2 ‡̃–̇–

µ
ˆ2

ˆ⁄–ˆ⁄̃–̇

• In D = 6 we use chiral SL(4) spinors ⁄Aa, A = 1, . . . , 4; [Cheung, O’Connell ’09]

Conformal dimension

Conformal boost generators in momentum space

O�-shell conformal boost Kµ with conformal dimension �,

Kµ
� = ≠qµ⇤q + 2q‹ˆq‹ ˆqµ + 2(D ≠ �)ˆqµ

On-shell conformal boost Kµ

• D = 4 realization is well known, [Witten ’03]
Spinor-helicity parametrization of light-like momenta by SL(2) spinors

‡µ
––̇pµ = ⁄–⁄̃–̇ , Kµ = 2 ‡̃–̇–

µ
ˆ2

ˆ⁄–ˆ⁄̃–̇

• In D = 6 we use chiral SL(4) spinors ⁄Aa, A = 1, . . . , 4; [Cheung, O’Connell ’09]

• amputate external legs; on-shell generator

Conformal boost generators in momentum space

O�-shell conformal boost Kµ with conformal dimension �,

Kµ
� = ≠qµ⇤q + 2q‹ˆq‹ ˆqµ + 2(D ≠ �)ˆqµ

On-shell conformal boost Kµ

• D = 4 realization is well known, [Witten ’03]
Spinor-helicity parametrization of light-like momenta by SL(2) spinors

‡µ
––̇pµ = ⁄–⁄̃–̇ , Kµ = 2 ‡̃–̇–

µ
ˆ2

ˆ⁄–ˆ⁄̃–̇

• In D = 6 we use chiral SL(4) spinors ⁄Aa, A = 1, . . . , 4; [Cheung, O’Connell ’09]

• in D=4, simple spinor-helicity form [Witten 2003]

Conformal boost generators in momentum space

O�-shell conformal boost Kµ with conformal dimension �,

Kµ
� = ≠qµ⇤q + 2q‹ˆq‹ ˆqµ + 2(D ≠ �)ˆqµ

On-shell conformal boost Kµ

• D = 4 realization is well known, [Witten ’03]
Spinor-helicity parametrization of light-like momenta by SL(2) spinors

‡µ
––̇pµ = ⁄–⁄̃–̇ , Kµ = 2 ‡̃–̇–

µ
ˆ2

ˆ⁄–ˆ⁄̃–̇

• In D = 6 we use chiral SL(4) spinors ⁄Aa, A = 1, . . . , 4; [Cheung, O’Connell ’09]
• conformal invariance:

 
nX

i=1

Kµ
i

!
I(p1, . . . pn) = 0

J. Henn On gluon scattering amplitudes SFB talk April 28, 2009 - p. 16/18

Symmetries of scattering amplitudes in N = 4 super Yang-Mills

✔ superconformal symmetry psu(2, 2|4) cf. [Witten 2003]

psu(2, 2|4) algebra: [Ja, Jb} = fab
cJc , Ja =

n
X

i=1

Jia

for example

pαα̇ =
n
X

i=1

λα
i λ̃α̇

i , q̄α̇
A =

n
X

i=1

λ̃α̇
i

∂

∂ηA
i

, kαα̇ =
n
X

i=1

∂

∂λα
i

∂

∂λ̃α̇
i

✔ ‘dual’ superconformal symmetry [Drummond, J.H., Korchemsky, Sokatchev 2008]

✔ closure of algebra give Yangian Y (psu(2, 2|4)) [Drummond, J.H., Plefka 2009]

level-one Yangian generators:
Qa = fa

cb
X

1≤i<j≤n

JibJjc

✔ spin chain analogy

1
12 2

3
3

4

n − 1

n
n

. . .
. . .

=⇒



Examples of conformal interactions

• at classical level          , e.g. six-particle scattering

• all tree-level gluon amplitudes

We consider amplitude Feynman integrals instead of the scattering amplitudes

I(p1, . . . , pn) =
⁄

dDk1 . . . dDk¸
N ({ki}; {pi})

D1 . . . DN

• Scattering of massless particles p2
i = 0, i = 1, . . . , n and

q
pi = 0

• Massless propagators Di

• Conformal interactions, e.g. Yukawa vertices and „4 in D = 4; „3 in D = 6
• UV- and IR-finite sector of the full theory, i.e. finite Feynman integrals
• Feynman integrals are naively conformal

An≠1ÿ

i=1
Ki,µ

B
I(p1, . . . , pn) ?= 0

On-shell conformal generator Kµ is a 2nd order di� operator
• Attention, change of notation: k æ K , q æ Q, s æ S, etc.

