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Previous results

• Berkovits and Howe (2001)

SPS =

∫
d2z

[1

2
∂̄ZN∂ZM(GMN + BMN) + ∂̄ZMEαMdα + ∂ZME α̂M d̂α̂

+ ∂̄ZMΩMα
βλαωβ + ∂ZMΩ̂Mα̂

β̂λ̂αω̂
β̂

+ ωα∂̄λ
α + ω̂α̂∂λ̂

α̂

+ Cββ̂α λαωβ d̂β̂ + Ĉ β̂βα̂ λ̂α̂ω̂
β̂
dβ + Sββ̂αα̂λ

αωβλ̂
α̂ω̂

β̂
+ Pαα̂dαd̂α̂

]
BRST currents jB = λαdα and j̃B = λ̂α̂d̂α̂

jB = λαEα
M
(
PM − (λΩMω)− (λ̂Ω̂M ω̂)− ∂σZNBNM

)
j̃B = λ̂α̂Eα̂

M
(
PM − (λΩMω)− (λ̂Ω̂M ω̂)− ∂σZNBNM

)
• Nilpotency and holomorphicity implies Type II SUGRA
constraints



What are we trying to solve?

I Straightforward computation, no clear geometrical meaning

I Goal: Look for more symmetrical formulation between matter
and ghosts

I In some backgrounds (e.g. AdS) there are transformations
between matter and ghosts

I How to proceed? Second order formalism? Too restrictive

I Approach: Hamiltonian formalism (or first order formulation)



Pure Spinor action

I Assume the RR background Pαα̂ is invertible and solve for dα
and d̂α̂

dα =
(
∂ZMEM

α̂ + (λCω)α̂
)
P−1
α̂α

d̂α̂ = −P−1
α̂α

(
∂̄ZMEM

α + (λ̂Ĉω)α
)

I Action and BRST currents become dependent on P−1
α̂α

I When SPS is expressed in Hamiltonian form

PM =
δSPS
δ∂tZM

all these terms depending on P−1
α̂α cancel!

I Action is describing the general case again



Pure Spinor action

SPS =

∫
∂tZ

MPM + ωα∂̄λ
α + ω̂α̂∂λ̂

α̂

− 1

2
∂σZ

N∂σZ
M
(
GMN − BMLA

LPBPN − E(M|
α̂Eα̂

PBP|N)

+ E(M|
αEα

PBP|N)

)
− 1

2
(PM − λΩMω − λ̂Ω̂M ω̂)AMN(PN − λΩNω − λ̂Ω̂N ω̂)

+ (λCωα̂Eα̂
M + λ̂Ĉ ω̂αEα

M)(PM − λΩMω − λ̂Ω̂M ω̂)

+ ∂σZ
N
(
BNPA

PM + EN
α̂Eα̂

M − EN
αEα

M
)

× (PM − λΩMω − λ̂Ω̂M ω̂)

+ ∂σZ
N(λCω)α̂Eα̂

MBMN + ∂σZ
N(λ̂Ĉ ω̂)αEα

MBMN

+ ∂σZ
M(λ̂Ω̂M ω̂)− ∂σZM(λΩMω) + (λλ̂S)αα̂ωαω̂α̂



Pure Spinor action

Consider (Zi ) = (ZM , λα, λ̂α̂) and (Pi ) = (PM , ωα, ω̂α̂)

SPS =

∫ {
∂tZiPi −

1

2
(∂σZi Pi )

(
Aij Ai

j

Ai
j Aij

)(
∂σZj(−)j

Pj

)}
where the matrix A is

APS =



AMN 0 0 AM
N AM

β AM
β̂

0 0 0 0 δα
β 0

0 0 0 0 0 −δα̂β̂

AM
N 0 0 AMN AMβ AMβ̂

AαN δαβ 0 AαN Aαβ Aαβ̂

Aα̂N 0 −δα̂
β̂

Aα̂N Aα̂β Aα̂β̂





Simple example: bosonic string

I Sigma model with target space M

S =
1

2

∫
∂xm∂̄xn(Gmn + Bmn)

I Transformation δxm = Vm(x) is symmetry if

LVG = 0 and LVB = dF

I Noether current (jz , jz̄)

jz =
1

2
∂xn(Gnm + Bnm)Vm +

1

2
∂xnFn

jz̄ =
1

2
∂̄xn(Gmn + Bmn)Vm − 1

2
∂̄xnFn

for some one-form Fm



Simple example: bosonic string
I In Hamiltonian form

S =

∫
∂tx

mpm −
1

2
(∂σx

m pm)

(
Amn Am

n

Am
n Amn

)(
∂σx

n

pn

)
where

A =

(
(G − BG−1B)mn −(BG−1)m

n

(G−1B)mn (G−1)mn

)
I The components of the current

jz =
1

2
(V F ) [I + UA]

(
p
∂σx

)
jz̄ =

1

2
(V F ) [I− UA]

(
p
∂σx

)
where

UA := A

(
0 1
1 0

)
=

(
−BG−1 G − BG−1B
G−1 G−1B

)



Generalized metric

I (Fiber-wise) symmetric bilinear form

A : (TM ⊕ T ∗M)× (TM ⊕ T ∗M) −→ C∞(M)

