The superstring n-point 1-loop amplitude

Carlos R. Mafra
(With Oliver Schlotterer, arXiv:1812.{10969,10970,10971})
Supported by a Royal Society University Fellowship

STAG Research Centre and Mathematical Sciences,
University of Southampton, UK

C.R. Mafra (Southampton) March 2019 1/36



@ Compute the n-point open superstring correlator at one loop using
worldsheet methods
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Essential requirements

e Correlator KCp,(¢) defined by:
A=Y Cop / drdz dzs . dzy / dP0 [T,(0)] (D)
top Dtop

such that:
@ BRST invariant (ie susy and gauge invariant)

QK,(£) =0

© monodromy invariant
DK,(¢)=0
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Summary of results

@ Correlators built from:

@ kinematic factors in pure spinor superspace
@ worldsheet functions at genus one surface

@ Outcome: a beautiful Lie-polynomial structure

n—4
Kn(0) =Y I (VA1 Tpem Zmem 12, A A,+4]>
r=0 "’

+ corrections

@ Duality between BRST and monodromy operators (BRST invariants
vs generalized elliptic integrands)

Q<+ D
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@ 4 points (Berkovits 2004)
Ka(l) =ViT23421234
e kinematic factor is BRST invariant
ViTr34 = %()\Al)(()vym Wa)( My Wa)F2  + cye(2,3, 4))

QViT234=0

@ worldsheet functions are monodromy invariant

Z1234=1
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5 point correlator

’CS(E) =V T2’73,4,5Zf2,3,4,5
+ Vi2T345212345 + (2¢23,4,5)
+ ViTxas5212345+ (2,3]2,3,4,5)

@ kinematic factors VaoTg c,p and VaTS - p g in pure spinor
superspace with covariant BRST variations

@ one-loop worldsheet functions Z4 g c,p and Z3'g - p g from
Kronecker—Einsestein series and loop momentum with covariant
monodromy variations
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5pt BRST & monodromy invariance

There is a strong interplay between kinematics and worldsheet functions:

@ The 5-pt correlator is BRST invariant due to a total derivative:
QKs(f) = —ViVaTs345 [kﬁnzfz,g,z;,g, + [21201345 + (1 ¢ 3,4, 5)]]
+ (24 3,4,5) =0

@ The 5-pt correlator is single valued due to BRST cohomology ids
(BRST exact terms)

DKs(€) = 1 (KA TH 45+ [Vio Taas +2 ¢ 3,4,5])

+Q <k2m ViT 545+ Va1 Taas 4+ [ViTazas + 3 < 4, 5])
(24 3,4,5)20
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@ 6 point correlator

K6(£):1V1T234562123456
+[V12T34562123456+(2<_>3456)}
+ ViTH 4562123456 + (2,3(2,3,4,5,6)]
+ [Vi23s Tas.6 2123456 + Vis2 Tas.62132456 + (2,3]2,3,4,5,6)]
+ [(Vi2 T3a 562123456 + cyc(2,3,4)) + (2,3,4]2,3,4,5,6)]
+ [(VA T2,34,56 21,2,34,56 + cyc(3,4,5)) + (2 <> 3,4,5,6)]
+ [ViTasas562123056 + Vi Toaz 562124356 + (2,3,4(2,3,4,5,6)

@ Nice combinatorics of Stirling set and cycle numbers:

2
1
0= % 5 (Va TR 2R 12 6lA A
r=0
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6pt anomaly cancellation (Green, Schwarz 84)

@ 6pt correlator is not BRST invariant by itself

@ However BRST variation is a total derivative on moduli space

1 . 0
QKs(l) = —5V1Y234562125456 = —271 V1 V234567 1og Zs(£) =0

where Y53 456 is the anomaly kinematic factor (CM, Berkovits 2006)

1
Y23.456 = §(>\7m Wo) (Ay" W3) (AP Wa) (WsYmnp W)

@ To show this need identities for 7 derivatives of the
Kronecker-Eisenstein series, several BRST variations etc

@ So anomaly cancels after summing over one-loop topologies for
50(32) (Green, Schwarz 84)

