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e correlation functions of operators on susy and standard WL
in N' = 4 SYM and dual AdSs x S° superstring theory:
novel examples of 1d defect CFT ’s

e non-gravitational example of AdS, /CFT;
defined by world-sheet string action



e WL: (TrPe’/ 4) important observable in any gauge theory
no log div; power div factorize

e WML: N =4 SYM: special Wilson-Maldacena loop
1At — 1A IH 4 Dgy”

if (2#)? = (y*)?%, ie. v*(1) = |%(7)|0%, 0% =1:
locally-supersymmetric, better UV properties

straight line: 1 global susy (BPS): (W(line)) =1

e non-susy WL is also of interest in AdS/CFT context:
large N expectation value for circle or cusp —
non-trivial functions of 't Hooft coupling A = ¢*N
not fixed by susy but may be by integrability



e AdSs x S° string side: WML - Dirichlet b.c. in S° (susy)
WL - Neumann b.c. in S° (non-susy) [Alday, Maldacenal

e corr. functs of local operators inserted on line:

new examples of AdS,/CFT duality

WML.: local ops on 4 -BPS line — define CFT;

with OSp(4*|4) 1d superconformal symmetry

WL: different defect CFT; with SO(3) x SO(6) symmetry
[Cooke, Dekel, Drukker; Giombi, Roiban, AT]

e 1-parameter family of Wilson loops:
WL ( = 0) and WML ({ = 1) [Polchinski, Sully]

w(c) = %Trp exp]éd’r i AL (x) % 4+ JDy(x) 0™ |2 ]

0"=const: e.g. ;0" = Dg



o (W(©)) has log divergences for { # 0,1
can be absorbed into renormalization of 1d coupling {

5 9
(W) = W(A;Z(m)m) g W+ BrggW =0

at weak coupling A < 1 (at large N) [Ps]
_ 40 A o 2

WL ¢ = 0and WML ¢ = 1 are UV and IR conformal points
ct. 1d QFT, conformal pert. theory by O = (®g near { = 0



e circular WML ({ = 1): exact result due to 1/2 susy

[Ericson, Semenoff, Zarembo; Drukker, Gross; Pestun]

(WO (circle)) v o0 = % L(VA)

A1 1 1 2
= 1+ 8/\+ 192/\ +

A>1 2 VA 3

(W (line)) = 1: anomaly in conf map of line to circle [DG]
due to IR behaviour of vector propagator — same for WL ?

e WL case: no log div; if power div factorized (W) (line)) = 1
then (W (circle)) = (W) (circle)) ?
yes, at leading orders at weak & strong A but not beyond



e weak coupling: (W) =1 + sA 4+ 0(A?)
strong coupling: same min surface: AdS, with S! as bndry
subtracting linear div in V4s, = 271(£ — 1) gives
universal (W) ~ VA
e subleading terms at A < 1: (W(%)(circle)) depends on
[Beccaria, Giombi, AT]
1 1 1
(WE) =145+ {19_2 12872

interpolates between WML at { = 1 and WL at { = O:

(1- )| A2+ 0(N)

1 1 1
0)y _— < L y) 3
(WO) =14 22+ (192 + 128n2)/\ +O(A%)

e no susy/localization but may be exact expression
from integrability?



Consistency checks:
e UV finiteness of 2-loop A term: no  in 1-loop term
UV log divergences appear first at A% order

e conf points { = 1 and { = 0 are extrema of (W(®)):

d
aClog( WY =CB:,  Br=H0(P-1)+.., C=1A+..

e may interpret (W) as a 1d QFT part funct Zg on S!
computed in pert. theory near { = 1 or { = 0 conf points:

d = 1 case of relation a_gz = CZ],B], F = —log Zga

cf. F-theorem in odd dimensions [Klebanov, Safdi, Pufu]



e present case: flow driven by O = P restricted to the line
a%<w(€)>|g:o,1 =0 = <O>}§:0,1 =0

as required by 1d conformal invariance

e (: marginally relevant coupling

running from { = 0in UVto{ =1in IR

e 2-loop result implies

WO) > (W)

(W) = Zo = e~ T partition function of defect QFT; on S!
consistent with the F-theoremind =1

~

F,>F,, F = logZg = —F

o (W) decreases monotonically with 0 < < 1



e 2nd derivative of (W(%)) « anomalous dimension

5 9B
w (@) _ ¢
972 log (W) 7=0,1 ¢ a( lz=0,1

aﬁg}é 01 — Dot ®Pgatl =1and { = 0 conf points

e weak coupling: dim of ®g

M@ —1=2E - 8;(3@; —1)+0(12),
A =14+ -2 4+ AO)=1— 2 4.

