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Why string loops?

* moduli stabilization e.g. M.B, Haack, Kérs '05,
Michael’s talk

* models of inflationary cosmology
e.g. Kim, McAllister ‘18

* models of supersymmetry phenomenology
e.g M.B., Marsh, McAllister, Pajer '12

* 1/N corrections in AdS/CFT duality 0. Alday 18

Cho, Collier, Yin ‘18



Plane wave in pure spinor/hybrid

Berkovits, “Conformal Field Theory for the Superstring in a Ramond-Ramond
Plane Wave Background”, hep-th/0203248
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S(0) =

“It has therefore been proven that the action for the
superstring in an R-R plane wave background is an
exact conformal field theory”



covariant pure spinor/hybrid AdS or plane wave
worldsheet equation of motion + spacetime supersymmetry

‘
partial differential equations
A

[some math argument]



AUIO Orphic SiTUCIU see also Angelantonj, Florakis, Pioline
in St fing Theor
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Harish-Chandra defined automorphic:

1. Invariant under G
2. differential equation
3. falloff condition



HelmholtzlD = {y''[x] + m"2 y[x], Y'[-t] == 0, y'[t] == 0}
FullSimplify[GreenFunction[Helmholtzl1lD, y[x], {x, -t, t}, 0], x > 0]
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Simplify[GreenFunction[Laplacian[G[x, v],{x, v}] - m"2 G[x, Y],
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Worldsheet Feynman graphs

e.g. Lerche, Schellekens, Nilsson, Warner ‘86
Stieberger, Taylor ‘02
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vertex
operators
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correlation functions of flat space: Q

worldsheet scalars/fermions  Onhly 2-vertex, no 3-vertex, 4...

background field: sigma model! &
graviton vertex operators: “almost” background
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one possible choice of fundamental domain: (*lagom™)

‘iTQ
T — T+ 1

T — —1/7




another possible choice of fundamental domain: ("/Jagom”)
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Polchinski
exercise 7.5¢c

IR
cutoff

(mass: smooth!)



1% looks complicated for m — 0

Polchinski
exercise 7.5¢

IR
cutoff

(mass: smooth!)

ContourPlot[Abs[EllipticTheta[3, 2, q]], {1, -1, 1},
{t2, 0.001, 0.7}, ColorFunction -> (Hue[6.1 #] &),



Polchinski
exercise 7.5¢c

1% looks complicated for 7 — 0

ContourPlot[Abs[Ell1ipticTheta[3, 2, q]], {1, -1, 1},
{t2, 0.001, 0.7}, ColorFunction -> (Hue[6.1 #] &),
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Mathematica help page
forEllipticTheta
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2 1 g.
—0:0,G(2,2') = 2704 (2 — 2') 1 Polchinski's
Q 4777'2 book, Ch.7
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* for a spacetime torus we could ask the same:
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“theta lift” of genus 29  correction

, In|f(¢)]* =1n f(¢) + In f(¢) = 2Reln f(¢)

t T
— loop correction to holomorphic
. R gauge kinetic function

1 M.B., Haack, Kors ‘04
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Fourier-expand Kronecker-Eisenstein

e.g. Polchinski’'s book,

exercise 7.3
/ 6277; Im((w+k+471)Z)
Ei(w,z) =n"°T(s)15 Z Wt kot 07 Res > 1
k.¢
A Weil. '76

M.B., Haack, Kang, Sjors ‘14

but wantedw=0,s=17%



Fourier-expand Kronecker-Eisenstein

e.g. Polchinski’'s book,
exercise 7.3

27 Im((w+k+41)Z)

T2

/
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Ei(w,z) =n"°T(s)m E Wt kO Res > 1
W,

integral representation: analytic continuation to all s,  AWweil, 76

including functional relation: M.B., Haack, Kang, Sjors ‘14

271'@'1
Fs(w,z) =em

mszl_S(z, w)
RA
“position-twist duality”