C.R. Mafra (Southampton) March 2019 9 /36



Derivations
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Pure spinor amplitude prescription at one loop
Ay :/ <(u, b)(PCs)Vl(O)/dz U2---/dz U”>
moduli

@ vertex operators using SYM superfields A,(x,0), An(x,0), W*(x,0)
and Fpn(x,0)

V = )\aAa(Xa 0)7
1
U — 590‘/4& —|— Aml_lm + daWa + ENmnan

@ CFT calculation: zero modes and OPEs

o OPEs among vertices organized using multiparticle superfields with
covariant BRST variations (CM, Schlotterer ‘14)

@ b ghost and PCOs complications bypassed by completing the known
parts of the correlators from OPEs to BRST-invariant and
single-valued answers
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SYM description in 10D

@ Single-particle (i is particle label) (Witten'86)
Ki € {A,, A", W, F™)
e Multiparticle (B is a “word" with particle labels)
Ks € {A7, AR, Wg, FE"}
@ Inspired by OPE computations and defined recursively, eg
Wit = Wy
Wiy = Z(M WY Fh, + WE (R AY) — (145 2)
Wity = —(K2 - AW + ;WP FR — (12 5 3)
1

+ 5(kl k) [WE (AL A% — (1 4 2)]
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Generalized SYM equations of motion

@ Superfields in Kp satisfy generalized SYM EOMs, eg

1
DW= Z(v™).FL,

4
DW= 3 (™)
+ (K K2 (ALWy — AZWY)
DaWils = ;™) FIZ?
+ (kKA [AL W 4+ ARWY — (1 ¢ 2)]
+ (K23 [ARWY — (12 + 3)]
@ In general:
DaWE = 1™+ 3 (kxR W — AR W]
e
YRS

@ Similar EOMs for AS,AE’, Fg"

C.R. Mafra (Southampton)

March 2019 13 / 36



Generalized Jacobi symmetries

@ The superfields Kg satisfy generalized Jacobi symmetries

0 = K12 + Ko,
0 = Kiz3 + Ko31 + Ksio, (Jacobi identity)
0 = Ki23s — K1243 + K3412 — Kza21
0 = Kagg) + Kar(a)
@ /(A) is the Dynkin operator (left-to-right nested brackets)

@ These are the same symmetries obeyed by nested commutators

Ki23a..p = Kepy = K. [[[1,21,31,4],....5]

e BCJ identities/numerators are natural in this framework

@ BRST operator is A*D,, so multiparticle superfields lead to (a rich)
BRST algebra, cohomology identities etc
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Zero-mode prescription and building blocks

@ An analysis of the PS prescription leads to a zero-mode contribution
of d,dgN™" from the vertices (Berkovits ‘04)

@ Four points
Ks = (VilhUsUs)gan = (Vi T234)

where 1
T27374 = g(}\"}/m Wg)()\")/m W3)F4mn + CyC(27 3, 4)
@ Higher points: multiparticle version (CM, Schlotterer ‘12)
1
Tag.c= g()\'ym Wa) (A" WB)FE™ + cyce(A, B, C)
@ at bpts
Via T34.5, ViT2345 + perm

H H H mn...
e Also tensorial generalization (VaTg'¢p )
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One-loop superstring correlators
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Recalling: Lie polynomials

A Lie polynomial is an expression written in terms of nested commutators

Ree theorem

If Zp satisfies shuffle symmetries Z5,,8 = 0 and tP' are non-commutative

indeterminates then
Z ZP1P2P3~~~ GGG e
P

is a Lie polynomial

o Example: Zi; satisfies shuffle if it is antisymmetric, so
Ziptlt? + Zo1 12t = Zpo[tt, 17

is a Lie polynomial
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Lessons from tree-level (CM, Schlotterer, Stieberger 2011)

@ n-point disk correlator can be rewritten in a suggestive way:

Ktr;,ree _ Z ( treevl )(Ztrel gVi1 B)V + perm(23...n—2).
AB=23...n—2

© Worldsheet functions satisfy shuffle symmetries

1
tree — tree
ZlZ3...p = ? ZALLIB =0
Z12223 . - - Zp—1,p

@ associated kinematics satisfy generalized Jacobi symmetries
Vp = /\QAZ — VAZ(B) + VBg(A) =0