4772 8712



Strong coupling

e interpretation of (W()) as partition function of 1d QFT
supported by its strong-coupling representation as

AdSs x S° string partition function on disc with mixed b.c.
for S° coordinates (D for { =1 and N for { = 0) [AM, PS]
e large A asymptotics:

instead of (W) ~ (VA)73/2eVA 4
find (WO ~ AeYr 4. [BGT)
i.e. F-theorem (W(®)) > (W) satisfied also at A > 1

Map of operators to AdS, fields or string coordinates:
e WL: (=0 O(6)is unbroken
scalars ® 4 — embedding coordinates Y4 of G°

CI)A HYA, AZl,...,6



e WML: (=1 O(6)is broken to O(5)

by selection of ®¢ direction or point of S° (a =1, ...,5)

O, < Yo=vy+ .., Dg < Yo =1—1y,ys + ...

®, and P¢ get different dimensions

e bndry perturbation of string action by s | dt Yg near { = 0
induces boundary RG flow from N b.c. to D b.c.:
»x=1((;A): Ofor =0and oo for{ =1

with RG beta-function §,, = (=1 + \/LX)% + ...

e implies that strong-coupling dimensions of ®q
near 2 conf points are [AM, GRT]

A1 A(O):%+..., A(l):2—%+...

consistent with interpolation from A <1

AT A0)=1-25+.., A1) =1+25+...



Correlators on WML at strong coupling: AdS,/CFT;

e novel sector of observables in AdS/CFT:

gauge-invariant correlators of operators inserted on Wilson loop
e described by an effective ("defect" ) CFT;

"induced" from N' = 4 SYM

e 1-BPS line WML.: leads to example of AdS,/CFT;

quantum theory in AdS, defined by superstring action

¢ in BPS WML "vacuum" have AdS/CFT map:

elementary SYM fields (®, F L to the line)

<+ string coordinates as fields in AdS

[cf. Tr(®"...D™F*...) « closed-string vertex operators]

e 4-point correlators at strong coupling:
Witten diagrams for AdS/CFT correlators, OPE, etc.



e 1 BPS: infinite straight line (or circle), #'=const
XV =tec (~00,00), AP =g, W= trPeJ dt(iA+Ps)
e O;(x(t;)) on WML: gauge inv correlator

(O1(t1)O2(t2) - - - On(tn))
= (trP[O1 () e #(AF®R) O, (1) - Oy (t,) e HiAFDe)])

(1) = (W) = 1 and similar normalization for circle

e operator insertions are equivalent to deformations of WL
[Drukker, Kawamoto:06; Cooke, Dekel, Drukker:17]

complete knowledge of correlators <+ expectation value

of general Wilson loop — deformation of line or circle

e symmetries preserved by }-BPS WL vacuum:

SO(5) C SO(6) R-symmetry: 5 scalars ®%,a =1,...,5
SO(2,1) x SO(3) € SO(2,4): SO(3) rotations around line



SO(2,1) — dilations, transl and special conf along line
d = 1 conformal group + 16 supercharges preserved by line:
d =1, N' = 8 superconformal group OSp(4*|4)

e operator insertions O(t) classified by OSp(4*|4) reps
labelled by dim A and rep of "internal” SO(3) x SO(5)
e correlators define "defect" CFT; on the line

[Drukker et al:06; Sakaguchi, Yoshida:07; Cooke et al:17]

determined by spectrum of dims and OPE coeffs

e (...) correlators satisfy all usual properties of CFT:
O(t) = "operators in CFT"

without reference to their (non-local) origin in SYM

e "elementary excitations": short rep of OSp(4*|4)

8 bosonic (+ 8 fermionic) ops with protected A:

5 scalars: ®” (A = 1) that do not couple to WL;



3 "displacement operators": [Fy; = iF;; + D;P¢ (i = 1,2, 3)
with protected A = 2 (WI for breaking of L translations)
e protected dims: exact 2-point functions in planar SYM

Co(A)

(D% (t1) DY (£p) ) = 67 2 tp =t — b
12
(Fyi(t1)Fy(t2) ) = 65 Cﬂ;()\)
12
Co(A) = 2B(A), Cp(A)=12B(A), B(A) = gﬁ((g;

B ()\) — Bremsstrahlung function [Correa, Henn, Maldacena, Sever:12]
e 3-point functions vanish by SO(3) x SO(5) symmetry
e 4-point functions: depend on tq, ..., t, and A