I6 =
�(6)(

P
i pi)

(p1 + p2 + p3)2

Kµ I6 = �(6)(
X

i

pi)Kµ 1

(p1 + p2 + p3)2
= 0

KµI(p1 , . . . , pn) = 0

• Questions:
— what modifications are needed at loop level?
— how powerful are these symmetries?



Holomorphic anomaly

• holomorphic anomaly

• studied at level of cuts (discontinuities) 
of loop amplitudes

• anomaly of tree amplitudes is localized on collinear 
configurations of particles (contact terms)

• tree-level MHV amplitude of n gluons
Holomorphic anomaly

Tree-level MHV amplitude of n gluons

AMHV
n;tree =

È12Í3 ”(4) !qn
i=1 ⁄i ⁄̃i

"

È23ÍÈ34Í . . . Èn1Í , ÈijÍ = ⁄–
i ‘–—⁄—

j

Singular denominators generate holomorphic anomaly [Cachazo, Svrcek, Witten ’04]

ˆ

ˆ⁄̃–̇

1
È⁄‰Í = 2fi‰̃–̇”(È⁄‰Í)”([⁄̃‰̃]) ≈= ˆ

ˆz̄
1
z = fi”2(z)

The anomaly of tree amplitudes is localized on collinear configurations of scattered
particles (contact terms) [Bargheer, Beisert, Loebbert, McLoughlin, Galleas ’09]

p2 ≥ p3 , p3 ≥ p4 , . . . , pn≠1 ≥ pn , pn ≥ p1

One-loop s̄–̇ anomaly of Discs1...j AMHV
n [Korchemsky, E.S. ’09]

s̄–̇

Q

cca

R

ddb ”= 0
• Anomaly of the IR-finite object because

of collinear regions of loop integration
• How to lift this Ward identity

from the cut to the integral?

Holomorphic anomaly
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"

È23ÍÈ34Í . . . Èn1Í , ÈijÍ = ⁄–
i ‘–—⁄—

j
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ˆ

ˆ⁄̃–̇

1
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ˆz̄
1
z = fi”2(z)
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p2 ≥ p3 , p3 ≥ p4 , . . . , pn≠1 ≥ pn , pn ≥ p1

One-loop s̄–̇ anomaly of Discs1...j AMHV
n [Korchemsky, E.S. ’09]

s̄–̇

Q

cca

R

ddb ”= 0
• Anomaly of the IR-finite object because

of collinear regions of loop integration
• How to lift this Ward identity

from the cut to the integral?

[Cachazo, Svrcek, Witten 2004]

[Beisert et al. 2009]

[Korchemsky and Sokatchev, 2009]
[Beisert et al. 2010]

• here: study directly for loop corrections



6D vertex function
[Chicherin and Sokatchev, 2018]

6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

=

4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???

6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

=

4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???

• mixed off-shell/on-shell object



6D vertex function
[Chicherin and Sokatchev, 2018]

6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

=

4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???

• mixed off-shell/on-shell object6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

= 4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???

• anomaly is contact type and lives 
on collinear configurations

6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

= 4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???

Conformal anomaly
[Chicherin, Sokatchev 2017]

D = 6 scalar �3 theory
I Contact anomaly

Kµ
1

q2(q + p)2

= 4ifi3pµ

⁄
1

0

d››(1 ≠ ›)”(6)(q + ›p)

p
q

...on-shell corner

generator of conformal boosts

I Localized on the collinear configuration
q = ≠›p, › œ [0, 1]



Conformal Ward identities
[Chicherin and Sokatchev, 2018]

• contact anomaly localizes loop integration

• system of inhomogeneous 2nd order PDE

Anomalous conformal Ward identities

I The contact anomaly localizes loop-integrations

I(q, ...)p
q

...
⁄

d6k ≠æ
⁄

1

0

d››(1≠›)I(q = ≠›p, ...)