@ This has the same structure of a Lie polynomial!
Sz,
P
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Ansatz for one-loop correlators

Tree-level reinterpretation key to unlock the one-loop correlators
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Ansatz for one-loop correlators

Tree-level reinterpretation key to unlock the one-loop correlators

© Assume Lie-polynomial structure for one-loop correlators:

Kn— Z Zag,c,oVaTlgecp + -

@ kinematic factors V4 T c p satisfying generalized Jacobi symmetries

© one-loop worldsheet functions Z4 g c,... satisfying shuffle symmetries

@ Singular behaviour of Z4 g . as vertices collide is known from OPEs

@ Unlike at tree-level, OPEs don’t determine the complete functions as
regular pieces are not fixed by singularities

The shuffle-symmetry requirement was very helpful in fixing the functions
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Elliptic Functions

T T+1
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Kronecker—Einsenstein series

@ The Kronecker—Eisenstein series is defined as

01(0,7)01(z + o, 7) 1
F = n—1g(n( 1
(z,0,7) 01(cv, 7)01(2, 7) Za (z,7) (1)

@ 01(z,7) is Jacobi odd theta function

@ Expansion in a defines meromorphic functions (Brown, Levin)

g(o)(z,r) =1
gW(z,7) = 8, In61(z,7)
67'(0,7)
) — 2, 92 _Aa\WT)
2g (277_) (8z|n‘91(za7—)) +az|n91(za 7-) 301(0’7_)

o Notation: g( ") =g("(z — z,7)
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Kronecker-Eisenstein coefficient functions

o gM(z,7) = dlogb1(z,7) is the genus-one generalization of tree-level
1/z function

o g("(z,7) for n > 2 have no singularities on the surface as z — 0

o g("(z,7) are single-valued around a-cycles

@ monodromies around b-cycles given by

Dg,'jn) _ Qijg,'g'nil)

where D is a monodromy operator

° glg.") satisfy Fay identities, eg

gr)ely) +e5) +eye(1,2,3) =0

@ can argue that D¢™ =% Q;k"
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Shuffle symmetric functions

@ PS zero-mode rules and OPEs imply at low multiplicities

Z1234 =1

_ 1) m _ ym
212737475 - g12 ’ 21,2,3,4,5 - g

® Z12345 is antisymmetric in [12], so it obeys shuffle symmetry

@ Casting the 4 and 5-pt correlators in Lie-polynomial form we get

Ka(€) = ViTo3421234
Ks(£) = ViT 34520345 + [Vi2T345212345 + (2 ¢ 3,4,5)]
+ [ViTaz 45212345 + (2,3(2,3,4,5)]

@ what about 6 points?
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One-loop correlators

@ We need a shuffle-symmetric one-loop counterpart of the tree-level

1

Ztree —
123 .
712223
@ However, both

@ . 1, @ 2
g1(2)g2(3) + 5( ( )+g( ))

5 812 23
and (1) _(1) (2) (2) (2)
812°823" T 812" T 83" — 813

satisfy shuffle symmetries in P = 123 (using Fay ids)
@ Which one to use at six points?

@ A new (double-copy) duality comes to the rescue! BRST invariants vs
elliptic functions
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BRST invariants
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Berends—Giele supercurrents

1 2 3 1 2 3

K123 K321
\</ \>/ » .
S125123 5235123

Kip,21.3) K 12,3
5235123

5128123

@ Defined from all planar binary trees dressed with propagators and Kg
Kg € {AgaAE7W§aan}

@ Satisfy simple EOMs
DaWg = (1™ Fio + 3 (AXWy — ATWVR)
XY=B
@ Berends-Giele supercurrents satisfy shuffle symmetries
ICALI_IB - 07 VAv B 7é @

C.R. Mafra (Southampton) March 2019 26 / 36



Scalar BRST invariants

@ Define (A is a pure spinor)

MB = )\aAa
1
Mag,.c = g(AvmWA)(A’anB)J-'Cm" +(C < A B).

e BRST variations (Q = A\*D,,)