String theory side

4-point functions at strong coupling (N = oo, A > 1)
from string theory in AdSs x S°

e 1-BPS Wilson line (or circle): minimal surface is

AdS; embedded in AdSs

e fundamental open string stretched in AdSs:

preserves same OSp(4*|4) as }-BPS WL

1d conf group SO(2,1) realized as isometry of AdS;

e expanding string action around AdS, surface:

AdS,; multiplet of fluctuations transverse to string —

5 (m? = 0) scalars y” in S°; 3 (m? = 2) scalars x' in AdSs;
3 (mz = 1) fermions [Drukker, Gross, AT:00]

e identify 8+8 fields in AdS; with elementary CFT; insertions
(ct. waves on line — change of minimal area)



e m*> = A(A — d) for AdS,. 1 scalar masses and CFT,; dims:
massless S° fields y” dual to ®* in CFT; with A = 1

massive AdSs fields x* dual to F;; with A = 2

e AdS/CFT: closed superstring vertex operators —
single-trace gauge inv local operators in SYM;

add open-string sector (strings ending at bndry) —
gauge-inv operators = WL with insertions of local operators

e other gauge-invariant correlators:

(i) WL with single-trace ops e.g. (W trZ/)

point away from line ( Tr%: subleading at large N)
[Berenstein et al:98; Semenoff, Zarembo:01; Pestun, Zarembo:02]

(ii) mixed correlators of ops on line and ops away from line



Strategy:

string action — interaction vertices for "light" AdS, fields

— tree-level Witten diagrams in AdS,; — prediction for
4-point functions of protected ops on WL:

\./

expans10n parameter f (action S = VA [ d?0vhoxdx + ..
(cf. < iz In 4-points in AdSs sugra: S = N? [ d°x,/gR + ...)

o AdS; QFT: superstring action UV finite

AdS, /CFT; duality should hold for any T = \2/;

o AdS; Witten diagrams with loops should be well defined
e.g. 1-loop correction to boundary-to-boundary propagator
protected 2-point function: subleading term in

Cop = YA _ 1+ O(%) [Buchbinder, AT:13]

2772



AdS

o(t,) R4

(1) compute tree-level 4-point functions
(i1) use OPE to extract strong coupling corrections to dims
of "2-particle” ops built of 2 of protected insertions: ®9} P, etc.



AdSs x S° string in static gauge: AdS, bulk theory

bosonic part of superstring action (T = \2/_?)

duy* Iy’
T [ @ovine [ ( DX+ 0,20,2) + -
(1+ %yz)Z}
ot = (t,s), r=1(0,i) =(0,1,2,3), a=1,...,5
minimal surface for straight Wilson line at Euclidean boundary

z=35, x” =1t, X' =0, y' =0
induced metricis AdS;: gudotdo” = Slz(dt2 + ds?).
e compute correlators of small fluctuations of "transverse"

coordinates (x!, y?) near AdS, minimal surface
e global symmetry of action SO(2,1) x [SO(3) x SO(6)]



e make SO(2,1) manifest: AdS, adapted coordinates

1,22 i g0
(T4 3x%)° dx'dx » 1 .5 2
dSAdS5 o (1 - %x2)2dSAdSZ —|_ (1 — %x2)2 s dSAdSZ — Z_Z(dx0—|_dz )

e action in static gauge: z = s and x¥ = ¢

SB = dezO'\/E
(1+1x2)2 9, x 9, x! Yoy y* 1
i = g 8O T T e 8w = 20w

= action of straight fundamental string in AdSs x S° along z:

2d theory of 3+5 scalars in AdS; with SO(2,1) x [SO(3) x SO(6)]
e bulk AdS, theory <+ CFT; at z = s = 0 bndry:

CFT; defined by insertions on straight WL



Ly = Lo+ Lay + Loy, + Ly + ..
L, = %g”‘/ayxiavxi + xtat + %g”"ayyaavy“
Ly, = %(g”‘/ayxiavxi)z — }L(gwayxiavxf) (ngapxiaKxf)
+}inxi (g"9,x19,x) ) + Faix' x) %/
Loxoy = 7(8"0px'9yx’ )(gp"apy“axy ) — 3(8"9,x'0,y") (87 0px' 9"
Lay = —3(y°y°) (8"0uy"vy”) + 5(8" 9y 0vy")?
—3(8"0uy"0vy”) (87" 0oy 0xy”)
e superstring: (3+5) bosons + 8 fermions (m? = 1)
resulting 2d theory is UV finite and dual to CFT;

for any coupling T' = E/_?
e bndry correlators {(O(t1)O(t)...O(t,) ) reproduced
by AdS,; amplitudes of string sigma model — series in \/LX