I System of linear non-homogeneous 2nd-order DEs

Kµ”(6)(P)I(¸) = ”(6)(P)A(¸≠1)

µ

I(¸) ¸-loop Feynman integral
A(¸≠1)

µ anomaly (¸ ≠ 1-loop integrals)

? Assuming we can calculate the anomaly, can we solve these
equations and find I(¸)?



Example
[Chicherin and Sokatchev, 2018]

• consider 6-D two-mass box
(corresponds to finite part of 4-D box)

built from conformal        vertices6D vertex function „3

= È „(q) „(≠q ≠ p) | „(p) Íg

(Kµ
�=2 + Kµ) 1

(q2 + i0)((q + p)2 + i0)

=

4ifi3 pµ

⁄ 1

0
d› ›(1 ≠ ›) ”(6)(q + ›p)

Anomaly is contact and it lives on collinear configurations q ≥ p of momenta

How to prove this distribution
relation?

???

Conformal Ward identities for finite loop integrals
Consider 6D Box integrals: No UV or IR/collinear divergences
6D boxes = Finite parts of 4D boxes + 4D three-mass triangles

[Bern, Dixon, Kosower ’93]

Two-mass-easy box in 6D is NOT invariant under Kµ © Kµ
1 + Kµ

2 + Kµ
3 + Kµ

4
because of the 6D vertex anomalies

Kµ

Q

ccca

R

dddb
= +

2nd order inhomogeneous DE for ¸-loop I(¸) integrals with (¸ ≠ 1)-loop RHS

Kµ I(¸) =
⁄ 1

0
d› Aµ

(¸≠1)(›)

• conformal anomaly (2nd-order inhom. DE)
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⁄ 1

0
d› Aµ

(¸≠1)(›)
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Bootstrap of multi-loop integrals

• 2nd order DE are difficult to solve, but they 
are efficient for the bootstrap!

• example: 6-D scalar penta-box

Bootstrap of multi-loop naively conformal integrals
2nd order DE are di�cult to solve, but they are e�cient for the bootstrap

Example. Planar pentabox integral in 6D
Five-particle massless scattering ≠æ 31-letter alphabet of pentagon functions

[Gehrmann, Henn, Lo Presti ’15][Chicherin, Henn, Mitev ’17]
Symbol ansatz of parity odd weight-5 integrable symbols
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Summary of this part
• Conformal symmetry: anomalous Ward 

identities for       are 2nd order DE that are 
hard to solve     

Next:

Conformal symmetry

Anomalous Ward identities for Kµ are 2nd order DE, which
are hard to solve, but knowing the alphabet and leading singularities we can
bootstrap Feynman integrals.

Superconformal symmetry

Anomalous Ward identities for S– and S̄–̇ are 1st order PDE.

They can be integrated directly! No assumptions about the alphabet!

• knowing the function alphabet (and leading 
singularities) we can bootstrap the answer

• Superconformal symmetry yields 1st order PDE

• They can be integrated directly! No assumptions 
about alphabet!



N=1 matter supergraphs with on-shell states

• WZ model in 4D; off-shell super fields
N = 1 matter supergraphs with on-shell states

Wess-Zumino model in 4D; chiral and antichiral o�-shell superfields
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2
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helicity classification
• superamplitudes N=m+n, m           , n
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five-particle          superamplitudes
• we consider finite amplitude supergraphs 

MHVFive-particle MHV amplitude supergraphs
We consider amplitude supergraphs, which are finite and naively superconformal

ANMHV
5 = = ”(4)(P) ”(2)(Q) · �¸ ˚˙ ˝

R-charge = 3

·I({⁄, ⁄̃})

Supercharges Q– =
q

i ÷i⁄i,– , Q̄–̇ =
q

i ⁄̃i,–̇
ˆ

ˆ÷i
Unique superinvariant at 5 points:

Q̄ � = 0 ∆ �ijk = ÷i [jk] + ÷j [ki ] + ÷k [ij] , [ij] := ⁄̃–̇‘–̇—̇⁄̃—̇

Unique bosonic function (Feynman integral) I({⁄, ⁄̃}) … MHV
S-SUSY gives rise to the twistor collinearity operator [Witten ’03]

{S– , �ijk} = (Fijk)– © [jk] ˆ

ˆ⁄–
i

+ [ki ] ˆ

ˆ⁄–
j

+ [ij] ˆ

ˆ⁄–
k

• supercharges
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single bosonic function (Feynman integral)     !I