QMs = > MxMy
XY=B

QMag.c = Z (MxMy g.c — MyMxg.c) + (A+ B,C),
XY=A
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Scalar BRST invariants

e BRST invariants: QCyjap,c =0
@ Recursive construction (CM, Schlotterer'14)

Cipp3a=MiMz34
Cij23,45 = MiMaz a5 + M1oMs 45 — M1zMa 45

Cyja,8,c = general formula known

o Generalization for arbitrary tensor ranks (CM, Schlotterer 2014)

@ Simplest vector BRST invariant

2345 = MiM's 45+ [k3'Mio2Ms a5 + (2 4 3,4,5)]
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BRST cohomology identities

@ BRST invariants satisfy BRST cohomology identities

@ Momentum contractions:
k3'Cihzas + [523C1123.45 + (3 ¢ 4,5)] =0
@ Change of basis:

Cozars = Cuzans + Cupzas — Cipass
G345 = —C1p2345

m . m m
Gligas = CGpsas + (k3" Cijp3.a5 + (3 ¢+ 4,5)]

@ Rich mathematical structure: free Lie algebra
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Worldsheet
functions/BRST-invariants duality
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Worldsheet function/BRST-invariants duality

A happy surprise!

@ One can show that

Eipzas = 212345 + 212345 — 213245

is is single valued, DE1|2374,5 =0

@ Seen this combinatoric pattern before: 5-pt BRST invariant
Cij23,45 = MiMaz a5 + M1oMs 45 — MizMa 45

satisfying QC1‘23,475 =0
e Duality: elliptic functions vs BRST invariants (CM, Schlotterer ‘17)

Ei23.45 < Cij23.45
DEjjp345 =0 <— QCy2345 =0
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Worldsheet function/BRST invariant duality

@ Tensorial generalization (CM, Schlotterer '18)

@ Simplest example. From the BRST invariant
Thaas = MM 45 + [k3"Mi2Ms g5 + (2 < 3,4,5)]
satisfying QCI"‘”2 345 = 0 one is led to define
Efpsas = 21345 + [k 212345 + (2 ¢ 3,4,5)]
which happens to be single valued

m _
12,345 = 0
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Worldsheet function/BRST invariant duality

@ Using the Jacobi theta functions and integration by parts can show
k3'Efy 345+ [$23E123.45 + (3 > 4,5)] =0

@ We have seen an identity of identical structure for the BRST
invariants:

kén C1n|,2,37475 + [523 C1|2374’5 + (3 4, 5)] =0
@ Similarly, identical symmetry relations hold for the GEls

Ezp3a15 = E1zans + E123.45 — E124.35
Ey13.45 = —E12345
m . m m
Esi345 = Elpsas + [k Exjpsas + (3 < 4,5)] ,

o Duality between elliptic functions and BRST invariants!
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Bootstraping worldsheet functions

@ This duality can be exploited to derive higher-point worldsheet
functions!

@ Inspired by the BRST variation written in terms of BRST invariants

QM3 a5 = Ciozas — Gaizas

assume the following monodromy variation of the 6pt worldsheet
function

DZ123456 = Eip3ase — 23E3112,4,56

where the elliptic functions Ejj234;5¢6 are obtained from 5pt functions
using the combinatorics of 5pt BRST invariants
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Higher-point one-loop correlators

@ There is a unique solution:

2123456 = gl(;)gz(yl,) + gfﬁ’ (2) g1(3)

@ This is the function we should use in 6pt ansatz!

@ Can solve all the other functions similarly: require the monodromy
variations of Z}"%-  to match the BRST variation of the
corresponding Berends-Giele superfield MaMg'":
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Higher-point one-loop correlators

@ This structure generalizes to n-points including refined and anomalous
superfields (the “corrections” from the first slide)

L252)
Ka(0) = Y (-1)7K50(0) + KX (0)
d=0

o Leads to BRST-invariant and single-valued 7-pt correlator

@ Puzzle at 8-points: modular form of weight four G4(7) remains in the
BRST variation

@ Probably requires a new class of term that we missed, but the
Lie-polynomial structure of the correlator should be the same
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