e operator O <« string coordinates X = (x, y)
<<O(t1)O(t2)”’O(tn)>>SYM — <X(t1)X(t2)"”X(t”)>Ad52

o X ~Y' 20~P"(a=1,..,5withA=1
X~xt=30~F;(i=1,23)withA =2

e A > 1: (W(C)) from AdSs x S° open str. path int. with

Dirichlet b.c. (disc or half-plane w-surface ending at bndry)

log(W(C)) = minimal area = string action on solution

e string action as 2d bulk theory in AdS;:
same as AdS/CFT procedure for (X(t1)X(t2).... X(tn)),
2

e expanding on-shell string action (gen.f. for tree "S-matrix")
in powers of fluctuations §C(t) from straight line:

same correlators as from bulk correlators connected

to bndry points by bulk-to-bndry propagators



Comments:

e novel example of AdS,/CFTj:

critical string —no dynamical 2d gravity: fixed AdS, background
defect CFT with no ”stress tensor” <+ AdS, with no gravity
SO(2,1) as isometry of AdS, metric, no 1d reparam inv

(Cf . dilaton gravity [Ahlmeiri, Polchinski:14; Maldacena, Stanford:16])

e original WL has a reparam inv, fixed by identification x* = ¢;
remaining symm SO(2,1) C SO(2,4) that preserves the line;
before fixing static gauge string ("bulk") action is reparam inv
but gravity non-dynamical in critical superstring

(no analog of pseudo-Goldstone mode in bndry theory

related to spont. broken reparams)



4-point functions and conformal blocks in CFT}
e local operators in CFT; on line R = {t}
covariant under SO(2,1)

1

(Oa(t1)Oa(t2)On(t3)On(ts)) = L G(x)
_ thiotag
A t13t24

usual cross-ratios u, v not independentind =1

t%2t§4 2 t%4t%3 2
uEtztz = x°, vEtthZ(_X)
13724 13724

one x: SO(2,1) allows to fix 3 points on the line



e OPE expansion

G(x) =) _cann X"E(x), F,=2F(hh2h))
7

h= dim of exchanged operator; cpa =
Xh »F (h, h, 2h, X) —conf blockin d = 1 [Dolan, Osborn:11]
"Generalized free fields"

(e.g. g = 0 large N CFT) [Heemskerk et al:09, Fitzpatrick et al:11]
e case of identical operators of dim A:

G(u,v) =1+ub+ (4)% ie ind =1

(OA(t1)Oa(t2)On(t3)Oa(ts)) =




ops exchanged in OPE are only 1 and "2-particle” ops
O = [0aO0a],, ~ Oadi"Op, Do =2A+2n, n=0,1,...

corresponding OPE coeffs:

2[T(2n +2A))°T(2n + 4A — 1)
T(2A)]°T (21 + 1)T(4n + 4A — 1)

CAA2A+21n =

4-point function of S° fluctuations
tree-level 4-point Witten diagram of S° fluctuations y”

(D1 (£1) D2 (£2) DU (£3) D™ ()

2
Col(A
(s () (1) (b)Y (1)) e, = LoD Gt ;)

12734



®” — protected dimension A =1
<ya1(t1)ya2(t2)>AdSZ — <<q>a1(t1)q>a2(t2)>> — 5a1a2T

e decompose into SO(5) singlet, antisymm and symm traceless

(GA142a304 (X) _ GS (X)5ﬂ16125ﬂ3ﬂ4 + GA (X) (561103502&4 _ (55120135611514)
+ Gr(x) ((56116135612@4 | 5203 50104 _ %(51111125613614)
0 1
Gsm,(X) = Gip 4 (X) + 5GLT 4 (X) + ...
e leading terms Gg,)f)ﬂ 4 (x) from disconnected 4-point function
— given by generalized free field result

2
a1a2a3a4 __ [CCI’()‘)]
disconn. 2 42

a1ap §a304 2 sa1as Sardy 2 a1a4 Sar0as3
[5 5 - (2N §004 4 Ky 5



0 0 0 °
6P =1+16000, G0 = 1= 2]
e connected part: using 4-vertices in string action and
normalized bulk-to-bndry prop. (Oa(x1)Oa(x2)) = C_AA

2
X172

A
KA(z,x;x’):CA[ 2 )2} = Ca Ka(z, x;x7)

724 (x—x




ford=1, A=1, t=x"