• S-susy gives rise to twistor collinearity operator
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Ward identities for 5-point integrals
• integrals with `magic numerators`

Ward identities for five-point integrals
Integrals with ’magic’ numerators [Arkani-Hamed, Bourjaily, Cachazo, Trnka ’10]

ANMHV
5 = =∆ I(1)

5 ({⁄, ⁄̃}) =

ANMHV
5 = =∆ I(2)

5 ({⁄, ⁄̃}) =

S–-variation of A5 is anomalous =∆ inhomogeneous PDE for ¸-loop Feynman
integral I(¸)

5 ({⁄, ⁄̃}) with collinearity operator F –
ijk ,

F –
ijk I(¸)

5 ({⁄, ⁄̃}) =
ÿ

r=1,2,3,4
⁄–

r

⁄ 1

0
d› A(¸≠1)

r (›, {⁄, ⁄̃})

[Arkani-Hamed, Bourjaily, 
Cachazo, Trnka, 2010]

• S-variation of          anomalous      
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• PDE for Feynman integral                with 
collinearity operator 
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Solving the DE for the non-planar hexa-box
• five-particle kinematics

Solving PDE for the nonplanar hexabox

Four dimensionless variables describe the five-point kinematics

x1 = ≠1 ≠ s14

s15
, x2 = ≠1 ≠ s14

s45
, x3 = [12][34]

[23][41] , x4 = [23][45]
[34][52]

Integral I = I(x1, x2, x3, x4) is a pure function, i.e. unit leading singularity

I =

d̃I(x1, x2, x3, x4) = a1 d̃ log x1 + a4 d̃ log x2

+a2 d̃ log 1≠x1x2
(1+x2)(x3≠1)x4+(1+x1)(x3x4≠1)

+a3 d̃ log 1≠x1x2
(1+x2)x3x4+(1+x1)(x3x4≠1)

where d̃ = dx1 ˆx1 + dx2 ˆx2 ; ak – anomaly of k-th leg, weight-3 pure functions

Boundary conditions for PDE:
• I(x1 = ≠1, x2 = ≠1) = 0, i.e. at s14 = 0
• OR absence of nonphysical branch cuts
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• Ward identity
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Current status hexa-box integrals
• first result for a non-

trivial hexa-box integral

Ward identities for five-point integrals
Integrals with ’magic’ numerators [Arkani-Hamed, Bourjaily, Cachazo, Trnka ’10]

ANMHV
5 = =∆ I(1)

5 ({⁄, ⁄̃}) =

ANMHV
5 = =∆ I(2)

5 ({⁄, ⁄̃}) =

S–-variation of A5 is anomalous =∆ inhomogeneous PDE for ¸-loop Feynman
integral I(¸)

5 ({⁄, ⁄̃}) with collinearity operator F –
ijk ,

F –
ijk I(¸)

5 ({⁄, ⁄̃}) =
ÿ

r=1,2,3,4
⁄–

r

⁄ 1

0
d› A(¸≠1)

r (›, {⁄, ⁄̃})

[Chicherin, JMH, Sokatchev, 2018]

in agreement with conjectured non-
planar pentagon function alphabet

[Abreu, Page, Zeng, 2018]
• differential equations for all hexa-box integrals
• IBP reductions [Böhm, Georgoudis, Larsen, Schönemann, Zhang, 2018]

• differential equations and solution
[Chicherin, Gehrmann, Lo Presti, JMH, Mitev, Wasser, 2018]

[Chicherin, JMH, Mitev, 2018]

agrees with result for superconformal integral



Further applications

• six-particle NMHV supergraph (two bosonic functions)

• six-particle           supergraphs (single bosonic function)MHV

Further examples
Six-particle MHV supergraphs (single bosonic function)
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Summary
• Conformal symmetry (2nd order PDE)

• Future directions:

• Superconformal symmetry (1st order PDE)

— anomalous Ward identity of Feynman diagrams
— efficiently solved using bootstrap assumptions

— 4-D Wess-Zumino model of N=1 matter
— Ward identities easy to solve, no assumptions needed

— include N=1 gauge sector

— study interplay with beta function

[see talk at Loops & Legs 2018 by S. Zoia]



Thank you!