(generalizes to any dimension)

cf. Ewald method for Madelung constant;
screen ion, gives Yukawa suppression



Fourier-expand Kronecker-Eisenstein

e.g. Polchinski’'s book,
exercise 7.3

272 Im((w+k+41)Z)

T2

/
—S S €
Ei(w,z) =n"°T(s)m E Wt kO Res > 1
.

integral representation: analytic continuation to all s, """ "

including functional relation: M.B., Haack, Kang, Sjors ‘14
F,(w+1,z2)=Fs(w,z)

spacetime: F
e» E.

orbifold e.g. Witten ‘18



Z fromG

1. w=2=0, s=1+c¢€

1 « 7‘21jLe
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Fleig et al
(1511.04265, eq.10.11)

=+ 2(3m — log2 ~ log(y/Rl(n)[?) + O(c)

2. w#0, 2=0, s=1+4c¢ \@W(T)\Z per boson
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) per fermion pair



Fourier-expand Kronecker-Eisenstein

/ 6277; Im((w+k+471)Z)
Ei(w,z) =n"°T(s)15 Z Wt kot 07 Res > 1

_ _ M.B., Haack, Kors ‘05
if N =2 spacetime supersymmetry,

spacetime: S = 2: moduli space gauge coupling
metric of D-brane scalars
e' “ladder operator” differential equation

orbifold



Worldsheet Feynman diagram
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Eisenstein Series
and Automorphic
Representations

with Applications in String Theory
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B 6 1)
47T2 Z |€+ kT\“ o< Fa(T) modular graph function

elgenfunction of upper half-plane Laplacian:
ViEy =75(02 + 02 )Ex(1) = 2B (1) W/?J/;
Green, Sethi '98

Follows from spacetime supersymmetry
.. If the torus is complexified dilaton (F-theory torus)!



Berenstein, Maldacena, Nastase ‘02

BMN: limit of AdS, x S? plane gra

ds* = —2dxTdz™ —m? Z(xi)2(daz+)2 + z:(alalzi)2
here: u = m>Ts Bergman, Gaberdiel, Gree
Takayanagi
gauge fixing gives:

1 1 - 1 .
S = /dzz (55’Xm(9Xm — §m2(Xf‘)2 + fermions>

2o



Berenstein, Maldacena, Nastase ‘02

BMN: limit of AdS, x S? plane gra

ds* = —2dxTdz™ —m? z:(zz)2 ° + Z (dz")
here: u = m27'2 Bergman, Gaberdiel, Gree
:I:a.tkayanagi
m " = m
In Z(“b) — 47T7'2A(()M)—|— Z Z In (1 _ o 2mray/ury L+ (nakb) 4 2miry (nkb)£2mia
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e P 2(0) = o1 (1+ 6b(b — 1))

=1 zero-point energy



Berenstein, Maldacena, Nastase ‘02

BMN: limit of AdS, x S? plane gra

ds* = —2dxTdz™ —m? z:(xz)2 ° + Z (dz")
here: u = m27'2 Bergman, Gaberdiel, Gree
:I:a.tkayanagi
m " = m
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Berenstein, Maldacena, Nastase ‘02

BMN: limit of 4dS, x S” plane gra

ds® = —2dzdx™ — m? z:(xi)Q(algfr)2 + Z(dg;i)Q

2

here: (= m~Ty Bergman, Gaberdiel, Gree
:I:a.tkayanagi
m J 1 - m \
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Penrose ‘76

e all background metrics have plane-wave "“massive” limit,
so first step is solve Helmholtz equation (Laplacian + mass)
to find massive Green’s function on the torus

4

* in background field method, compute corrections due to
interactions by usual Feynman diagrams e.g. with 3-vertex

%



plane wave (massive)
partition function

with ugly \/“72—1 L
™~
G (z) =log ZW(z)  Fourier series
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Mellin transform
U — S

Gs(z) =7 °T(s)Fs11(0, 2)

.