X

K1 (Z, t,’ t,) = %z2+(f—t’)2 / CAZl — %

e 4-point in terms of D-functions: in AdS;, 1 [D'Hoker et al 89]
Da,Aynsn, (X1, X2, X3, X4)
dzd”
= | Zi Ka, (2, x5 xl)KAz(z x; x2) Ka, (2, x5 x3)Ka, (2, X; x4)

e "reduced" D =53 Zi A;)

d
d_ o 4 2(E—Ay—Dy) 2(E—A3—Ay)
D __ wrE-s) ox, i D (11, )
MA2A3Ay = 2T(A)T(A)T(A3)T(Ay) xigz_A‘l)x;fZ A1828384 17

= _ _ _ (X—Ay4)T(A
D = [ dadpdy 6(a-+B+y—1) a1 1pialytoml TE-BITA o

eind =1: u:}cz,vz(l—?()z

D (x) = —ﬁloglxl — %108 11— x|



<yyyy>ﬂlazﬂ3a4 — (Cl)z Ga1a2a3a4( )
conn —t2 12 X
12734

(1) o 2( a3 —10x+5) L a2 (2xt 11321220 +10
G () = -2 O 1008) | R I 2000 oy

2x*—5x3—5x+10
B 5){ lOg |1 o X| V4

1 2(2x*—3x+3 *(x*—3x+3
G () = ~ G o ) tog x| — 2 log 1 - x|
(1) _ x(—2x345x2-3x+2)
GA (X) o 2(7(_1>2
4 x> (x3 —4x2+6x—4)

L log x| — (X’ — x* — 1) log |1 — x|




e OPE limit y — 0

1
G (x) = a2 (— 601og |x| —43) + Lx3(— 60log x| — 73
2

G () = =3x% = 3% + Lx*( - 36log x| — 18) + ...
GS)(X) ix3(241og x| +7) + 2x*(8log x| +5) +

Dimensions of two-particle operators from OPE
G(x) =Y en X" Fu(x) = GO (x) + G (x) + ...
h

Fu.(x) = 2F1(h,h,2h, x)

e disconnected part: leading O(1) — gen. free fields —
exchanged "2-particle" ops: [PD]5 ~ DDA,
POJT, ~ DURIDY), (DDA, ~ D2 I



A

e complication: ops may mix — degeneracies at leading order
[@®]5 with n > 1 can mix with Fo2"2IF and 07" 'y ;

[®P]4, ., can mix with 97"y in (1,10) of SU(2) x Sp(4)
o [®P|] —no mixing O(t) = [®P|L ~ P92 Pb)

e connected part: \% corrections to A and OPE coeffs

Algayy, =2+2n = 2724+ 0(3)

n = 0: protected ®?®?); n > 1 — unprotected — long multiplet
e 1 = ( exception: ®"P* does not mix

_ 5 1 _ 2 43
Aq)aq)a =2 — \/_X —+ O(X) p CCI)CI)[CI)CI)]g — 5 30 4+ ...

S

e large n limit of all dims — same asymptotic form

2
An>>1:2n—%+...



4-point functions with AdSs fluctuations

(65 (02)x (E2)0 (1) (01))
= () (1) T (1) 9% (15) @%2(1) ) = 550 )

34
(2t (1) (£2)° (3) %™ (£4)) o,
= (I () F2 (1) F (1) B (1)) = S OO
12"34
Geonn(X) = 1 %GY, G =—4]1-(3—})In[1—x|
e dimensions of 2-particle ops in OPE
[®F;], ~ ©O'F;; A=34p— ot



Gli2izly (x) = Gé1)5i1i25i3i4 + GS)(5i1i35i2i4 _ (5i1i4(5i2i3)
n G(T1)( Siis §izia 4 giriagiais _ % §iri2 5isis)

G(l) (x) = — (24x8—90x7+125x5 —76)>+125x* —306)>+438x>—288x+72)
> 9(x—1)*
2(4x5—x°—6x+12)
o 3x 1Og ‘1 o X|
2% (4x6—21x° +45x*—50)3+30x2 — 6 +2)
3(x—1)° log |X’ , etc.

e ops in OPE: [FF|5, ~ IF;0;"F;;, [FF|;, ~ FF,;07"F;), etc.

e symmetric traceless [[FIF]1 not expected to mix:

Mgy = 4+2n — 227855 4 0(3)

® Arpp T = Aoy, = Dol r , Ops in same long multiplet



Correlators on standard Wilson loop

e no scalar coupling in WL: SO(6) xSO(2,1) x SO(3), no susy
weak coupling (A =1, ...,6)

(Pa(t1)Pr(t2)) :5“%’ A=1— 2+

o Cg scheme dependent but Cy; is definite function of A:
displacement op. dual to x'is Fy; = iF;: Ap =2 (protected)

° leading correction to A: [AldayMaldacena:07]

rederived from integrability of an SO(6) spin chain [Correa:2018]
e aim: CFT; correlators at strong coupling using AdS, /CFT;

same AdS, minimal surface and same (3+5) + 8 fluctuations
but Dirichlet b.c. for y* — Neumann b.c.



