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Outline

At small AdS radius, AdS-CFT duality is perturbative on both sides:

)\tHooft — g}Z/MN = R*
Worldsheet action in pure spinor formalism can be written as

Sadssxss = [ &*T[Q¥ + R*B]

where B is antisymmetric in worldsheet derivatives

B is independent of worldsheet metric =% action is topological

Claim 1: Topological action at zero radius describes free super-
Yang-Mills. Regions of worldsheet near AdS boundary are
propagators of Feynman diagram (ala "t Hooft) and regions of
worldsheet near AdS horizon are holes.

Claim 2: Interaction term  R? [ d*7 B generates cubic super-
Yang-Mills vertex in Feynman diagram.



Related approaches to small radius

* Closed-open duality:
Gopakumar-Vafa (1999), Ooguri-Vafa (2002), Gaiotto-Rastelli (2005)

* Topological strings:
Polyakov (2002), Berkovits-Vafa (2008), Berkovits (2009)

e String bits:

Berenstein-Maldacena-Nastase (2002), H. Verlinde (2003),
Gopakumar (2004), Alday-David-Gava-Narain (2006), Bargheer-
Caetano-Fleury-Komatsu-Vieira (2018)

* Twistor string:
Witten (2004), Maldacena (private communication)



Half-BPS vertex operators

To study superstring at small radius, useful to start with half-BPS
vertex operators which are independent of radius

: . PSU(2,2|4) SO(4,2) _ SO(6)
Parameterize 445, « $5 with 9(0,X.Y) € 551377500 X So(rD) X 500
9(0,X,Y) = FO)G(X)H(Y)
F = exp(qR0f + qf0F), XB5 = GRO' ~Gg, y/E :Hfangg

R=1to4and J =1 to 4 are SO(4,2) and SO(6) spinor indices.
R=1to4and J =1 to 4 are SO(4,1) and SO(5) spinor indices.

In Type |IB pure spinor formalism, unintegrated vertex operators are

V = XN, Ans(z, 01, 0R)

A7 and )\1% are pure spinors satisfying Apy" A = Agy"Ar =0
form=0to9



* Physical vertex operators satisfy QV=0
Q= [dz)Via+ [dZNEV Ra = [d2nap3J) + [ dZnasA\EJs

J=9g10.9, J=910:9, nas= (7"1?3)

(87

e Under BRST transformation,

—~

Qg = gl +idp) Baf + (A — iAR) LaF

e Under local SO(4,1) x SO(5) gauge transformations,
()\L);{:{ and ()\R)}I:% transform as SO(4,1) x SO(5) spinors

 Convenient to define gauge-invariant
Ak = GHHEEOL L, Q)i = (G D) THEOL)E

O = GHEVEOND L, (B = (G-I HE (AR

~ —~ ~ ~

QF(0) = F(O)[(AL + idg)Rqh + (A — idAg)ha”]



* Consider state dualto Tr[(yd & ® 5 (x))"]
Yo - Yo = T - o = 0 where zi*° = [¢45 meAA AB(asm:cm)] for A, A=1,2

State carries J = A = n and is annihilated by 24 susy’s with J — A > 0.

* Corresponding half-BPS vertex operator in -1 picture is

Voi = (A\LAg) P (320
where (ALAr) = 7a3A$ N7 and P is the picture-lowering operator

P =[To-y 046(Q(6)) = [To—y 045(A%)

and 0% are the 8 ¢’s which carry J —A =1
0% = [($O)RS(QO)JK‘9§7 (%)RS(ZJO)JKQ“%]
* To obtain vertex operator V = A\¢\%A,5 in zero picture, define
8 8 .
V = C Vo1 where C' =[], Q&) = [T, QO(w]))
e Similar construction in flat background produces Type IIB
supergravity vertex operator



Type IIB supergravity vertex operator
in flat backround

 D=10 Type IIB supergravity described by superfield ®(z*,0;,0R)
with momentum £k, satisfying the constraints

a 0 T
D2 = aga ¢ = 5@%(1) =0, (D—’—)ibcdq) — Eadeefgh(D—);lfgh(I)

D} = 5gr £ 10404 where 0 = 0f & 0% implies @ = ek (T Hi030%) £(9a )

* BRST-invariant vertex operatoris V =V, 4+ V; + Vo 4+ V3 4+ V)
where Vi = (k+) ()\L‘le J2n )\R)(V+)Jl Jzn(I)

e Vertex operator for lowest component of ® can be written as

V = (AAg) C P eib+ (@ +i010%) C [, QEh), P=T[,00)%)

To evaluate, use £5()\) = e ? = 5. Polesin A are absent since QV=0.



e After adding n-1 picture-raising operators C and n-1 picture-lowering
operators P, can write the half-BPS vertex operator as

V=(ALAg) C PFL C PFL . C Pyl

e Using fact that the general non-BPS state can be described at small
coupling by a spin chain of super-Yang-Mills fields, it is natural to
conjecture that the general vertex operator at small radius as

V:(ALAR) . C El C E2 C En :

where F; is obtained from P;—gg by performing the appopriate
PSU(2,2|4) transformation that takes yE)IK(I)JK(SU) to the desired
super-Yang-Mills field