beautiful
Kronecker-
Eisenstein! (all u)



inverse Mellin of Gamma:
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reverse Bessel
polynomials
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now take:
1

fs(y) = ﬁz(s_l)/zy(sﬂwr(3/2)K3/2+1/2(y)
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Worldsheet Feynman diagram

Tom K1 (2mml|l, + k17|
01 + k17|

2mikyx

L2ty Z Tamd (2rmily + kaT|) oriky(—a) 2rits(—y)

/ Z(;(u) G(“)( 2) = /da:/dy G(u) (z, y) G(u)( z,—y)
2
1,41

e[

1 (2mml|ly + ki }\27rm€ + kot ! i (bt — oo
— 2m y: Y €1 + ka7|) BN(2mm|ly + ko |)(5]€1’]€25£17€2 (/0 T o2k —k2) :5,{1’]{2)
16

’51 —+ le’

s 0o + ko]

27Tm’€1 + kl’T’) o
=2 2; 1+ kr)? ~ N

\ . 4
-~
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“massive of 2D Helmholtz w.r.t u

modular graph function”
(exponential convergence)



Worldsheet conformal field theory
with Ramond-Ramond-supported curved background?

3 Berkovits-Vafa-Witten '99
Ang X 57 x K3 “harmonic hybrid”

6 dimensions

superfield O = 0%, +0°0°cem + (0°)axt  y = fu

mab

frame (vielbein) o, , T m=1,...,6
{c™ "} =20"" a=1,...,4
flat space curved space
i 1 vertex
Tr 7,00 = 40mn Jmn = ZTI‘ TmOn  operators

Dolan, Witten ‘99



Cadabra

3-point gauge boson 1-loop amplitude in hybrid:

@(J)eé(alr)ewz2)e(ws); Kasper Peeters
Oos00,,(el" — 00" x1) (&2 + fanpo™? — kopbo?0)o?
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substitute( ,$\xi2->0, \xi3->0, \chil->0, \chi2->0, \chi3->08$);

000l el fonp,o' Y007 f35,07 0

explicit indices(_);
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Cadabra

gamma matrix algebra: \"
\

\Gamma{#}: :GammaMatrix (metric=\eta). Kasper Peeters

ex:= \Gamma"{m n} \Gamma”{p q};
an qu
join gamma(_ );
Pnnn@_+ljnqnnp__1ﬁnpnnq__rmqnnm>+ﬁrnpnwm
_+nnpnwm _7fnpnnq



Plane wave in pure spinor/hybrid

Berkovits, “Conformal Field Theory for the Superstring in a Ramond-Ramond
Plane Wave Background”, hep-th/0203248
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S(0) =

“It has therefore been proven that the action for the
superstring in an R-R plane wave background is an
exact conformal field theory”



Massive torus Green’s functions

Classical modular forms are holomorphic, mass is not.
There are an infinite number of automorphic forms of weight O,
and an infinite number of ways to generalize Green’s functions.

What are the partial differential equations that replace
holomorphy when there is a mass scale?

("Renormalization group equations”?)
M.B., Bringmann, Gannon '19

“Lowest” form: “eigenvalue operator”
52 (spacetime supersymmetry?
( 20,07 — 11° 02 )G(“)(z 7) =0

2 “ladder operator”?
(mazaz + 4%—”2) G (z,1) = —2m6P)(2)



Massive Automorphic Green’s functions)

caveat

Marcus Berg
Karlstad University, Sweden

work in progress with W. Linch, C.Mafra, O.Schlotterer
work in progress with K.Bringmann, T.Gannon



covariant pure spinor/hybrid AdS or plane wave
worldsheet equation of motion + spacetime supersymmetry

|

partial differential equations

=

Kaluza-Klein reduction?
of e.g. genus-2 moduli space:
automorphic on bigger group G
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Thank you!

Marcus Berg
Karlstad University, Sweden

work in progress with W. Linch, C.Mafra, O.Schlotterer
work in progress with K.Bringmann, T.Gannon