e supersymmetric WML expansion is around a point in S°

1— 31/
o Y= VISWNa=in. YaVa=
-} 1
dy,dy,
d825 = dYAdYA =
i (1+ 352)2

e Neumann b.c.: integration over point in S° restoring SO(6)
e massless AdS; scalar: A(A—1)=0—-D:A=1, N:A=0

5 d
N : A= —— 4 =

x e

(Pa,(t) - Pa, () = (Ya,(t1) - - Ya,(tn))

AdS,



Lg = \/det(gw +0,Y40,Ya) = /g(1+ Lo+ Ls+---),
Ly = 10"Y 40, Yy, Ly = 1(0"Y49,Y4)? — 1(0"Y0,Y5)>

7 — /DY 5(y2 o 1) €_T fdza\/g[Lz(Y)+L4(Y)+...] T = VA

embedding coordinates:
YA = nd + CA +..., n? =const, nint =1, nACA =0

YA=\1-2nf 404 = 137+ Int 404, nigt =0
Z = /dn /DC& nala) e TS EoVElLatLet.]

1924 9,0
Ly = 3007 00,7 + 1 (0104 0,0%)F — (02" 9,0



Neumann propagator in AdS; (on half-plane z > 0)
@ (@)Z () = PAP(n) Gnlo, ), R

Gn(o,0’) = = (logl(t— ')+ (z— )] +1og[(t — )2+ (2 +2)?])
e bulk-to-boundary propagator
Gn(t,z;t') = Gn(t z;H,0) = — Llog[(t — ') + 2°]
boundary-to-boundary propagator
Gn(t, t2) = Gn(t,0;t2,0) = — LNy, N, = log(#1,)
e averaging over S°:
(n4nB) = 1548 (n4nBnCnP) = 3 (64B5CD 4 54C5BD 4 5AD 5BC)

<PAB> _ %5/\3, <PABPCD> _ %5AB5CD_I_%((5AC(SBD_|_5AD(SBC)



Two-point function (Y4Y?5)
2-point f. of YA(t) = YA(t,z = 0) by 1d conf invariance

AB
(YA(t) YP(t2)) = T = 675Cy [1— (% + 2, +...) log(t],)

(VA)?
2 2
(0 + ) 102 (8y) + -+
A= 4 Do g By dy =5

2. J(J+4)=5for] =1
(YA(01) YP(0)) = ([n" + 0] [n" + 2P +]) = 1047 [1+5T'Gy]

e subleading ; \/%)2 order: ds log +d7% log?

e leading order: T~

log from 1-loop graphs

2
log? from tree + 1-loop: should exponentiate: % = 2






log2 terms come only from Z4ZBo#C Aaﬂg B vertex

use particular scheme with d,,9),Gn (¢, o) T -1, and

[ % Gn(t,z;t) G(t z 1) = L log®(3,)

Mixed correlator (x'x/YAY?B)
F. = iF} dual to x': has interpretation of displacement operator
A = 2 protected also in non-supersymmetric WL case

(Fi(t) Fi(t2)) = (x1(11) ¥ (t2)) = 67 55
(Fi(t) Fi(t )¢A(f3)¢3(t4)>> (x'(t1)x (t2)Ya(t3)Yp(ts))
= 1098AB {r g s G(0)
G(x) =1+ 1GW + Wlx)zc;@)---, A:%+...

connected contr1but1on comes from 0x0x0YdY vertex






Z

Ko(tz;t') = CoKolt,z;t),  Ko(t,z;t) = [(t_t,)2+22}2
Gn(t,z;t') = CnN(t,z;t'),  N(t,zt') =log[(t —t')* + z?]

— 2
Gt%onlzz(A> —5 X (22)% Ca (CN)? Quy
Quy = [ 44 |9Ks (1)Ko (12

—dKy(#1)IN(t3) 0Ka(#2)ON(¢
e doing bulk integral get:
— 152
G(x) =1+ ) + ...

G2 = _20 [1 — (3 —1) log(1 - X)}

ON(#3)0N(t4)

/\v

) = 3Ky (11)IN(£4) 9Ka(£2)IN (£3)




e related to (x'x/y*y’) in supersymmetric (D) case:
6N =5Gp’, Gy =—4[1-(1-}) log(1- )]

e OPE interpretation of G(x):
by tr < t3 get

, , .. C! 2—A
(Fi(t1) Pa(t2) Fy(ts) Pp(ta)) = §6704B 1 7= 2l Gy

G() = *2 GO Y = x (1- 2, [1+ (x— 1) log 1] )
G(x) =Lnen X" 2Fi(h+2— A1 —24A,2h,x)

intermediate operator dimensions and coefficients c;,
h2:2+%—23/—{){%+..., ch, =1— 4.

n > 3: operators Fo"®

h, =n— (n+3)2(n—4) \/1X + ..., Cp, = (— %L)ﬂzo n ﬁ(nﬂzl)! |

20
(VA)?