 Normal ordering in non-BPS vertex operators should be defined to
be invariant under cyclic permutation of FE; FEs ... E,,



Free super-Yang-Mills

~SLF = (G(X)H~'(Y)A\)% is proportional to /z where z is
the distance to the AdS boundary

Since I; is proportional to 5(5\5’;) and C is proportional to ©(w ),

a

V = (/\L)\R) . C(Jl)El(JQ)C(O‘;J,)EQ(04)...0(0’2n_1)En(02n) .

implies that the worldsheet needs to be near the AdS boundary at
o = 02y, and near the AdS horizonat o = 09,11

Claim:

Regions of the worldsheet near the AdS boundary describe
Feynman propagators and connect two E’s on different spin chains

Regions of the worldsheet near the AdS horizon describe holes in
the Feynman diagram



Topological string

* At arbitrary radius R, worldsheet action in AdS5 x S° background is

] S S 1 -
S = RQ/dQT(§J2J2 — ZJlJS — ZJBJI + ghost terms)

_.R2/Z#Tagm%<3) where

xr™Ox,, AL Yrmn A
Qu—_97"0m g g A gy 4 DLmnAR)
(ALAR)

5 dx"™ Ndx" + ...
z

U = ()\L)\R)_l[)\[/}/mjg)jén — ()\R’}/mjl)Jén -+ ]

* Coefficient A of BRST-trivial term QW can be made large so that
S = AfdQ'r(—amﬂ;?xm +..)+ R* [d*TB

implies that when z is finite (away from horizon), =™ is frozen.




A

|”

At R=0, string is “topological” with regions of constant value of z™
near the AdS boundary (propagators) which are separated by
discontinuities where worldsheet is near the AdS horizon (holes)

Contribution from a region near boundary with r scalar fields is

— [d*z [d"') [ d'S0E, E;...E, where E, = Y%= TT°_ 42 6(\%)

X xor

Integration over 6 zero modes implies r=2 and one finds as desired

.AN Yo1-Yo2 __ _Yo01-Yo2
Lo1-To2 (581—392)2

Non-planar diagrams at genus g contribute

920 = (gya)** ~ N?729 as expected from the ‘t Hooft expansion



Cubic super-Yang-Mills vertex

e Cubic super-Yang-Mills action (m,n=0to 9)
S =Tr [ @ [ Qs + Dn) D™ + Y10t

+R2(¢Q’Y?B [Ama 105] + Dmn [Ama An]) ]

e Claim: szdQ’rB R2fd2 J1 A Js+ ()‘(”m”) ) dz™ A dz™ + ...]

reproduces cubic vertex of super-Yang-Mills action
* Antisymmetric terms in B become commutators

deTf 8T198T2h o 8T298T1h) — T’I“(f[g,h])
[N T = [ P(07™)0dm AdO* + ... = Tr [ d*z(vy™)o[Am, O]

de (AL~

AR) 0 A dy + ... — Tr [ d*zD™ [ A, Ay

(f\>\)



* Argument:

/dT/da f(0790,h — 0590:h)

g(t+Ar,0) = g(7,0) h(r,0 + Ac) — h(7,0)
AT Ao
g(r,0+Ag) = g(1,0) hT + A1,0) = h(T, 0)]
Ao At
= (f(01)(g(o2) = gl0))(Mla3) = hlo)) = flo1)(g(os) = glo1))(hlo2) = hlay)))

= (f(01)g(02)h{gs) = fo1)h(02)g(03)]

where o1 < 02 < 03 are cyclically ordered.

= ArAof(r, 0)[




To find contribution of terms in B, compute closed-open disk
amplitude with one closed vertex operator B and 3 open string
super-Yang-Mills vertex operators

ope'n, f dT axm - wa( ) + an (.CC) (’Uﬂ/mn)\)

Term [ d*T(0y™)adzy A dOY — (07™)o[Tm, 6]
generates cubic vertex Trfd‘lg;(wfym)a[/lm,wo‘]

Term [ &7 (A (A X )R)da:m/\da:n y f;L)\R)R) T s T

generates cubic vertex Tr [ d*xF™" A, A

Conjecture that other terms in B do not contribute to vertex

Reasonable conjecture since both [ d*7B and the cubic onshell
super-Yang-Mills vertex are PSU(2,2|4) invariant.

+ ]



Conclusions and Open Problems

Arguments were sketched here that super-YM is described by a
topological action for the A4S, x S5 superstring where

1) Propagators are described by regions of worldsheet near the AdS
boundary;

2) Holes are described by regions of worldsheet near the AdS horizon;
3) Cubic super-Yang-Mills vertex is described by insertions of B field.

To turn sketchy arguments into proof, need to better understand
1) Scattering amplitude prescription for topological string;
2) Treatment of (ALAgr)~! factors in vertex operators and action;

3) Relation of topological string prescription and usual string
prescription involving integration over worldsheet moduli.



Unintegrated vertex operator for radius modulus is (ALAr) and
integrated vertex operator for radius modulus is fdQTB

Conjecture:

Perhaps usual string prescription with integrated vertex operators
is related to topological prescription with unintegrated vertex
operators by pulling down a factor of f d’T B for each integrated
vertex operator

mmm) usual prescription = (8%2)” topological prescription