I Satisfies O(d , d) condition

At

(
0 1
1 0

)
A =

(
0 1
1 0

)
which implies that

(UA)2 = 1 for UA = A

(
0 1
1 0

)
i.e. P± = 1

2 (I± UA) are projectors onto (±1)-eigenspaces of
UA



Pure Spinor action

Target space: supermanifold M parametrized (Zi ) = (ZM , λα, λ̂α̂)

SPS =

∫ {
∂tZiPi −

1

2
(∂σZi Pi )

(
Aij Ai

j

Ai
j Aij

)(
∂σZj(−)j

Pj

)}
where APS satisfies

I APS is a bilinear (super)symmetric

I Satisfies the OSp(d , d |2s) condition(
Aik Ai

k

Ai
k Aik

)(
0 δk l
δk

l 0

)(
Alj Al

j

Al
j Alj

)
=

(
0 δi

j

δi j 0

)
I The OSp(d , d |2s) condition guarantees that the action still

posseses the SO(1, 1) worldsheet symmetry (not manifestly)



Current

I Given a section (V, F), define current (jz , jz̄)

jz := (Vi Fi )

[
1

2
(I + UA)

](
Pj

∂σZj(−)j

)
jz̄ := (Vi Fi )

[
1

2
(I− UA)

](
Pj

∂σZj(−)j

)
I Current conservation ∂̄jz + ∂jz̄ = 0 implies

LVA = (dF) · A =⇒
(LVA)ij = −(dF)(i |kAk

|j)

(LVA)i
j = −(dF)ikAkj

(LVA)ij = 0

(1)



Holomorphicity

I If the section (V, F) is a (+1)-eigenvector of UA

jz = ViPi + Fi∂σZi (−)i , jz̄ = 0

If the section (V, F) is a (−1)-eigenvector of UA

jz = 0 , jz̄ = ViPi + Fi∂σZi (−)i

I In any case, the current conservation conditions become the
holomorphicity ∂̄jz = 0 or antiholomorphicity ∂jz̄ = 0
conditions



Nilpotency

I Given a current j(V,F) := ViPi + Fi∂σZi (−)i{
j(V1,F1)(σ1), j(V2,F2)(σ2)

}
PB

= j[[(V1,F1),(V2,F2)]]δ(σ1 − σ2)

− 〈(V1,F1), (V2,F2)〉δ′(σ1 − σ2)

I For a fermionic current, nilpotency {j(Q,F), j(Q,F)}PB = 0
implies

[[(Q,F), (Q,F)]] = 0 (2)

or in components [Q,Q] = 0 , LQF + ιQdF = 0



BRST currents

I Exist two sections (Q, F) and (Q̃, F̃)

(Qi ) =

 λαEα
M

−λβEβM(λΩM)α

−λβEβM(λ̂Ω̂M)α̂

 , (Fi ) =

 QNBNM

0
0


Same for (Q̃, F̃) with hatted expressions.

I These are (+1) and (−1) eigenvectors of U(APS )

(Q, F) : jz = jB , jz̄ = 0

(Q̃, F̃) : jz = 0 , jz̄ = j̃B



Type II SUGRA constraints

I Nilpotency

λαλβTαβ
C = λαλβλγRαβγ

σ = λαλβR̂αβγ̂
σ̂ = λαλβHαβC = 0

I Holomorphicity

Tα(bc) = Hαbc = H
αβ̂γ

= Tαβc + Hαβc = T
αβ̂c
− H

αβ̂c
= 0

Tαb
γ + Tαγ̂bP

γγ̂ = ... = Tαβ
γ̂ − 1

2
HαβγP

γγ̂ = T
αβ̂

γ = 0

Cββ̂α +∇αPββ̂ − Tαρ
βPρβ̂ = R̂aβγ̂

σ̂ + TβρaĈ
σ̂ρ
γ̂ = ... = 0

Sββ̂αα̂ + R̂αγ̂α̂
β̂Pβγ̂ +∇αĈ β̂βα̂ − Tαγ

βĈ β̂γα̂ = 0

λαλβ
(
Raαβ

γ + T
αβ̂a

Cγβ̂β

)
= λαλβR

β̂αβ
γ = 0

λαλβ
(
∇αCγγ̂β − Rασβ

γPσγ̂
)

= λαλβ
(
∇αSγγ̂

ββ̂
− ...

)
= 0



Conclusions

I Obtained an action that treats matter and ghosts on the same
footing

I Translation of holomorphicity and nilpotency of BRST
currents into context of generalized geometry

LQA = (dF) · A (holomorph.)

[[(Q, F), (Q, F)]] = 0 (nilpotency)

I Rederived Type II SUGRA constraints



What is it good for?

I Special cases where there is an honest first order formalism

S =

∫
pM ∂̄z

M + p̄M̄∂z̄
M̄ + ωα∂̄λ

α + ω̂α̂∂λ̂
α̂

− 1

2
(pM ωα)

(
AMM̄ AMα̂

AαM̄ Aαα̂

)(
p̄M̄
ω̂α̂

)
I Pure Spinor on a CY background

S =

∫
1

2
(g + b)mn∂x

m∂̄xn + ωα∂̄λ
α + ω̂α̂∂λ̂

α̂

+R(θαpα + λαωα)(θ̂α̂p̂α̂ + ω̂α̂λ̂
α̂)



Thanks!