4-point function (YAYPYCYPD >
(YA YD ()Y (13)YP (1)) = Loy x)
GABCD _ G §ABSCD | G [(5AC 5BD 1 §BCSAD _ ! SAB (5CD}

G, {5AC5BD B 5BC(5AD}

GABCD(

1
| t10t34]%2

(YA(t1) YA (1) YP (t3) YP (te)) = Gs

YA =nd 474 - 3nt 2+ O(2%), nala=0, nany=1
in singlet n* dependence drops out: S° averaging is trivial

Leading-order contributions
<YA(tl)YA(tZ)YB(t3)YB(t4)> =1+ %Q(l) + ﬁQ(Z)

o tree-level terms ({4l angng) + (Manalplp)



QW) = —5(Nyp + Ngy) N1, = logt1,
correspond to leading term (t1ot34) 22, A = \% + ...
1

® T order: tree-level diagrams + 1-loop prop. corrections




separating contributions to prefactor gives:

2
Gs(x) = 1+ fpGs” +O( k).

Géz) = 10log?(1 — x)

using SO(6) crossing relations:

Gr = —5 Gs(0) + 4| ¥ Gs (1) + (4

2A
X—l)

Gs(1— X)}




Order ; \/%)3 contributions

(i) "reducible”: tree level diagrams (+ with prop. corrections)

1 2 4 N 1 ~2 4 12 A > 12 A
—QCznlo\—iczn1 —3¢“n — 58 N

\ / 1 \ /
Sl 2P on”
(a) (b)

’—-~~ -—————
_Ecznl ‘\_Zcznl _%Czn\ ‘\_Ecznl
/ \ / .

I | ] |
\ \ol \ '

\ ’ \ ’
¢Pel_ (P ¢io, o ¢P
(c) (d)

(ii) "irreducible” (connected): tree-level with bulk 4-vertices



aaaaa

_____

=GO, 4+c®

3 3 3 3
c® = 1 68y =68 ,+69

S,conn ’/ S,re
3

G, = dz{—4(N%2+N§4) +4log*(1 —X)}, N;; = log(t})

G(3) 5 = E(le + N34)(N13 + Nos — Nyg — N23)2

+5|N12(N13 — N14) (No3 —Nog) + N34 (Niz3 —Noz) (N1g — Nog) |
total Gg is conf inv: function of x



connected part: compute bulk integrals with N-propagator
applying o;, to reduce to D-propagator integrals

N/ (t,) = 9; N(t,) = 2ot = 2la=Dgc (4))

(t—tq)%+22 z
N(t,) =log [(t—t)*+2%],  Ki(ts) = e = 39N (k)
3,N'(t) = 2€,,9,K (L), 9, = (31,9s)

(x' (1) (£2) YA (t3)YP (ta)) © 91,01,GN = — f%%; Gp(x)
<YA(t1)...YD(t4)> : 8t18t28t38t4GN t2 t2 GD()() + O

: : : t t
acting on a function of cross-ratio y = 2%
t13t24

1349600, f (X) = —2f(X) , 7 =x"(1-x) 9 —x" 9
2 = conformal Casimir operator for SO(1,2)
@Fh = h(h — 1)Fh p Fh = Xh Fh(X) p Fh = 2F1(h, h, 2h,X)



compute d; derivatives, then integrate

e final result for

( \/%)3 term in total Gg:

Gs = 80 [ Lia(x) + Lia (1) — Lia(x) log(1 - x)]

+40 log ;£ log*(1— x) — 10 2. log x
+5(5—1 —2) log(1—x) —50 = (301log x + 2%)x° + ..
similar results for Gy and G4

e more complicated than in susy (D) case: polylogs
relation to 1d bootsrtrap? interpolation to weak coupling?



Anomalous dimensions from OPE

( \/%)2 terms in Gg 1t 4: OPE — extract anom dims

Gs,T = co X" Fyy + o X" Fy, + ...
Gp = Cth1Fh1 +c3)(h3Fh3+...
Cn = Cp,0 T Cn,lﬁ +Cnop—F~Asy +--.

(VA)?
hy =n+ dn,l ] "|‘dn,2

1 1
VA e

S-channel: YAY4 =1 identity operator: hps =0, cops =1+...

Y82YI I’l2’5:2—|—..., Cp s = 10+ ..

(VA)?
T - hO,T:\l/—ZX+125d2(\/1X)2+”" coT=35+...
hor =2+4..., Co,T = s T
A: h1,A=1+%+.--, CLA:_%_%W%)ZWL“'
h3pa=34+..., C3,A = —3Ahp T



Remarks and open questions:

e AdS; loop corrections including fermions? compute dp

e intrinsic description of "induced" CFTy ?

"N = 8 conformal QM" in WML case ?

non-local? (cf. SYK-like models [Gross,Rosenhaus:17])

possible derivation: 1d fermion rep for WL and integrate out A
e 1d analog of large spin expansion? semiclassical approxim
to explain universal large n behaviour of A of ®J} P, etc.”?

e relation to integrability? how integrability of AdSs x S° string
is encoded in correlators in AdS; in static gauge?

connection to factorization of 2d S-matrix in L.c. gauge?

e extension to all orders in —=?
VA

relation to conformal bootstrap ind = 17



S 3 38 3 S8 o 3 S8 o 3 S8 o 3 S8 3 38 8 3 36 4 3 S8 8 3 S8 S S S S o



More on strong coupling expansion

string description: AdSs x S° path integral on a disc

e WML: Db.c. for S (fixed scalar position — point in S°)
WL: N b.c. for S° (no scalar coupling)

e leading term: minimal surface ending on line or circle — AdS,

AdS; as homogeneous space: log Z ~ volume

% — 0 after factorizing linear div: (W(©)) =1

circle (R = 1): Vags, =27(2 —1) —» —2m

line: V =

<W(O)> non-trivial function of string tension E/—g

e leading /A term is universal

Si-



1-loop term

o é = 1: [Drukker, Gross, AT, Buchbinder, AT;...]

spectrum of fluctuations: 3 AdSs modes m? = 2;

5 S° modes m? = 0; 8 fermions m? = 1

e { = 0: same spectrum, except for b.c. of S°> modes
ratio of D/N massless scalars

(W) e~ F!V 4 rdet(—=V?)p1-5/2 1
<W(o)> — 6_1:(0) — N() 1 {det/(—VZ)DN} {1+O(ﬁ)}

Ny is S° zero mode factor in N case: Ny = co (VA)%/?

Fl(o) = 1(1) — 50T = 131<1> + 5 log(2m) — § log VA + 5 logk
while exact gauge-theory prediction expanded at A > 1

FY = 1log(2m) —log2 + 3log VA

1tot



> log v/ A is normalization of Mbius symmetry

3 zero modes on disc [Drukker, Gross]

log 2 ditference understood recently [Medina-Rincon, AT, Zarembo]
e for standard WL at strong coupling

1—“1(?())t = Fl(ic))t + 5log(27) + log Ny = —log VA + log(47°k>/?)
o thus F(¢) = log(W)) = — t(oCt): same v/ A at leading order

but subleading 151(0) ~ F(1)
in agreement with 1d analog of F-theorem



General { case

(W& (L)) expanded at A > 1
should interpolate between { = 1 and ¢ = 0 results
e proposal for string description of non-conformal case: [PS]
start with WL case in static gauge x’ = 1, z = ¢
=0

induced AdS, metric ds* = %(d’rz +do?), 9,Y" ]Z%O =
perturb string action Iy = T [ dtdo (%\/Ehm"amwanw + ...)

I%:Io—%T/dTY6

~
||
SIS

Yo =1-Y, Y, =1—-1Y, Y, + ...,

=0—=>_C=0and x =00 = =1
like ¢ here s will run with 2d scale
e variation of I,,; V?2Y, = 0, i.e. near AdS, boundary

Y = z8u% + 280 + O(2%) = zu® 4+ v* 4+ O(z?)



with the mixed (Robin) boundary condition
(—=0: +»)y*|,_, =0, ie —u® + 0" =0

e special case of "open-string tachyon" coupling:
0y = A [dtTy(Y), ATo=p[T —log4(a'D?+..)T +..]

AT 2 __ R?
IBT—}JW——T—DC/D T+.., oc’—\ﬁ

D? = Laplacian on S°: for 7 = Y and small Y,
D?Ys = (05 +..)(—1Y,Ya +...) = =5+ ...

e &g perturbation near { = 0 correspondsto Yg =1 — 1Y2 + ..

. . dB,. .
dimension A — 1 = f—% then gives A(0) = \/LX + ...

near { = 1: B,, —» —B,,ie A—1=—(—1+ \/LX +...)



